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Abstract| This paper proposes an accel-

eration method of GA search that �nds a

new elite by �tting a single-peak function on

GA search surface. The roughest approxi-

mation of a �nite searching surface that has

one global optimum would be a single-peak

curved surface, and the vertex of the approx-

imated single-peak function is expected to

be near the global optimum of the original

searching surface. We propose two data selec-

tion methods for the �tting, use a quadratic

function as the single-peak function, and eval-

uate the proposed idea using seven bench-

mark functions. The experimental results

have shown that the proposed method accel-

erates GA convergence.

Keywords: genetic algorithm, fast convergence,

quadratic function, elite, data selection

1 Introduction

Many applications requires accelerating a GA (ge-

netic algorithm) search. Suppose we design a fuzzy

controller using a GA. Applications of the obtained

fuzzy controllers to the control process, which re-

quires a fast convergence rather than a fast calcu-

lation of GA operations, take a long time to obtain

�tness values for each generation. It is critical to

have fewer search generations when GA's are used

for human interface than for a normal GA search.

For example, for an interactive GA, or an interac-

tive EC (evolutionary computation) [13] in general

form, a human operator evaluates all individuals in

all generations and inputs his or her subjective feed-

back into an EC as �tness values. Generally, due to

the fatigue of human operators, we can continue to

search for the optimum solution in 10 or 20 genera-

tions at most [13].

There are several approaches to accelerate a GA

search besides improving the basic GA operations

or typically proposing new ones. One approach is

to dynamically control the parameters of GA oper-

ations, such as population size, crossover rate, and

mutation rate, by using GA [5, 2] or fuzzy rules [8].

Another approach to controlling GA parameters is

to initialize poor individuals when a GA convergence

becomes poor [6]. A priori knowledge of application

tasks is also useful to accelerate a GA convergence

when it is used for crossover and mutation [1]. Pre-

mature convergence of especially simple GAs is fre-

quently noted. There are several proposals to avoid

this problem by observing convergence characteris-

tics and keeping the diversity of individuals. They

control parameters to keep the balance of exploita-

tion and exploration [9, 7] and to avoid a local min-

ima by changing crossover and mutation rates using

simulated annealing [11]. Combining classical opti-

mization techniques with GA is also useful. Such

proposals switch a GA search and a modi�ed Powell

method, one nonlinear optimization technique [10],

or switch a GA search and a local search method [3].

There are several aspects to accelerating a GA

search. Some tasks may give priority to the fast cal-

culation of GA operations; some may give priority

to the fast GA convergence to a precise global opti-

mum; and some may give priority to fast convergence

in early generations. For example, the interactive

EC requires fast convergence in early generations but

does not require high precision because human op-

erators cannot continue search in many generations

and cannot distinguish the slight di�erences of phe-

notypes near a global optimum.

We propose a GA acceleration method that ap-

proximates the GA search surface using a single-

peak function in the next section. This method aims

to speed up the GA convergence especially in the

early generations, which is essential for the interac-

tive EC [13].

2 New Elite by Fitting a Single-Peak

Function on a Searching Surface

Searching surfaces is usually nonlinear and complex;

this is why GA or other optimization methods take a

long time to determine their global optima. If a com-

plex surface is approximated by a simple surface, it

is easier to �nd the global optimum of the simple sur-

face than that of the complex surface, and the two



global optima are expected to be close. Since the

searching surface is bounded and usually has only

one global optimum in the bounded space, the sim-

plest approximation of any complex search surfaces

should be a single-peak curved surface.

Our basic idea is to �t a single-peak function on

the complex GA searching surface, calculate the ver-

tex of the single-peak function, and use the vertex

vector as an elite parent for the next GA search gen-

eration (see Figure 1). In other words, we use the

rough shape information of a searching space in ad-

dition to the usual GA search.
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Figure 1: A single-peak function on a searching sur-

face and a new elite.

The advantage of this method is low risk and high

return. GA convergence becomes fast when the new

elite obtained by the proposed method locates near

the global optimum. Even if the new elite is poor,

the GA convergence does not signi�cantly worsen be-

cause only one of the many individuals is replaced by

the new elite. For example, since individuals whose

�tness is very poor are rarely selected by the roulette

wheel selection, replacing the poorest individual by

the new elite is not expected to be serious.

The disadvantage of the proposed method would

be the calculation cost to obtain the new elite. It is

not a problem when the calculation of �tness takes

more time than that of a GA operation including the

proposed method, such as a GA designing a fuzzy

controller. When these calculations are equivalent,

some variations of the method or those of its usage

may shorten the calculation time.

When we actually use this method, several varia-

tions of the idea can be considered. For example, (1)

�tting a single-peak function on the best m individ-

ual vectors in not only the current population but

also the entire population in all past generations or

(2) using this proposed method at every k-th gener-

ation or only in early generations to reduce calcula-

tion time. Replacing the poorest individual by the

new elite obtained using the individual information

in all past generation may be expected to be better

than a conventional GA search.

In this paper, we use a quadratic function as a

single-peak function, because when we suppose that

a r-order polynomial approximates a searching sur-

face, the simplest approximation is r = 2. As the

single-peak curve �tting does not require an exact

approximation to accelerate a GA search, a simple

function such as the quadratic function is desirable

from the viewpoint of computational cost and the

necessary amount of data for �tting.

The dimension number of the quadratic function

is the same as the number of genes. We do not use

the xixj term which means rotation and simplify the

�tting calculation. For example, when n parameters

are encoded in a chromosome, i.e. n-dimensional

searching space, the quadratic function that approx-

imates the searching surface is expressed in Eq.(1).

f(x1; x2; :::; xn) �

nX

i=1

ai(xi � bi)
2
+ c (1)

where vector (x1; x2; :::; xn) is GA parameters, and

f(x) is a �tness value given to the vector.

3 Obtaining a Quadratic Function as a

Simplified GA Searching Surface

3.1 Methods to determine function coe�cients

The vertex of the quadratic function is given by

bi, (i = 1; :::; n), and (ai, c) are not important for

our proposed method, although we need to calcu-

late them to obtain the vertex. We evaluate two

methods|the LS (the least squares) method and the

SubGA method using a sub GA in main GA|to ob-

tain the coe�cients, (ai, bi, c).

(A) Quadratic function �tting by the LS method

Function �tting by the LS method is frequently used

to obtain regularity in noisy data. This method min-

imizes the error between actual data and an approx-

imation function, i.e., we calculate (aj , bj , c) that

minimizes E =
Pm

j=1

Pn

i=1fyj�f(xij)g
2
for individ-

uals xij and �tness values yj , where m is the number

of saved data and n is the number of chromosome

parameters.

The LS method requires the condition of m �

(2n + 1). This condition comes from the (2n + 1)

coe�cients of Eq.(1) that minimizes the data size

to solve the equations by the LS method. The LS

method is not applied until accumulated past indi-

viduals exceed (2n+ 1) if the population size is less

than the number.

The obtained bi in Eq.(1) is used as a new elite

parent for the next generation if its �tness value is

better than the worst individual in the current pop-

ulation.

(B) Quadratic function �tting by the SubGA

method

Since obtaining (ai, bi, c) in Eq.(1) corresponds to

their optimization problem, another GA can be used



to determine the vector. Let us call it SubGA to dis-

tinguish it from the main GA. While the LS method

calculates the exact values of (ai, bi, c) after a long

calculation, the SubGA successively increases their

precision. As mentioned before, we need not obtain

the exact value of the vertex coordinate to use it

as a new elite and accelerate its convergence. So,

if a rough vertex coordinate obtained with a few

SubGA computations has an equivalent performance

to that obtained by the LS method, the GA �tting

of a quadratic function is a better method. Fur-

thermore, the calculation time may decrease if a

quadratic function is adaptively �tted according to

the main GA's searching situation, changed by the

number of a SubGA's generations.

When a proper quadratic function is obtained by

the SubGA, the worst individual of the main GA is

replaced by the vertex coordinate of the function, bi

when the latter is better than the former.

3.2 Data selection methods to determine a

quadratic function

It is necessary to collect data from past search points

to determine the (ai; bi; c) of Eq.(1). The simplest

method is to use all past individuals. Although this

method might be suitable to obtain the whole shape

of a searching surface, the calculation cost is in the

population to generation number. Beside the calcu-

lation cost, we need to pay attention to the di�er-

ences in the shapes between the quadratic function

and the whole searching surface. Approximation of

the quadratic function to the local area near the

global optimum is frequently better than the whole

searching surface. Since our interest is in the global

optimum, the quadratic function �tting using better

selected data not only decreases the calculation cost

but may also provide a better elite.

We propose the following two methods to select

n data for function �tting while considering the two

points above.

(A) The best-n data selection based on �tness

This best-n selection method selects the best n indi-

viduals in the current and past generations. As the

locations of the individuals that have higher �tness

values are expected to be closer to the global opti-

mum and/or local minima, the quadratic function

�tting using these data may provide us with better

new elite than using all of the past data. Further-

more, this method limits the amount of data to n, so

that another advantage is that the calculation cost

is not in the population to generation number.

(B) The nearest-n data selection based on the

distance from an elite

The nearest-n selection method selects the nearest

n individuals in the current and past generations

from an elite in the current generation. When the

local minima have similar �tness values to that of the

global optimum and are located far from the global

optimum, the vertex of a quadratic function locates

the center between the global optimum and the local

minima. The searching surface in Figure 2 is such

a case. The nearest-n selection method is a better

way to solve such cases.

Concentrating the global optimum area is a fea-

ture of the nearest-n selection method, while less

computation is that of the best-n selection method.

Figure 2 illustrates which data are selected by these

methods.
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Figure 2: Two data selection methods that �t a

quadratic function on a searching surface. Black and

white dots on a searching surface are the selected

and unselected individuals, respectively, by (a) the

best-n selection method that selects the best n in-

dividuals in the current and past generations, and

(b) the nearest-n selection method that selects the

nearest n individuals from a current elite.

4 Evaluation experiments

We evaluate how the proposed methods accelerate

the GA convergence using De Jong's �ve functions

[4] and Scha�er's two functions [12]. Practically, GA

convergence characteristics versus computation time

should be evaluated at last. However, several vari-

ations to shorten computation time are considered.

In this paper, we examine the convergence charac-

teristics versus generation as the �rst stage of the

evaluation. Such variations to shorten calculation

time are, for example, to apply the proposed method

to every k-th generation, or to apply the proposed

method only to the early generations to quickly �nd

a rough location of the global optimum. Or, when

the method is applied to the interactive EC, the com-

putation time is insigni�cant because the thinking or

waiting time of human operators is quite slower than

that of a computer calculation.

We compare three groups of methods: the pro-

posed method whose quadratic function is deter-

mined by the LS method, the proposed method

whose quadratic function is determined by a SubGA,

and the conventional GA. The former two proposed

methods are categorized into three based on data se-

lection methods mentioned in section 3.2. They are

shown in Table 1.



Table 1: GAs used in convergence experiment. The

GA symbols in the left column are used in the con-

vergence graphs in Figure 3. The number, 5, in the

symbol means that up to 5� (2n+ 1) data are used

as data to determine a quadratic function, where n

is the number of dimension.

Lall Proposed method with a quadratic func-

tion formed by the LS method using all

past data.

Lf5 Proposed method with a quadratic func-

tion formed by the LS method using data

selected by the best-n selection method.

Ld5 Proposed method with a quadratic func-

tion formed by the LS method using

data selected by the nearest-n selection

method.

Gall Proposed method with a quadratic func-

tion formed by SubGA using all past

data.

Gf5 Proposed method with a quadratic func-

tion formed by SubGA using data se-

lected by the best-n selection method.

Gd5 Proposed method with a quadratic func-

tion formed by SubGA using data se-

lected by the nearest-n selection method.

N Conventional GA without our proposed

method.

The GA convergence experiment is conducted

with 30 di�erent initial random values of 100 gener-

ations each. The average convergence curves of the

best individual of 30 trials for 7 benchmark func-

tions are shown in Figure 3. The GA conditions are

shown in Table 2.

5 Discussion

We statistically test whether or not our proposal

method accelerates GA convergence. We suppose

that the distribution of GA convergence data in our

simulation approximates that of Gaussian distribu-

tion and test if the di�erence between two distribu-

tion means is signi�cant in each generation. Since

30 simulations were tried, each GA in Table 1 has

30 samples in each generation, and their averages are

the convergence curve in Figure 3. Since we assumed

the 30 samples belong to a Gaussian distribution, we

can test to see if any two convergence curves of the

seven GAs in Figure 3 are signi�cantly separated by

using averages and variances of the 30 data.

The statistical test has shown that the LS and

SubGA methods accelerate GA convergence for all

seven benchmark tests; there was no case that both

methods do not have signi�cant e�ect.

Both the LS and SubGA methods were e�ec-

Table 2: GA conditions.

main GA

coding real coding

# of generation 100

population size 30

selection roulette wheel selection

elite strategy

crossover two-point crossover

crossover rate 90 %

mutation Gaussian base

mutation rate 5% per chromosome

SubGA

coding binary coding

population size 20

# of generation 5

selection roulette wheel selection

elite strategy

crossover two-point crossover

crossover rate 90 %

mutation unique random base

mutation rate 5% per bit

tive for DeJong F1 and F5, and Scha�er F1 and

F2. There was no signi�cant di�erence between the

two proposed methods. Since DeJong F1 is a 3-D

quadratic function, it is a matter of course that the

LS method exactly determines the vertex of a �tted

quadratic function as it converges to the global opti-

mum in the second generation. The SubGA method

takes a little longer generations than the LS meth-

ods because it tries to �nd a 3-D quadratic function

using a population size of 20; however, its conver-

gence is faster than that of a conventional GA be-

cause it uses the information of the whole searching

surface. DeJong F5 has 25 peaks, and the peaks be-

come high in order. The proposed methods might

work well because the 25 peaks roughly form a 2-D

quadratic function whose vertex is at the edge of the

2-D space. Scha�er F2 can be roughly approximated

by a quadratic function, which resulted in the same

convergent e�ect. A glance at Scha�er F1 shows

the di�culty in approximating a quadratic function

due to its wide plate. But, when many individuals

are uniformly spread on the plane part and a few

individuals locate in the center searching area, the

vertex of the quadratic function that is forcibly �t-

ted should be located near the center, i.e. near the

global optimum. This may be the reason for a good

result.

For DeJong F2, three SubGA methods | Gall,

Gf5, and Gd5 | converged signi�cantly faster than

the conventional GA after the 45th generation, while

there was no signi�cant di�erence between the re-

sults of the conventional GA and the three LS meth-



ods | Lall, Lf5, and Ld5 |. It is conceivable that

the LS method adopted the exact center point of the

F2 on a convex part as a new elite, and a new elite de-

termined by the SubGA method might be biased due

to its rough search after only �ve generations. How-

ever, this estimated result requires further study.

On the other hand, for DeJong F3 and F4, the

LS method converged signi�cantly faster than the

conventional GA, while there was no signi�cance be-

tween the conventional GA and the SubGA method.

We use small SubGA whose population size is only

20 in consideration of the computational cost. The

DeJong F3 and F4 have 5- and 30-dimensional

searching spaces, respectively, and it seems hard for

the SubGA to �nd better 5-D and 30-D quadratic

functions using 20 individuals. Observing the ex-

perimental results of seven test functions, 2-D or 3-D

may be the applicable limits of SubGA with a pop-

ulation size of 20. This problem can be solved by

increasing the population size, but at the expense of

increasing the computational cost.

All experimental results have shown that there

was no signi�cant di�erence among three data selec-

tion methods, which concludes that the best-n selec-

tion method yields the best performance per compu-

tational cost.

Our proposed method works well especially in

early generations. To shorten calculation time for

a single-peak function �tting as mentioned, it is ef-

fective to apply the proposed method to only early

generations, to every generation, and to every sub-

sequent k-th generation, or some adaptation of this

method.

6 Conclusion

We have proposed a GA acceleration method that

�ts a single-peak function on a searching surface and

uses the vertex of the �tted function as a new elite.

Experimental results have shown that the method is

e�ective for all seven benchmark test functions.

The method replaces only one of many individu-

als with the new elite. So that, even in the worst

case, if the new elite is very poor, its performance is

almost the same as a GA without our method, and

it works just as well with a better elite. Our exper-

imental results matched these characteristics, which

is another advantage of this method.
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Figure 3: (a) The convergence characteristics and (b) the shapes of seven benchmark test functions. Symbol

`N' is attached near the convergence curve of conventional GA to distinguish from our proposed methods.

See Table 1 for symbols in convergence graphs.


