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The capability of the complex empirical orthogonal function (CEOF) analysis is first examined by
applying it to ideal artificial test data. Then, real observations, or the NCEP surface temperature data,
are analyzed by the CEOF method in order to understand practical skills and limitations of the CEOF

analysis to describe actual oceanic variations.
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1. Introduction

Oceanographic phenomena consist of various
scales in both space and time. Observations of
these phenomena are thus very complicated, so
that an analysis is desirable which can decompose
the data into independent modes. The empirical
orthogonal function (EOF) analysis, therefore, has
been widely used in descriptive oceanography and
meteorology.1“4) Also, its extension, or the com-
plex EOF (CEOF) analysis, which can treat phase-
propagating modes is recognized as a very powerful
to0].5-10)

However, both the EOF and CEOF analyses are
based only on statistical relationship among data
points, thus their results are generally difficult in
physical interpretation. Furthermore, restrictions
of the analysis may cause unrealistic decomposi-
tion of a single simple phenomenon. These prob-
lems would be especially severe when temporal and
spatial structures of each single mode are discussed
in order to find physical causes of the modes.

Therefore, in the present paper, capability of the
CEQF analysis is considered by applying the anal-
ysis to ideal artificial test data. The results of
these performance tests of the CEOF analysis will

be summarized in Section 2, followed by Section

3 describing demonstrative examples applying the
CEQF analysis to the real NCEP surface tempera-
ture data. The discussions and concluding remarks
will be provided in Section 4.
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2. Performance tests
2.1 Configuration

In the EOF analysis, any signal y(z,t) will be
decomposed by combination of N modes, assum-
ing functional separation of variables; namely,

N
y(a,t) =) Si(=@) Ty(0)- 1)
j=1
Meanwhile, the CEOF analysis is an extension
of EOF analysis in the complex numbers so that
it allows a concept of phase and amplitude;>-8:10)
namely,

N
y(@,t) = Re {s; (@) 4@ /(1) e—wj(t)} '
s

2)
In the CEOF analysis, therefore, phase propaga-
tion can be treated by a term ¢;(x) — v;(t).

In the following tests, time series of one-
dimensional variations y(z,t) are first created
for 51 points (z=1~51) for 51-time observations
(t=1~51). Then these artificial input data are.de-
composed by the CEOF (and EOF) analysis, and
capability of the analysis is considered by com-
paring reconstructed signal of each mode with the
original input data.

2.2 Simple Propagating Waves

To study most simple case, propagating sinu-
soidal waves are first considered as

y(z,t) = Asin(kz — wt), 3)

with & = 27/10.2 and w = 27/10.2 (hereinafter,
Case A).
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Fig. 1 Reconstructed signal y(z,t) for the first CEOF
mode (a), and the first (b) and the second (c) EOF
modes of Case A, plotted as x in the horizontal axis
and t in the vertical axis. The contour interval is
0.2A and negative values are shaded heavily. The
contribution ratios are 100% for a, 50% each for b
and c.

As expected from Eq. (2), the CEOF can treat
these signals as a single mode (Fig. 1a). On the
contrary, since the EOF modes should be consis-
tent with the assumption of functional separation
of variables, the EOF analysis further decomposes
the signal y into two modes (Figs. 1b, c), following
the reformation of Eq. (3) as

y(z,t) = Asinkz coswt — Acoskzsinwt. (4)

Therefore, if the data to be analyzed are known
to be dominated by phase propagating phenom-
ena, there would be no meaning in interpreting
each single EOF mode independently.

2.3 Modified Propagating Waves

In this subsection, tests are expanded to take ac-
count of spatial variations of the amplitude A and

Fig. 2 The first CEOF modes for Case Bl (a) and B2
(b). The contour interval and shadings are same
as Fig. 1. The contribution ratios are both 100%
for a and b.

the wavenumber k. In Case B1, spatially amplified
propagating waves are examined; namely,

y(z,t) = A(z) sin(kz — wt), (5)
where
A (both sides)
A=) ={ 2A (center). i

The parameters k and w are set as the same as
Case A. Meanwhile, wavenumbers varying linearly
in space are considered in Case B2; namely,

y(z,t) = Asin (k(z)z — wit), (6)
where
ke — ks
k(IL') = ks + m(m - Xs)

In the test, ks is set as 27/10.2, k. = 27/5.2, X, =
0, X, =51, and w = 27/10.2.

As shown in Fig. 2, both signals are treated as a
single CEOF mode. Similarly to these, waves with
amplitudes and frequencies changing in time, or
A(t) and w(t), are also handled well in the CEOF
analysis.

2.4 Sinusoidal waves with k(t) or w(z)

On the contrary to Case B2, waves with
wavenumbers changing in time, k(t), or those with
frequencies varying in space, w(z), are unable to
be handled in a single CEOF mode. As shown
in Eq. (2), variables z and t should independently
contribute to the phase of a CEOF mode, so that
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Fig. 3 The original signal of Case C (a) and the first (b)
and second (c) CEOF modes. The contour interval
and shadings are same as Fig. 1. The contribution
ratios are 31% for a and 24% for b.

the CEOF mode cannot express phase propaga-
tions depending on both ¢ and z, such as k(t)z or
w(z)t.

Case C is a test for waves with the wavenumbers
varying linearly in time; namely,

y(z,t) = Asin (k(t)z — wt) (7)
with ke —
k(t) =k, + ﬁ(t - Ty). (8)

In the test, Ts; = 0, T, = 51, and the other pa-
rameters ks, ke and w are set as the same as Case
B2.

The first two CEOF modes are plotted in Fig. 3.
Note that the accumulated contribution ratio of
the two modes accounts only 55% of the total vari-
ance so that more modes are necessary to recon-
struct the whole signal. Both the first (Fig. 3a)
and the second (Fig. 3b) modes behave as propa-

Fig. 4 The original signal of Case D (a) and the first (b)
and second (c) CEOF modes. The contour interval
and shadings are same as Fig. 1. The contribution
ratios are 62% for a and 28% for b.

gating waves with fixed wavenumbers whose am-
plitude changes in time. The wavenumber of the
first mode is similar to ks and the amplitude is sig-
nificant only in the earlier ¢ period (e.g. t < 22).
On the other hand, the former of the second mode
is somewhat closer to (ks + k.)/2, and the mid-
dle t (e.g. 19 < t < 33) is the period of stronger
amplitude.

Therefore, several CEOF modes are necessary to
be accumulated to treat those waves with temporal
modulation of wavenumbers. This kind of situa-
tion may occur in the real ocean when waves are
generated by responding to some constant forcing
(say, tides or annual wind stress variations) but
their phase speeds are varying in time by changes
in vertical density structures of the ocean. In such
cases, each CEOF mode may correspond to waves
at a certain density structure.
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Fig. 5 The first (a) and second (b) CEOF modes for the monthly NCEP surface temperature anomaly. The amplitude
and phase distribution in space (S’ and ¢;) are shown in the left panel, and these for the temporal changes (T;
and ;) in the right panel (b). In t{le left panel, the phase at each point is shown by the direction of an arrow, and
an area of larger amplitude is shaded more heavily. In the right panel, the phase change is shown by open circles
with left axis in degree unit, and the amplitude is indicated by a thin line with right axis in arbitrary unit. The
contribution ratios for the first and the second modes are 23% and 15%, respectively.

2.5 Propagating Packet

For the last test, a propagating packet is to be
considered. A Gaussian packet is introduced here

as
2
y(,t) = Aexp (— (52) )-y, ©)

_ [fy(=,t)dzdt
Y= [ dwdt

where

w
=
In Case D, k and w are set as the same as Case A
and X, = 6.375 is selected.

Since relative phase difference between any two
points changes greatly in time in Case D, sepa-
ration of the CEOF modes would occur as seen
in the previous subsection. Spatial and temporal
characteristics of the CEOF modes of Case D are,
however, very different from these of Case C. As
shown in Fig. 4, all these CEOF modes of Case
D are recognized as propagating waves with dif-
ferent wavenumbers but the same phase speed c.
Therefore in this case, not only the original packet
signal is separated into several CEOF modes, but
also physical interpretation of each single CEOF
mode would be depart from that of the original
signal.

3. Application to the NCEP data

In addition to these ideal tests, the CEOF anal-
ysis is further applied in the present paper to
real observational data in order to understand
its practical skills. We here used 50 years of
monthly National Center for Environmental Pre-
diction (NCEP) reanalysis surface temperature
data starting from 1949.3:11) The study area is se-
lected for 140°E-110°W and 20°N-55°N on an al-
most 2° grid. At each grid point, the mean and a
long-term linear trend are first removed, and then
the CEOF analysis is applied.

The results for the first CEOF mode are shown
in Fig. 5a. From the left panel of the figure, the
variations in this mode are amplified at the center
of the study area at around 40°N, and along the
eastern coastal boundary. The phases of those two
areas are almost opposite, so that the temperature
of the two areas would seesaw with a node at about
145°W.

From the right panel of Fig. 5a, the frequency
of this mode is found variable. Although the dom-
inant frequency seems to be annual, interannual
frequencies clearly override the annual one during
periods around 1960 and 1990.

Meanwhile, the amplified areas for the second
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CEOF mode are bounded in a band between 40°N Mode 1 Modes 1+2
and 50°N (Fig. 5b; left panel). Note that there is a) %Mﬁ THPEET R T RATLILEREEER
no significant phase variation within those areas, e e dUd bbbl

so that the spatial scale of the second CEOF mode
is large in the longitudinal direction. It should
also be noted that these areas are somewhat close
to the northern edge of that of the first mode at
40°N (Fig. 5a; left panel).

Similarly to the first mode, frequency of the sec-
ond mode is also a mixture of annual and inter-
annual ones. In the period when interannual fre-
quency dominates the first mode variation (say,
late 1950’s), however, phase variation of the sec-
ond mode seems to be slower than that of the first
mode. Taking into account of the larger spatial
scales of the second mode, phase speeds of two
modes become similar in some areas around 40°N.

Considering the results of Case D, the similarity
of phase speed with different spatial scales may
be caused by separation of a single propagating
packet. In order to examine this possibility, the
temperature anomaly field is reconstructed for the
first mode alone and for the accumulation of the
two modes (Fig. 6). The left and right panels show
almost similar temperature pattern until March,
1958 (Fig. 6¢). Then the combined modes show
clear eastward propagation of a packet with de-
creasing its amplitude, while the single first mode
shows almost no propagation in 1958-1959. The
speed of the eastward propagation in the right
panels is determined as 1-2 cm/s, which seems
too slow for any atmospheric signal. Since the
eastward Kuroshio Extension exists in this area
at around 40°N, advection by oceanographic cur-
rents is consistent with the eastward speed of 1-
2 cm/s. Note again that the eastward advection is
not found in the CEOF mode alone.

4. Summary

The capability of the CEOF analysis is first
examined by ideal artificial input data. As ex-
pected from Eq. (2), the CEOF analysis han-
dles very well for Cases A and B, which exam-
ine propagating waves with spatially varying am-
plitude and wavenumber, or those with tempo-
rally changing amplitude and frequency. However,
when variables  and t are not independent to
the amplitude and phase variations, the signals
are treated in separate CEOF modes (Cases C
and D). Especially, when phase propagating pack-
ets are analyzed, they are separated into several
CEOF modes, each of which behaves as propa-
gating waves with different wavenumbers but with

5o
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Fig. 6 Reconstructed temperature anomaly field for the
CEOF 1st mode (left) and for the accumulated 1st
and 2nd modes (right) in March 1957 (a), Septem-
ber 1957 (b), March 1958 (c), September 1958 (d),
March 1959 (e), and September 1959 (f). The con-
tour interval is 0.25°K and areas of lower temper-
ature anomaly are shaded heavily.

the same phase speed. These modes are physically
consistent with the original signals only when they
are accumulated.

The case with phase propagating packets may
be actually found in the analysis of real data. The
NCEP surface temperature anomaly data are an-
alyzed by the CEOF method, and the results indi-
cate that a packet slowly advected eastward is de-
composed separately into the first and the second
CEOF modes. Since the advection speed is some-
what consistent with the existence of the Kuroshio
Extension at around 40°N, accumulation of the
two modes seems to be essential as in Case D dur-
ing late 1950’s when the phase speeds of the two
modes are similar to each other.

In Case D, however, the results would be ap-
proximately close to the simple propagating waves
when the spatial scale X is much larger than the
size of the study area. In other words, the capa-
bility of the CEOF analysis would depend on the
choice of the area and the period to analyze. It
would be therefore important to check consistency
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of the results by altering size of the area or dura-
tion of the period.
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