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Abstract

This paper is concerned with large time behavior of solutions to the
compressible Navier-Stokes equations in an infinite layer of R? un-
der slip boundary condition. It is shown that if the initial data is
sufficiently small, the global solution uniquely exists and the large
time behavior of the solution is described by a superposition of one-
dimensional diffusion waves.

Keywords: Compressible Navier-Stokes equation, infinite layer, slip
boundary condition, asymptotic behavior, diffusion waves.

1 Introduction

This paper studies large time behavior of solutions of the compressible Navier-
Stokes equation

Oip + div(pv) = 0,
p(Ov +v - Vo) — pAv — (u+ ' )Vdive + VP(p) = 0

in an infinite layer Q of R%:

Q={r=(21,29) €ER* 2, €R,0 < 1y < 1}
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under the slip boundary condition
8902vl|332=0,1 = Oa U2|12:0,1 = 0. (13)

Here p = p(z,t) > 0 and v = " (v!(z,t),v?(x,t)) denote the unknown density
and velocity, respectively, at time ¢ > 0 and position x € Q; P = P(p) is the
pressure that is assumed to be a smooth function of p satisfying

P'(ps) >0

for a given constant p, > 0; p and y' are viscosity coefficients that are
assumed to be constants and satisfy

p>0, p+up >0

div, V and A denote the usual divergence, gradient and Laplacian with
respect to z. Here and in what follows - means the transposition.
We impose the initial condition

pli=o = po; V=0 = vo. (1.4)

Here py = po(z) and vy = vo(x) satisfy po(z) — ps and vo(z) — 0 as || — occ.

The aim of this paper is to investigate large time behavior of solutions to
(1.1)-(1.4) around the motionless state p = p,, v = 0. We rewrite (1.1)-(1.2)
into the following equations for the perturbation

8t¢+’7dlvw = fO(Qb,w), (15)
dyw — vAw — pVdivw + YV = f(o, w). (1.6)

Here u = (¢, w) with ¢ = p%(p — px) and w = %v denotes the perturbation

from us = "(p,,0); v, 7 and 7 are parameters given by

N e ST
V=—, V= I Pl(p*)7

P* )0*

and f(¢,w) = (¢, w), f(¢,w)) denote the nonlinear terms:

f — T Vo
flo,w) = —yw - Vw — T ¢{VAw + vVdivw} + T+0 ¢V¢
P (2) [ ) 42



where
PO(G) = [ (1= 0P (p.(1+00)10.

The boundary condition (1.3) and initial condition (1.4) are transformed into
8$2w1|$2:0,1 = 07 w2|x2:0,1 =0 (].7)

and
U’t:() = Uy = T(¢07 w(]). (18)

Here ug satisfies ug(z) — 0 as || — oc.

The large time behavior of solutions of the compressible Navier-Stokes
equation (1.1)-(1.2) on the layer Q was studied in [1, 2, 3, 4] under the non-
slip boundary condition v|,,—01 = 0. It was shown in [3] that the large
time behavior of perturbations of the motionless state is described by a
one-dimensional linear heat equation. In [4] stability of parallel flow was
considered and it was proved that the large time behavior of perturbations
of parallel flow is described by a one-dimensional viscous Burgers equation
when the Reynolds and Mach numbers are sufficiently small. In the case of
time-periodic parallel flow, the large time behavior of perturbations is also
described by a one-dimensional diffusion equation ([1, 2]). In all cases of
[1, 2, 3, 4], the asymptotic leading parts under the non-slip boundary con-
dition exhibit purely diffusive phenomena. In this paper we show that the
solution of (1.1)-(1.2) under the slip boundary condition (1.3) with (1.4) be-
haves like a superposition of one-dimensional diffusion waves as t — oo as
in the case of one-dimensional compressible Navier-Stokes equation [7, 10].
More precisely, consider problem (1.5)-(1.8) for u. We prove that, under
appropriate conditions for ug, the solution u(t) satisfies

108 (u — xrar — x—a )(t)||l2 < CA+ 17272, k=01, (1.9)
where a+ = "(1,41,0) and x4+ = x+(21,t) are the diffusion waves given by
X+(x1,t) = 24 (21 £, 1). (1.10)

Here zy = z1(x1,t) are the self-similar solutions of the viscous Burgers equa-

tions
v+

. Y2 i F e,y (22) =0 (1.11)

Orzy —

satisfying

/Rzi(asl,t)dasl = %/Q(¢0(:B) + (1 + ¢o(2))wg(x))dz (1.12)



for some constant ¢ € R. In contrast to the case of the non-slip bound-
ary condition, we see that a hyperbolic aspect of (1.1)-(1.2) appears in the
asymptotic leading part of the solution under the slip boundary condition.

To prove (1.9), we first establish the decay estimates for u(t). We decom-
pose the solution of (1.5)-(1.8) into its low and high frequency parts. The
spectrum of the low-frequency part of the linearized semigroup is different
from the one in the case of the non-slip boundary condition; it is the same as
that in the case of the one-dimensional compressible Navier-Stokes equation.
Therefore, the low-frequency part decays like one-dimensional heat kernel,
namely, k th order derivative decays in the order O(t*ifg) in the L? norm.
For the high-frequency part (remainder part), we apply the Matsumura-
Nishida energy method ([9]) to see that the high-frequency part decays in
the order O(t’g) in the H? norm. Based on the spectral properties of the
low-frequency part of the linearized semigroup and the decay estimate for the
high-frequency part, we deduce the asymptotic behavior (1.9) by applying
the argument of Kawashima [7].

The paper is organized as follows. In section 2 we state the main results
of this paper. In section 3 we study the spectral properties of the linearized
operator, and in section 4 we rewrite (1.5)-(1.8) into a problem for a system
of equations for the low and high frequency parts. Section 5 is devoted to
estimating the low-frequency part, while the high-frequency part is estimated
in section 6. In section 7 we give the estimates for the nonlinear terms. In
section 8 we study the asymptotic behavior of the solution of (1.5)-(1.8).

2 Main Results

In this section we state the main results of this paper. We first introduce
notation and function spaces which will be used throughout this paper.

For 1 < p < oo we denote by LP(X) the usual Lebesgue space on a
domain X and its norm is denoted by || - |zr(x). Let m be a nonnegative
integer. The symbol H™(X) denotes the m-th order L?-Sobolev space on X
with norm || - || gm(x). In particular, we write || - || z2(x) for H°(X).

We simply denote by LP(X) (resp., H™(X)) the set of all vector fields
w = "(w!,w?) on X with w/ € LP(X) (resp, H™(X)), j = 1,2, and its
norm is also denoted by || - ||ze(x) (vesp., || - ||am(x)). For u = (¢, w) with
¢ € H*(X) and w = "(w',w?) € H™(X), we define |ul| g x)xsm(x) by
[ull axxysmmix) = @) + lwllarx). When k = m, we simply write
wll e oy ey = Nl e x)-

Partial derivatives of a function u in x, xy (k = 1,2) and ¢ are denoted
by 0,u, 0, v and Oyu. We also write the higher order partial derivatives of u



in z as OLu = (0%u; |a| =1).

In the case where X = Q we abbreviate LP(Q2) (resp., H™(Q2)) as L?
(resp., H™). In particular, the norm || - ||zo) = || - [|z» is denoted by || - [,
We denote the inner product of L?(Q2) by

B / f@)g(w)de, g€ LA(Q).

The average of a function f in z5 on (0,1) is denoted by (f) :

/ f l‘g dZL‘Q
We set

Hf ={w= T(wl,wz) = HQ(Q); 8z2w1|z2:0,1 = 0,w2|$2:071 =0}.

For a € R, we denote by L} = L.(Q) the weighted L' space with weight
(1 + |z1])*, and its norm is denoted by

Il = [ @+ laels(e)lde.
We denote the Fourier transform of f = f(z1) (21 € R) by f or F[f] :

£(6) = FLAE) = /R faeidn, €€ R

The inverse Fourier transform is denoted by F~1 :

Ff ) = n) [ fQedg, xR
R
For operators A, B, we denote the commutator of A and B by [A, B] :
[A, B]f = A(Bf) — B(Af).

We now state the main results of this paper. We have the following decay
estimate of the L? norm of the solution w.

Theorem 2.1 There exists a positive number gy such that if ug = ' (¢g, wo) €
(H? x H?) N LY with wy = T (wg, wd) satisfies ||uol|zrznzr < €0, then problem
(1.5)-(1.8) has a unique global solution

u(t) = "(8(t), w(t)) € C([0,00); H x HZ)
and u(t) satisfies
|95u(t)ll < CL+ )82 fuo | 2
fort>0,k=0,1,2.



We next consider the asymptotic behavior of solutions.

Theorem 2.2 In addition to the assumption of Theorem 2.1, if ¢g,w} €
L /g then

k
2

105 (u — x+ar — x—a_)(t)|. < C(1+ t)féf ., k=0,1.

Here ax = "(1,£1,0) and x+ = x+(71,t) are the diffusion waves given in
(1.10)-(1.12).

The proof of Theorem 2.1 will be given in sections 3-7, and Theorem 2.2
will be proved in section 8.

3 Spectral Properties of Linearized Operator

We consider the linearized problem
Owu+ Lu=F, wu|—o = up, (3.1)

where u = (¢, w); F = T(f°, f) with f = T(f*, f?) is a given function, and
L is an operator of the form

I 0 vdiv
~ \1WWV —vA - pVdiv
in H' x L* with domain D(L) = H' x H2.
To investigate (3.1), we consider the Fourier transform of (3.1) in z; € R:

0 + i€ + 70, 0% = f°, (3:2)
Oyt + (v + D)4 — vO2 it — €D, + ivEd = [, (3.3)
Opid? + vE*D? — (v + )02, 0* — iDED,, 0" + 70,0 = f2, (3.4)
a$2w1|12:0,1 - 7“02|$2:0,1 =0, (35)
Qim0 = tig = ' (o, o). (3.6)
We thus arrive at the following problem

Oyl + Lett = F, dif—o = 1o, (3.7)

with a parameter £ € R. Here u = 4(§, x2, t); [:5 is the operator

Le=| ¢ (v+0)& —vd2, — 10Dy,
781‘2 _Zﬂ§a$2 V§2 - (]/ + D)agg

with domain D(L¢) = H'(0,1)x H2(0,1), where H2(0,1) = {w = T (w",w?) €
H?(0,1); Opyw|sy=01 = w?|4,=01 = 0}. For —Lgy we have the following result.
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Lemma 3.1 (i) A =0 is a semisimple eigenvalue of —Ly.
(ii) The eigenprojection 11 for A =0 of —Ly is given by

(¢
Mu= | (wh)
0
foru = T(¢,w) with w = T(w!, w?).

The proof of Lemma 3.1 is straightforward and we omit it.
We next expand @ and F' into the Fourier series:

o0 o0
o= E b, cos kmxy, W' = E Wy, cos kmwy, W? = E W7 sin ks,
k=0

k=0 k=1

(o] (o] o0
o= Zf,g cos kmxs, f! = Zf,i cos ks, f2 = Zf,? sin kmas.
k=0 k=0 k=1

It then follows that
Qe + ivEuiy, + yibpkm = fy,
Ayt + v(E% + K2 r)ih + 0&2i) — ivknéw? + ivEd = [,
O? 4 v(&2 + K2r2)? + ivkméw) + vk*mi} — ykmop = f2.
We rewrite it in the form
Oty + fzg,kftk = Fk,

where U3, = T(gbk,wi,wi), I, = T(flg,f,i,f,f) and

R 0 7€ vk
Lep=| v v(&+ K*r?) + 02 —ivkné
—~kT ivkm& V(€% + K*r?) + vk?m?

As for the the spectrum of _[:U“ we have the following lemma.

Lemma 3.2 (i) The eigenvalues —I:&k are given by

Now(€) = —v(€ + k*7?),

Aek(§) = = 5+ 9)(E + K

+ T IR T B — @ T ).
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(ii) The eigenprojections for Aoy and Ay are given by the following Py and
Py i, respectively:

0 0 0
2 k
POk =101 52fk2ﬂ2 52:22&2 s
O o ikﬂ'f 1 o k272
21 k22 21 k2r2
] —A_k 275 vkm
3 { )\_»,_7}@ ikﬂf)\+7k
PJr,k = ﬁ Z’Yf 24k T2 tk2n2 ,
+k —k ikmény . K2mPAg g
_’Vkﬂ 21272 21 k272
1 Atk —17€ —km
. EX_ i ikmEA_ g
Pf,k = \ \ _275 ) €2 k272
+.k T A=k ikmEA_ k2m2A_
’7]{371' T e2%k2n2 T e24k2n?

Lemma 3.2 can be proved by elementary computations.

4 Decay estimate: Proof of Theorem 2.1
We consider the nonlinear problem

{ Owu+ Lu = F(u),

u|t:0 = Uyg.

Here u = " (¢, w) and F(u) = T(f0(¢,w),f(¢,w)).

One can prove the local solvability for (4.1) as in [5].

Proposition 4.1 Assume that ug = (¢, wg) € H? x H? and ||¢o/ls <
5. Then there exists Ty > 0 depending on ||ug||g2 such that problem (4.1)
has a unique solution u = (¢, w) on [0, Ty] satisfying u € C([0,Ty]; H* x
H2)NCY([0, To); L?) with w € L*(0,Ty; H*) and ||¢o(t)||sc < 3 fort € [0, Tp).

Furthermore, the inequality

To
t8[1011;]{IIU(t)IIH2+II3tU(t)||2}+/ [wl|Fsdt < Co{1+uoll7= 1} luollFr (4.2)
€10,10 0

holds with some constants Cy > 0 and a > 0.

The global existence of u(t) follows in a standard manner from Proposition
4.1 and Proposition 4.5 below which provides the a priori bound ||u(t)|| g2 <
Cl|uo||zr2nzr when ||uo|| g2zt is sufficiently small.



We next consider the a priori estimates for u(t). Let 79 be a number
satisfying 0 < ro < 1. We introduce the cut-off function 1y¢<,,} defined by

Lijgj<ro} = {(1) E:g: ;:(3 (4.3)

We introduce the projections P, and P, defined by
Piu = F ' 1g1<roy 11 Fu, Po=1-P,. (4.4)

It follows from Lemma 3.2 that

Pre™ug = F 1yjeizny [ Py + € 0'P_ o] Tilg

Ao 1§ O
1 " ’
- ]—“—1% [e”’ot g Ao O
+,0 7~ A=0 0 0 0 (45)

+erot | —ing =Xy 0

Ao —€ 0 ] (o)
0 0 0

for ug = " (¢o, wg, w). We also note that Piu does not depend on x5, and so,
Oy, Pru = 0.
We decompose u = (¢, w) into
U = UL + Ueo,
where
uy = Piu= T(gbl,w%,w%), Uoo = Poctt = T(qboo,wéo,wgo).
Remark 4.2 We see from the definition of Py that uy = uy(x1,t) satisfies
105 unlly < 1105,
for arbitrary k and l. We also note that u., satisfies
[tioo|l2 < C|Onticol|2-

We will frequently make use of these properties in the subsequent arqguments.



Proposition 4.3 Let u(t) be a solution of (4.1) on [0,T]. Assume that
ue C([0,T]; H* x H2) N CY([0,T); L?) with w € L*(0,T; H?). Then

up = (¢, wy) € CH[0,T); H'(Q)) (VI=0,1,2,--)

and

Uso = ' (oo, o) € C([0,T]; H? x HY) N C([0,T]; L?)

with we, € L*(0,T; H?).
Furthermore, u; and us, satisfy

¢

= Pre g +/ P DL E(u(r))dr, (4.6)
0

atuoo + Lug = Fom uoo|t:0 = Poou07 (47)

where Foy = P F = T( Qo,foo),foo = ( Olo,ffo)

Proof. Since P;,L C LP; (j = 1,00), applying P; to (4.1) we obtain the
desired results. m

We define M(t) > 0 by
M(t) = Mi(t) + Moo(t) (¢t €[0,T]). (4.8)

Here M;(t) and M (t) are define by

to\?r

We note that, by the Gagliardo-Nirenberg-Sobolev inequality,

lus(Dloo < Cllur (@13 10,1 (1)1 < C(1+1)72 M (8),
oo (B)loo < Cllue (D2 < C(1+ )T Moo (8).
We introduce the quantities E(t) and Do (t) for e (t) = T (Poo(t), Weo ()):

Eoo(t) = lluce(t) 72 + 1000 (B)]13,
Doo(t) = [IVous ()7 + Voo (@) 172 + 1Gruce (8) 1771
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Proposition 4.4 Let u(t) be a solution of (4.1) on [0, T]. Then there exists
g1 > 0 such that if ||[u(t)||gz < e1 and M(t) <1 fort € [0,T], the estimates

My(t) < C{lluolls + M(t)*} (4.9)

and

E(t) + t e~ =D (1)dr
/0 (4.10)

< CLe By (0) + (1+1) 2 M(1)" + / t e "IR(7)dr}

hold uniformly fort € [0, T] with C > 0 independent of T. Here a = a(v,v,~)
is a positive constant; and R(t) is a function satisfying the estimate

R(t) < C{1+ )73 M(t)* + M(t) Do (t)}. (4.11)
The estimate (4.9) will be proved in section 5, and the estimates (4.10)
and (4.11) will be proved in sections 6 and 7.

From Proposition 4.4, one can show the following uniform estimate of
M(t) as in [4].

Proposition 4.5 If ||ug||g2nrr is sufficiently small, then
M(t) < Clluol granpa- (4.12)

Theorem 2.1 now follows from Propositions 4.1 and 4.5.

5 Estimates on Pu

In this section we estimate the low-frequency part u; = Pju and prove esti-
mate (4.9) in Proposition 4.4.

Proof of (4.9). We see from Lemma 3.2 and the definition of II that
ok, Praalla < C1 [ 1€Fe 41 g M)}

< / PPt de) ol

< O(1+1)"i 2 |ul|; (5.1)

11



for { > 0, and hence, by (4.6), we have

o8O < 0% Praoll + 105,V F(u(r)
<0+ 7 ol + [ 15T R ) e

for k=0,1,2.
Let us estimate / 105 e~ =L P F(u(r))||2d7. By the Sobolev inequality:

|9]le < Cllb] 52, we see that there exists €2 > 0 such that if ||u(t)||g2 < e
for t € [0,T], then [[¢(t)|| < 1 for ¢ € [0,T], and hence P,F(u) is written
as

Py F(u) = Py0,, Fo(u) + P F(u),
where
—7¢1wi

Fo(u) = [ =3(w})® + (v + 0) (4105, w1) + 07 — 2 PP (0)¢]
0

Here each term in P F'(u) includes to, O((9y,11)?), O(uddy, ¢1) or O(uddl wy) (I =
1,2), and P F'(u) is estimated as

|PLE (u(r))]l < C(1+7)"TM(1)2.
It then follows from (5.1) that

k
2

(1+7)"1drM(t)?

NG

t t
/ 188 2P F(u(r)) |adr < C / (I4+t—1)

0 0
<O+t 12 M)

As for the estimates for P0,, Fo(u) part, we write it as

/ 10 D8P, Fy(u(r))[ladr

- / / 0, e~ Py, Fy(u(r)) dr

=11 + 1.
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Since 0,,e *E P, = e P,0,,, we have

/ 10516~ Py Fy (7)) ol

[SIES

< c/ (14t —7)"375(1+7) 2drM(t)?
0
<C+8)7 12 M(t)?, k=0,1,2.
As for I, we have, for k =0, 1,

k
2

t
I, < C/ (14+t— 7')7%7 (14 7)"tdr M (t)?

<O+t 12 M)

For k = 2, we have

t
L<C / 105, e CPEPE2. Fy(u(r))|adr

t
< c/ (1+t—7) 51+ 7) " 2drM(t)?

< C(1+1t) TM(t)
We thus obtain
108 wr ()]l < C(1+ )75 {[luglls + M (2)%}. (5.2)
We next estimate the time derivative. We have

| = Lun(®)ll> < CLIGE w1 (1)l + 192,10 (D)2}
< C(1+ )" {[Juolls + M(t)*},

and .
I1PLE (u(t))]l2 < C(1+1)"3 M(t).
Since
8,5U1 = —Lu1 + PlF(U),
we obtain

1 (8)[l2 < (1L (t)]]2 + 1P (ult)) |2
< C(1+ )" 1 {[Jluolly + M(t)*}.

By (5.2) and (5.3), we deduce the desired estimate. This completes the proof.
|

(5.3)
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6 Estimates on P, u

In this section we estimate the high-frequency part u, = P,u by using the
Matsumura-Nishida energy method to prove estimate (4.10) in Proposition
4.4.
We introduce the quantity D[w] which is defined by
Dlw] = v||Vwlf; + 7||divew]f3.
We also define operators ]51 and ]500 by
ﬁ’lgzﬁ = F_11{|§|§TO}<.F¢>, POO =] — Pl.
Note that Pyu = T(Pip, Pow',0) and Pyu = T(Ps¢, Psow?, w?) for u =
(g, wh, w?).
To prove (4.10), we prepare some basic estimates.
Proposition 6.1 Let k and j be nonnegative integers satisfying 0 < 2k+j5 <
2. Then
1d
2dt
where
Goc = Oitpoc + 7w - Viboc,

R} = 2 (dive, |00, 60c[?) = ([0, w] - Ve, 01, 6c)

v+
~2

188D woo|2 + DO weo] + 10800 docll2 < CRY),  (6.1)

- . - . v+v
+ (0 D), fo, P D o) + (07 0I, foos OF O W) + -

t Yx1J o0 xr1

10502, faull5-

Here and in what follows, fgo denotes
fo =P (w - Vo) — YPo(w - V1 + ¢divw).
Proof. Equation (4.7) is written as

at¢oo + yw - v¢oo + 'ydlvwoo = fgo,

Do — VAW — DV AiVWes + YV oo = foo. (6.3)
We compute (82 (6.2),07 do) + (67, (6.3), 0] ws) to obtain
1d, . .
|17 2 J

= 2 (divw, 04, éul?) = Y02, 0] - Voo, O, 61c)
+ (8:‘1‘1 ~<(>)O7 a;1¢00) + (8;1f007ag:1w00)

14



We set ¢ := dyp+~yw-V. From (6.2), we have 8{;1@)0 = —divd] wee+07, F0,
and hence o A o
107, 6ccll3 < C(y?ldivay, weoll3 + 110, o l2)-

We thus obtain

v+uv, .-
v 102, bocll
j 2 | i3] o V+UV j 70 1|2
S C{V||vam1w00“2 + V”dlvamleOHQ + ,72 ||awlfoo||2} (65)
. v+ L~
= C{D[0, weo] + 7 102, Fu I3}
By (6.4) 4+ 35 % (6.5), we obtain
d . . v+uv, .-
G0 unel+ Dlo ) + 210 6l < OB (66)
Replacing 02 by 0;, we also have
d v+r .

This completes the proof. m

Proposition 6.2 [t holds that

1d , 1 ,
§E{D[woo] — 27(¢oo, divivse) } + §H3tuoo||2

< O{y? divwse|l3 + 1S3 + 1 fooll3 + llw - Vo133

(6.8)

Proof. We compute ((6.2), 0;0) + ((6.3), Ows) to obtain

J0tec 3+ 5 S Dlc] + (v, 00c) + (Ve i)}
= =W Vo), 0i60) + ([0 Outooc) + (foo, D).

Since (Vooo, s) = —(Poo, divOiwe, ), we have

JOucl + 5 D] + (v, i) — (G, divoec))
= —"}/(U) : V(booa atqﬁoo) + ( ~<?oa at(boo) + (f~ooa atwoo) (69)

1 _ _
< ZII&:%H% + C{llw - Vool + [ fullz + 1 13}
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Adding —27v(divwee, Orpeo) to both sides of (6.9), we obtain

1d d .
5& —7&(¢oo,dlvwoo)

. 1 - -
< —2y(divives, Oy¢hos) + Z_lHatUong +C{llw - Voslz + 1]z + 1 fll2}

1eusc|3 + 5 = Dlwoe]
1 . - -

< Sl100uesl3 + CLPdiveso 5 + [lw - Vool + 1 Iz + 1 f<lI3}
which gives the desired estimate. This completes the proof. m

Proposition 6.3 Let j and | be integers satisfying 0 < 7+ 1 < 1. Then

R S S e
2dt x1 -T2 |2 ]/_’_D x1 -T2 |2 (6 10)
) )
() 1 i Al 2 v i+1 9! 2
S CR],Z +C{y+ﬁ||atailamgwoo||2 + ]/—f—ﬁHaij amszOOHZ}?
where

R = 2 (dive, |02, 05 6 ?) + O (v + 2108, 0557, w] - V3
v+4v

72

0 _ 0, T g2
hoo - &UQfoo + v+ Dfoo

+ 107,05, h3 113}

Proof. We compute 0,,(6.2) + ;25 X (the second component of (6.3)) to
obtain

T gu? — L Aw?

v v+

Ory (ﬁoo + Y0, divis +
v

~ 2

g, divive + —L—, 00 = B2
vV+v v+v
This gives
j gl 0 T g 6.11
aﬂc 00 —~az 00 — he — = 00/ .
et Do = W — T H () (6.11)
where

H(w) = 0w® — vd2 w® + v0,, 0y, w'.

Applying &7 9. to (6.11) we have

T 7 T2

2
& o+ gl — o ol g0 — %H(aﬂ’ 0 wy).  (6.12)
1% 1%

x1 Y X2 I/—|—ﬁ T1 T2 x1“x2' Yoo r1 7 T2

16



We also write (6.12) as

001, 0 oo + —— 00, 0 01

x1 T2 V‘i‘ﬁ x1 T2

= —qw -V O o — [0 O w] - Voo + 01 0L RO (6.13)

1 T x2 17T ) x1“x2' Y00
v i Al
- ﬁH(&iﬁIme).
Taking the inner product of (6.13) with 82 95 ¢, we have
1d i al+1 2 72 i ql+l 2
5&”%@5 Poollz + m”aﬁ;l@; Dol
= §(dlvw, 109,05 0o |?) + (—7[02, 00 w] - Vo
+ 8;1 852 h‘go - mH(aij ai:gwoo)7 85:1 ai—;_l@xJ
< 00,0 punld + (v, 107,25 6cl?)
> Q(V—I—D) x1 Zxg T00l12 2 VY xy T OO
- ; VU 9 (6.14)
+ C{(v +)||[0,055", w] - V|5 + e 102, 05,02 |15
1 . 2 V2 ,
b o 2 2+ 040 Tl
2
_ 7 i Aal+l 2 (2)
= m”aﬁzlaﬁ Poollz + R
119 0 |+ 10 Vo |2
+ m“ 21 Vs twoo||2+m|| 0, Vool -

The desired estimate follows from (6.14). This completes the proof. m

Proposition 6.4 Let j and [ be integers satisfying 0 < 7 +1 < 1. Then

1d . 72 . v+rv . .
§a||ailagl¢oo||§+m”ailagl%oH%Jf 2 107, 051" doll3 (6.15)
, .
() 1 i ol 2 v i+1 a1 2
<CRrRY + C{mnataglamwmm ol amvmoo||2}.
Proof. From (6.12), we get
v+uv, :
7||3$13§$1¢oo||3
<0 o4 — (09 0 | 6.16
>~ m” 1~ T2 (b00||2+mH T1 T2 tw°°||2 ( ’ )
2 ) v+ .
DA FERe LA

17



By (6.10) + 55 % (6.16), we obtain

2 v+v
S+ )||9i13$1¢oo||§ 20 310,05 o5
(6.17)
V2 4
< CRY +C{ 01,0, 0 + == VO3 0l w3}

T1 T2

d ||a] al+1¢00||2

1 -x2

This completes the proof. m

Proposition 6.5 Let j and | be integers satisfying 0 < 7+ 1 < 1. Then

2
.
5 —— 82,0 doc I3 + —— ||8§182+2woo||3
. vV+r
so{—~||ata;1woo||m+ 169, &]120e (6.18)
V—l—l/
102, J e + ——= 1108, Fucl -

To prove Proposition 6.5 we will apply the following lemma.

Lemma 6.6 Let u= " (p,v) be a solution of the Stokes system

dive = f,
—Av+Vp =g, (6.19)

812U1|x2:0,1 = U2|x2=0,1 = 0.
Then there exists a constant C' > 0 such that, for 0 < j+1<1,

102,050l + 1102, 07 pll2 < C{I10, 057 fll2 + (107, D% gll2}-
It is not difficult to prove Lemma 6.6 by using the Fourier transform in z; and
the Fourier series expansion in xs as in (3.8) and (3.9). More precisely, one
can prove Lemma 6.6 for [ = 0 by using Lemma 3.2 with v =~v = 1,0 = 0;
and for [ = 1, in addition to Lemma 3.2, we also use the equations (6.19) to
estimate |0 2p||2 and |03, v[]2. We omit the detail.

Proof of Proposition 6.5. We rewrite equation (6.2)-(6.3) in the following
form:

{ divivee = 1(f . d;”) (6.20)

Awoo+V = 1{foo_ atwoo_%v(fc?o_éoo)}'

18



It then follows from Lemma 6.6 that

2
102,07 ducll3 + 1107, 0 w3

< C{H;@il(ffo — 0o ||

g0 (= O+ V(R =)} (621

1 . v? +V .
< C{ 11008, w3 + - 7 102,613

V+V

10, 7% s + =5 102, i}

By #217 X (6.21) we obtain the desired result. m
We are now in a position to prove (4.10).

Proof of (4.10). We compute by x {(6.1);==0 + (6.1)=1 =0} + (6.8) with
a positive number b;. Taking b; suitably large, we see that

Eo(t) = billuce(t) 12 + Dlwss ()] — 27(¢ (1), divevse (1))

is equivalent to
[use (I3 + Dlwas ()],

and obtain 1d .
—-—F + =D < CN .22
P T, 1(t) 5 1(t) < CNy(1), (6.22)

where

Ey(t) = Eo(t) + bu[| 02y uso(t )Hg,

1

-0 (Dt

7=0

102, o)1) + 0 0)[3,

= Z [R50+ 173 + 1 Fooll3 + llw - Voo I3

J=0

We next consider by x (6.22) + (6.15);——. Then, with a suitably large

by > 0, we have
1d 1
- Z < .
2dtEQ( )+ 2D2(t) < CNy(t), (6.23)

19



where

Es(t) = by By (1) + |02y 000 (1) 3,

b 72 v+
Dy(t) = = Di(t) + oy ﬁHaxquoo(t)Hg + e

: OIS

Na(t) = baNy(t) + | RS-
It then follows from b3 x (6.23) 4 (6.18),-,—¢ with a suitably large b3 > 0 that
1d

LB+ %Dg(t) < ONy(1), (6.24)

where

Es(t) = b3Es (1),

Dy(t) = BDa(t) + L s (D)2 + —— || (1)
2 y o ETeeN N2y, e oo
vV+rU, o~
Nj(t) = bsNa(t) + —5— [ o1 7-

v
We next compute (624) + b4 X {(6-1)j:2,k20 + (6.1)]‘:07]{;:1} + (6-15)j:1,l:0-
Taking by > 0 suitably large, we have

%%E4(t) +5Dult) < ONA(D), (6.25)

where

Ey(t) = Bs(t) + ba{[|0F, oo (0)II3 + 19rttoc (£)|15} + 1102, Ory b (£) 3.

72 2
T 7 ||8x18z2¢00(t>||2

Diy(t) = Ds(t) + ba{D[02 wao(t)] + D[Dyweo (1))} +

14

14
+

;”{wawuip + [|9eos (8) 123,
Na(t) = Na(t) + [RE(0)] + | RS (®)] + [RE) (1)),

It then follows from bs x (6.25) + (6.18),-1,—0 with a suitably large b5 > 0
that

1d 1
- _ <
5 th5(t) + 2D5(t) < CN5(t), (6.26)
where
E5(t) = b5E4(t),
Ds(t) = BDut) + L 00,0 (2 + — |10, P ()]
2 V—|—17 x1Yx Voo 2 V—i—ﬂ x1 Yy Yoo 29

N5 () = Na(t) + 10, foo (D7 + 10, foo (D)]15-

20



We next consider bg x (6.26) + (6.15),;-0,=1. Then, with bg > 0 suitably

large, we have

%%E(;(t) + %Dﬁ(t) < CNg(t), (6.27)

where

Eg(t) = bs Es(t) + 1105, 600 (1) 12,
be

2
y
Dg(t) = §D5(t) + m”aiz%o(t)ﬂg +

No(t) = Ns(t) + |RSA(1)].

vV+v

7|l¢oo(t)|!?qz,

We then deduce from b7 x (6.27) 4 (6.18);-0,=1 with a suitably large b7 > 0

that
—— F-(t — ) < t .

where

EL(t) = b7E(t),

72 2 2 v? 3 2
Dr(t) = - De(t) + 105 oo () I|3 + F\Iaxwoo(t)\lz,

2 v+v v
Na(t) = No(t) + [ f Ol + 1 o)l
By (6.2) we have
100ocllFr < CLOPPIVwsolli + 7w - Vool + 11217} (6.29)
We then deduce from bg x (6.28) + (6.29) with a suitably large bg > 0 that

L S BA(t) + 2 Do(1) < ON(), (6:30)

where

Eg (t) = b8E7 (t),
bs

Dg(t) = §D7(t) + |0 oo (8) ] 1

Ns(t) = Ni(t) + [|(w - Voo ) (t)][3:-

Note that Dg(t) is equivalent to D..(t). By Remark 4.2, we have Dg(t) >
c1Eg(t) for some constant ¢; > 0, and hence,

%Eg(t) + e1Es(t) + Ds(t) < 20Ns(2).
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This implies
t t
Es(t) + / e~ Dg(r)dr < e 1 Eg(0) + 20/ e~ N (7)dr.
0 0

Since, by (6.3),

V2wl = Ouwl, — vd2 Wi — D0y, (O wh + Oy wiy) + Y0, Poo — [

i) o0 o0
N2 2 2 2 2 -~ 1 2
(v + D)0, w5, = 0wy, — V0, Wi, — V0,0 Way + V02,000 — [0

and
10, Oy oo (1) 13 = (87, woo (1), B2, oo (1)) < (|02, weo (£)]]2]|07, woeo (t) |2,
we have

102, s wo (8)5 + 1185, w()]15 < CL{Es(t) + || fo (D)5}
< C{Es(t) + (1 +t) 2 M ()"},

Therefore, we conclude that
t
E(t)+ / e~ =D (1)dr
0
t
< C{e By (0) + (1 +1)"2 M(t)* +/ e "I Ny(7)dr}.
0

holds uniformly for ¢ € [0, 7] with C' > 0 independent of 7. Here a = a(v, 7, )
is a positive constant. We will see in section 7 that g satisfies the estimate

Ne(t) < C{(L+ 1) EM(1)* + (1 + )" TM(t) Do (1) }.
We thus obtain estimate (4.10) with R(¢) = Ns(t) that satisfies (4.11). This
completes the proof. m
7 Estimates on Nonlinearities

In this section we estimate the nonlinearities to establish (4.11) for R(t) =

Ng(t).
By using the Gagliardo-Nirenberg-Sobolev inequality and Remark 4.2 we
have the following estimates on f* = —ydiv(¢w).
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Proposition 7.1 The following estimates hold uniformly for t € [0,T] with
C > 0 independent of T :

lédival e < C{(L+6)7TM(1)* + (14 1) 2M (1) D (1)} (7.1)
lw- Vol + lw- Vérll g < C(1+1)TM (1), (72)
[(divaw, |0}, 6o )| < C{LAL+ ) FME)* + (14 6) EM())Dac(t)}, (73)
[[0F 05, w] - Vorelly < C{(L+ ) >M(1)* + (1 + 1) EM(1)V/Duc(t)}  (7.4)

for 2k + 7 <2 and
17 e < C{L+ 1) IM ) + (1 + 1) 2 M(t)/D(t)},  (75)
10 f2 s < CLA+ 1) IM () + (1 + 1) ZM(t)\/Dus(t)}.  (7.6)

We next consider the estimates for foo. We recall that |[¢(t)]|os < : when-
ever |[u(t)||gz < e2, which follows from the Sobolev inequality ||u(t)|lec <

Cllu(t)] g2-
Proposition 7.2 If [|[u(t)|| gz < e and M(t) <1 fort € [0,T], then

Ifocll < CO+BTEM @),

I foclln < C{(+H7EM@)? + (1417 M (1) v/ Dec(0)},

(D1 foos Dutwso)] < CH(L+ 1) M(1)* + M (1) Doo(1)} (7.9)
where C' > 0 s a constant independent of T

Proof. The estimates (7.7)-(7.9) can be proved by using the Gagliardo-
Nlrenberg—SoboleV inequality and Remark 4.2. We here estimate the term
(at<1+¢ Aw), dyws,) only, which appears in (7.9). We set g(¢) = Then

1+¢>
(O g(8)Aw), Dws)
= | = (0:(V(9(¢)) Vw), dwee) — (9:(9(0) Vw), 0 Vwe)|
< [(0(g'(¢)VoVw), Orwee)| + |(0:(9(0) Vw), 8 Ve )|
=+ 1L
The first term on the right is estimated as
1< |(g"()0:pVVw, Opwes )| + (' (9)0VdVw, Opwes )|
+ (¢ (¢) V0, Vw, dyw) |
< C{l18:0]lallVollall Vol Osws 2 + 0:V |2l V]| oo || Orwec |2
+ IVElall0: Vo] Orwoc |4}
< C{l10:0ll [V ol [Vl 2| Oweo |2 + 10:V B2 Vel 2 | Orwoe |2
+ IVl 10V wll2l|Orwee [l 11 }
< C{1+t)3M(t)* + (1 +t) 2 M(t) Do (t)}.

23



As for II, we have

I < C{llg'(9)0ioVwlz + [l9(6)0: Vwl|2}H| 0 Vs |2
< C{10iellallVwlls + llg()llss [0V w2} 10:Vwes 2
< ol g IVl + [[9]loc[[0:Vw][2}|0: Vs |2

< C{(1+t)"3M(t)® + M(t)Dso(1)}.
The other terms can be estimated similarly. This completes the proof. =

The desired estimate for R(t) = Ng(t) follows from Propositions 7.1 and
7.2.

8 Asymptotic Behavior: Proof of Theorem
2.2

In this section we prove Theorem 2.2. To this end we rewrite (1.1)-(1.2) in
the form of conservation laws.
We set
m = pv = p.(1+ @)v.

Then (1.1)-(1.2) is written as

Om — pA() — (n+ u’)Vdiv(%) +VP(p)+ div(@) =0, '
and the boundary condition (1.3) is transformed into
m! )
O <7> =01 0, 700 = 0 (8.2)

We note that, from the proof of Theorem 2.1,
[m?(®)[l2 = [lvp(Hw?(#)|la = OF %) as t = oo.

Therefore, to prove Theorem 2.2, it suffices to investigate the asymptotic
behavior of T(¢, m!).
We decompose ' (¢, m!) as

(b:(p—i_q)oo? q):¢1:p1¢7 q)m:¢w: NOO¢7

1 -
lel, MOO =
Py P«

m' = p.y(M + My,), M = Pom?.
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1 _ M+Mag
Note that w* = e

Applying P; to (8.1) and using (8.2), we have

0 70 M =0 (8.3)
8tM—(V—I—ﬁ)aglM—l—vazl@zﬁmlplg(U)%—alelg '
Here U = T(®, M),
p*P”(p*) 2 2
U)=-"" 92y p
9(U) > YM*,
*P,/ *
5= 3000 =~ + 210, ou') - 20 o 1 a2
—Y(2M Moo + M) + y(opw' (M + M),
where ¢ = ® + O, w! = M;FTI‘;I‘”
We write (8.3) in the form
QU + LoU = 0, PyG(U) + 0, PyG, U = PyU, (8.4)
U|t:0 = POUOJ .

where Uy = " (¢, ﬁmé) = T(¢0> (14 ¢o)wp),

o —1 O 7811
Lo=F (7(%1 —(v+ ﬁ)&%l ’

6= (yn) €= (5)

and Py denotes the projection defined by

- (1)
for U = T(®, M).

We see from Lemma 3.2 that
et = F 1 (eM Py + NP F,

where

1 1
A =Apo = —5 (v +0)8 £ o/ (v +7)%¢" — 4922,

1 -+ i€
P, =4 F .
. A+—A(w€ Ai)
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We observe that, for |£] < 1,

v+

5 ¢ i+ 08,

Py = % (ill j?) (14 0()).

Ay =

We define S(t) and Si(t) by

S(t) = Sy(t) + S-(¢),
Si(t) = F LS. (t)F,

A~ 1 v+v : 1 j:l
Sy = o (1 21),

2

Clearly, e *oP) has the same estimate as that for e7*“P; such as (5.1).
Furthermore, e~*20 P, is approximated by S(¢) in the following way. We
define IIy by

Uy = T(<¢0>7 <M0>) for Uy = T(Qbo, Mo)-
Note that H()PO = POH0 = Po.

Lemma 8.1 The following estimates hold uniformly fort > 0 :
(i) 0% e Rl < C(1+ )72 |V,
(i) 0%, S(6) Pololl> < C(1+1)7573[Tp
10k, S ()TLo(T = Po)Uslls < Ct=2e™0|[Uplla, o = 3(v + )13,
(i) (|0, (e 0 — S(£)) Pololla < C(1+ )72 | U

Proof. The estimates in (i), (ii) can be obtained by the same computation
as in (5.1). As for (iii), since

e+ Py — Sy (t)]

_ C{’ef%ﬂg%iwgt(eAiH%ﬂg?tmgt 1)+ C|£‘6Rez\it}

< C(€Pt + |gl)e 5,
we have the desired estimate. =

We denote by UD(t) = T(¢(zy,t), MO (z1,t)) the solution of the
following integral equation:

UO@) = S(HUps + / t S(t — 7Y, (U (1))dr. (8.5)
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We see from (8.4) that U(t) is written as

t
U(t) = e o PyU, + / e"tIlopio, (GU) + G)(7)dr. (8.6)
0

We will show that U(t) is approximated by UY(¢) as t — oo.
By Lemma 8.1, we have the following estimates for U ().

Proposition 8.2 If||Us||g2nrt < 1, then (8.5) has a unique solution U (t)
that satisfies

_1_k
oy, U (t)lb CA+t)" 172 |[Uoll g2nprs k=0,1,2, (8.7)
105, U ()]l < C(1+ )" 2||Usl gz k=0, 1. (8.8)

We have the following estimate for U(t) — U©(¢).
Theorem 8.3 If |Up||g2nrr < 1, then

185, (U(t) =UQW)ll, < CL+ 67377 Ul gapgs, k=0,1,
for any 6 > 0.
Proof. We introduce N(t) defined by

1

N(t) = sup { 31+ )P0k U (7) — UO (), }-

0<r<t 0

It follows form (8.5)-(8.6) that U(t) — U©)(t) is written as

where
[O(t) = (€7tLOP0 — S(t)H())Uo,

I(t) = / S(t — 1) Pady (G(U(r)) — GUO(r))dr,
B = [ (e _ §(t = 7)) Py, G(U(7))dr,
L) =~ [ Stt-n0 - RGO )ar

t
]4(t):/ e"t=lopo. G(r)dr
0
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As for Iy(t), we see from Lemma 8.1 (ii), (iii) that

105 Io(t)||, < [|0F (e70 — S(£)) PyUs|ly + [|S(6) o (I — Po)d% Usl-
< O(1+1)"172||Up| | imrr

As for I, by Theorem 2.1 and Proposition 8.2, we have

|GU) = GUMN)|, < C{| D% = (6D)?|]; + |M? — (MO1)2)|}
< CU+UOo||U — U,
< O+t "N Ul s

and similarly,

18y, (G(U) = GU ||, < C{|0,, (U + U |o|U = U,
U + U 5]|85, (U — U)o}
< C+ ) TN |Uo|l o -

It then follows from Lemma 8.1 (ii) that

k
2

||3§111<t)||2 < C{/2(1 —l—t—q-)_%— (1 _|_7_)—1+5d7_
0
t
+/ (1—i—t—T)_%(l—|—T)—1—§+6d7-}N(t)||U0||H20L1

3_k

< C(L+ )71 2N )| Uo]l -
We next estimate 9% I»(t). Since

102, GOl < CllU 2[00, Ull2 < C(1+1) 7 M (2)%,
102, (W)l < CLIU 20102, Ul2 + 192, U3} < C(1+1)2 M (2)*.

We see from Lemma 8.1 (iii) that

t

|5l <cf [ a+i-)"

0

IS
MBS

(1+7)"tdr

t

+ [ =i ) R ey

v

<O+ )73 Ul e
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Concerning I5(t), we first observe that d,, G(U®) = I1,0,,G(U®) since
0., G(U) depends only on x; and t. Furthermore, we have

0., GUO)> < cuv(mumuamv Hz < C(1+ )| Us 2z,
102, GUO)l> < CUTO 02Tz + (102, U |oo 02, T |}
<O+ |Volnp-

It then follows from Lemma 8.1 (ii) that

ot o)l < € [ e Ul
< C(1+ )35 Vol o
As for I4(t), we have
1G]l < C(L+6) M (22,
102, Gl < C(1+ ) 2 M(t)?,

and hence, similarly to the estimate for 0% I,(t),

3k
105, Ls(t)]l2 < C(L+ )72 Upll g2y
This completes the proof. m

Proof of Theorem 2.2. It suffices to show that [0 (U® — y b, —
X_b_)(t)|]2 for k = 0,1, where by = "(1,41) € R?. Here x+ = y+(z1,1) is
the diffusion waves given in (1.10)-(1.12) with ¢ = $(a+b),a = L b=
—~. We follow the arguments in [7, 6]. We write Uy as

Up = Uoy + Uy,

where

1 1 +1
UO:l: = 5 ( :i:l 1 ) HOUO <¢0 0>b:|:

It then follows that

P«

UO(t) = Sy ()Uos + S—()Uo— + L+ (t) + 1 - (1),

where

0
Ili / Si ( a(¢(0))2 +b(M(0)’1>2 )dt



We write [} 4 (t) as

1 t
he = ii/ e "0, (a(¢(0))2 + b(M(O)’l)Q)dTbi,
0

where

ey = F1 e300,

We note that e~*2+ satisfies the same estimates as those for Si(t) in Lemma
8.1 (ii).
We define V(t) = T(5(¢), (1)) by

UO(t) = x4 (£)by + x— ()b + V(t)
_ ( X+ +X-+7 )
X+ —X-+C /)’
and introduce

Y(t) = sup {(1+7)2([V(r) o+ (1+ )0,V ()]}

0<r<t
We write
(N2 = (x4 +x_ +m)(xs +x_+1n)
= X1+ X2+ 20 + O Fx)n+nlx +x- +n)

=3+ x2 200+ O+ x- + 00
=2+ X2 +2x4x- + o,

and
(MO =33 + %% = 2x4x- + (xg — x= + MO
=2+ x> — 2x4X- + 02C,

where 01 = x4 + x— + ¢ and 05 = x4 — x— + MO It then follows that
I, +(t) is written in the following forms

1 t
L4(t) = 45 / e =g, ((a + )%+ x2) +2(a — b)x4x-
0
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where xo+ = x+(0), we see that
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It then follows that
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As for I;, we apply the estimates for wy by T.-P. Liu [8] (see also [6,
Lemma 4.2]) to obtain

L < OO+ 67772 |lug || 2ana -
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We next estimate I5. For 1 < p < oo and [ > 0, we have

105 Ocax-) ()l < Ce™ [luol3zzna- (8.9)

See [7, 6] for estimate (8.9). It then follows from (8.9) and Lemma 8.1 (ii)
that

k
2
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Similarly, we have I3 < C(1 + t)’%*%ﬂuoHimel.
We next estimate I,. By Lemma 8.1, we have
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By applying Proposition 8.2 and the following estimate
2% xx (Bl < O+ 8) 732 Jugll, (8.10)

we see that ||oq(7)|l2 < C(1 +7')’i|\u0HHsz1. Since |lon|l1 < |lo1|l2]9]l2, we
have
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and

t
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0

k
2

< C(L4 )22 fluoll o Y (1)-

We thus obtain I < C(14t)"27% ||ug||zr2nr: Y (£). We can obtain the estimates
for Iy, Is, I in a similar manner. It then follows that if ||ug||g2n < 1, we
have

1_k
1oV ()l < C(1+ )72 = uo|sr2nrre (8.11)
for k=0,1. 3
Since w! = %ml — ¢w', we have wj = M — P(¢w'), and so,
¢1 ¢oo P B (boo
u = w% + wéo = M + —P1(¢w1) + wéo
0 w? 0 w?

The desired estimate in Theorem 2.2 thus follows from Theorem 9.3 and
(8.11). This completes the proof. m
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