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Abstract

The compressible Navier-Stokes equation is considered on the two dimensional whole
space when the external force is periodic in the time variable. The existence of a time
periodic solution is proved for sufficiently small time periodic external force with
antisymmetry condition. The proof is based on using the time-T-map associated
with the linearized problem around the motionless state with constant density. In
some weighted L and Sobolev spaces the spectral properties of the time-T-map is
investigated by a potential theoretic method and an energy method. The existence
of a stationary solution to the stationary problem is also shown for sufficiently small
time-independent external force with antisymmetry condition on R2.

Key Words and Phrases. compressible Navier-Stokes equation, time periodic solution,
stationary solution, two dimensional case.

1 Introduction

We consider time periodic problem of the following compressible Navier-Stokes equation
for barotropic flow in R?:

Op + div (pv) = 0, (1.1)
PO + (v - V)v) — pAv — (p + ) Vdive + Vp(p) = pg. ‘

Here p = p(x,t) and v = (vy(z, 1), va(z,t)) denote the unknown density and the unknown
velocity field, respectively, at time ¢ > 0 and position z € R?; p = p(p) is the pressure
that is assumed to be a smooth function of p satisfying

p'(ps) >0,

for a given positive constant p,; p and ' are the viscosity coefficients that are assumed
to be constants satisfying
p>0, p+p >0

and g = g(x,t) is a given external force periodic in t. We assume that g = g(x, t) satisfies

the condition
gz, t+T) = g(x,t) (xeR% teR), (1.2)



for some constant 7' > 0. We also suppose that ¢ has the form g = V4G := (aiG, —aiG),

where G(z,t) is a scalar function satisfying the following antisymmetry condition for
x € R?

G(—x1,29,t) = =G (21,22, 1),
(33'1,—33'2, ) —G(%,ﬂ?%t)a (1-3)
G(Ig,xl,t) = —G<I1,$2,t).

The antisymmetry condition (1.3) was used in the stationary problem for imcompressible
Navier-Stokes equation on R? ([12]).

In this paper time periodic problem and stationary problem are considered for the
compressible Navier-Stokes equation (1.1) on R%. Concerning the time periodic problem
for (1.1) on the whole space, Ma, Ukai, and Yang [11] showed the existence and stability
of a time periodic solution on R™ with the space dimension n > 5. In [11] it was shown
that if g € CO(R; HN=' N L) with g(z,t +T) = g(z,t) and g is sufficiently small, then
there exists a time periodic solution (pper, vper) around (p.,0), where N € Z satisfying
N > n + 2. It was also shown that for sufficiently small perturbations the time periodic
solution is stable and it holds that

1(o(t), v(t)) = (pper(t), vper (D)l w1 < C(L+ )7 (po, v0) = (pper(to), vper (to)) =101,

where 1 is a certain initial time and (p, v)|i=s, = (po,vo). Here the symbol H* stands for
the L2-Sobolev space on R" of order k.

In [4] the time periodic problem on R™ was investigated for n > 3. It was proved that
if g satisfies the following condition for the space variable;

g(—z,t) = —g(x,t) (r €R" t €R), (1.4)

and g is sufficiently small in some weighted L? Sobolev space, then there exists a time
periodic solution (pper, Vper) for (1.1) around (pi,0) and wpe,(t) = (Pper(t) — pi, Vper(t))
satisfies

sup ([[uper(t)l| 22 + |2 Vttper (t)]| 2)
t€[0,T]

< C{I(X + [z)glleqoririncey + 11+ [2))gll 20,5051y}

where s is an integer satisfying s > [n/2] + 1. Moreover, (pper, Uper) i asymptotically
stable and it holds that

1(o(t), v() = (oper(t), vper ()22 = O(t7F) as t — o0 (1.5)

for sufficiently small initial perturbations. In [10], the existence and stability of time
periodic solution were proved for n > 3, without assuming the condition (1.4); it was
shown that if ¢ is small enough in some weighted L> and L? Sobolev spaces then there
exists a time periodic solution (ppe;, Vper) around (py, 0); and the time periodic solution is



stable under sufficiently small initial perturbation and the perturbation (p— pper, ¥ — Uper)
satisfies

1(p(t) = pper(t), v(t) = vper(t))[| e = O (¢ — 00).

Concerning the stationary problem of (1.1), Shibata and Tanaka [8] showed the existence
and stability of a stationary solution on R*. They showed that if ¢ = g(x) is small enough
in some weighted L> and L? Sobolev spaces then there exists a stationary solution (p*, v*)
around the motionless state (p.,0). Moreover, it was shown that for sufficiently small
initial perturbations the stationary solution is stable and the perturbation (p — p*, v —v*)
satisfies

[(p(t) = p*,v(t) = v*)|[Le = 0 (£ = o00). (1.6)
In [9], the convergence rate for (1.6) was studied and it was shown if the initial pertur-

bation (p(0) — p*,v(0) — v*) satisfies the estimate ||(p(0) — p*,v(0) — v*)||gs < 1 and
(p(0) — p*,v(0) — v*) € L5 then

(p(t) — p*(£), v(t) = v* (1)) ||1e < CtF (t = 00),

where ¢ is any small positive number.

To our knowledge there seems no existence result on time periodic (and stationary)
problem for (1.1) on R?.

In this paper we consider the existence of a time periodic solution for (1.1) on R?
under (1.3). It will be proved that if ¢ = V+@G satisfies (1.2), (1.3) and the estimate

11+ 2D glleqoryeny + 11+ [2)glleory:ze)
HI(1 + 21 Clleoayze) + 11+ [2*)Gl20rm0) < 1
for an integer s > 3, then there exists a time periodic solution wupe, = (Pper — Ps, Uper) €

C(R; L) for (1.1), with Vuye, € C(R; H¥™!) having time period T" and u,., satisfies the
estimate

1

1
sup { SN+ 20 (pper = ) ()12 + D11+ fo] ) (1)1 |
t€[0,T] =0 =0
< C{HQHC([O,T];LD + [1(1 + |$|3)9||C([0,T];Loo)

+ (1 + |2 GCllcqoryi=) + (1 + |21 Gl 20,70 }-

Furthermore, we obtain the existence of a stationary solution for the stationary problem
of (1.1). It will be proved that if ¢ = VG is time-independent and satisfies (1.3) and
the estimate

11+ JzDglle + 111+ |2 gz
HI(L+ [2)Gllz + 11+ [2) Gl < 1



for an integer s > 3, then there exists a stationary solution u* = (p* — ps, v*) € L™ with
Vu* € H*™! for the stationary problem for (1.1), and u* satisfies the estimate

1 1
DM+ 120" = po)lle + Y I+ [ )0 | oo

j=0 §=0
< C{llgllzr + 10+ [2)gll o + 111+ [2[*) Gl + (1 + |2*)G]

e}

The existence of a time periodic solution is shown by using time-7-map concerned with
the linearized problem around the constant state. We use a coupled system of equations
for a low frequency part and high frequency part of solution as in [4]. Concerning the
low frequency part, we apply the potential theoretic method similar to that in the study
of the stationary problem [8] which controls spatial decay properties for a solution. The
same method was used to study the time periodic problem in [10] for the space dimension
n > 3. The main difference between the analysis in this paper and that in [10] is stated
as follows. We denote by A; the linearized operator around (p,,0) on the low frequency
part. Then we estimate (I — S1(7))! in some weighted L> space, where S; denotes the
semigroup generated by A;. In contrast to [10], since we consider the problem on R?, the
integral kernel (I — S1(T))~* behaves like O(log |x|) as z — oo, which is the same as the
fundamental solution of the Laplace equation. More precisely, it follows from the spectral
resolution that

sy ilE
1 -z — e
FU-sm) ™~ e (IW'i &> as € — 0, (1.7)
VER  V[ERE\T2 T e

where F denotes the Fourier transform. Then the order log|z| appears from the Stokes
inverse in the right hand side of (1.7). This prevents us from controlling spatial decay
properties for the convection term and the external force. To overcome this difficulty, since
the slowly decaying order appears from the Stokes inverse, we introduce the antisymmetry
condition which was used in the stationary problem for incompressible flow on R? ([12]).
Moreover, we use the following two key observations to estimate the convection term
v - Vo.

The one is concerned with the formulation for the low frequency part. Due to the slow
decay of v at spatial infinity, for the law frequency part we formulate the equation not
only using the conservation form with the momentum as in [10] but also rewriting the
convection term into a sum of the incompressible flow part and the potential flow part.
More precisely, we rewrite the convection term as

O, ((UQ)Q’f}?(vl)Q) 0, (val) V()2 (1)

This enables us to use of the antisymmetry condition effectively for the low frequency part.
(Cf., Remark 4.7 bellow.) Note that in [12], since the incompressible flow was considered,
the vorticity formlation was used effectively to estimate the convection term under the



antisymmetry condition (1.3). On the other hand, since we consider the compressible
flow, we use a coupled system of the conservation form of the momentum and the velocity
formulation with (1.8) instead of the vorticity formulation.

Another key observation is concerned with the potential theoretic method on R2. By
making use of the antisymmetry condition (1.3), an estimate for convolution is established
in a weighted L™ space on R?. (See Lemma 4.11 bellow.) Using this estimate, we obtain
the estimate for a convolution with the convection term in the weighted L space.

As for the high frequency part, we use the velocity formulation to avoid some derivative
loss by using the energy method as in [4, 10].

The existence of the stationary solution is proved similarly. Since the fundamental
solution for the linearized stationary problem for the low frequency part is the same as
the leading part of (I — S;(T"))™!, one can prove the existence of the stationary solution
by similar estimates to those used in the proof of the existence of a time periodic solution.

This paper is organized as follows. In section 2, notations and auxiliary lemmas
are introduced which are used in this paper. In section 3, main results of this paper are
stated. In section 4, we reformulate the problem. A coupled system with the conservation
of momentum for the low frequency part and the equation of motion for the high frequency
part is introduced; and we will then rewrite by a system of integral equations in terms
of the time-T-map. We also establish some estimates for a convolution which will appear
in the low frequency part. In section 5, we derive estimates for a solution related to the
time-T-map for the low frequency part. In section 6, some spectral properties of the time-
T-map are stated for the high frequency part. In section 7, nonlinear terms are estimated
and we then prove the existence of a time periodic solution by the iteration argument.

2 Preliminaries

In this section we introduce notations which will be used throughout this paper. Further-
more, we introduce some lemmas which will be useful in the proof of the main results.

We denote the norm on X by || - ||x for a given Banach space X.

Let 1 < p < co. LP stands for the usual LP space on R%. We denote the inner product
of L? by (-,-). Let k be a nonnegative integer. H* denotes the usual L? Sobolev space of
order k. (As usual, we define that H? := L?.)

For simplicity, LP stands for the set of all vector fields w = T(w;,w;) on R? with

w; € L? (j =1,2), and we denote by || - ||» the norm || - ||(zsy2 if no confusion will occur.
Similarly, we denote by a function space X the set of all vector fields w = " (w1, w;) on
R? with w; € X (j = 1,2); and we denote the norm || - || x2 on it by || - ||x if no confusion
will occur.

We take u = (¢, w) with ¢ € H*¥ and w = " (w1, wy) € H™. Then the norm of u on
H* x H™ is denoted by ||u| sy gm, that is, we define

1
lull reczm = (61170 + lwllFm)* -

5



When m = k, we simply denote H* x (H*)? by H*. We also denote the norm ||ul| gr (g2
by ||u||gx, i-e., we define that

HY = H* x (H*)?, ullge = Jullgexiaryz  (u="(6,w)).

Similarly, for u = "(¢,w) € X x Y with w = " (wy,wy) , the norm ||ul|xxy stands for

lally = (1615 + ll2)® (u="T(6,w)).

If Y = X2, the symbol X stands for X x X? for simplicity, and we define its norm ||u/] x x x2

by flulx; 2 )
X =X x X% ullx = |ullxxxz (u="(¢,w)).

A function space with spatial weight is defined as follows. For a nonnegative integer
¢ and 1 < p < oo, the symbol L) denotes the weighted L” space which is defined by

L} = {u € L% ||u]l g := |1 + ) ull - < o0}
The notations f and F[f] denotes the Fourier transform of f:
f© = Fl©) = [ fe=ir (€ c®),
R
In addition, we denote the inverse Fourier transform of f by F![f]:

Ff@) = @0 [ FOF e (@€ Y,

Let £ be a nonnegative integer and let r; and r,, be positive constants satisfying
71 < Too. The symbol H(koo) stands for the set of all u € H” satisfying supp @ C {|¢] >},
and the symbol L?)) stands for the set of all u € L? satisfying supp @ C {|¢] < rec}. Tt
follows from Lemma 4.3 (ii) bellow that H* N L%l) = L%l) for any nonnegative integer k.

Let k and ¢ be nonnegative integers. The weighted L? Sobolev space H} is defined by

HE = {u € HY; Jull < +oo},
where

¢ 3
HUHH; = (ZW@;) )

§=0
ulgs = | Y I 05w |7
|| <k

Moreover, Hé“oo)’g denotes the weighted L? Sobolev space for the high frequency part
defined by

HF Y {u e H(]"’OO); ||u||Héc < 400}

(o0

6



Let ¢ be a nonnegative integer. The symbol L%l),é stands for the weighted L? space for
the low frequency part defined by

Lty ={f € Li; f € Lfy}-

For —co < a < b < oo, the symbol C*([a,b]; X) denotes the set of all C* functions
on [a,b] with values in X. Similarly, L?(a,b; X) and H*(a,b; X) denote the LP-Bochner
space on (a,b) and the L2-Bochner-Sobolev space of order k respectively.

The time periodic problem is considered in function spaces with the following anti-
symmetry. I'; (j = 1,2,3) are defined by

(Cru)(2) = T(p(=x), —wi (=), wa(—2)), (Tou)(x) := "(P(—x), w(—x), —wy(—12)),
(Cau)(z1, 22) := T(¢($2,$1)7w2($2,$1), w1 (22, 1))

for u(z) = T(¢(z), w1 (z), we(x)), z € R% For a function space X on R? the space Xy,
denotes the set of all u = T (¢, wy,ws) € X satisfying ['ju = u (j = 1,2,3).
Let X be a function space on R2. X, denotes the set of all f € X satisfying

f<_x175(72) = f(xl,m)a f($1, —$2) = f($1,962)7
f(x2,21) = f(21,22).

X4 denotes the set of all f = T(f1, fo) € X satisfying

fil=21,12) = = fi(w1,m2), fi(zy, —22) = fi(z1,22),
fo(=21,12) = fow1,22), faz1, —22) = — fo(21, 22),
fi(wa, 21) = fazy,22),  folwa, v1) = fi(z1, 22).

Note that if f in X has the form f = VF = T(aiF, —%F), where F' satisfies the
2 1

condition

F(—x1,29) = —F(21,23), F(x1,—22) = —F(21,22),
F(.sz,.il?l) = —F(l’l, wg)

for R?, then f € X.
The space 271y is defined by

L ={¢ € LF N L%supp ¢ C {[¢] < ek 6l g, < +00},

where the norm is defined by

161l g, = Ml 2y, e + 100 2z, oo
1
L k
1627, o = D2 1V 0llazs,
k=0

7



1
I8l 2, . =D IV*ellzs.
’ k=0

On the other hand, %/y) is defined by
Yy = {w € L7, Vw € H';supp 0 C {|¢] < re}, Hng/(l) < +oo},

where

lwllgy, = ol .. +llwllg,

2

lwllg, 1L+ 2]y = V7wl e
1),L

=1

We define a weighted space for the low frequency part 2(a,b) by

Zay(a,b) == CM([a,b); X 1) x [C([@ b %)) N H (0,52 ).

Let s be a nonnegative integer satisfying s > 3. We denote by the space 2 ](“OO)J((L, b)
(k=s—1,s) the weighted space for the high frequency part defined by

Zlooya(a,b) == [C([a,b]; Hiyy o) N C*([a, b]; L3)]
x [L*(a,b; H’““ o) N C([a,b]; H oy ) N H (a,b; HE V)]

(00),2

Let s be a nonnegative integer satisfying s > 3 and let k = s — 1, s. We define a space
X*(a,b) by
Xk(a,b) = {{U(1)>U(oo)} U(1) c D@P ( ) U(o0) c QF(OO (CL b)
Do) € Cla,b]; LT), uigy = (¢, wi) (5 = 1, 00)

and we define the norm by
Hu, oo Hlxrwn =lumll 2, o + lteall 2 0
+ 10 (ool o(tapizzy + 10umlloapizey + 110 Vu@ lloap;L2)-

Let s be a nonnegative integer satisfying s > 3 and let £ = s — 1, s. We define a space
Y* by

vk .— {{U(l),u(oo)};U(l) € 3{( X @(1 ) € H(oo) H(k;)lz,
ug) = " ($4), wi) (J = 1> o0) f

and we define the norm by

K, ueo e =luwll g, v, + ol <t

8



Function spaces of time periodic functions with period 7' are introduced as follows.
Cper(R; X') stands for the set of all time periodic continuous functions with values in X
and period 7" whose norm is defined by || - ||¢(o,r};:x); Similarly, L2, (R; X) denotes the

per
set of all time periodic locally square integrable functions with values in X and period T’

whose the norm is defined by || - || 20,7, x)- Similarly, H),.(R; X) and X}, (R), and so on,
are defined.
For operators L; and Ly, we denote by [Lq, Ls| the commutator of Ly and Lo, i.e.,

(L1, Lo] f = Li(Laf) — La(La f).
We next state some lemmas which will be used in the proof of the main results.

The following lemma is the well-known Sobolev type inequality.

Lemma 2.1. Let s be an integer satisfying s > 2. Then there holds the inequality

[fllzee < CINV fller,
for f e H®.

The following Hardy’s inequality is known for a function satisfying the oddness con-
ditions in (1.3) on R2.
Lemma 2.2. Let u € H' and we assume that u satisfies
u(—x1,0) = —u(x1,22) or u(xy, —9) = —u(wy, X2) (2.1)

for x = T(x1,x). Then there holds the inequality

||| < cIvul
2]

See, e.g., [1] for the proof of Lemma 2.2.
We state the following inequalities which are concerned with composite functions.
Lemma 2.3. Let s be an integer satisfying s > 2. Let s; and pgy (j = 1,---,£) be

nonnegative integers and multiindices satisfying 0 < |up| < 55 < s+ |ugl, 1 = pay +
et g, S=814 -+ 50> (0 —1)s + ||, respectively. Then there holds

|| 85(1)f1"'852f3 HL2§ C H || fj |H5J' (f] c HSj)-

1<j<t

See, e.g., [3] for the proof of Lemma 2.3.



Lemma 2.4. Let s be an integer satisfying s > 2. Suppose that F' is a smooth function
on I, where I is a compact interval of R. Then for a multi-inder o with 1 < |a| < s,
there hold the estimates

1192, FCLfellz2 < ClIF leroign {1+ IV A FIV Al foll e,
for fi € H® with fi(x) € I for all v € R? and f, € H®!; and
1192, F(Flfallzz < CIFllgion {1+ IV AIET IV A

for fi € H**Y with fi(x) € I for all v € R? and f, € HI*I=1,

Hs f2HH|ﬂ\—17

See, e.g., [2] for the proof of Lemma 2.4.

3 Main results

In this section, we state our main result on the existence of a time periodic solution
for (1.1). We also state our result on the existence of a stationary solution of (1.1)
when ¢ is independent of t. To state our results, the following operators are introduced
which decompose a function into its low and high frequency parts respectively. We define
operators P, and P, on L? by

Pif = FH(GFIf]) (fel?j=1,00),
where

Xi(€) €C¥(RY) (j=10), 0<y <1 (j=1,00),

)
1 (<.
() "{0 (€] > 1),

Xoo(§) =1 = xa(8),

0<r <re.

r1 and ro, are positive constants satisfying 0 < r < ro < VQJZD in such a way that the
estimate (5.6) in Lemma 5.3 below holds for |£| < rw.

Substituting ¢ = 225 and w = = with 7 := /p/(p.) into (1.1), time periodic problem
(1.1) is formulated as
Owu 4+ Au = —Bluu + G(u, g), (3.1)
where
(0 vdiv ou L pt
A= (7V A DVdiv) , V= E’ U= P (3.2)
Bliu = (")) foru="T(0.u). 1= TG0 33

10



and

G(u,g) = <}§((;(7g))), (3.4)
Fou) = —ryedivw, (3.5)
Flu,g) = —(1+6)(w- Vu) — ddaw — V(' (6)6?) + 1#59, (3.6)
@) = -0 (o1 +09)d0.

We now state our result on the existence of a time periodic solution.

Theorem 3.1. Let s be an integer satisfying s > 3. Let g = VG, where G is a scaler
function. Assume that g and G satisfies (1.2), (1.3) and g € Cper(R; L1 N L) with
G € Cper(R; L°) N L2, (R; HS). We define the norm of g by

9] = ||9||C([0,T];L}mL§°) + ||GHC([O,T];LS")ﬂLZ(OvT;HS)'

Then there exist constants 61 > 0 and C' > 0 such that if [g]s < d1, the problem (3.1)
has a time periodic solution u = w1y + Ueo) Satisfying {ug), Ue)} € X3ym per(R) with
[{uay, weo) Hixs0r) < Clgls. Furthermore, the uniqueness of time periodic solutions of

(3.1) holds in the class

{u="(¢,w);u = w) + Uoo), {t(1), Uoo)} € XipmperR), [{u(1) o) Hlxs 0.1y < C1}

We next consider the stationary problem for (1.1). We consider the following station-
ary problem on R%:

div (pv) =0,
{ p(v-V)v— pAv — (u+ @ )Vdive + Vp(p) = pg, (3.7)

where g = g(z) is a given external force satisfying (1.3). Substituting ¢ = 2= and w = :

Px
with v = 1/p/(ps) into (3.7), we rewrite (3.7) to

Au = —Blu]u + G(u, g). (3.8)

The existence of the stationary solution is stated as follows.

Theorem 3.2. Let s be an integer satisfying s > 3. Let ¢ = VG, where G is a scaler
function. Assume that G satisfies (1.3) and g € L1 N LY with G € L N Hy. We define
the norm of g by

gllls = llgllLinzge + 1 Gllegenms-

11



Then there exist constants 6o > 0 and C' > 0 such that if |||g|||s < 02, the prob-
lem (3.8) has a stationary solution u = uq)y + U(s) satisfying {ug), o)} € Yy, with
{uay, weo) Hlys < Cll|gllls- Furthermore, the uniqueness of stationary solutions of (3.8)
holds in the class {u = T (¢, w);u = ua) + Uoo), {U(1); Uoo)} € Vi, {ua), tioe) }|

ys <
5,1,

In this paper we will give a proof of Theorem 3.1 only, since Theorem 3.2 can be
proved in a similar manner to the proof of Theorem 3.1. The only difference appears
in the analysis of the high frequency part. In fact, Theorem 3.2 can be proved in the
following way. As in [10], direct computations show that the low frequency part of the
solution operator for the linearized problem for (3.8) coincides with the leading part
of (I — S1(T))~" which provides the key estimates in the proof of Theorem 3.1. Here
S1(T) = e~ T4 is the low frequency part of the semigroup generated by A. (See Proposition
5.1 below.) More precisely, it holds that

v+ ite
- 1 == — %
F-s@) "~ —= | % 1(I”i'g_§) as €0
AR vEP T2 T P

and the the right-hand side corresponds to the fundamental solution for the linearized
problem of (3.8) in the Fourier space for the low frequency part. Therefore, one can obtain
the estimates for the low frequency part of the solution operator in (27 1) X #(1))sym as
in Section 5. The high frequency part is analyzed in a similar manner to the case of time
periodic problem as in Section 6. The desired estimates for the high frequency part can
be obtained by the weighted L? energy method. The only difference from the case of the
time periodic problem appears in proving the existence of the solution operator for the
high frequency part of the linearized problem. In the case of the stationary problem, one
can show the existence of the solution operator by the elliptic regularization method as in
6, 8]. Although we consider the two dimensional problem, the existence of the solution
operator can be shown more easily than in [6, 8], since 0 belongs to the resolvent sets of
the elliptic operators —eA (e > 0) and —vA — Ddiv restricted to the high frequency part.
In the remaining of this paper we will give a proof of Theorem 3.1.

4 Reformulation of the problem

In this section, we reformulate (3.1). We begin with to decompose u into a low frequency
part u(;) and a high frequency part (), and then, we rewrite (3.1) to equations for w )
and u(s as in [4].

Similarly to [4], we define
uay = Piu, o) = Pxu.
Applying the operators P, and P, to (3.1), we see that
Opuqy + Auqy = Foy(u) + (o), 9), (4.1)
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Dpti(oo) + Atl(oo) + Poo(Blu(1) + t(eo)|t(o0)) = Floo)(U(1) + U(0): 9)- (4.2)
Here

Fay(uay +woo),9) = Pi[=Blug) + ueo)(ua) + o)) + Glug) + ), 9)],
F(Oo) (u(l) + U(o0), g) = Poo[—B[U(l) + U(OO)]U(l) + G(u(l) + U(o0), g)]

On the other hand, if some functions w1y and wu() satisfy (4.1) and (4.2), then adding
(4.1) to (4.2), we derive that

O(uq) + () + Aluq) + ) = —Poo(Blua) + Uoo) (o)) + (Fl1) + Floo)) (uq) + t(so), 9)
= —B[U(l) + U(oo)](U(l) + U(Oo)) + G(U(l) + U(0) g).

Defining u := u() + (o), We get
Owu + Au + Blulu = G(u, g).
Therefore, in order to obtain a solution u of (3.1), we look for a solution {ug), %)}

satisfying (4.1)-(4.2).

Concerning antisymmetry of (3.1) and (4.1)-(4.2), We state the following lemmas.
Recall that T'; (j = 1,2, 3) is defined by

(Tyu)(z) == "(¢p(—x), —wi(—z), wa(—2x)), (Pou)(z) = "(¢(—x), wi(—x), —ws(—x)),
(Tsu)(z1, 22) := " (P22, 21), wa (2, 1), wy (22, 71))
for u(z) = "(¢(z), wi(z),ws(z)), x € R2.

Lemma 4.1. We define g(z,t) := "(0,g(z,t)) and let g satisfy (I;g)(z,t) = g(z,t) (z €
R2,teR, j=1,23).

(i) Tyu (j = 1,2,3) is a solution of (3.1) if u="(¢,w) is a solution of (3.1).

(i) {Tjuqy, Djueey} (7 = 1,2,3) is a solution of (4.1)-(4.2) if {u@), ()} is a solution
of (4.1)-(4.2).

Lemma 4.2. Let g satisfy (I';g)(z,t) = g(z,t) (x € R* t €R, j =1,2,3).
(i) There holds

[L; (0w + Au+ Blulu — G(u, g))|(z,t) = [Owu + Au + Blu|u — G(u, g)](z, t)

forz e R%:t €R, j=1,2,34f (Dju)(z,t) =u(z,t) (r €eR* t€R, j=1,2,3).
(ii) There hold

[Fj(atU(l) + AU(l) — F(l)(U(l) + U (o) g))](.ﬁE, t) = [8tU(1) + Au(l) — F(l)(U(l) + U(c0); g)](.ﬁE, t)
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and

[T (Ortt(o0) + Atoo) + Poo(Blu(ry 4 U(oo) U(oo)) = Floo) (1) + (o), 9))] (2, 1)
= [Ortu(o0) + AU ooy + Poo(Bluq) + (o) [U(oo)) = Floo) (w(1) + U(oo), 9)|(2, 1)
forx e R%t € R, j =1,2,3 if {Tjuqy(,t), Tjuee)(x,t)} = {up)(z,t), upe)(z, )} (z €
R?, teR, j=1,2,3).

Direct computations verify Lemma 4.1 (i) and Lemma 4.2 (i). As for Lemma 4.1
(i) and Lemma 4.2 (ii), since it holds that FI'; = —I';F (j = 1,2), FI's = I'sF,

Xi(—61,&2) = x;(&1, —6&2) = x;(&2,61) = xj(61,&2) (j = 1,00), we find that 'y P; = Py
(k=1,2,3,j = 1,00). Hence Lemma 4.1 (ii) and Lemma 4.2 (ii) follow from the above
relation by a direct computation.

Therefore, we consider (4.1)-(4.2) in space of functions satisfying {I'jun), I'jue)} =
{uay, we)} (J =1,2,3) by Lemma 4.1 and Lemma 4.2.

To prove the existence of time periodic solution on R?, we use the momentum formu-
lation for the low frequency part due to the slow decay of the low frequency part () in
a weighted L™ space as in [10].

Some inequalities are prepared for the low frequency part to state the momentum
formulation. The following lemma is concerned with properties of P;.

Lemma 4.3. [4, Lemma 4.3] (i) Let k be a nonnegative integer. Then Py is a bounded
linear operator from L? to H*. In fact, it holds that

IV*Pufllze < Cllfllze - (f € L7).

As a result, for any 2 < p < 0o, P, is bounded from L? to LP.

(ii) Let k be a nonnegative integer. Then there hold the estimates

IV* fllze + 1fwller < Cllfwllee (o) € Ly,

where 2 < p < o0.
We state the following inequality for the weighted L? norm of the low frequency part.

Lemma 4.4. [10, Lemma 4.3] Let k and ¢ be nonnegative integers and let 1 < p < oo.
Then there holds the estimate

Nz V* fylle < Clllzl folle (foy € Ly N LY).

The following inequality holds for the weighted L? norm of the low frequency part.
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Lemma 4.5. Let ¢ € LY with V¢ € L} and wpy € ¥ (1y. Then, it holds that
1Pr(ew)llay, |, < Clgllze + IVells)(lwwllze + [Vwwllze)

uniformly for ¢ and wy).

Lemma 4.5 follows directly from Lemma 4.4.

We introduce m(;y and w ), by

m) = way + Pi(ow), u@ym = "(da), ma)), (4.3)

where ¢ = ¢(1) + ¢ (o0) and w = w(1) + W(). The following Lemma is related to reformu-
lation to the momentum formulation for the low frequency part.

Lemma 4.6. [10, Lemma 4.5] Assume that {u(), u()} satisfies the system (4.1)-(4.2).
Then {ua)m, Uo) } satisfies the following system:

ey m + Auaym = Faym(ua) + o), 9), (4.4)
Dpti(o0) + Ati(oo) + Poo(Blu(1) + t(oo)|t(o0)) = Floo)(U(1) + U(x0): 9)-

Here

Flym(uay + ooy 9) = (0, Faym(u) + ugeo), 9))s
n ~ . P
Faym(uay + ooy, 9) = —Pr{pA(ow) + aVdiv (¢w) + VV(p(”(cb)czS?)

+7div (pw @ w) — %((1 +¢)9)

#900 ((f 8] +100 (o) + 7700105

Remark 4.7. Here we rewrite the convection term div (w ® w) by

WaWq

aiv (w0 w) =, (8% ) 0 ) + V100

to use the antisymmetry effectively. See Proposition 7.1.

Similarly to Lemma 4.2, the following lemma follows from direct computations which
implies that the antisymmetry of (4.4) holds.
Lemma 4.8. (i) [jup), (5 = 1,2,3) is a solution of (4.4) if uaym = ' (¢ay. mq)) is a
solution of (4.4).
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ii) Let g satisfy (U;g)(z,t) = g(z,t) (r € R?, t € R, j =1,2,3). Then there hold
J

L3Oy m + Auym — Faym(Wym + o) 9))] (2, 1)
= [&fu(l),m + Au(l),m - F(l),m( (1),m + U(co)) g)]($ t)

for x % R%t € R, j = 1,2,3 if {Tjuaym(z,t),Ljuee) (@, t)} = {u)m(@,t), ueo)(z, t)}
(xeR* teR, j=1,23).

If ¢ = @)+ ¢ (o) is sufficiently small, we obtain the solution {u), u(o)} of (4.1)-(4.2)
from the solution of (4.2), (4.3) and (4.4), i.e., we have the following.

Lemma 4.9. (i) Let s be an integer satisfymg s > 3 and uaym = ' (¢ay, mqa)) and
Use) = (Do), Woe)) Satisfy {u)m: Uoe)} € Xiym(a,b). Then there exists a positive
constant do such that there uniquely eazzsts wery € C([a,b]; Zy2)NH (a,b; Z 1y 2) and w)
satisfies the following inequality if ¢ = ¢n —|—¢ (o) Satisfies supte[a’b](H(bHL?o—i-HVML%) < p.

w(y = ma) — Pud(wa) + wi))), (4.6)
where ¢ = @1) + G(s0). Furthermore, we have the estimates
lvollenz,) < CUmmlewn,,) + 1weolleges:s), (4.7)
¢ 2
| 0w iy, dr

IN

C((Hatvﬁb(l)||20([a,b];L§) + ||at¢(oo)||é([a,b];L§))||w(1)||%J([a,b];L;>°)
2 2

+Hat¢||c([avb]§l‘2)||w(1)HC([a,b];%‘(l)’Loo))

+ / O (ama) (DIl + 10612 o2 000 ()]

o (P ) dr. (4.8)

2
H3

(ii) Let s be an integer satisfying s > 3 and uaym = ' (Pa)y,m)) and Uy =
T (@00 Wiooy) satisfy {uaym, t(oe)} € X5, (a,b). We suppose that ¢ = )+ Py satisfies
suPefa ([l + [V 12) < 6o and {U )ams U(oo) ;- Satisfies
Oy m + Auym = Faym(ua) + o), 9)
way = muy = Pi(ow),
Ort(o0) + Atoc) + Poo (Bl + o) Jti(oe)) = Floo) () + U(oc), 9)-

Here w = wa) +w(so) and w(yy defined by (4.6). Then {uny, U} satisfies (4.1)-(4.2) with
uay = by, wa)).

By using Lemma 2.1 and Lemma 4.4, Lemma 4.9 can be proved by the same way as
the proof of [10, Lemma 4.6] and we omit the details.
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Therefore, we consider (4.2), (4.4) and (4.6) because if we show the existence of a
solution {u(1ym, U(ee)} € X3ym(a,b) satisfying (4.2), (4.4) and (4.6), then by Lemma 4.9,

we obtain a solution {un), U} € X3, (a,b) satisfying (4.1)-(4.2).

sym

As in [10], we formulate (4.2), (4.4) and (4.6) by using time-T-mapping to solve the
time periodic problem. We consider the following linear problems for the low frequency
part and the high frequency part respectively:

atu(l),m + Au(l),m = F(l),m7 (4 9)
U(1),m\t:0 = Uo1,m; '
and
{ Oett(o) + Ati(oe) + Poo(Blil] (o)) = Fioo), (4.10)
u(oo)‘t:() = UDoo,

where @ = T (¢, W), Uo1,m, Yooos Fl1),m and F) are given functions.

The solution operators are introduced as follows. (The precise definition of these
operators will be given later.) Si(t) stands for the solution operator for (4.9) with Fyy,, =
0, and .7 (t) stands for the solution operator for (4.9) with wg; ., = 0. On the other hand,
Sooa(t) stands for the solution operator for (4.10) with Fioy = 0 and . 4(t) stands for
the solution operator for (4.10) with ug. = 0.

As in [10], we will look for {(1)m,U()} satisfying

u(1ym(t) = S1(t)uorm + 1(8)[Fraym(u, 9)],
{ o) (1) = Soc.u ()00 + -7 c0.u(t) [Floo) (4, 9)], (4.11)

where

torm = (I = $i(T)) AT [Foyn(, 9)],
{ oo = (I = SooulT)) ™1 oo u(T)[Foo) (., 9)), (4.12)

u = "(¢,w) is a function given by U(1),m = T(¢(1), m(1y) and Uy = T(gb(oo), W(sey) through
the relation

¢ =91+ o), W =w) + W), wWay=ma) — Pi(ow).

From (4.11) and (4.12), it holds that u)m(T") = u(1),m(0), U()(T) = U(se)(0). Hence we
look for a pair of functions {u)m, U} satisfying (4.11)-(4.12). The solution operators
Si(t) and .#1(t) are investigated and we state the estimate of a solution for the low
frequency part in Section 5; Some properties of Sy ,(t) and .7, (t) will be stated and
we estimate a solution for the high frequency part in Section 6.

In the remaining of this section some lemmas are stated which will be used in the
proof of Theorem 3.1.

We will estimate integral kernels which will appear in the analysis of the low frequency
part. Then we use the following lemma.
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Lemma 4.10. [10, Lemma 4.8] Let ¢ be an integer satisfying that £ > 1 and let E(x) =
F 10, (x € R?), where &, € C®°(R? — {0}) is a function satisfying

08t e L' (la] < —1+0),
07| < Cle|™* P (g #0, 18] > 0).
Then the following estimate holds for x # 0,
|B(w)] < Cla|™".

The following lemma prays important roles to estimate a convolution with antisym-
metry for the low frequency part.

Lemma 4.11. Let E(z) (x € R?) be a scalar function satisfying

¢
(1 |z])lei+

and let f be a scalar function satisfying f € L3°. We assume that f satisfies
f(=21,12) = = f(21,22) or f(w1, —29) = —f(21,72) 07 f(22,71) = —f(1,72) (4.14)

Then there holds the following estimate.

|07 E(x)] < (laf = 0) (4.13)

B sy < AWl

At (4.15)

Proof. We first assume that |z| > 1. We set R := % Then we see that

Bef@) = [ Ba—u)f)y

= / E(r —y) f(y)dy
l[z—y|>R, [y|>R

+ E(r — dy + E(x — d
/Ixy|<R (z =)/ ()dy /|y|<R (z —y)f(y)dy
= -[1 + IQ + ]3,

where,

e /IxylzR, e o=ty = /acngE(x_y)f(y)dy’ b= / Hla—y) iy

ly|I<R

Concerning the estimate for [y, since |y| < |z|+ |z —y| < 3|z —y| if |z —y| > R and
ly| > R, it follows from (4.13) that

| Cllles
1| < cufnm/ gy G
) O WY = T al
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We next derive the estimate of I. Since it holds that |y| > |z| — |z —y| > R if
|z — y| < R, we obtain from (4.13) that

< AWl | < Wl

As for the estimate of I3, we consider the case such that f satisfies f(—xz1,22) =
—f(x1,22). We define § := " (—y1,y2) for y = " (y1, y2) on R? satisfying y; > 0. Note that
f(y) = —f(y). This implies that

I - Amame@_y”@”y+/ E(a — §)f(§)dy

ly|<R,y1>0

_ /Fﬁ B —y) = Bl = )M ()dy.

In addition, we see from (4.13) that

1+ ]z —yl> ~ (1+ R)?

|E(z —y) — E(z —7) (4.16)

for |y| < R. Hence we arrive at

CHfHL;o/ Lo Gl s

|I5] <

Similarly, we obtain (4.15) in the case such that f satisfies f(z1, —x2) = —f(x1,22). If f

satisfies f(xy, 1) = —f(x1,22), by setting g := T(y2,y1) for y = T(yl,yg) on R? |I3] is
written as

3] =

/ Bla =Sy + [ E@—ﬂﬁ@ﬂ4
ly|<R,y2>y1 ly|<R,y2>y1

/|<R > {E(x_y)_E(“f—??)}f(y)dy‘.

This together with (4.16) yields the required estimate (4.15). By using the estimates for
I; (7 =1,2,3), we get the required estimate (4.15) for |z| > 1.

As for the case |z| < 1, the required estimate (4.15) can be verified by direct compu-
tations and we omit the details. This completes the proof. OJ

In addition, we have the following estimates for a convolution.

Lemma 4.12. (i) Let E(z) (x € R?) be a scalar function satisfying (4.13) and let f be
a scalar function which is written as f = 0, fi for j =1 or 2 and satisfy ||y, f1llLee +
| fillzge < 0o. We assume that f satisfies (4.14). Then the following estimate is true.

B f()] < —2

< W(Haxjfﬂhgo + [ fillzge)-
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(ii) Let E(z) (x € R?) be a scalar function satisfying (4.13) and let f be a scalar
function of the form: f = 0., f1 for j =1 or 2 and it holds that ||0,, f1||se + | f1l|Lge < 00.
Then we have the following estimate.

C

07 B * f(x)| < W(H%ﬁ\lw + 1| f1llzge)-

Lemma 4.12 yields in a similar manner to the proof of Lemma 4.11 and we omit the
proofs.

The following L? estimates holds for the low frequency part.

Lemma 4.13. (i) Let E(§) (£ € R?) be a scalar function satisfying supp E C {[¢] < 7o}
and

C
O E(E)] < el for €] < rs, [€] #0, |a] = 0.

Let f belong to L%l),l N L1 and we assume that the following case (1) or (2) hold ;
(1) f(=z1,22) = —flz1,22), flz1,—22) = [(21,22),
(2) f(=z1,22) = f(zr,22), flor, —22) = —f(21, 72).

Then we have the estimate

IIF_I(Ef)H@( < Cllfllzznrs-

1),L2

(i) We suppose that E(£) (£ € R?) is a scalar function satisfying supp E C {|¢| < 7o}

and

N C
0 E(S)] < W Jor [§] < reo, €] #0, |af > 0.
and f belongs to L%1),1 N L1 which satisfies the following case (1) or (2);
(1) f(_l‘hxz) = _f(xhxz); f(xh —302) = f(xhxz),

(2) f(_l‘h%) = f(xlal?)) f(xh —$2) = —f($1,902)-
Then there hols the estimate

17BN 2

(1),L2

< Cllfllzzars-

Proof. (i) We assume that f satisfies (1) without loss of generality. Since f (£, &) =
—f(&1,&), we see that

IVF EDe < Cigf

L2
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1
Oe, (€1, 7E)d
/0 e (61, 762) THL"O(ﬂSToo)

LQ(&IST&)‘

1
@E\

Similarly, we obtain the estimate

IVHFHEN ez < Cllf sz

The assertion (ii) can be proved by the same way as that for (i). This completes the
proof. O

We find the following estimate for the nonlinear term on the low frequency part in
weighted L? spaces.

Lemma 4.14. (i) Let wuy € #(1y,4. Then, it holds that

[(wy)? ||z + lwa) e, w2 < C|’w(1)|l2@<1> (1=1,2).

(ii) Let ¢ € X1y and way € #1),4. Then, there holds the estimate
lguelles + 102, (Gw)lzz < Clléll o, lwellgy, (G=1.2)

Proof. Concerning the assertion (i), applying Lemma 2.2, we see that

wa)

2] < Cllwy|lese [ Vway || 2o

[(w))? ez < Cllwey e

L2
Similarly we derive that
2
ey Bey il < Cllwnliy,

The assertion (ii) yields similarly to the proof of the estimate for (i). This completes the
proof. O

The following inequalities will be used for the analysis of the high frequency part.

Lemma 4.15. [4, Lemma 4.4] (i) Let k be a nonnegative integer. Then P, is a bounded
linear operator on H”.

(ii) There hold the inequalities
1Pcfllze < ClVfllze (f € HY),

[Feollzz < ClIVFollze (Foo) € Hy).

Lemma 4.16. [10, Lemma 4.13] Let ¢ € N. Then there ezists a positive constant C
depending only on ¢ such that

[P fllzz < CIV |2
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5 Estimates for solution on the low frequency part
In this section we estimate a solution u() satisfying u(1)(0) = w)(7") and
Oyu(ry + Aupy = Fyy, (5.1)
where F(;) = (0, Fjy)).
We define A; by the restriction of A on 271y X #/y). The symbol S; and .7, (t) are
defined by S (t) := e~ and

St Fry = /0 St — 7)Fuy () dr
Recall that T'; (j = 1,2,3) are defined by
(Tru)(z) = T(¢(—x), —wi (=), wa(—x)), (Fau)(z) == T(G(—2), wi(~x), —ws(—x)),
(Cgu) (w1, ) == " (D, 1), wa (2, 21), wi (w3, 1))
for u(x) = T(¢(x), wy(z), wy(z)) and z € R2 We have the following.

Proposition 5.1. (i) A; is a bounded linear operator on 2’1y x % 1y. Moreover, Si(t) is a
uniformly continuous semigroup on Z 1y x %1y and S1(t) satisfies the following estimates
for all T' > 0;

Si(tuq) € CHO0, T 'y x P), 0Si(Juqy € C([0,T7); L?),
OpSi(tuay = —A1Si(Huay (= —AS1()uwy), S1(0)uay =uay for uay € Zay x Xy,
105 S1 (Ve o, 27 < ) < Cluwl 27, o) oo
forugy € Z 1y x #y, k=0,1
10:5 () uy ooz < Clluwll g, a7,

and

10:V S1()uyll e oLz < C||U(1)||3{(1>X@(1>7
foruqy € X'y X #y, where C is a positive constant depending on T".
(ii) It holds for each Fiy € C([0,T]; 2 qy) x L*(0,T;% ) that

F1(VFay € CH[0,T); Zwy) x [C([0,T); Z 1)) x H(0,T; %)),

and

8ty1(t>F(1) + Alyl(t)F(l) = F(l)(t), yl(O)F(l) = O,
||y1(.)F(1)||C([07T];%’(1)X@(1)) < C”F(l)HC([07T];%(1))XL?(OvT;%l))’
”@yl(')F(l)”c*uo,ﬂ;%(l))xL2<07T;%>> < C”F(l)”oqo,T];%<1)>xL2(o,T;%>>’
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where C' is a positive constant depending on T. In addition, 0,.71(-)F1) € C([0,T]; L?),
VS (-)Fuy € C([0,TT; LT) for Fruy € C([0,T); L%) and we have

1071 ) Fylleqo.ryizzy < ClFw lleqorze),

and
10:V 1) Fylleorisez < CIVEw lloqorize),
where C' is a positive constant depending on T'.

(iii) There holds the following relation between Sy and ..
S1(0) 71 () Fay = Z1(1)[S1(1) F)

forany t >0, ¢ €[0,T) and Fuy € C([0,T); Zqy) x L*(0,T;% 1y).

(iv) I';S1(t) = S1(H)T; and I';.74(t) = Z1(t)T for j = 1,2,3. Therefore the assertions
(i)-(iii) above hold with function spaces Z ) and ¥y replaced by (Z 1))o and (Zq))x,
respectively.

The assertion (i)—(iii) follows by the same way as that in [10, Proposition 5.1]. The
assertion (iv) is verified by the fact I';A; = A;I';, which derive that I';S;(t) = S1(¢)T'; for
j=1,2,3.

We next investigate invertibility of I — Sy (7).

Proposition 5.2. There uniquely exists u € (Z 1) X % (1))sym that satisfies (1 —51(T))u =
Fay and u satisfies the estimate in each (i)-(ii) for F(1y satisfying the conditions given in
either (1)-(iii), respectively.

(i) Fuy = 05 fa) € LSym N L?1),1 with fay € L%l) N L for some « satisfying |a| = 1
and f(1) satisfies the followmg condition

f(1)(—$1,$2) = —f(l)(xl,b) or f(1)(361, —3) = —f(l)(ﬂl?l,@)

or fay(xa, 1) = — fay (@1, 22); (5.2)

lull 2w, = CUED g + 1 fwllege + 1y llee + 1[1Fwllz ) (5.3)
(it) Fay = T(0,Vf) € Ly N Ly, with fay € Ly N LS,
lull 2 <, < CUED g + 1 lleg + 1w llez + [1Fwllzz}- (5.4)

(iii) Fluy = 0% fa) € L3 L( 4 with fa) € L2 (1) N L5° for some o satisfying la| > 2;

3,sym

lull 2, ) < CUFw e + Il + 1o llee + 1 Fowllzz - (55)

23



To prove Proposition 5.2, we use the following lemmas.

Lemma 5.3. [10, Lemma 5.3] (i) The set of all eigenvalues of —Ae consists of \;(€) (j =
1,+), where

{ M (E) = —v[EP,
A(€) = =3 (v + D)EP £ 51/ (v + 0)?[E]t — 492 €2

If €] < u+w then

€12

1 . v+ v)?
Re)\i:_§<l/+l/)’£‘27 Im)\iZiﬂf‘\/ ( 472>

(ii) For €] < %, et has the spectral resolution

e_tA§ — Z et/\j(g)]:[j(é')7

j=1,%

where 11;(§) are eigenprojections for A\;j(§) (7 = 1,=£), and 11;(§) (j = 1, £) satisfy

I 0 0
1(5) 0 12 2 )
IE\
1 _>‘3F _i’YTf
II =t+— . .
:ﬁ:(f) )\+ _ )\_ (_Z,Yé' )\i?;_‘g
Furthermore, if 0 < roo < %, then there exists a constant C' > 0 such that the estimates

ML <C(=1,%), (5.6)

hold for |€] < reo.

Hereafter we fix 0 < 7 < ry < % so that (5.6) in Lemma 5.3 holds for |¢| < r.

Lemma 5.4. [10, Lemma 5.4] Let « be a multi-indezx. Then the following estimates hold
true uniformly for & with |§| < ro and t € [0,T].

(i) 102N ] < ClEP7I, Joeas]| < ClE[*1ol (Ja] > 0).

(i) |(9eTh) Epy| < CleIT Fyl, [(9¢T) Ery| < ClEITEyl (Jal = 0), where Fyy =
(F((i)’F( ))-

(iii) |9g (M) < ClEP (Ja] > 1).
(iv) |0g ()] < ClefIl (Ja > 1).
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bl < C(EMIFY |+ (] I El) (jof > 1), where Fy) = T(FRy Fy)-

(v) |(@get4e) Fy
(vi) |0g(I — M) < Clg7> (Jaf > 0).
(vii) |0g(I — e~ < Cle|~1 (Ja| > 0).
We define
Eyj(x) == F H(xo(I — M) 7L) (j=1,%) (z €R?), (5.7)
where yj is a cut-off function defined by xo := F 1y with ¥, satisfying
(5.8)

WEC®R?), 0<% <1, o=1 on {|¢ <rw} suppxo C {|¢] < 2rs}-

We have the following estimates for £ ;.

Lemma 5.5. There hold
|00 By (x)] < C(1 4 |af)~(FleD

for |« >1.x € RQ CLTLd
’ | =4
|69?E1,:|:( )| <C<1 ‘ID (1t

for |a] >0,z € R%
By using Lemma 4.10 and Lemma 5.4, Lemma 5.5 can be proved in a similar manner

to the proof of [10, Lemma 5.5] and we omit the details.

Since II; is the projection to the solenoidal vector space on R?, we have the following

property for II;.
Lemma 5.6. It holds that
(EVEE) =0 (€0, €] < rw),

where F is a scalar function in H*.

We are now in a position to prove Proposition 5.2.
= Op, f(1) Without loss of generality.

Proof of Proposition 5.2. (i) We suppose that F{;

We define u = (¢, w) by

u = .Fil(([ — efTA‘f)*lﬁ’( ))
FU(i&)(I - e ™4) 7 fu)) = £ % f,
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where
= F (&) Ery)}
J
E; ; are the ones defined in (5.7). We obtain from Lemma 5.5 that
O8E(@)] < €1+ [0 (59)
for |a] > 0, x € R?. Therefore, by Lemma 4.11, Lemma 4.12 (i) and (5.9), we find that

|wllzee + [Vwllrge < C{Fwyllzge + 1 fyllzse}- (5.10)

Concerning the weighted L> estimate for ¢, We also obtain from Lemma 4.4, Lemma
4.12 (ii) and Lemma 5.5 that

19l + [IVOllge < CLIFwllege + I foyllnge }-

This together with Lemma 5.4 and (5.10), we get that u € 21y x %1y, (I =51(T))u = Fp)
and wu satisfies the estimate (5.3). By the assumption of F{;) and Proposition 5.1 (i) and
(iii) we see that ['ju = u (j =1,2,3), i.e.,, u € (Z 1) X Z1))sym-

(ii) By Lemma 5.6, we derive that
wi= FNI = e ) = FH Y- By}
je{£}

for Fiy = (0, V) € Ly, N L3y, with fay € L{y N L. It then follows from
Lemma 4.12 (ii), Proposition 5.1, Lemma 5.4 and Lemma 5.5 that v € (Z°1) X Z(1))sym,
(I = S1(T))u = Fuy and u satisﬁes the estimate

lull 2w, < CUED g + 1 fwllese + oy llze + 1Fw iz )

We arrive at the assertion (iii) from Lemma 4.12 (i), Lemma 5.4 and Lemma 5.5
similarly to the assertion (ii). This completes the proof. 1.

In view of Proposition 5.2, if F{;y satisfies the each condition (i)-(iii) bellow, the I —
S1(T) has bounded inverse (I — S1(T))™! in (2 1) X Z(1))sym satisfying the estimate in
(1)-(iii) respectively;

(i) Fay = 05 fay € Lgym N L%ml with f) € L%l) N L for some « satistfying |a| =1
and f(1) satisfies (5.2);

1T = $uT) " Fioll gz, vy, < CUFw e + Il + 1 llez + 1Fi ).
(11) F(l) = T(O, Vf(l)) S Lgf)sym N L? with f S L2 (1) N Lc2>o’
1T = ST Foyll gz, ar,, < CUFwleg + I llzgs + 1 lze + 1 Foo iz}
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(iii) Floy = 05 fa) € Lym N Ly, with fuy € L) N L5° for some a satisfying o] > 2;

I = SuT) " Follgr, ar, < CUFw g + Il + folee + 1Pl
We can write 71 (t)F(1y and S1(¢).S1(T)(I — Si(T)) ' Fp) as

S1(t)-S1(T)I = Sy(T)) " Foyy = /O Ey(t,0) * Fuy(o)do, (5.11)

Foy = /0 54t - 7)E(r)dr = /0 Bt ) x Fy(rdr, (512)
where E)(t,0) and Es(t,7) are defined by

Er(t,0) = F YRoe (I — e TAe) e (Tmo)dey,

By(t,7) == F~H e 77
foro €[0,7],0 <7 <t < T, Xpis the cut-off function defined by (5.8). Then E(t, o)+ Fy)

and Fs(t,7) * F{1) are estimated as follows.

Lemma 5.7. El(t,O') * F(l) S (%(1) X @(1)>sym and EQ(t,T) * F(l) c (%(1) X g(l))sym
(t,o,7 €[0,T],5 = 1,2) if F1y satisfies the conditions given in either (i)-(iil) and E;(t,0)*
Foy, E(t, 7) * F1y satisfy the following estimate in each (i)-(iii).

(i) Fay = 9¢fa) € L, N L%l),l with fay € L%l) N L for some a satisfying |a| = 1
and fqy satisfies (5.2);
IBu(t0) Foyll g, o, +IBt.)  Foll o, L,
< C{[Fowlleg + 1 fallee + 1 fallze + 1 Fayllzz }
uniformly for o € [0,T] and 0 <7 <t <T.

(it) Fy = T(0,Vf)) € LEym N Ly, with fay € Ly N L3,

3,5ym
1Bt o)« Bl g, + 1B 7) % ol 2, L,
< O{||F(1)||L§° + I fwllege + [ fyllze + ||F(1)||L§}
uniformly for o € [0,T]) and 0 <7 <t <T.
(iil) Fy = 05 fa) € Lym ﬂL2 )1 with fa) € L2 (1) N L5 for some o satisfying la] > 2;
1Bt o) % Foll g, o, + 1Bt ) * Bl g, o,
< CllFwlee + fwlle + 1wl + [1Follez}

uniformly for o € [0,T) and 0 <7 <t <T.
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Proof of Lemma 5.7. It follows from Lemmas 5.3 and 5.4 that
0F (Ro(i€)e™Ae(I — e o)~ lem Aoy < g 2H1el1e),
96 (€)™ A < gV,
for o € [0,7],0 <7<t <T and ||, || > 0. Hence by Lemma 4.10 we see that

07 Er(2)] < C(L+ |2))™ (Ja] > 1), (5.13)
07 Ba(2)] < C(1+[a])~ D (Ja] > 0). (5.14)

This together with Lemma 4.11 and Lemma 4.12 we obtain the desired estimate in a
similar manner to the proof of Proposition 5.2. This completes the proof. 0

The symbol ¥, and ¥, stand for

W0 = $0A W - SO (7)) wlFul =710 (5 ). 61)

For ¥, and W, we derive the following estimates.

Proposition 5.8. (i) If F( satisfies F(1 = 09 fay € L*(0,T; Lg%, N L( 1) with fa)
L*(0,T; L?l) N L) for some a satisfying |o| = 1 and f(1y satisfies (5.2), t~hen | [F(l)]
CH[0,T); Z(),0) X [C[0,T); Zye) NHYWO,T; Z1y)] (7 =1,2) and U;[F )] satisfy the
following estimates.

||0f [ ]HC (0,7); 2 (1)) x L? OT@/(D) = (”F ||L2(0TL°°mL2) +[lfa ||L2(0TL°<>mL2))

fork=0,1andj=1,2.

(ii) We have that U;[Fpy) € CH[0,T); Z1y.0) % [C([0,T); Zuye) N HY0,T; % 1) )]
(j = 1,2) for Fay = Vfay € L*(0,T; L, N LYy ,) with fay € L2(0,T L}y N L) and
W;[Fy] satisfy the estimates

||8t]C [ ]”C’ ([0,7); %1) < L2 QT@(D) > (”F ||L2 0,T;L$NLY) + Hf HL2 OTLWQLQ))
fork=0,1and j=1,2.

(iii) Let Fuy = 0% fu) € L2(O T; L5y N LYy ) with fay € L*(0, T LN L) for some a

satisfying | > 2. Then V;[Fy)) € CY([0,T]; Z (1),0) X [C([O,T]7@(1)7#)HH1(O,T; Yy
(j=1,2) and ¥, [F )] satisfy the estimates

||atk [ ]”C([O ] 5{(1) < L2 QT@(I)) > (”F ||L2 0,1;LNLY) + Hf ||L2(0,T;L§°QL2))

fork=0,1andj=1,2.
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Proof. As for the assertion (i), it follows from Proposition 5.1 (i), (ii) and Lemma 5.7

that
;[ F llleom X o)< 1201:% ) S C(IFwllza orzgenry) + I follrzorenee)
for j =1,2,
||at‘1’1[ﬁ(1)]||c(0T s 2 1)) X L2( OT@(U (HF(I ||L2(0TL°°ﬂL2 + 11 fa) HLQ(OTL"OHL2)>
and

Haf%[F(l)]|’c<[o,T1;%(1>)xL%om%))

< CllFwllzorieacs + Il fwollzoriza) + 1Foll20r,)-

Note that F(l) = Yo * F(l), where xo = F %0, Xo is the cut-off function defined by (5.8).
Since Yo belongs to the Schwartz space on R?, we get that

10%x0(2)] < C(1 + |z)~HD for |a| > 0.

Therefore, we derive the following estimate for ||F(1)|| L201:Y ) in a similar manner to

the proof of Proposition 5.2.
||F I 2 OT@(U (”F ) z20.75250n2) + 1 fllz20.1050012))-

Consequently, we obtain the desired estimate in (i). Similarly, we can verify the assertion
(ii)-(iii). This completes the proof. O

By using Proposition 5.8, we give estimates for a solution of (5.1) satisfying u1)(0) =
U(l)(T).

Proposition 5.9. Set
W[F))(t) = W[ Fy] + o[ Fa), (5.16)

for Fqy = 1(0, F y), where Wy and Wy were defined by (5.15). If }3’(1) satisfies the condi-
tions given in ezther (i)-(iii), then U[Fy )] is a solution of (5.1) with Fy) = (0, Fly) in
Z1),sym(0,T) satisfying V[F1)](0) = W[Fyy[(T) and V[F)] satisfies the estimate in each
(1)-(iii), respectively.

(i) Fay = 0% fay € L*(0,T; L, N LYy ,) with fay € L*(0,T; Ly N L) for some
satisfying || = 1 and fy satisfies (5.2);

1P [F il 2, o) < CU[Ewlr2orrgenez + 1fwll2omigens). (5.17)

(ii) Flay = Vfay € L*(0,T; Lg%, N L) ) with fay € L*(0,T; LY,

U [F il 2, o) < CU[Fw lr2orrgenez + 1wl 2omigens). (5.18)
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(ifi) Fy = 9% f) € L*(0,T; L, N L3y ,) with fay € L*(0,T; Ly, N L°) for some o
satisfying |a| > 2;

||‘I’[F(1)]||0@W(1)(0,T) < C(I1Fwll2rizgencs) + 1fwllzoroenc). (5.19)

Proof. By Proposition 5.1 (iii) and Proposition 5.2 we see that W[F{;)] is a solution
of (5.1) with Fj3) = T(0, F{1)) and satisfies U[F(1)](0) = ¥[Fy](T). The estimates and

antisymmetry of W[F(y] in (i)-(iii) are verified by Proposition 5.8. This completes the
proof. O

6 Estimates for solution on the high frequency part

In this section we estimate a solution for the high frequency part. We begin with some
properties of S 4(t) and . 4 (1).

As for the solvability of (4.10), we state the following proposition.

Proposition 6.1. Let s be an integer satisfying s > 3. Set k = s — 1 or s. Assume that

Vi € ([0, T); H=Y)y n L2(0, T'; H?),
T<¢0007w000) € H(koo)7

Floo) = ' (Fioys Floo)) € L(0.T'; Hiey x H{_).-

Upoo =

HereT" is a given positive number. Then there exists a unique solution () = T((b(oo), W(oo))
of (4.10) satisfying

Do) € C([0, T'; HEy),

Wieo) € C([0,T'); Hyy) OVLA(0,T"; HEL) N HY0, T HE)).-

One can verify Proposition 6.1 in a similar manner to the proof of [4, Proposition 6.4]
and we omit the details.

Remark 6.2. Concerning the space dimension n, in [4, Proposition 6.4] we assume that
n > 3. But we can replace the space dimension to n = 2 by taking a look at the fact that
[2, Theorem 4.1] holds for the space dimension n = 2 and the proof of [4, Proposition
6.4]. See also [10, Remark 6.2] for the condition of .

Therefore, it follows from Proposition 6.1 that we can define S ;(t) (¢t > 0) and
S ou(t) (t €10,T7]) as follows.
Let an integer s satisfy s > 3 and a function @ = T (¢, @) satisfy

¢ € Coor(R; H®), Vb € Cper(R; HY) N L2, (R; H?). (6.1)

per
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Let k =s—1 or s. We define and operator Sy 4(t) : H( — H(koo) (t > 0) by

U (o) (t> = Soo,vJ(t)uOoo for Upoo = T(QbOom wOoo) € H(koo)a

where 1. (t) is the solution of (4.10) with F{.) = 0. Moreover, we define an operator

)
S ooalt) : L0, T; HE ) x HE L)) — Hf ) (£ €[0,T]) by

Uoo) (t) = T 0 ()[Floo)] for Flo) = T(Flko), Flo)) € L*(0,T; Hiy x HEL),

where 1) (%) is the solution of (4.10) with upe = 0.

We have the following properties for S z(t) and % 4(t) in the weighted L? Sobolev
spaces.

Proposition 6.3. Let s be a nonnegative integer satisfying s > 3 and let k = s —1 ors.
We suppose that @ = T(¢,w) satisfies (6.1). Then there exists a constant § > 0 such that
if [|V@| o, ms-1)nr20.r;m:) < 0, then the following assertions hold true.

(i) For s = " (¢ooo, Woso) € H("foo)’z, there holds Seo i(-)Uoso € C([O,oo);H(koom) and
there exist constants a > 0 and C' > 0 such that S a(t) satisfies the following estimate
forallt >0 and up € H(OO)

1900 (D uoos| e, < Ce™uoos|lae_ -

2 (00),2
(ii) For Fla) = "(F), Flo)) € L*(0,T; HE, o x HEL) ), there holds 7 o a(-) Fioo) €
c([o, TY; H(k 2) and Lo a(t) satisfies the following estzmate fort € [0,T] and Fi) €

L*(0,T; H(k ) X H(koo)12) with a positive constant C' depending on T .

1
t 2
| s OlFollig, < C{ [ NEelly s ar}

(00),2

(iii) We define ") )2(500711(T)) by the spectral radius of Seea(T) on HF Then it

(00),2
holds that TH) )Q(SOO,Q(T)) < 1.
(iv) I — Se.a(T) has a bounded inverse (I — Seoa(T))™" on H’c "oy Satisfying

(T = Saca(D) ull e, < Cllulls_, for uwe Hig.

(v) Suppose that I'ju = @ for j = 1,2,3. Then it holds that I'j S a(t) = Seo.a(t)l; and
[} 0i(t) = S o0a(t);. Accordingly, the assertions (1)—(iv) hold true in function spaces
H(":oo)’2 and H(k X Hl‘C o Teplaced by (HE (oo)2)sym and (H("“OO)’2 X Hg;)lg)sym, respectively
if T, = (j—l 2 3)
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We can verify Proposition 6.3 in a similar manner to the proof of [4, Proposition 6.5]
and we omit the proof.

Remark 6.4. As for the space dimension n, in [4, Proposition 6.5 it is assumed that
n > 3. But it is replaced by n = 2 due to taking a look at the proof of [4, Proposition
6.4]. See also [10, Remark 6.2] for the condition of w.

We are now in a position to give the following estimate for a solution () of (4.10)
satisfying w(se)(0) = (o) (T').
Proposition 6.5. Let s be a nonnegative integer satisfying s > 3. We suppose that

Floo) = T(Fla), Floe)) € L2(0, T (H{gy 5 X H{) ) sym);

with k = s—1 ors. We also assume that i = T (¢, ) satisfies (6.1). Then there exists a
positive constant 6 such that if

V@ || oy, m5-1)nL2 0,715 < 6,

then the following assertion holds true.
The function

U(oo) (1) 1= Sooa()(I = So0.a(T)) ™7 0,a(T) [Floo)] + 7 c0,a(t) [Fioo)] (6.2)
is a solution of (4.10) in Qplfoom,sym(O,T) satisfying (o) (0) = u(e)(T') and the estimate

(00),2

Hu(oo) |’g?oo),2(07T) S CHF(oo) ||L2(0,T;Hk ><H<Ico;;2)'
Proposition 6.5 is directly derived by Proposition 6.3.

7 Proof of Theorem 3.1

In this section we prove Theorem 3.1.

The estimates for the nonlinear and inhomogeneous terms are established here. We
set F(l),m(uu g) and F(oo) (u> g) by

0
F(l),m(u”g) = (F(l)m(uag)) ’

= (440 = (S ).
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where u = T(¢, w) is given by u(1)m = ' (), M) and Uiy = ' (P(o0), W(eo)) through the
relation

¢ =)+ Do)y W= W)+ Weo), Wy =ma) — Pi(ow),

Faym(u, g), FO(u) and F(u, g) were given in (4.5), (3.5) and (3.6), respectively,
As for the estimate Fi1),,(u, g), we use the notation ¥ introduced in section 5, i.e.,

U[Fl(t) == Si(t)L1(T)(I — Si(T)) ™" ( F?1>) + S1(t) ( ﬁ(()l)) :

We have the following estimate for W[Fyy ., (u, g)] in Z(1),sm(0,T).

Proposition 7.1. Let u(ym, = T(¢(1), may) € (2 ) X% 1)) sym and Uy = T(qb(oo), W(ooy) €
H? satisfying

(00)7275ym

Sup ey m @l 2z, w7, + S [1too) ()l

0<t<T
) 1
+ sup [[¢(¢)[lrse + sup [[Vo(?)][L2 < n11n{50,5,§},
0<t<T 0<t<T

where 0o, are the ones in Lemma 4.9 (i) and Proposition 6.5 respectively and ¢ = ¢y +
®(s0)- Then we obtain the following estimate

1 [E) m (s DM, 0 < ClH{u@m: e Hlxoor) + C(l + ), ms (o) }H Xs(&T)) [9]s,

uniformly for ugym, and (s

Proof. Let ) = T(¢0), w@) (j =1,00), w® = T(w?, w{") and we define

1), wi g 0 ’
G 5 = —P aﬂ? + x 9
L(u u®) 1{7 2 @ — (D Y0z, (wgl)wf)) }
Go(ul?u®) = ~P(V (i i)
Gy(u,u®) = —P(uA(EVw®) + iVdiv (6Duw)),
Gi(¢,uV,u®) = P, (&V<p<”<¢>¢%<2>)> :
Y
Gs(p,uV u®) = —Pi(ydiv (¢ @ w?)),
Hy(u®,u®) = G, u®) + Gy(u®,u®), (k=1,2,3),
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and we then write U[F(y) . (u, g)] as

W[F{1)m( = > (V[Giluqy, uwy)] + Y[ Hr(uq), o)) + V(G (o), tec))])
+ Z UGk, uy, uay)] + Y [Hi(9, uy, tso))] + C[GR(D, U(oc)s U(o0) )]

1 1
+\If{—1+¢ g}—l—\lf[—gboog]
L1+ %) P
Using Lemma 4.14 and (5.17) we have the following estimate for W[G(u(), u())].

19(G1 (uq, )]||g’(1>(0;p ClH{ug). o} I

X5(0,T)"

Concerning the estimates W[Ga(u( )] and U[G4(¢, ugry, u(ny)], applying Lemma 4.14
and (5.18) with f1) = (w))? and f =p (gb)qﬁQ we obtain the estimates

1[G gy, u)lll 2, o) < Cll{u), e HI

X(0,T)>
WG, uay, ua)ll g, o, < Cl{u): oo Hixs 0,1

By using Lemma 4.14 and (5.19) we arrive at the following estimate for W[G3(uy, u(1))].
WG (uqry, u)lll 2, o) < ClHu@), o) Hixs 0,7
It follows from Lemma 4.4, Lemma 4.14 and (5.17) that we get

WG (uqy, weo)ll 2, 0.1y < ClH{u), U(oo) HI%s 0.1
WG (uec), eIl 22, 0.y < ClH{u), o) HI

X5(0,T)

Similarly, by Lemma 4.4, Lemma 4.14 (5.18) and (5.19) we obtain for £ = 2,3 that

WGk (), weo)ll 2, 07y T WG4 (0w, weo)lll 22, om)
HIW[Gr(uoo) ueo)ll 22, 0.m) PG (Ds o), wieo))Ill 2, 0,1
< Cl{uqy, ugo) I3

Xs(0,T)"

G5(¢,u,u) is estimated by same way as that in the estimate for V|G (un), ua))] and we
see that

IW[Gs(wwlll 2 0.1y < ClH{u): uoo HIxs0,1)-

As for the estimates for W[(1+ ¢(1y)g] and ¥]p(se)g], it holds from Lemma 4.13 and (5.17)
that

”\IjKl + ¢(1))9]||Qf(1>(075p) + “\Ij[ ]Hg(l)(OT (1 + H{u u(oo)}| XS(O,T))[g]s‘
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Therefore, we find that

195, 9 2, 0.7y < CIHoy, oo Hiketory + € (14 10y, o Hixeto ) [0l

Consequently, we obtain the desired estimate by applying Lemma 4.9 (i). This completes
the proof. N

We state the estimates for the nonlinear and inhomogeneous terms of the high fre-
quency part.

Proposition 7.2. Let u(), = T(qb(l), may) € (2 ) X% 1)) sym and Uy = T(qb(oo), W(o)) €
H? satisfying

(00)727Sym

sup [lugym(®)ll 27, <, + sup o) (8) | 5

0<t<T
. 1
+ sup [[6(t)lz5e + sup [[Vo(t)]|r; < min{do,, 5},
0<t<T 0<t<T

where 0o, 0 are the ones in Lemma 4.9 (i) and Proposition 6.5 respectively and ¢ = ¢y +
®(s0)- Then we have the estimate

||F(oo) (U» 9) ||L2(0,T;H5 xH53™)

< Ol{u@)ms o) Hixs .1y + C<1 + [{w),m» U }H

Xs(o,T)) [g]s,
uniformly for ugy, and (s

Proposition 7.2 follows in a similar manner to the proof of [10, Proposition 7.2] and
we omit the details.

By the same way as that in the proof of Proposition 7.1, we have the following estimate
for Fraym(u™, ) = Fraym(u®, g).

Proposition 7.3. Let uglgm = T(¢Ef§,mgf))) € (X 1)yxZq))sym and ugg) = T(¢Eg),wgg)) €
H (o0) 2,59 satisfying

(k) (k)
Sup MmO 24, w,) + S0 Wttioe) (1)

Hj
. 1
+ sup [|¢M(8)[|oe + sup [Vo™ ()]l < min{do, 4, 5},
0<t<T 0<t<T

where dg, 0 are the ones in Lemma 4.9 (i) and Proposition 6.5 respectively and ok =

o) + ¢ (k=1,2). Then it holds that
12 [Fym(u), 9) = Foaym (0, 9)]l| 2, 0,19
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k 1 2 1 2
< CE:MWnWgQmemMQ&m—%&WQQ—U&JMFWM
a 2 1 2
ClOl ) g = (1) s oy — oty Hxe10.1),
uniformly for uglf;m and ugg)
We next estimate Fi, (uM, g) — Floo (u?, g).

Proposition 7.4. Let uglf;m = T(gzﬁglf)),mglf))) € (X)X 1)) sym andu (gzﬁ ) €
Hfoo) 9.sym satisfying

k k
sup [[u(h) ()l 27, e, + S0 [0 (Ol

0<t<T

) 1
+ sup (|60 ()] + sup VN ()] 15 < min{do, 6, 5},
0<t<T

0<t<T

where 6,6 are the ones in Lemma 4.9 (i) and Proposition 6.5 respectively and ¢ =
o) + dnd (k=1,2). Then it holds that

1oy (u™, 9) = Floo)(u®, )11l 120 1trg—1 32
2
k k
<O Hul) . ul
k=1
1 2 1 2
Clylall{uly) . — ) . uily — ul) Y

(k)

uniformly for uglf; o and Uy

1 2 1 2
o) {uy) e = Ul s sy — o Hlxe1 (0,1

X5-1(0,T)s

Proposition 7.4 easily follows from Lemmas 2.1-2.4, Lemma 4.4, Lemma 4.15 and
Lemma 4.16 in a similar manner to the proof of Proposition 7.2.

The following estimate is concerned with Proposition 7.6.

Proposition 7.5. (1) Let U(1),m = T((;5(1), TfL(l)) S (3{(1) Xg(l))sym and U(o) = T(gb(oo), w(oo)) S

H (o0).2,5ym satisfying

H3

sup (Ol 27, ., + S [ (1)

0<t<T
_ 1
+ sup [[¢(t)||rg + sup [[Ve(t)||rz < min{do, 0, 5},
0<t<T 0<t<T

where 8y, are the ones in Lemma 4.9 (1) and Proposition 6.5 respectively and ¢ = by +
®(o0)- Then it holds that

1E ), m(w, 9)lloqoryizzy + 1V Fym (s 9)lleqorz2)
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< ClH{uaym, t(oo) |
uniformly for ugym and U(so).

. k k)
(ii) Let UE1)),m = T(qﬁg )) EI)) € (X 1)yXZ 1)) sym andu
satisfying

g(S(O,T) + C<1 + ||{U(1),m7 }| OT))[ ]

oo) - <¢ ) € Hfoo) 2,sym

(k)
Sup lu(s) Ol 27, 2, + Sup o) (01

. 1
+ sup (¢ (t)]| e + sup ‘|V¢(k)(t)“L§ Smln{50757§}7
0<t<T 0<t<T

where 6,6 are the ones in Lemma 4.9 (i) and Proposition 6.5 respectively and ¢*) =

o) + ¢ (k= 1,2). Then it holds that
1Py m(u, 9) = Foyn(®, 9)ll 22 + [V Eety (0, ) = Foay (6. 9) 15
k
= CZ ”{u(l m goi)}|

(1 2 1 2
Clgs 11}y = (1) s Uy — Uy}

1),m 00)

1 2 1 2
o) U] e = Ul s sy — Uil }

Xs-1(0,T)

Xs=1(0,T)>
uniformly for uélg . and u&)})

Proposition 7.5 follows from direct computations based on Lemma 4.14.

We obtain the existence of a solution {u()m, t()} of (4.2), (4.4) and (4.6) on [0, 7]
satisfying w(1),,(0) = u)m(T) and 4(x)(0) = w(o)(T) by similar iteration argument to
that in [10].

E(l)i = (¢E(8,m§ g) and u )) T(¢Egi),wggi)) are defined by
uf) (1) = S (OSDI = $i(T) ' Gi] + Z1(1)[G],
W) = m) - P(eOuw®), (7.1)
uy(t) = Sacot)I = Saco(T)) ™ s 0(T)[Go] + - sc.0(1)[ o).
where t € [0,7], G = (0, %g(m,t)), G, = PG , Gy = PG, ¢© = ¢E(1); i gbg) and
w® = ’w((?g + wggi). Note that ugog (0) = “E(l];m(T) and uggi)(()) = uggi) (T).
ugi\;)m — T((bgi\;)amg\;)) and u N)) - (ngivo),wéivo))) are defined, inductively for N > 1,

(u) (1) = SO = Si(T)) ™ Friyn (w0, )] + .71 (0 [Fliyn (™1, g),
W) = m) — P,
Ut (#) = S v () = Sog v (1)) 27 g -1 (T) [Foey (w0, g)]

o st () [Flooy (™Y, g)],

(7.2)
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_ N-—1 N-—1 N-—1 N— 1 N-—1 N
where ¢t € [0,7], uN 1 = “El) )+U§ ) ) UEU )= (¢( (1) D), o) = ¢ (1) +¢( )
and w®™) = w() +w). Note that ufy), (0) = g)m(T) and u?(0) = ul2 (7).

The symbol BXfym(a,b)( r) stands for the closed unit ball in X7, (a,b) centered at 0
with radius r, i.e.,

We have the following proposition from Propositions 5.1, 6.5, 7.1, 7.2, and 7.5 by the
same argument as that in [10].

Proposition 7.6. There exists a constant 61 > 0 such that if [g]s < 01, then it holds that

(i) {ul) s ulD H
for all N >0, and

xs0,0) < Cilgls,

(N+1) (N)  (N+1) (N)
H{u(l),m — U1y mo Y(oo) _u(oo)}‘

. Xs-1(0,T)
(i) < C (V) (N=1)  (N) (N—1)
= I[Q]SH{U(l)m T Uaym o Yoo) T Y(so) Hlxcs=10,7),

for N > 1. Here C is a constant independent of g and N.

Concerning the existence of a solution {u(1)m,u(o)} of (4.2), (4.4) and (4.6) on [0, 7]
satisfying wu(1y,m(0) = uym(T) and () (0) = woo)(T), we state the following

Proposition 7.7. There exists a constant 05 > 0 such that if [g]s < 02, then the system
(4.2), (4.4) and (4.6) has a unique solution {u(1)m, U} on [0,T] in Bxs o7 (Cilgls)
satisfying uym(0) = w@)m(T) and use)(0) = U(oo) (T) The uniqueness of solutions of
(4.2), (4.4) and (4.6) on [0,T] satisfying ua)ym(0) = wa)m(T) and uuey(0) = Uy (T)
holds in Bngm(O,T)(Cl(52)~

Corollary 7.8. There ezists a constant 63 > 0 such that if [g]s < d3, then the system (4.1)-
(4.2) has a unique solution {u(l), o)} on [0, T] in Bxs,, 0.1)(C2lgls) satisfying u;)(0) =
ui(T) (j =1,00) where ugy = " (¢, wiy)) (J =1,00) and Cy is a constant independent
of g. The uniqueness of solutzons of( 1)-(4.2) on [0,T] satisfying ue)(0) = ug)(T)
(] = 1, OO) holds in BXSym(O7T)(C253)'

Proposition 7.7 and Corollary 7.8 follows from Lemma 4.9 (i) and Proposition 7.7 by
the same way as that in [10] and we omit the proofs.

As for the unique existence of solutions of the initial value problem, (4.1)-(4.2), the
following proposition can be proved from the estimates in sections 5-7, as in [4, 10].
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Proposition 7.9. Let h € R and let Uy = Uy + Upso with Upy € Z'(1),sym X @ (1),syn and
Upso € H} Then there exist constants 64 > 0 and C3 > 0 such that if

(00)727Sym .

+ [g]s S 547

(00),2

M(Up1, Upes, 9) = HU01H<%"(1)X@(1) + [ Uooo || 115

there exists a solution {un)y, (o)} of the initial value problem for (4.1)-(4.2) on [h, h+T1] in
Bngm(h,h+T)(CsM(Uo1, Uoso, 9)) satisfying the initial condition u(;)|i=n = Uy; (j = 0,00).
The uniqueness for this initial value problem holds in Bxgym(h,h+T)(C354)-

Therefore, we can extend {u(1), %)} periodically on R as a time periodic solution of
(4.1)-(4.2) by using Corollary 7.8 and Proposition 7.9 in the same argument as that given
in [4]. Consequently, we obtain Theorem 3.1. This completes the proof.
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