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Abstract

The asymptotic behavior of the linearized semigroup at spatially peri-
odic stationary solution of the compressible Navier-Stokes equation in
a periodic layer of Rn (n = 2, 3) is investigated. It is shown that if the
Reynolds and Mach numbers are sufficiently small, then the linearized
semigroup is decomposed into two parts; one behaves like a solution
of an n − 1 dimensional linear heat equation as time goes to infinity
and the other one decays exponentially.

Keywords: Compressible Navier-Stokes equation, space-periodic sta-
tionary solution, linearized semigroup, spectrum.

1 Introduction

This paper studies the stability of stationary solution to the compressible
Navier-Stokes equation

∂tρ+ div(ρv) = 0, (1.1)

ρ(∂tv + (v · ∇)v)− µ∆v − (µ+ µ′)∇divv +∇p(ρ) = ρg (1.2)

in a periodic layer Ω∗ of Rn with n = 2, 3:

Ω∗ = {x = (x′, xn); x
′ = (x1, · · · , xn−1) ∈ Rn−1, ω∗,1(x

′) < xn < ω∗,2(x
′)},
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where ω∗,1 and ω∗,2 are smooth Q∗-periodic functions in x′ with the peri-
odic cell Q∗ = Πn−1

j=1 [− π
α∗,j

, π
α∗,j

) for positive constants α∗,j (j = 1, · · · , n −
1), namely, ω∗,1 and ω∗,2 are smooth functions satisfying ω∗,j(x

′ + 2π
αi
e′i) =

ω∗,j(x
′) (i = 1, · · · , n − 1, j = 1, 2) with e′i = ⊤(0, · · · ,

i

1, · · · , 0) ∈ Rn−1;
ρ = ρ(x, t) and v = ⊤(v1(x, t), · · · , vn(x, t)) denote the unknown density and
velocity, respectively, at x ∈ Ω∗ and t ≥ 0; p = p(ρ) is the pressure that is
assumed to be a smooth function of ρ; g = ⊤(g1(x), · · · , gn(x)) is a given
external force; and, µ and µ′ are the viscosity coefficients that are assumed
to be constants. Here and in what follows the superscript ⊤· stands for the
transposition.

We assume that µ and µ′ satisfy µ > 0 and 2
n
µ+µ′ ≥ 0. Furthermore we

assume that µ′

µ
satisfies

µ′

µ
≤ µ1 (1.3)

for a certain constant µ1 > 0. We also assume that p satisfies p′(ρ∗) > 0 for
a given constant ρ∗ > 0, and that g = ⊤(g1(x), · · · , gn(x)) is Q∗-periodic in
x′.

We consider (1.1)-(1.2) under the no-slip boundary condition on {xn =
ω∗,j(x

′)} (j = 1, 2) for v:

v|xn=ω∗,j(x′) = 0 (x′ ∈ Rn−1, j = 1, 2). (1.4)

One can see that if g is sufficiently small, the system (1.1)-(1.2) with (1.4)
has a Q∗-periodic stationary solution us = ⊤(ρs, vs), whose components ρs
and vs are in general non-uniform in x′ and xn.

The purpose of this paper is to study the large time behavior of solu-
tions around us. As a first step of the analysis, we here investigate spectral
properties of the linearized semigroup around us =

⊤(ρs, vs).
Large time behavior of solutions of compressible Navier-Stokes equations

in unbounded domains exhibit interesting phenomenon, and asymptotic be-
havior of solutions in large time have been obtained in detail. See, e.g.,
[7, 9, 14, 17, 18, 19, 20, 21, 22, 24] for the cases of multi-dimensional whole
space, half space and exterior domains. In addition to these domains, the sta-
bility of flows in infinite layers and cylindrical domains has been paid much
attention, e.g., the stability of parallel flows and periodic (in space or time)
flow patterns, and so on, whose mathematical analysis is still under devel-
opment in the case of compressible flows. A difficulty in the mathematical
analysis appears due to the non-uniform velocity field of parallel flows and
periodic flow patterns, which makes the hyperbolic aspect of the equations
(1.1)-(1.2) stronger, and thus, the stability analysis is getting more difficult
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compared with that of the motionless state (i.e., the flow with zero velocity
field). As for the stability of stationary flow with non-zero velocity field on
the whole space, we note that an interesting analysis was given by Shibata
and Tanaka [24] to establish the decay rate of perturbations.

Concerning the large time behavior of solutions in the case of an n di-
mensional flat layer {x = (x′, xn);x

′ ∈ Rn−1, 0 < xn < 1}, (1.1)-(1.4) has a
simple stationary solution us =

⊤(ρs(xn), vs(xn)), called parallel flow, when
g takes the form g = ⊤(g′(xn), 0, · · · , 0, gn(xn)). It was proved in [12, 13]
that parallel flow is asymptotically stable for small initial perturbation if
the Reynolds and Mach numbers are sufficiently small. (See also [5, 6] for
time-periodic parallel flows.) Furthermore, the asymptotic behavior of the
perturbation is described by an n−1 dimensional linear heat equation in the
case n ≥ 3, and by a one-dimensional viscous Burgers equation in the case
n = 2. The proof is based on the energy method and the spectral analysis
of the linearized semigroup which is investigated by using the Fourier trans-
form in x′ variable. Similar results hold for the parallel flow in the case of
cylindrical domain [1, 2, 3].

The analysis in [2, 6, 12] heavily depends on the structure of parallel flow
that is uniform in x′ variable. Due to this structure, the Fourier transform in
x′ is useful to investigate the stability of parallel flow, and one of the points
in the analysis in [2, 6, 12] is that the low frequency part of the linearized
operator can be regraded as a perturbation of the linearized operator around
the motionless state which is sectorial. As for the Q∗-periodic stationary
solution us = ⊤(ρs, vs) under consideration, the argument in [2, 6, 12] is
formally applicable if one uses the Bloch transform instead of the Fourier
transform. However, since the velocity field vs is in general non-uniform in
both x′ and xn, due to the term vs ·∇ϕ in the linearized equation of (1.1), the
low frequency part of the linearized operator is no longer regarded as a simple
perturbation of the linearized one around the motionless state. Therefore,
the argument in [2, 6, 12] cannot be directly applied to the problem under
consideration. To overcome this difficulty we will make use of the solvability
result on the stationary transport equation given by Heywood and Padula
[10], which makes the formal argument a rigorous one.

Our main results of this paper is summarized as follows. After introducing
suitable non-dimensional variables, the equations for the perturbation u =
⊤(ϕ,w) = ⊤(γ2(ρ− ρs), v − vs) takes the following form:

∂tϕ+ div(ϕvs) + γ2div(ρsw) = f 0, (1.5)
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∂tw − ν

ρs
∆w − ν̃

ρs
∇divw +∇

(P ′(ρs)

γ2ρs
ϕ
)

+
1

γ2ρ2s
(ν∆vs + ν̃∇divvs)ϕ+ vs · ∇w + w · ∇vs = f̃ ,

(1.6)

w|∂Ω = 0, (1.7)

u|t=0 = u0 =
⊤(ϕ0, w0). (1.8)

Here us =
⊤(ρs, vs) denotes the non-dimensionalization of us =

⊤(ρs, vs), and
ν, ν̃ and γ are non-dimensional parameters. The Reynolds number Re and
Mach number Ma are given by Re = 1

ν
and Ma = 1

γ
, respectively. The terms

f0 and f̃ on the right of (1.5) and (1.6) are nonlinear terms given by

f0 = −div(ϕw),

f̃ = −w · ∇w − ϕ

ρs(γ2ρs + ϕ)

(
ν∆w + ν̃∇divw − νϕ

γ2ρs
∆vs −

ν̃ϕ

γ2ρs
∇divvs

)
+

ϕ

γ2ρ2s
∇
(
P (1)

(
ρs,

ϕ

γ2

) ϕ
γ2

)
+

ϕ2

γ2ρ2s(γ
2ρs + ϕ)

∇
(
P
(
ρs +

ϕ

γ2

))
+

1

ρs
∇
(
P (2)

(
ρs,

ϕ

γ2

)ϕ2

γ4

)
with

P (1)(ρs, ϕ) =

∫ 1

0

P ′(ρs + θϕ)dθ, P (2)(ρs, ϕ) =

∫ 1

0

(1− θ)P ′′(ρs + θϕ)dθ.

The linearized problem for (1.5)-(1.8) is then formulated as

∂tu+ Lu = 0, u|t=0 = u0, (1.9)

where L is the operator of the form

L =

(
div(·vs) γ2div(ρs·)

∇
(

P ′(ρ)
γ2ρs

·
)

− ν
ρs
∆− ν̃

ρs
∇div

)

+

(
0 0

1
γ2ρ2s

(ν∆vs + ν̃∇divvs) vs · ∇+ ⊤∇vs

)
.

We consider the operator L as an operator on L2(Ω) with domain D(L) =
{u = ⊤(ϕ,w) ∈ L2(Ω);w ∈ H1

0 (Ω), Lu ∈ L2(Ω)}. We will prove that there

exist positive constants ν0 and γ̃0 such that if ν and γ2

ν
are sufficiently large,

then the linearized semigroup e−tL satisfies

∥Πe−tLu0∥L2(Ω) ≤ C(1 + t)−
n−1
4 ∥u0∥L1(Ω), (1.10)
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∥Πe−tLu0 − [e−tHσ0]u
(0)∥L2(Ω) ≤ Ct−

n−1
4

− 1
2∥u0∥L1(Ω), (1.11)

where Π is a bounded projection on L2(Ω) with ΠL ⊂ LΠ, and the operator
H : L2(Rn−1) → L2(Rn−1) with domain D(H) = H2(Rn−1) is given by

Hσ = −γ
2

ν

n−1∑
j,k=1

ajk∂xj
∂xk

σ +
n−1∑
j=1

aj∂xj
σ (σ ∈ D(H))

with aj ∈ R and ajk ∈ R satisfying
∑n−1

j,k=1 ajkηjηk ≥ C|η′|2 (η′ ∈ Rn−1) and

σ0 is given by σ0(x
′) = |Q|

|Ωper|

∫ ω2(x′)

ω1(x′)
ϕ0(x

′, xn)dxn. Here Q = Πn−1
j=1 [− π

αj
, π
αj
)

is the non-dimensional periodic cell and Ωper is the non-dimensional basic
period domain defined by

Ωper = {x = (x′, xn); |xi| <
π

αi

(i = 1, · · · , n− 1), ω1(x
′) < xn < ω2(x

′)}.

Moreover, u(0) = ⊤(ϕ(0), w(0)) is Q-periodic function in x′ and it satisfies the
following problem on the basic period domain Ωper:

div(ϕ(0)vs) + γ2div(ρsw
(0)) = 0 in Ωper,

∇
(

P ′(ρs)
γ2ρs

ϕ(0)
)
+ 1

γ2ρ2s
(ν∆vs + ν̃∇divvs)ϕ

(0)

− ν
ρs
∆w(0) − ν̃

ρs
∇divw(0) + vs · ∇w(0) + w(0) · ∇vs = 0 in Ωper,

w(0)|{xn=ωj(x′)} = 0 (j = 1, 2),∫
Ωper

ϕ(0) = 1.

Concerning the (I−Π)-part, as in [1, 2, 15], one can prove the exponential
decay estimate:

∥e−tL(I − Π)u0∥H1(Ω) ≤ C{e−at∥u0∥H1×H̃1 + t−
1
2∥w0∥L2} (1.12)

for u0 = ⊤(ϕ0, w0) ∈ H1(Ω) × H̃1(Ω) with some positive number a. Here

H̃1(Ω) denotes the set of all locally H1 functions in Ω whose tangential
derivatives near ∂Ω belong to L2(Ω). See Theorem 3.3 for the details.

The proof of the main results are based on the method of the Bloch
transformation as in [15] where the stability of the motionless state on a
periodic layer was studied. By using the Bloch transformation one can reduce
the linearized problem (1.9) on Ω to the problem ∂tu + Lη′u = 0 on Ωper

under Q-periodic boundary conditions in x′. Here Lη′ is the linear operator
obtained by replacing the partial derivatives ∂xj

(j = 1, · · · , n − 1) in L by

∂xj
+ iηj with parameter η′ = (η1, · · · , ηn−1) ∈ Q

′
, where Q

′
is the dual
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cell defined by Q
′
= Πn−1

j=1 [−
αj

2
,
αj

2
). In the case |η′| ≪ 1 the operator Lη′

can be regarded as a perturbation of L0. By using the solvability results on
stationary transport equations by Heywood-Padula [10], we investigate the
eigenspace for the eigenvalue 0 of L0, which enables us to apply the analytic
perturbation theory to Lη′ with |η′| ≪ 1. We show that

ρ(−Lη′) ⊃ {λ ∈ C; Reλ > −β0, |λ| ≥
β0
2
},

σ(−Lη′) ∩ {λ ∈ C; |λ| < β0
2
} = {λη′}

for some β0 > 0, where λη′ = i
∑n−1

j=1 ajηj −
γ2

ν

∑n−1
j,k=1 ajkηjηk + O(|η′|3) as

η′ → 0. It then follows that this part of e−tL behaves as in (1.10) and (1.11).
As for the remaining part of η′, one can establish the exponential decay
estimate (1.12) as in the arguments given in [1, 2, 15].

This paper is organized as follows. In section 2 we introduce notations,
function spaces and operators. In section 3 we state the main results of this
paper. Section 4 is devoted to the proof of (1.10) and (1.11). In section 4.1
we formulate the linearized problem and reduce it to the ones on the basic
period domain Ωper by the Bloch transform. In section 4.2 we investigate
the null space of L0. The spectrum of Lη′ with |η′| ≪ 1 is then investigated
in section 4.3. Section 4.4 is devoted to estimating the eigenprojection, and
in section 4.5 the estimates (1.10) and (1.11) are established. In section 5
we give resolvent estimates for the principal part of L0 by the Matsumura-
Nishida energy method [22] and the result of Heywood-Padula [10].

2 Preliminaries

In this section we introduce notation used in this paper.
Let D be a domain. Lp(D)(1 ≤ p ≤ ∞) denotes Lebesque space on D and

its norm is denoted by ∥ · ∥Lp(D). Similarly, Hm(D) denotes the m-th order

L2-Sobolev space on D and its norm is denoted by ∥ · ∥Hm(D). C
m
0 (D) stands

for the set of Cm-functions having compact support on D. Furthermore, we
denote the completion of C∞

0 (D) in Hm(D) by Hm
0 (D), and the dual space

of Hm
0 (D) is denoted by H−m(D). S(Rk) denotes the Schwartz space on Rk.
We simply write the set of all vector fields w = ⊤(w1, · · · , wn) on D with

wj ∈ Lp(D) (resp. Hm(D)) (j = 1, · · · , n) as Lp(D) (resp. Hm(D)), and its
norm is denoted by ∥ · ∥Lp(D) (resp. ∥ · ∥Hm(D)). We define ∥ · ∥

Hk(D)×Hm(D)

by ∥u∥
Hk(D)×Hm(D)

= (∥ϕ∥2
Hk(D)

+ ∥w∥2Hm(D))
1
2 for u = ⊤(ϕ,w) satisfying ϕ ∈

6



Hk(D) and w ∈ Hm(D). In particular, we write ∥u∥
Hk(D)×Hk(D)

= ∥u∥
Hk(D)

in the case k = m.
We next rewrite the problem (1.1)-(1.2) with (1.4) into the one in a non-

dimensional form. We introduce the following non-dimensional variables:

x = lx̃, t =
l

V
t̃, v = V ṽ, ρ = ρ∗ρ̃, p = ρ∗V

2P, g =
V 2

l
g̃.

Here

l = |Ω∗,per|
1
n , V =

√
l[g]H2(Ω∗,per), [g]H2(Ω∗,per) =

√√√√ m∑
s=0

l−n+2s∥∂sxg∥2L2(Ω∗,per)
.

The problem (1.1)-(1.2) with (1.4) is transformed into the following non-
dimensional problem in Ω̃:

∂t̃ρ̃+ divx̃(ρ̃ṽ) = 0, (2.1)

ρ̃(∂t̃ṽ + (ṽ · ∇x̃)ṽ)− ν∆x̃ṽ − ν̃∇x̃divx̃ṽ +∇x̃P (ρ̃) = ρ̃g̃, (2.2)

ṽ|xn=ωj(x′) = 0 (j = 1, 2). (2.3)

Here Ω is the non-dimensional periodic layer:

Ω = {x = (x′, xn); x
′ = (x1, · · · , xn−1) ∈ Rn−1, ω1(x

′) < xn < ω2(x
′)}

with ω1 and ω2 being smooth Q-periodic functions of x′ with the period cell

Q = Πn−1
j=1 [−

π

αj

,
π

αj

),

where αj = lα∗,j; and ν, ν̃ and γ are non-dimensional parameters defined by

ν =
µ

ρ∗lV
, ν̃ = ν + ν ′, ν ′ =

µ′

ρ∗lV
, γ =

√
p′(ρ∗)

V
.

The assumption (1.3) is written as

ν ′

ν
≤ ν∗ (2.4)

for some positive number ν∗. Note that under (2.4) we have

ν ≤ ν + ν̃ ≤ (ν∗ + 2)ν. (2.5)

In what follows, we omit tildes ˜ of ρ̃, ṽ, x̃, t̃, p̃ and g̃ for simplicity in
notation.
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We next define Q
′
, Σj,±(j = 1, · · · , n− 1) and Σn by

Q
′
:= Πn−1

i=1

[
− αi

2
,
αi

2

)
, Σj,± := {x ∈ Ω;xj = ± π

αj

} (j = 1, · · · , n− 1)

and

Σn := {x ∈ ∂Ω;x′ ∈ Q, xn = ωj(x
′), j = 1, 2}.

The inner product of L2(Ωper) is defined by

(f, g) =

∫
Ωper

f(x)g(x)dx

for f, g ∈ L2(Ωper). Furthermore the mean value of f ∈ L2(Ωper) over Ωper is
represented as ⟨·⟩, i.e.,

⟨f⟩ =
∫
Ωper

f(x)dx.

Note that |Ωper| = 1 due to the non-dimensionalization.
We denote the k × k identity matrix by Ik. We define (n + 1) × (n + 1)

diagonal matrices Q0 and Q̃ is defined by

Q0 = diag(1, 0, · · · , 0), Q̃ = diag(0, 1, · · · , 1).

Note that Q0u = ⊤(ϕ, 0) and Q̃u = ⊤(0, w) for u = ⊤(ϕ,w).
The Fourier transform of f = f(x′)(x′ ∈ Rn−1) is denoted by f̂ or F [f ]:

f̂(ξ′) = F [f ](ξ′) =

∫
Rn−1

f(x′)e−iξ′·x′
dx′, ξ′ ∈ Rn−1.

We denote the inverse Fourier transform by F−1:

F−1[f ](x′) =
1

(2π)n−1

∫
Rn−1

f(ξ′)eiξ
′·x′
dξ′, x′ ∈ Rn−1.

For an operator A, we denote by Ker(A) and R(A) the null space and the
range of A, respectively. The resolvent set and the spectrum of A are denoted
by ρ(A) and σ(A), respectively. We denote the commutator of operators A
and B by [A,B], i.e., [A,B]f = A(Bf)−B(Af).

We introduce function spaces of periodic functions as follows:

L2
per(Ωper) := {u|Ωper ;u ∈ L2

loc(Ω), u(x
′, xn) is Q-periodic in x′},

C∞
per(Ωper) := {u|Ωper ;u ∈ C∞(Ω), u(x′, xn) is Q-periodic in x′},

8



C∞
0,per(Ωper) := {u ∈ C∞

per(Ωper);u = 0 in a neighborhood of ∂Ω},
H l

per(Ωper) := the closure of C∞
per(Ωper) in H

l(Ωper),

H l
0,per(Ωper) := the closure of C∞

0,per(Ωper) in H
l(Ωper).

We note that L2
per(Ωper) can be identified with L2(Ωper), and that H l

per(Ωper)
and H1

0,per(Ωper) are given by

H l
per(Ωper) = {u ∈ H l(Ωper); ∂

β
x′u|Σj,− = ∂βx′u|Σj,+

, 1 ≤ j ≤ n− 1, |β| ≤ l − 1},
H1

0,per(Ωper) = {u ∈ H1
per(Ωper);u|Σn = 0}.

Moreover, we define L2
per,∗(Ωper) by

L2
per,∗(Ωper) := {f ∈ L2

per(Ωper); ⟨f⟩ = 0},

and H l
per,∗(Ωper) by H

l
per,∗(Ωper) = H l

per(Ωper)∩L2
per,∗(Ωper). We will abbrevi-

ate L2
per(Ωper) to L

2
per, and likewise, H l

per(Ωper) to H
l
per, · · · , and so on. The

norm ∥ · ∥Lp(Ωper)
is written as ∥ · ∥p, and similarly, ∥ · ∥

Hl(Ωper)
as ∥ · ∥

Hl .

We next introduce the Bloch transformation.

Definition 2.1. We define the operator T by (Tφ)(x′, η′) (x′ ∈ Rn−1, η′ ∈
Rn−1) for φ ∈ S(Rn−1), where

(Tφ)(x′, η′) =
1

(2π)
n−1
2 |Q| 12

∑
(k1,··· ,kn−1)∈Zn−1

φ̂(η′ +
n−1∑
j=1

kjαje
′
j)e

i
∑n−1

j=1 kjαjxj

=
1

|Q′ | 12
∑

(l1,··· ,ln−1)∈Zn−1

φ(x′ +
n−1∑
j=1

lj
2π

αj

e′j)e
−iη′·(x′+

∑n−1
j=1 lj

2π
αj

e′j).

We also define the operator U as follows. For a function φ(x′, η′) ∈ C∞(Rn−1×
Rn−1) such that φ(x′, η′) is Q-periodic in x′ and φ(x′, η′)eiη

′·x′
is Q

′
-periodic

in η′, we define (Uφ)(x′) (x′ ∈ Rn−1) by

(Uφ)(x′) =
1

|Q′| 12

∫
Q′
φ(x′, η′)eix

′·η′dη′.

Note that φ(x′, η′ + αje
′
j) = φ(x′, η′)e−iαje

′
j ·x′

(j = 1, · · · , n− 1).

The operators T and U have the following properties. See, e.g., [23] for
the details.
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Proposition 2.2. (i) (Tφ)(x′, η′) is Q-periodic in x′ and (Tφ)(x′, η′)eiη
′·x′

is Q
′
-periodic in η′.

(ii) T is uniquely extended to an isometric operator from L2(Rn−1) to L2(Q
′
;L2(Q)).

(iii) U is the inverse operator of T .

(iv) Let ψ be Q-periodic in x′. Then it holds that T (ψφ) = ψTφ.

(v) T (∂xj
φ) = (∂xj

+ iηj)Tφ (j = 1, · · · , n − 1) and T defines an isomor-

phism from H l(Rn−1) to L2(Q
′
;H l

per(Q)). Here H l
per(Q) denotes the

space of Q-periodic functions in H l(Q), as in the case of H l
per(Ωper).

We introduce the following weighted inner product:

⟨u1, u2⟩ =
∫
Ωper

ϕ1ϕ2
P ′(ρs)

γ4ρs
dx+

∫
Ωper

w1w2ρsdx

for uj =
⊤(ϕj, wj) (j = 1, 2), where ρs = ρs(x) is the density of the stationary

solution. See Proposition 3.1 below. The associated norm ||| · |||2 is defined
by

|||u|||22 ≡
(∥∥∥√P ′(ρs)

γ4ρs
ϕ
∥∥∥2
2
+ ∥√ρsw∥22

)
.

As we will see in Proposition 3.1, ρs(x) and
P ′(ρs(x))
ρs(x)

are strictly positive in

Ωper if ν and γ2

ν
are suitably large, and ||| · |||2 is equivalent to ∥ · ∥2.

We introduce the Bogovskii lemma [4]. (See also [8, Chapter 3].)

Lemma 2.3. There exists a bounded linear operator B : L2
per,∗ → H1

per,0 such
that

divBg = g, g ∈ L2
per,∗

∥∇Bg∥2 ≤ C∥g∥2,

where C is a positive constant depending only on Ωper. Furthermore, if g =
div g with g = ⊤(g1, · · · , gn) satisfying gj|Σj,− = gj|Σj,+

(j = 1, · · · , n − 1),
gn|Σn = 0, then

divB(div g) = div g,

∥B(div g)∥2 ≤ C∥g∥2.

For a given δ > 0, we introduce the following notation ((·, ·)) and ⟨⟨·, ·⟩⟩:

((u1, u2)) :=
1

γ2
(ϕ1, ϕ2) + (w1, w2)− δ{(w1,Bϕ2) + (Bϕ1, w2)},

⟨⟨u1, u2⟩⟩ := ⟨u1, u2⟩ − δ{(w1,Bϕ2) + (Bϕ1, w2)}
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for uj = ⊤(ϕj, wj) (j = 1, 2). There exists a constant c0 > 0 such that if
0 ≤ δ ≤ c0

γ
, then ((·, ·)) and ⟨⟨·, ·⟩⟩ define inner products on L2

per,∗ × L2
per

satisfying
1

2
∥u∥22 ≤ ((u, u)) ≤ 3

2
∥u∥22

and
1

2
|||u|||22 ≤ ⟨⟨u, u⟩⟩ ≤ 3

2
|||u|||22.

3 Main theorem

In this section we state the main theorem of this paper. We first mention the
existence of stationary solution to the compressible Navier-Stokes equation.
Let us consider the following stationary problem:

div(ρv) = 0, (3.1)

ρ(v · ∇)v − ν∆v − ν̃∇divv +∇P (ρ) = ρg, (3.2)

v|Σn = 0, ρ|Σj,− = ρ|Σj,+
, v|Σj,− = v|Σj,+

(j = 1, · · · , n− 1), (3.3)

⟨ρ⟩ = 1. (3.4)

Then it holds the following assertion.

Proposition 3.1. Let ν and ν̃ satisfy (2.4). Then there exist constants

ν0 > 0 and γ̃0 > 0 such that if ν ≥ ν0 and γ2

ν
≥ γ̃0, there exists a solution

us =
⊤(ρs, vs) =

⊤(1 + ϕs, vs) ∈ H3
per × (H4

per ∩H1
0,per) to problem (3.1)-(3.4),

and us satisfies
γ4

ν
∥ϕs∥2H3 + ν∥vs∥2H4 ≤

C0

ν
(3.5)

for some constant C0 > 0 depending only on ν∗ and Ωper. Furthermore,
solution of (3.1)-(3.4) satisfying (3.5) is unique.

The unique existence of stationary solution us in Proposition 3.1 was
proved by Valli [25]. Estimate (3.5) can be obtained by looking carefully
at the computations given in [25]. One can also prove Proposition 3.1 by
applying Theorem 5.1 together with estimate (5.6)k with k = 3.

In this paper we consider the linearized stability of the stationary solution
us =

⊤(ρs, vs) obtained in Proposition 3.1.
The linearized equation around the stationary solution us is written as

∂tu+ Lu = 0 (3.6)
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for u = ⊤(ϕ,w) ∈ D(L), where L : L2(Ω) → L2(Ω) is the operator defined
by

L =

(
div(·vs) γ2div(ρs·)

∇
(

P ′(ρ)
γ2ρs

·
)

− ν
ρs
∆− ν̃

ρs
∇div

)

+

(
0 0

1
γ2ρ2s

(ν∆vs + ν̃∇divvs) vs · ∇+ ⊤(∇vs)

)
with domain

D(L) = {u = ⊤(ϕ,w) ∈ L2(Ω);w ∈ H1
0 (Ω), Lu ∈ L2(Ω)}.

Here ∇vs is n× n-matrix whose (j, k) component is ∂xk
vjs.

As in [11], we see that −L generates a C0-semigroup e−tL. The semigroup
e−tL has the following properties.

Theorem 3.2. There exist constants ν0 > 0 and γ̃0 > 0 such that if ν ≥ ν0
and γ2

ν
≥ γ̃0, there exists a bounded projection Π : L2(Ω) → L2(Ω) satisfying

ΠL ⊂ LΠ and Πe−tL = e−tLΠ, where e−tLΠ satisfies

∥e−tLΠu0∥L2(Ω) ≤ C(1 + t)−
n−1
4 ∥u0∥L1(Ω), (3.7)

∥e−tLΠu0 − [e−tHσ0]u
(0)∥L2(Ω) ≤ Ct−

n−1
4

− 1
2∥u0∥L1(Ω) (3.8)

for u0 ∈ L1(Ω) ∩ L2(Ω), where H : L2(Rn−1) → L2(Rn−1) is the linear
operator defined by

D(H) = H2(Rn−1),

Hσ = −
n−1∑
j,k=1

ajk∂xj
∂xk

σ +
n−1∑
j=1

aj∂xj
σ (σ ∈ D(H)),

and σ0(x
′) is given by σ0(x

′) = |Q|
|Ωper|

∫ ω2(x′)

ω1(x′)
ϕ0(x

′, xn)dxn. Here aj, ajk

(j, k = 1, · · · , n − 1) are real constants and the matrix (ajk)
n−1
j,k=1 satisfies∑n−1

j,k=1 ajkηjηk ≥ κ0γ2

ν
|η′|2 for all η′ ∈ Rn−1, where κ0 is a constant indepen-

dent of ν, ν̃ and γ. Moreover, u(0) = ⊤(ϕ(0)(x′, xn), w
(0)(x′, xn)) is Q-periodic

function in x′ that satisfies

div(ϕ(0)vs) + γ2div(ρsw
(0)) = 0, in Ωper

∇
(

P ′(ρs)
γ2ρs

ϕ(0)
)
+ 1

γ2ρ2s
(ν∆vs + ν̃∇divvs)ϕ

(0)

− ν
ρs
∆w(0) − ν̃

ρs
∇divw(0) + vs · ∇w(0) + w(0) · ∇vs = 0, in Ωper

w(0)|Σn = 0,∫
Ωper

ϕ(0) = 1.
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As for the (I − Π)-part, we can prove the following exponential decay
estimates in a similar manner to [1, 2, 15].

We denote by H̃1(Ω) the set of all locally H1 functions in Ω whose tan-
gential derivatives near ∂Ω belong to L2(Ω).

Theorem 3.3. (i) Let u0 =
⊤(ϕ0, w0) ∈ H1(Ω)× H̃1(Ω). Suppose that ν, ν̃

and γ satisfiy the assumption of Theorem 3.2. Then

e−tL(I − Π)u0 ∈ C([0,∞);H1(Ω)× H̃1(Ω)) ∩ C((0,∞);H1(Ω)×H1
0 (Ω))

and

∥e−tL(I − Π)u0∥2H1(Ω) ≤ Ce−at{∥u0∥2H1(Ω)×H̃1(Ω)
+ t−

1
2∥w0∥L2(Ω)} (3.9)

for all t ≥ 0.

(ii) Let T > 0. Suppose that u0 ∈ H1(Ω)×H1
0 (Ω) and f ∈ L2(0, T ;H1(Ω)×

L2(Ω)). Then there exists a unique solution u(t) of

∂tu+ Lu = (I − Π)f, u|t=0 = (I − Π)u0,

u ∈ C([0, T ];H1(Ω)×H1
0 (Ω)) ∩ L2(0, T ;H1(Ω)×H2(Ω)),

u(t) ∈ (I − Π)L2(Ω) for 0 ≤ t ≤ T ,

and u(t) satisfies

∥u(t)∥2H1(Ω) +

∫ t

0

e−a(t−τ)∥u(τ)∥2H1(Ω)×H2(Ω)dτ

≤ C
{
e−at∥u0∥2H1(Ω) +

∫ t

0

e−a(t−τ)∥f∥2H1(Ω)×L2(Ω)dτ
} (3.10)

for t ∈ [0, T ], where a and C are positive constants independent of T .

Theorem 3.3 can be proved in a similar way as in [1, 2, 15], so we omit
the proof. In the remaining of this paper we give a proof of Theorem 3.2.

4 Proof of Theorem 3.2

In this section we give a proof of Theorem 3.2. We first reduce the problem
to the one on Ωper by the Bloch transformation. We then investigate the
reduced problems depending on the values of Bloch parameter η′. In sub-
section 4.2 we consider the spectrum for the case η′ = 0; we then develop a
perturbation argument to investigate the spectrum for |η′| ≪ 1 in subsection
4.3. In subsection 4.4 we establish estimates for the eigenprojections for the
eigenvalues near the imaginary axis. We finally give a proof of Theorem 3.2.

Throughout this section we assume that ν and ν̃ satisfy (2.4), and thus,
we use relation (2.5).
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4.1 Formulation

Let us consider the resolvent problem for (3.6)

(λ+ L)u = f, u = ⊤(ϕ,w) ∈ D(L). (4.1)

Here f = ⊤(f0, f̃), f̃ = ⊤(f1, · · · , fn) and λ ∈ C is a resolvent parameter. As
in [15], applying the Bloch transform T to (4.1), we have

(λ+ Lη′)Tu = Tf on Ωper (4.2)

with the dual parameter η′ ∈ Q
′
, where Lη′ is the operator on L2

per of the
form

Lη′ =

( ⊤∇η′(·vs) γ2⊤∇η′(ρs·)
∇η′

(
P ′(ρs)
γ2ρs

·
)

− ν
ρs
∆η′ − ν̃

ρs
∇η′

⊤∇η′

)

+

(
0 0

1
γ2ρ2s

(ν∆vs + ν̃∇divvs) vs · ∇η′ +
⊤∇vs

)
.

with domain D(Lη′)

D(Lη′) = {u = ⊤(ϕ,w) ∈ L2
per;w ∈ H1

0,per, Lη′u ∈ L2
per}.

Here we define ∇η′ and ∆η′ by

∇η′ = ∇+ iη̃′, ∆η′ = ∇η′ · ∇η′ ,

where η̃′ = (η′, 0). It is not difficult to see that D(Lη′) = D(L0) for all η
′ ∈ Q

′

and that Lη′ is a closed operator on L2
per.

We write Lη′ in the form

Lη′ = L0 +
n−1∑
j=1

ηjL
(1)
j +

n−1∑
j,k=1

ηjηkL
(2)
jk ,

where

L0 :=

(
div(·vs) γ2div(ρs·)

∇
(

P ′(ρs)
γ2ρs

·
)

− ν
ρs
∆− ν̃

ρs
∇div

)

+

(
0 0

1
γ2ρ2s

(ν∆vs + ν̃∇divvs) vs · ∇+ ⊤∇vs

)
,

L
(1)
j := i

(
vjs γ2ρs

⊤ej(
P ′(ρs)
γ2ρs

·
)
ej − 1

ρs

(
2νej ⊗ ej∂xj

+ ν̃ejdiv − ν̃∇(⊤ej)
)
+ vjs

)
,
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L
(2)
jk :=

(
0 0

0 1
ρs

(
νδjkIn + ν̃ej

⊤ek

))
.

We also set

Mη′ =
n∑

j=1

ηjL
(1)
j +

n∑
j,k=1

ηjηkL
(2)
jk ,

i.e.,

Mη′ =

(
iη̃′ · vs iγ2ρs

⊤η̃′

iP
′(ρs)
γ2ρs

η̃′ ν
ρs

(
|η′|2 − 2iη̃′ · ∇

)
In − i ν̃

ρs
η̃′⊤∇η′ − i ν̃

ρs
∇⊤η̃′ + (vs · iη̃′)In

)
.

By (4.2), if λ ∈ ρ(−Lη′) for all η
′ ∈ Q∗, then we have

u = U(λ+ Lη′)
−1Tf in Ω.

Therefore, to investigate the resolvent of −L, we will consider the problem
for −Lη′ :

λu+ Lη′u = f, u ∈ D(Lη′). (4.3)

4.2 The null space of L0

In this subsection we investigate the null space of L0. We first show that 0
is an eigenvalue and dimKer(L0) = 1.

Proposition 4.1. There exist constants ν0 > 0 and γ̃0 > 0 such that if ν ≥ ν0
and γ2

ν
≥ γ̃0, then there exists a unique u(0) = ⊤(ϕ(0), w(0)) ∈ D(L0) satisfying

L0u
(0) = 0 and ⟨ϕ(0)⟩ = 1. Furthermore, u(0) = ⊤(ϕ(0), w(0)) satisfies

∥ϕ(0) − 1∥2H2 + ν2∥w(0)∥2H3 ≤
C

γ4
(4.4)

uniformly for ν, ν̃ and γ with ν ≥ ν0 and γ2

ν
≥ γ̃0.

Proof. We consider the problem L0u = 0 with u = ⊤(ϕ,w) ∈ D(L0).
Suppose that ϕ = 0. Then taking the inner product of L0u = 0 with u we
have

ν∥∇w∥22 + ν̃∥divw∥22 = −Re {(vs · ∇w + w · ∇vs, ρsw)}

≤ C∥vs∥C1∥ρs∥∞∥∇w∥22.

Therefore, if ν > C∥vs∥C1∥ρs∥∞, then w = 0, and hence, u = 0.
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In what follows we assume that ν > C∥vs∥C1∥ρs∥∞. We will show that

there exists a function u = ⊤(ϕ,w) with ϕ ̸= 0 satisfying L0u = 0 if ν and γ2

ν

are sufficiently large. We may assume that ⟨ϕ⟩ = 1, and hence, we consider
the problem {

L0u = 0, u = ⊤(ϕ,w) ∈ D(L0),

⟨ϕ⟩ = 1.
(4.5)

To solve (4.5), we introduce the operator A[v] : H2
per,∗×H1

per −→ H2
per,∗×H1

per

defined by

A[v] =

(
div(·v) γ2div

∇ −ν∆− ν̃∇div

)
with domain

D(A[v]) = {u ∈ H2
per,∗ × (H3

per ∩H1
0,per);A[v]u ∈ H2

per,∗ ×H1
per}.

We set ϕ = 1 + ϕ̃. Then (4.5) is written as

A[vs]ũ+Bũ = F. (4.6)

Here ũ = ⊤(ϕ̃, w) ∈ D(A[vs]), Bu = ⊤((Bũ)1, (Bũ)2) and F = ⊤(F0, F̃ ),
where

(Bũ)1 =− γ2div(ϕsw),

(Bũ)2 =− ϕs

1 + ϕs

(ν∆w + ν̃∇divw)−∇(P̃ (1)(ϕs)ϕsϕ̃)

− 1

γ2

( 1

1 + ϕs

)2
(ν∆vs + ν̃∇divvs)ϕ̃− vs · ∇w − w · ∇vs,

F0 =− divvs,

F̃ =−∇(P̃ (1)(ϕs)ϕs)−
1

γ2

( 1

1 + ϕs

)2
(ν∆vs + ν̃∇divvs),

P̃ (1)(ϕs) =

∫ 1

0

P̃ ′(1 + θϕs)dθ, P̃ (ρ) =
P ′(ρ)

γ2ρ
.

We set
∥ũ∥∗H2×H3 = ∥ϕ̃∥H2 + ν∥w∥H3

for ũ = ⊤(ϕ̃, w) ∈ H2
per,∗ × H3

per. It follows from Proposition 3.1 and (5.6)k

with k = 2 that if ν and γ2

ν
are sufficiently large, then

∥A[vs]
−1F∥∗H2×H3 ≤ C

{ ν
γ2

∥f 0∥H2 + ∥f̃∥H1

}
(4.7)
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for F = ⊤(f 0, f̃) ∈ H2
per,∗ ×H1

per. By Proposition 3.1, we have

∥(Bũ)1∥H2 ≤ C∥w∥H3 ,

∥(Bũ)2∥H1 ≤ C
{ 1

γ2
∥ϕ̃∥H2 +

( ν
γ2

+
1

ν

)
∥w∥H3

}
for ũ = ⊤(ϕ̃, w) ∈ D(A[vs]). Combining these estimates with (4.7), we see

that there are positive numbers ν0 and γ̃0 such that if ν ≥ ν0 and γ2

ν
≥ γ̃0,

then ∥A[vs]
−1Bũ∥∗H2×H3 ≤ 1

2
∥ũ∥∗H2×H3 . Therefore, there exists a unique ũ ∈

D(A[vs]) satisfying ũ = −A[vs]
−1Bũ + A[vs]

−1F , that is, a unique solution
ũ ∈ D(A[vs]) of (4.6), and ũ satisfies the estimate

∥ũ∥∗H2×H3 ≤ C
{ ν
γ2

∥vs∥H4 + ∥ϕs∥H3

}
≤ C

γ2
.

This completes the proof.
We next consider the eigenspace for the eigenvalue 0. We introduce the

adjoint operator L∗
η′ : L

2
per −→ L2

per defined by

L∗
η′ =

−vs · ∇η′

(P ′(ρs)

ρs
·
) ρs
P ′(ρs)

−γ2∇η′ · (ρs·)

−∇η′

(P ′(ρs)

γ2ρs
·
)

− ν
ρs
∆η′ − ν̃

ρs
∇η′(

⊤∇η′)


+

(
0 γ2

P ′(ρs)
(ν∆⊤vs + ν̃⊤∇divvs)

0 −divvs − 1
ρs
vs · ∇η′(ρs·) +∇η′vs

)
with domain

D(L∗
η′) = {u = ⊤(ϕ,w) ∈ L2

per;w ∈ H1
0,per, L

∗
η′u ∈ L2

per}.

Then it holds that D(L∗
η′) = D(L∗

0) and ⟨Lη′u1, u2⟩ = ⟨u1, L∗
η′u2⟩.

Concerning the eigenspace for eigenvalue 0, we have the following

Lemma 4.2. Let Π(0) be defined by

Π(0)u = ⟨u, u(0)∗⟩u(0) = ⟨ϕ⟩u(0)

for u = ⊤(ϕ,w), where

u(0)∗ = γ2

 γ2ρs
P ′(ρs)

0

 .

Then the following assertions hold.
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(i) u(0)∗ satisfies u(0)∗ ∈ D(L∗
0), L

∗
0u

(0)∗ = 0 and ⟨u(0), u(0)∗⟩ = 1.

(ii) Π(0) is a bounded projection on L2
per satisfying

Π(0)L0 ⊂ L0Π
(0) = 0, Π(0)u(0) = u(0) and Π(0)L2

per = span{u(0)}.

The assertions of Lemma 4.2 are easily verified, and so we omit the proof.
We introduce some notation. In what follows we set

X0 = Π(0)L2
per, X1 = (I − Π(0))L2

per.

Observe that u = ⊤(ϕ,w) ∈ X1 if and only if ⟨ϕ⟩ = 0.

Lemma 4.3. If ν ≥ ν0 and γ2

ν
≥ γ̃0 (by taking ν0 and γ̃0 suitably larger if

necessary), then ρ(−L0|X1) ⊃ {λ; Reλ ≥ −β0} for some positive constant β0.
Furthermore, if Reλ ≥ −β0, then

∥((λ+ L0)|X1)
−1f∥2 ≤

C

Reλ+ 2β0
∥f∥2, (4.8)

∥∇Q̃((λ+ L0)|X1)
−1f∥2 ≤ C

1

(Reλ+ 2β0)
1
2

∥f∥2. (4.9)

Proof. We first establish estimates (4.8) and (4.9). For f = ⊤(f 0, f̃) ∈ X1,
we consider

(λ+ L0)u = f, u = ⊤(ϕ,w) ∈ D(L0) ∩X1. (4.10)

Note that ⟨ϕ⟩ = ⟨f 0⟩ = 0. We compute

Re⟨⟨(λ+ L0)u, u⟩⟩ =Reλ⟨⟨u, u⟩⟩+Re⟨L0u, u⟩
− δRe{((L0u)2,Bϕ) + (B(L0u)1, w)},

where (u)1 = ϕ and (u)2 = w for u = ⊤(ϕ,w). Since

−Re ((L0u)2,Bϕ) ≥
∥∥∥
√
P ′(ρs)

γ2ρs
ϕ
∥∥∥2
2
− C{ν∥∇w∥2 + ν̃∥divw∥2}∥ϕ∥2

− C
ν

γ2
∥vs∥H4∥ϕ∥22 − C∥vs∥H4∥ϕ∥2∥w∥2,

−Re(B(L0u)1, w) ≥ −∥B(div(ϕvs + γ2ρsw))∥2∥w∥2
≥ −C{∥vs∥H4∥ϕ∥2∥w∥2 + γ2∥w∥22},
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we have

Re ⟨⟨(λ+ L0)u, u⟩⟩ ≥Reλ⟨⟨u, u⟩⟩+ ν∥∇w∥22 + ν̃∥divw∥22 + δ
∥∥∥
√
P ′(ρs)

γ2ρs
ϕ
∥∥∥2
2

− C∥vs∥H4

∥∥∥
√
P ′(ρs)

γ4ρs
ϕ
∥∥∥2
2
− C

γ2
∥vs∥H4∥ϕ∥22

− C
ν

γ2
∥vs∥H4∥ϕ∥2∥w∥2 − C∥vs∥H4∥w∥22

− Cδ{(ν∥∇w∥2 + ν̃∥divw∥2)∥ϕ∥2 +
ν

γ2
∥vs∥H4∥ϕ∥22

+ ∥vs∥H4∥ϕ∥2∥w∥2 + γ2∥w∥22}.

Therefore, by using Proposition 3.1, we see that there exist constants
ν0 > 0, γ̃0 > 0 and C0 > 0 such that if ν ≥ ν0 and γ2

ν
≥ γ̃0, then it holds

with δ = C0 min{ 1
ν
, ν
γ2 ,

1
γ
} that

Re ⟨⟨(λ+ L0)u, u⟩⟩ ≥ Reλ⟨⟨u, u⟩⟩+ ν

2
∥∇w∥22 +

ν̃

2
∥divw∥22 +

δ

2
∥ϕ∥22.

Since Re ⟨⟨f, u⟩⟩ ≤ |||f |||2|||u|||2 + δ∥f∥2∥u∥2 ≤ C(1 + δ)|||f |||2|||u|||2, we
have

Reλ⟨⟨u, u⟩⟩+ ν

2
∥∇w∥22 +

ν̃

2
∥divw∥22 +

δ

2
∥ϕ∥22 ≤ C(1 + δ)|||f |||2|||u|||2.

By the Poincaré inequality, we have

Reλ|||u|||22 + c1(ν∥w∥22 + δ∥ϕ∥22) +
ν

4
∥∇w∥22 ≤ C(1 + δ)|||f |||2|||u|||2. (4.11)

It follows that there exists β0 > 0 with β0 = O(min{ν, ν
γ2 ,

1
ν
, 1
γ
}) such that

(Reλ+ 2β0)|||u|||22 + ν∥∇w∥22 ≤ C|||f |||2|||u|||2.

We thus have

|||u|||2 ≤
C

Reλ+ 2β0
|||f |||2, (4.12)

and so if Reλ ≥ −β0, then

∥∇w∥2 ≤
C

ν
1
2 (Reλ+ 2β0)

1
2

|||f |||2. (4.13)

If we prove the existence of solution u ∈ D(L0) ∩ X1 of (4.10) for all
f ∈ X1 with λ ≫ 1, then we see from (4.12) and (4.13) that ρ(−L0|X1) ⊃
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{λ; Reλ ≥ −β0} by a standard continuation argument. To prove the exis-
tence of solution of (4.10), we first consider the problem

λϕ+ div(ϕvs) = F 0, F 0 = f 0 − γ2div(ρsw̃) (4.14)

for a given w̃ ∈ H1
0,per and F 0 ∈ L2

per,∗. Applying [10, Theorem 1], we see
that there exists a constant λ0 satisfying λ0 ≥ C∥v∥H3 such that if λ ≥ λ0,
there exists a solution ϕ of (4.14). Furthermore, ϕ satisfies

∥ϕ∥2 ≤
C

λ
∥F 0∥2 ≤

C

λ
{∥f 0∥2 + ∥w̃∥H1}. (4.15)

We denote this solution ϕ by ϕ(w̃). We next consider the problem{
λw − ν

ρs
∆w − ν̃

ρs
∇divw = F̃ ,

w|Σj,− = w|Σj,+
, w|Σn = 0.

. (4.16)

where

F̃ = f̃ −∇
(P ′(ρs)

γ2ρs
ϕ
)
− 1

γ2ρ2s
(ν∆vs + ν̃divvs)− vs · ∇w̃ − w̃ · ∇vs,

with ϕ = ϕ(w̃). Since Re(− ν
ρs
∆w − ν̃

ρs
∇divw, ρsw) = ν∥∇w∥22 + ν̃∥divw∥22,

there exists a unique solution w ∈ H1
0,per of (4.16) such that

λ∥w∥22+∥∇w∥22 ≤ C∥F̃∥2H−1 ≤ C{∥f̃∥22+
1

λ
∥f 0∥22+

1

λ
∥∇w̃∥22+∥w̃∥22} (4.17)

for λ ≥ λ0. We define the operator Γ : H1
0,per → H1

0,per by the solution
operator for (4.16), i.e., Γ(w̃) = w for w̃ ∈ H1

0,per, with w being the solution
of (4.16).

We introduce the norm ∥ · ∥(λ) = (λ∥ · ∥22 + ∥∇ · ∥22)
1
2 of H1

0,per. By (4.2),

Γ satisfies ∥Γ(w̃1)− Γ(w̃2)∥(λ) ≤ C
λ
∥w̃1 − w̃2∥(λ) for w̃1, w̃2 ∈ H1

0,per. Let λ ≥
λ1 = max{2C, λ0}. It then follows that ∥Γ(w̃1)−Γ(w̃2)∥(λ) ≤ 1

2
∥w̃1 − w̃2∥(λ),

and Γ is a contraction mapping on H1
0,per. Therefore, there exists a unique

w ∈ H1
0,per satisfying Γ(w) = w. For this fixed point w, we set ϕ = ϕ(w). It

then follows that u = ⊤(ϕ,w) ∈ D(L0|X1) is a solution of (4.10) with λ ≥ λ1.
We thus conclude that ρ(−L0|X1) ⊃ {λ; Reλ > −β0}. This completes the
proof.

Theorem 4.4. If ν ≥ ν0 and γ2

ν
≥ γ̃0 (by taking ν0 and γ̃0 suitably larger if

necessary), then

(i) X1 = R(L0) and X0 = Ker(L0),
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(ii) L2
per = Ker(L0)⊕ R(L0),

(iii) 0 is a simple eigenvalue of −L0.

Proof. Let f = ⊤(f 0, f̃) ∈ R(L0). There exists a function u ∈ D(L0) such
that L0u = f . Applying Π(0), we have 0 = Π(0)L0u = Π(0)f = ⟨f 0⟩u(0).
This implies ⟨f 0⟩ = 0, and hence, f ∈ X1. This shows R(L0) ⊂ X1. Let
f = ⊤(f 0, f̃) ∈ X1. By Lemma 4.3, there exists a unique function u =
⊤(ϕ,w) ∈ D(L0) satisfying L0u = f and ⟨ϕ⟩ = 0. This shows X1 ⊂ R(L0),
and (i) is proved. (ii) follows from (i), and (iii) follows from and Lemma
4.2. This completes the proof.

Theorem 4.5. If ν ≥ ν0 and γ2

ν
≥ γ̃0 (by taking ν0 and γ̃0 suitably larger if

necessary), then ρ(−L0) ⊃ {λ; Reλ ≥ −β0}\{0}. Furthermore, if Reλ ≥ −β0
and λ ̸= 0, then

(λ+ L0)
−1f =

1

λ
Π(0)f + ((λ+ L0)|X1)

−1Π1f,

∥(λ+ L0)
−1f∥2 ≤ C

( 1

|λ|
+

1

Reλ+ 2β0

)
∥f∥2,

∥∇Q̃(λ+ L0)
−1f∥2 ≤ C

( 1

|λ|
+

1

(Reλ+ 2β0)
1
2

)
∥f∥2.

Proof. By Theorem 4.4, problem (λ+ L0)u = f is equivalent to{
λΠ(0)u = Π(0)f,

(λ+ L0)u1 = f1,

where u1 = (I − Π(0))u ∈ D(L0) ∩X1 and f1 = (I − Π(0))f ∈ X1. Applying
Lemma 4.3 we see that if Reλ ≥ −β0 and λ ̸= 0, then

(λ+ L0)
−1f =

1

λ
Π(0)f + ((λ+ L0)|X1)

−1f1,

and

∥(λ+ L0)
−1f∥2 ≤ C

( 1

|λ|
+

1

Reλ+ 2β0

)
∥f∥2,

∥∇Q̃(λ+ L0)
−1f∥2 ≤ C

( 1

|λ|
+

1

(Reλ+ 2β0)
1
2

)
∥f∥2.

This completes the proof.
As for the spectrum of −L∗

0, we have the following
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Proposition 4.6. Define Π(0)∗ by

Π(0)∗u = ⟨u, u(0)⟩u(0)∗.

If ν ≥ ν0 and γ2

ν
≥ γ̃0 (by taking ν0 and γ̃0 suitably larger if necessary), then

the following assertions hold true.

(i) ρ(−L∗
0) ⊃ {λ; Reλ ≥ −β0}\{0}, 0 is a simple eigenvalue of −L∗

0,

(ii) Π(0)∗L∗
0 ⊂ L∗

0Π
(0)∗ = 0, Ker(L∗

0) = Π(0)∗L2
per = span{u(0)∗},

(iii) R(L∗
0) = (I − Π(0)∗)L2

per,

(iv) L2
per = Ker(L∗

0)⊕ R(L∗
0),

Moreover, if λ satisfying Reλ ≥ −β0 and λ ̸= 0, then

(λ+ L∗
0)

−1f =
1

λ
Π(0)∗f + ((λ+ L∗

0)|(I−Π(0)∗)L2
per

)−1(I − Π(0)∗)f,

∥(λ+ L∗
0)

−1f∥2 ≤ C
( 1

|λ|
+

1

Reλ+ 2β0

)
∥f∥2, (4.18)

∥∇Q̃(λ+ L∗
0)

−1f∥2 ≤ C
( 1

|λ| 12
+

1

|λ|
+

1

(Reλ+ 2β0)
1
2

+
1

Reλ+ 2β0

)
∥f∥2.

(4.19)

Proof. By the closed range theorem, we have (i)-(iv). Furthermore, if
Reλ ≥ −β0 and λ ̸= 0, we see from Theorem 4.5 that

⟨(λ+ L∗
0)

−1f, g⟩ = ⟨f, (λ+ L0)
−1g⟩

≤ ∥f∥2∥(λ+ L0)
−1g∥2

≤ C
( 1

|λ|
+

1

Reλ+ 2β0

)
∥f∥2∥g∥2,

and hence,

∥(λ+ L∗
0)

−1f∥2 ≤ C
( 1

|λ|
+

1

Reλ+ 2β0

)
∥f∥2. (4.20)

Computing ⟨(λ+ L∗
0)u, u⟩, we have

Reλ|||u|||22 − c|||u|||22 + ν∥∇w∥22 ≤ |||f |||2|||u|||2,

where c is a positive constant, and hence, if Reλ ≥ −β0 and λ ̸= 0, then

ν∥∇w∥22 ≤ C
{( 1

|λ|
+

1

Reλ+ 2β0

)
+
( 1

|λ|
+

1

Reλ+ 2β0

)2}
∥f∥22.

This completes the proof.
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4.3 Perturbation argument

In this subsection we develop a perturbation argument to investigate the
spectrum of −Lη′ for |η′| ≪ 1.

Proposition 4.7. If ν ≥ ν0 and γ2

ν
≥ γ̃0 (by taking ν0 and γ̃0 suitably larger

if necessary), then there exists a constant r0 > 0 such that if |η′| ≤ r0, then

Σ1 :=
{
λ; Reλ > −β0

2

}
\
{
λ; |λ| ≤ β0

4

}
⊂ ρ(−Lη′).

Furthermore,

∥(λ+ Lη′)
−1f∥2 ≤

C

Reλ+ β0
∥f∥2, (4.21)

∥∇Q̃(λ+ Lη′)
−1f∥2 ≤

C

(Reλ+ β0)
1
2

∥f∥2 (4.22)

for λ ∈ Σ1.

Proof. Recall that Lη′ = L0 +Mη′ . By Theorem 4.5, we have

∥(λ+ L0)
−1f∥2 + ∥∇Q̃(λ+ L0)

−1f∥2 ≤ C∥f∥2
for λ ∈ Σ1, and hence, since ∥Mη′u∥2 ≤ C|η′|(∥u∥2 + ∥∇w∥2), it holds that
∥Mη′(λ + L0)

−1f∥2 ≤ 2C|η′|∥f∥2. Therefore, if η′ satisfies |η′| < 1

2C
, then

λ ∈ ρ(−Lη′) and

(λ+ Lη′)
−1 = (λ+ L0)

−1

∞∑
N=0

(−1)N(Mη′(λ+ L0)
−1)N ,

∥(λ+ Lη′)
−1f∥2 ≤ C ′

( 1

|λ|
+

1

Reλ+ β0

) ∞∑
N=0

∥Mη′(λ+ L0)
−1∥N2 ∥f∥2

≤ C

Reλ+ β0
∥f∥2,

∥∇Q̃(λ+ Lη′)
−1f∥2 ≤ C

( 1

|λ|
+

1

(Reλ+ β0)
1
2

) ∞∑
N=0

∥Mη′(λ+ L0)
−1∥N2 ∥f∥2

≤ C

(Reλ+ β0)
1
2

∥f∥2.

This completes the proof.
We next establish an asymptotic formula for eigenvalues of −Lη′ near the

imaginary axis.
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Proposition 4.8. If ν ≥ ν0,
γ2

ν
≥ γ̃0 and |η′| ≤ r0 (by taking ν0, γ̃0 and r−1

0

suitably larger if necessary), then

σ(−Lη′) ∩ {|λ| < β0
2
} = {λη′}.

Here λη′ is a simple eigenvalue that satisfies

λη′ = −κ(η′) +O(|η′|3) (4.23)

as η′ → 0. Here

κ(η′) = i
n−1∑
j=1

ajηj +
n−1∑
j,k=1

ajkηjηk, (4.24)

where aj ∈ R and ajk ∈ R; ajk, j, k = 1, · · · , n− 1, satisfy

n−1∑
j,k=1

ajkηjηk ≥
κ0γ

2

ν
|η′|2 (η′ ∈ Rn−1) (4.25)

with some constant κ0 > 0 independent of ν, ν̃ and γ. As a consequence,

Reλη′ ≤ −κ0γ
2

2ν
|η′|2. (4.26)

Proof. Since

∥L(1)
j u∥2 ≤ C{∥u∥2 + ∥∇w∥2} ≤ C{∥L0u∥2 + ∥u∥2},

∥L(2)
jk u∥2 ≤ C∥w∥2 ≤ C{∥L0u∥2 + ∥u∥2},

in view of Theorem 4.5, we can apply the analytic perturbation theory to
see that σ(−Lη′) ∩ {|λ| < β0

2
} consist of a simple eigenvalue, say λη′ , for

sufficiently small η′, and that λη′ is expanded as

λη′ =
n−1∑
j=1

λ
(1)
j ηj +

n−1∑
j,k=1

λ
(2)
jk ηjηk +O(|η′|3)

as η′ → 0, where

λ
(1)
j = −⟨L(1)

j u(0), u(0)∗⟩,

λ
(2)
jk = −1

2
⟨(L(2)

jk + L
(2)
kj )u

(0), u(0)∗⟩+ 1

2
⟨(L(1)

j SL
(1)
k + L

(1)
k SL

(1)
j )u(0), u(0)∗⟩.
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Here S = [(I − Π(0))L0(I − Π(0))]−1. See, e.g., [16, Chap. VII], [23, Chap.
XII].

By the definition of L
(1)
j , u(0) and u(0)∗, we have

λ
(1)
j = −i⟨vjsϕ(0) + γ2ρsw

(0),j⟩.

As for λ
(2)
jk , since

1
2
⟨(L(2)

jk + L
(2)
kj )u

(0), u(0)∗⟩ = 0, it holds that

λ
(2)
jk =

1

2
⟨(L(1)

j SL
(1)
k + L

(1)
k SL

(1)
j )u(0), u(0)∗⟩

We set u
(k)
1 = ⊤(ϕ

(k)
1 , w

(k)
1 ) = SL

(1)
k u(0). Then u

(k)
1 is a solution of{

L0u
(k)
1 = (I − Π(0))L

(1)
k u(0),

⟨ϕ(k)
1 ⟩ = 0.

(4.27)

To prove (4.25), we prepare some estimates of u
(k)
1 .

Lemma 4.9. If ν ≥ ν0 and γ2

ν
≥ γ̃0 (by taking ν0 and γ̃0 suitably larger if

necessary), then

∥ϕ(k)
1 ∥H1 ≤ C, ∥w(k)

1 ∥H2 ≤
C

ν
. (4.28)

Proof. Since ∥(I − Π(0))L
(1)
k u(0)∥L2×H1 ≤ C, it follows from Proposition 3.1

and (5.6)k with k = 1 that

1

ν
∥ϕ(k)

1 ∥2H1 + ν∥w(k)
1 ∥2H2 ≤

C

ν

{
1 +

( 1

ν2
+
ν2

γ4

)
∥w(k)

1 ∥2H2 +
1

γ4
∥ϕ(k)

1 ∥2H1

}
.

Therefore, if ν ≥ ν0 and γ2

ν
≥ γ̃0, we have ∥ϕ(k)

1 ∥H1 ≤ C and ∥w(k)
1 ∥H2 ≤ C

ν
.

This completes the proof.
To proceed further, we introduce the functions U

(k)
1 = ⊤(Φ

(k)
1 ,W

(k)
1 ) ∈

H2
per,∗ × (H3

per ∩H1
0,per) (k = 1, · · · , n− 1), which are the unique solution of

the following Stokes system

ASU
(k)
1 = F (k), ⟨Φ(k)

1 ⟩ = 0. (4.29)

Here

AS =

(
0 div
∇ −∆

)
, F (k) =

(
0
ek

)
.
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Set ϕ̌
(k)
1 = iΦ

(k)
1 and w̌

(k)
1 = i

ν
W

(k)
1 . Then ǔ

(k)
1 = ⊤(ϕ̌

(k)
1 , w̌

(k)
1 ) is the

solution of
Aǔ(k)1 = iF (k), ⟨ϕ̌(k)

1 ⟩ = 0. (4.30)

Here

A =

(
0 γ2div
∇ −ν∆− ν̃∇div

)
.

Furthermore, we have the following lemma.

Lemma 4.10 ([15]). Let κ̌(η′) be defined by

κ̌(η′) =
n−1∑
j,k=1

ǎjkηjηk for η′ ∈ Rn−1,

where

ǎjk =
γ2

ν

1

|Ωper|
(∇W (j)

1 ,∇W (k)
1 ) =

γ2

ν
⟨ej,W (k)

1 ⟩.

Then there exists a constant κ̌0 > 0 independent of ν, ν̃ and γ such that

κ̌(η′) ≥ κ̌0γ
2

ν
|η′|2 for all η′ ∈ Rn−1. (4.31)

To prove (4.25) we will show that κ̌(η′) is the principal part of Reκ(η′)

when ν and γ2

ν
are large enough. We estimate the difference of u

(k)
1 and ǔ

(k)
1 .

Lemma 4.11. If ν ≥ ν0 and γ2

ν
≥ γ̃0 (by taking ν0 and γ̃0 suitably larger if

necessary), then

∥ϕ(k)
1 − ϕ̌

(k)
1 ∥2 ≤ C

( 1

γ2
+

1

ν2

)
, ∥w(k)

1 − w̌
(k)
1 ∥2 ≤ C

( 1

νγ2
+

1

ν3

)
.

Proof. We write L0u
(k)
1 = (I − Π(0))L

(1)
k u(0) as

Au(k)1 = −Cu(k)1 + (I − Π(0))L
(1)
k u(0).

Here C is defined by

C = L0 −A =

(
div(·vs) γ2div(ϕs·)

∇(P̃ (1)(ϕs)ϕs·) ν ϕs

1+ϕs
∆+ ν̃ ϕs

1+ϕs
∇div

)
+

(
0 0

1
γ2ρ2s

(ν∆vs + ν̃∇divvs) vs · ∇+ ⊤∇vs

)
.
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It then follows that

A(u
(k)
1 − ǔ

(k)
1 ) = −Cu(k)1 + (I − Π(0))L

(1)
k u(0) − iF (k),

and hence,
((A(u

(k)
1 − ǔ

(k)
1 ), u

(k)
1 − ǔ

(k)
1 )) = I1 + I2,

where

I1 = −((Cu(k)1 , u
(k)
1 − ǔ

(k)
1 )),

I2 = (((I − Π(0))L
(1)
k u(0) − iF (k), u

(k)
1 − ǔ

(k)
1 )).

The left-hand side is estimated as

((A(u
(k)
1 − ǔ

(k)
1 ), u

(k)
1 − ǔ

(k)
1 ))

≥ ν∥∇(w
(k)
1 − w̌

(k)
1 )∥22 + ν̃∥div(w(k)

1 − w̌
(k)
1 )∥22 +

δ

2
∥ϕ(k)

1 − ϕ̌
(k)
1 ∥22

− Cδ{ν2∥∇(w
(k)
1 − w̌

(k)
1 )∥22 + ν̃2∥div(w(k)

1 − w̌
(k)
1 )∥22 + γ2∥w(k)

1 − ǔ
(k)
1 ∥22}.

Taking δ = 1
2C

min{ 1
ν
, ν

γ2}, we have

((A(u
(k)
1 − ǔ

(k)
1 ), u

(k)
1 − ǔ

(k)
1 ))

≥ ν

2
∥∇(w

(k)
1 − w̌

(k)
1 )∥22 +

ν̃

2
∥div(w(k)

1 − w̌
(k)
1 )∥22 +

δ

2
∥ϕ(k)

1 − ϕ̌
(k)
1 ∥22.

(4.32)

By Proposition 3.1 and Lemma 4.9, we see that I1 is estimated as

|I1| ≤C
{( 1

νγ2
+

δ

ν2

)
∥ϕ(k)

1 − ϕ̌
(k)
1 ∥2 +

( 1

γ2
+

1

ν2

)
∥w(k)

1 − w̌
(k)
1 ∥2

}
. (4.33)

As for I2, we observe that

(I − Π(0))L
(1)
k u(0) − iF (k) = L̃

(1)
k u(0) − Π(0)L

(1)
k u(0),

where

L̃
(1)
k u(0) = L

(1)
k u(0) − iF (k)

= i

(
vks γ2ρs

⊤ek(
P ′(ρs)
γ2ρs

− 1
)
ek − 1

ρs

(
2νek ⊗ ek∂xk

+ ν̃ekdiv − ν̃∇(⊤ek)
)
+ vks

)
u(0)

Therefore, by Proposition 3.1, Proposition 4.1 and Lemma 4.9, we have

|I2| ≤ C
{ 1

νγ2
∥ϕ(k)

1 − ϕ̌
(k)
1 ∥2 +

1

γ2
∥w(k)

1 − w̌
(k)
1 ∥2

}
. (4.34)
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From (4.32), (4.33) and (4.34), we conclude

∥ϕ(k)
1 − ϕ̌

(k)
1 ∥2 ≤ C

( 1

γ2
+

1

ν2

)
, ∥w(k)

1 − w̌
(k)
1 ∥2 ≤ C

( 1

νγ2
+

1

ν3

)
.

This completes the proof.
Proof of (4.25). We now turn to the proof of (4.25). Since ρs = 1+ϕs and

w̌
(k)
1 = i

ν
W

(k)
1 , by Lemma 4.10 and 4.11, we have

n−1∑
j,k=1

ηjηk⟨Q0L
(1)
j SL

(1)
k u(0)⟩ = i

n−1∑
j,k=1

ηjηk⟨vjsϕ
(k)
1 + γ2ρsej · w(k)

1 ⟩

= −
n−1∑
j,k=1

ηjηk(
γ2

ν
⟨ej ·W (k)

1 ⟩ − iγ2⟨ej · (w(k)
1 − w̌

(k)
1 )⟩)

+ i
n−1∑
j,k=1

ηjηk⟨vjsϕ
(k)
1 + γ2ϕsej · w(k)

1 ⟩

≤ −γ
2

ν

{ κ̌0
2

− C
(1
ν
+

1

γ2

)}
|η′|2,

and we have

n−1∑
j,k=1

λ
(2)
jk ηjηk ≤ −γ

2

ν

{ κ̌0
2

− C
(1
ν
+

1

γ2

)}
|η′|2.

If ν ≥ ν0 and γ2

ν
≥ γ̃0, it holds that

n−1∑
j,k=1

λ
(2)
jk ηjηk ≤ − κ̌0γ

2

4ν
|η′|2. (4.35)

This completes the proof.

4.4 Boundedness of eigenprojections

In this subsection we estimate the eigenprojections Πη′ for eigenvalues λη′ of
−Lη′ . By Proposition 4.6, we have the following resolvent estimates for −L∗

η′

with |η′| ≤ r0.

Proposition 4.12. If ν ≥ ν0 and
γ2

ν
≥ γ̃0 (by taking ν0 and γ̃0 suitably larger

if necessary), then there exists a constant r0 > 0 such that if |η′| ≤ r0, then
Σ1 ⊂ ρ(−L∗

η′) and

∥(λ+ L∗
η′)

−1f∥2 ≤
C

Reλ+ β0
∥f∥2, (4.36)
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∥∇Q̃(λ+ L∗
η′)

−1f∥2 ≤
C

(Reλ+ β0)
1
2

∥f∥2 (4.37)

uniformly for λ ∈ Σ1.

Proof. We define M∗
η′ by M

∗
η′ = L∗

η′ − L∗
0:

M∗
η′ =

 −ivs · η̃′ −iγ2η̃′ · (ρs·)

−iη̃′
(P ′(ρs)

γ2ρs
·
)

− ν
ρs
(|η′|2 − 2iη̃′ · ∇)In − i ν̃

ρs
η̃′⊤∇η′


+

(
0 0

0 −i 1
ρs
vs · η̃′(ρs·) + iη̃′⊤vs

)
. (4.38)

Since ∥M∗
η′u∥2 ≤ C|η′|(∥u∥2+ ∥∇w∥2), Proposition 4.12 follows from Propo-

sition 4.6 as in the proof of Proposition 4.7.
We next investigate the estimate for (λ+L∗

0)
−1f in a higher order Sobolev

space.

Proposition 4.13. There exists a constant β̃0 > 0 such that if ν ≥ ν0 and
γ2

ν
≥ γ̃0, then, for any β1 ∈ (0, β̃0], the estimate

∥(λ+ L∗
0)

−1f∥H2×H3 ≤ C∥f∥H2×H1

holds uniformly for λ satisfying β1

2
≤ |λ| ≤ β1.

Proof. We write (λ+ L∗
0)u = f as

(λ+ L̃∗
0)u+ M̃∗u = f, (4.39)

where L̃∗
0 : H

2
per ×H1

per −→ H2
per ×H1

per is defined by

L̃∗
0 =

(
−div(vs·) −γ2div

−∇ −ν∆− ν̃div

)
with domain

D(L̃∗
0) = {u ∈ H2

per × (H3
per ∩H1

0,per); L̃
∗
0u ∈ H2

per ×H1
per}.

Here

M̃∗ =

(
−vs · ∇

(
P ′(ρs)
ρs

)
ρs

P ′(ρs)
−γ2div(ϕs·)

−∇(ϕsP̃
(1)(ϕs)·) ϕs

ρs
(ν∆+ ν̃∇div)

)

+

(
divvs

γ2

P ′(ρs)
(ν∆⊤vs + ν̃⊤∇divvs)

0 −divvs − 1
ρs
vs · ∇(ρs·) +∇⊤vs

)
.
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To prove the proposition, we first show the invertibility of λ + L̃∗
0 for

|λ| ≪ 1 and then regard M̃∗ as a small perturbation of λ + L̃∗
0. To this

end, we introduce the operator A∗[vs] : H
2
per,∗ ×H1

per −→ H2
per,∗ ×H1

per with

domain D(A∗[vs]) = D(L̃∗
0) ∩ (H2

per,∗ × H1
per) defined by A∗[vs]u = L̃∗

0u for
u ∈ D(A∗[vs]). We observe that there exists a unique solution u ∈ D(A∗[vs])
of (λ+A∗[vs])u = F for any F ∈ H2

per,∗×H1
per if Reλ ≥ −Λ for some constant

Λ > 0 and u satisfies estimate (5.5)2 and, in particular, (5.6)k with k = 2
when λ = 0. This can be seen with obvious modification of the proof of
Theorem 5.1.

We also introduce the norm ∥u∥∗H2×H1 = ∥ϕ∥H2+ν∥w∥H1 for u = ⊤(ϕ,w).
Recall that ∥u∥∗H2×H3 = ∥ϕ∥H2 + ν∥w∥H3 .

As in the proof of Proposition 4.1, we see from (5.6)k with k = 2, that

there exist ν̂0 > 0 and γ̂0 > 0 such that if ν ≥ ν̂0 and γ2

ν
≥ γ̂0, then

∥(A∗[vs])
−1F∥∗H2×H3 ≤ C1

{ ν
γ2

∥F 0∥H2 + ∥F̃∥H1

}
(4.40)

for F = ⊤(F 0, F̃ ) ∈ H2
∗,per ×H1

per. By (4.40), we have

∥λ(A∗[vs])
−1u∥∗H2×H3 ≤ C2|λ|∥u∥∗H2×H1 ≤ C2|λ|∥u∥∗H2×H3 ,

where C2 = C2(ν̂0, γ̂0) > 0. Therefore, if |λ| ≤ 1
2C2

, then there exists a

unique u ∈ D(A∗[vs]) satisfying u = −λ(A∗[vs])
−1u+ (A∗[vs])

−1F , i.e., (λ+
A∗[vs])u = F , and u = (λ+A∗[vs])

−1F satisfies

∥u∥∗H2×H3 ≤ 2C2∥F∥∗H2×H1 . (4.41)

We next show the invertibility of λ+ L̃∗
0. We set ũ(0) = ⊤(1, 0) and define

Π̃(0) by Π̃(0)u = ⟨ϕ⟩ũ(0) for u = ⊤(ϕ,w). Then Π̃(0) is a projection. We also
set Π̃1 = I − Π̃(0).

Consider the problem

(λ+ L̃∗
0)u = F, u ∈ D(L̃∗

0). (4.42)

Since Π̃(0)L̃∗
0u = 0, (4.42) is decomposed into the following system:

λΠ̃(0)u = Π̃(0)F,

λΠ̃1u+A∗[vs]Π̃1u+ Π̃1A∗[vs]Π̃
(0)u = Π̃1F,

u ∈ D(L̃∗
0).

(4.43)

By the first equation of (4.43), if λ ̸= 0, then

Π̃(0)u =
1

λ
Π̃(0)F. (4.44)
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We set β̃0 = 1
2C2

. Let λ satisfy β1

2
≤ |λ| ≤ β1 for β1 ∈ (0, β̃0]. Substituting

(4.44) into the second equation of (4.43), we have

λΠ̃1u+A∗[vs]Π̃1u = Π̃1F − 1

λ
Π̃1A∗[vs]Π̃

(0)F. (4.45)

We set G = Π̃1F − 1
λ
Π̃1A∗[vs]Π̃

(0)F . Then G ∈ Π̃1[H
2
per × H1

per] ⊂ H2
per,∗ ×

H1
per. If λ satisfies β1

2
≤ |λ| ≤ β1, there exists a function u1 = ⊤(ϕ1, w1) ∈

D(A∗[vs]) satisfying (λ+A∗[vs])u1 = G. Furthermore, by (4.41) and Propo-
sition 3.1, u1 satisfies

∥u1∥∗H2×H3 ≤ 2C2∥G∥∗H2×H1 ≤ C3

(
1 +

1

νβ1

)
∥F∥∗H2×H1 (4.46)

for β1

2
≤ |λ| ≤ β1 with some C3 = C3(ν̂0, γ̂0) > 0.

We set u = 1
λ
Π̃(0)F + u1. Since Π̃(0)u1 = ⟨ϕ1⟩ũ(0) = 0, it holds that

Π̃(0)u = 1
λ
Π̃(0)F , and we have Π̃1u = u1. Consequently, u is a solution of

(4.42). By (4.44) and (4.46), u = (λ+ L̃∗
0)

−1F satisfies

∥u∥∗H2×H3 ≤
1

|λ|
∥Π̃(0)F∥∗H2×H3 + ∥u1∥∗H2×H3 ≤ C4∥F∥∗H2×H1 (4.47)

for β1

2
≤ |λ| ≤ β1. Here C4 = C4(ν̂0, γ̂0, β1) > 0. This implies that (λ+L̃∗

0)
−1 :

H2
per×H1

per → H2
per×(H3

per∩H1
0,per) is bounded and u = (λ+L̃∗

0)
−1F satisfies

(4.47).
We finally prove the invertibility of λ+L∗

0 = λ+L̃∗
0+M̃

∗. By Proposition
3.1, we have

∥M̃∗u∥∗H2×H1 ≤ C
(1
ν
+

1

γ2ν
+
ν + ν̃

γ2

)
∥u∥∗H2×H3 . (4.48)

It then follows from (4.47) and (4.48) that

∥(λ+ L̃∗
0)

−1M̃∗u∥∗H2×H3 ≤ CC4

(1
ν
+

1

γ2ν
+
ν + ν̃

γ2

)
∥u∥∗H2×H3 .

Therefore, there exist ν0 > 0 and γ̃0 > 0 such that if ν ≥ ν0 and
γ2

ν
≥ γ̃0, there

exists a unique u ∈ D(L̃∗
0) satisfying u = −(λ+L̃∗

0)
−1M̃∗u+(λ+L̃∗

0)
−1f , that

is, a unique solution u ∈ D(L̃∗
0) of (4.39), and u = (λ+ L̃∗

0+ M̃
∗)−1f satisfies

the estimate ∥u∥∗H2×H3 ≤ 2C4∥f∥∗H2×H1 . SinceH2
per×(H3

per∩H1
0,per) ⊂ D(L∗

0),
we have u = (λ+ L∗

0)
−1f . This completes the proof.

We are now in a position to estimate the eigenprojections.
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Proposition 4.14. If ν ≥ ν0,
γ2

ν
≥ γ̃0 and |η′| ≤ r0 (by taking ν0 and γ̃0

suitably larger if necessary), then

∥Πη′u∥2 ≤ C∥u∥1, (4.49)

∥(Πη′ − Π(0))u∥2 ≤ C|η′|∥u∥1. (4.50)

Proof. By Proposition 4.7, we see that Πη′ and Π∗
η′ are given by

Πη′ =
1

2πi

∫
|λ|=β0

4

(λ+ Lη′)
−1dλ, Π∗

η′ =
1

2πi

∫
|λ|=β0

4

(λ+ L∗
η′)

−1dλ.

Then uη′ = Πη′u
(0) is an eigenfunction of −Lη′ for the eigenvalue λη′ and

u∗η′ = Π∗
η′u

(0)∗ is an eigenfunction of −L∗
η′ for λ

∗
η′ = λη′ . Since λη′ is a simple

eigenvalue, the eigenprojection Πη′ is represented as

Πη′u =
⟨u, u∗η′⟩
⟨uη′ , u∗η′⟩

uη′ .

From the proof of Proposition 4.7, we see that (λ+Lη′)
−1 is expanded as

(λ+ Lη′)
−1 = (λ+ L0)

−1 +Rη′(λ)

and Rη′(λ) is estimated as

∥Rη′(λ)f∥2 ≤ C|η′|∥f∥2, ∥∇Q̃Rη′(λ)f∥2 ≤ C|η′|∥f∥2

uniformly for |η′| ≤ r0 and |λ| = β0

4
. We write uη′ as

uη′ =
1

2πi

∫
|λ|=β0

4

(λ+ L0)
−1u(0)dλ+

1

2πi

∫
|λ|=β0

4

Rη′(λ)u
(0)dλ

= u(0) + u
(1)
η′ ,

where u
(1)
η′ = 1

2πi

∫
|λ|=β0

4

Rη′(λ)u
(0)dλ. Then u

(1)
η′ satisfies

∥u(1)η′ ∥2 ≤ C|η′|, ∥∇Q̃u(1)η′ ∥2 ≤ C|η′|.

Similarly, u∗η′ is written as u∗η′ = u(0)∗+u
(1)∗
η′ , where u

(1)∗
η′ = 1

2πi

∫
|λ|=β0

4

R∗
η′(λ)u

(0)dλ.

By Proposition 4.13, u
(1)∗
η′ is estimated as ∥u(1)∗η′ ∥H2 ≤ C|η′|. Thus, by a sim-

ilar argument to that in [15, Theorem 4.11], we obtain the desired estimates
(4.49) and (4.50). This completes the proof.
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4.5 Estimates of the Π-part of the semigroup

We finally prove Theorem 3.2. We set

Π = Uχ0Πη′T, χ0 =

{
1 |η′| ≤ r0,

0 |η′| ≥ r0.

We see from Proposition 2.2 that Π2 = Π. Furthermore, by Proposition 4.8,
we have

e−tLΠu0 = Uχ0e
−tLη′Πη′Tu0 = Uχ0e

λη′ tΠη′Tu0.

Then, in a similar manner to the proof of [15], by using Proposition 4.8 and
4.14, we obtain the desired result. This completes the proof.

5 Resolvent estimates for the principal part

of L0

In this section we give a unique existence of solution of the following problem
which provides the principal part of L0. We consider the problem:

λϕ+ γ2divw + div(ϕv) = f 0, (5.1)

λw − ν∆w − ν̃∇divw +∇ϕ = f̃ , (5.2)

under the condition

w|Σn = 0, ϕ|Σj,− = ϕ|Σj,+
, w|Σj,− = w|Σj,+

(j = 1, · · · , n− 1), (5.3)

⟨ϕ⟩ = 0. (5.4)

Here λ ∈ C is a parameter and v = ⊤(v1, · · · , vn) ∈ H4
per is a given function.

Throughout this section we assume that ν and ν̃ satisfy (2.4), and thus,
we use relation (2.5). The letter C denotes positive constants depending only
on ν∗ and Ωper.

We have the following a priori estimates.

Theorem 5.1. Let k = 0, 1, 2, 3. There exists a constant Λ > 0 such that if

Reλ ≥ −Λ and ∥v∥
H3+(k−2)+

≤ Cmin
{

γ2

ν
, ν, γ

}
, then problem (5.1)-(5.4)

as a unique solution u = ⊤(ϕ,w) ∈ Hk
per,∗ × (Hk+1

per ∩ H1
0,per) and u satisfies

the following estimates (5.5)j, 0 ≤ j ≤ k:

Re(λ+ Λ)(γ−2∥ϕ∥22 + ∥w∥22) +
ν

2
∥∇w∥22 +

ν̃

2
∥divw∥22 +

δ1
2
∥ϕ∥22

≤ C
{( 1

δ1γ4
+
δ21
ν

)
∥f 0∥22 +

1

ν
∥f̃∥2H−1

}
,

(5.5)0
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Re(λ+ Λ)(γ−2∥ϕ∥2H1 + ∥w∥2H1) +
1

ν
∥ϕ∥2H1 + ν∥w∥2H2 +

γ2

ν + ν̃
∥∇w∥22

≤ C
{(ν + ν̃

γ4
+

1

ν3

)
∥f 0∥2H1 +

(1
ν
+
γ2

ν3

)
∥f̃∥22

}
,

(5.5)1

Re(λ+ Λ)(γ−2∥ϕ∥2H2 + ∥w∥2H1) +
1

ν
∥ϕ∥2H2 + ν∥w∥2H3 +

γ2

ν + ν̃
∥∇w∥22

≤ C
{ |λ|2

(ν + ν̃)2

(( 1

δ1γ4
+
δ21
ν

)
∥f 0∥22 +

1

ν
∥f̃∥2H−1

)
+
(ν + ν̃

γ4
+

1

ν3

)
∥f 0∥2H2 +

1

ν
∥f̃∥2H1 +

γ2

ν3
∥f̃∥22

}
,

(5.5)2

Re(λ+ Λ)(γ−2∥ϕ∥2H3 + ∥w∥2H2) +
1

ν
∥ϕ∥2H3 + ν∥w∥2H4 +

γ2

ν + ν̃
∥∇w∥22

≤ C
{ |λ|2

(ν + ν̃)2

((ν + ν̃

γ4
+

1

ν3
+

1

δ1γ4
+
δ21
ν

)
∥f 0∥22 +

(1
ν
+
γ2

ν3

)
∥f̃∥2H−1

)
+
(ν + ν̃

γ4
+

1

ν3

)
∥f 0∥2H3 +

1

ν
∥f̃∥2H2 +

γ2

ν3
∥f̃∥22

}
.

(5.5)3

Here δ1 is any positive number satisfying 0 < δ1 ≤ Cmin
{

1
γ
, 1
ν
, ν
γ2

}
.

In particular, when λ = 0, u = ⊤(ϕ,w) satisfies

1

ν
∥ϕ∥2Hk + ν∥w∥2Hk+1 ≤ C

{ν + ν̃

γ4
∥f 0∥2Hk +

1

ν
∥f̃∥2Hk−1

}
(5.6)k

for k = 1, 2, 3.

To prove Theorem 5.1, we first establish a prirori estimates (5.5)0-(5.5)3,
and then using the a priori estimates and the result by Heywood-Padula [10],
we will prove the existence of solutions.

a. A priori estimate

In this subsection we will prove the a priori estimate (5.5)3 by the Matsumura-
Nishida energy method [22].

Lemma 5.2. Let (ϕ,w) be a solution of (5.1)-(5.4). Then

Reλ(γ−2∥ϕ∥22 + ∥w∥22) + ν∥∇w∥22 + (ν + ν̃)∥divw∥22

≤ C
{ 1

εγ4
∥f 0∥22 +

1

ν
∥f̃∥2H−1 +

1

γ2
∥v∥H3∥ϕ∥22 + ε∥ϕ∥22

}
,

(5.7)
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Reλ(γ−2∥ϕ∥22 + ∥w∥22) +
ν

2
∥∇w∥22 +

ν̃

2
∥divw∥22 +

δ1
2
∥ϕ∥22

≤ C
{( 1

δ1γ4
+
δ21
ν

)
∥f 0∥22 +

1

ν
∥f̃∥2H−1

}
,

(5.8)

for ε > 0, where δ1 =
1
2C

min
{

1
γ
, 1
ν
, ν
γ2

}
.

Proof. Taking the inner products of (5.1) and (5.2) with 1
γ2ϕ and w, respec-

tively, we have

Reλ(γ−2∥ϕ∥22 + ∥w∥22) + ν∥∇w∥22 + ν̃∥divw∥22

= Re
{
− 1

γ2
(div(ϕv), ϕ) +

1

γ2
(f 0, ϕ) + (f̃ , w)

}
.

Since Re(div(ϕv), ϕ) = 1
2
Re(divv, |ϕ|2) ≤ ∥divv∥∞∥ϕ∥22 ≤ ∥v∥H3∥ϕ∥22, we

have

Reλ(γ−2∥ϕ∥22 + ∥w∥22) + ν∥∇w∥22 + ν̃∥divw∥22

≤ C
{1
ν
∥f̃∥2H−1 +

1

εγ4
∥f 0∥22 +

1

γ2
∥v∥H3∥ϕ∥22 + ε∥ϕ∥22

}
for arbitrary ε > 0. We thus obtain (5.7).

We next prove (5.8). We have

Reλ((u, u)) +
1

γ2
Re(div(ϕv) + γ2divw, ϕ) + Re(∇ϕ− ν∆w − ν̃∇divw,w)

− δ1Re(∇ϕ− ν∆w − ν̃∇divw,Bϕ)− δ1Re(B(γ2divw + div(ϕv)), w)

≥ Reλ((u, u)) + ν∥∇w∥22 + ν̃∥divw∥22 −
1

γ2
∥v∥H3∥ϕ∥22

− δ1Re(∇ϕ− ν∆w − ν̃∇divw,Bϕ)− δ1Re(B(γ2divw + div(ϕv)), w).

By Lemma 2.3, we have

Re(∇ϕ− ν∆w − ν̃∇divw,Bϕ) ≤ −1

2
∥ϕ∥22 + C{ν2∥∇w∥22 + ν̃2∥divw∥22},

Re(B(γ2divw + div(ϕv)), w) ≤ ∥B(γ2divw + div(ϕv))∥2∥w∥2
≤ C{γ2∥w∥2 + ∥ϕv∥2}∥w∥2
≤ C{γ2∥w∥2 + ∥v∥H4∥ϕ∥2}∥w∥2.

We set δ1 =
1
2C

min
{

1
γ
, 1
ν
, ν
γ2

}
andM = min{γ2

ν
, ν, γ}. Then if ∥v∥H4 ≤ CM ,

we have

Re(λ+ Λ)(γ−2∥ϕ∥22 + ∥w∥22) +
ν

2
∥∇w∥22 +

ν̃

2
∥divw∥22 +

δ1
2
∥ϕ∥22

≤ C
{( 1

δ1γ4
+
δ21
ν

)
∥f 0∥22 +

1

ν
∥f̃∥22

}
.
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Lemma 5.3. Let χ0 ∈ C∞
0,per(Ωper). Then

Reλ(γ−2∥χ0∂
k
xϕ∥22 + ∥χ0∂

k
xw∥22) + ν∥χ0∇∂kxw∥22 + (ν + ν̃)∥χ0div∂

k
xw∥22

≤ C
{(
ν + ν̃ +

1

δ

)
∥∂kxw∥22 +

1

δγ4
∥f 0∥2Hk +

1

ν
∥f̃∥2Hk−1

+
1

γ2
∥v∥

H3+(k−2)+
∥ϕ∥2Hk + δ∥ϕ∥2Hk

}
(5.9)

for k = 1, 2, 3 and arbitrary δ satisfying 0 < δ < 1.

Proof. Applying ∂x to (5.1) and (5.2) and taking the inner product of the
resulting equations with χ2

0∂xϕ and χ2
0∂xw, respectively, we have

Reλ(γ−2∥χ0∂xϕ∥22 + ∥χ0∂xw∥2H2) + ν∥χ0∇∂xw∥22 + ν̃∥χ0div∂xw∥22

= Re
{
− 1

γ2
(∂xdiv(ϕv), χ

2
0∇ϕ) + (−ν∂2xw − ν̃∂xdivw + ∂xϕ, 2χ0∇χ0∂xw)

− (f̃ , χ2
0∂

2
xw + 2χ0∇χ0∂xw) +

1

γ2
(∂xf

0, χ2
0∇ϕ)

}
.

Since Re(∂xdiv(ϕv), χ
2
0∂xϕ) ≤ C∥v∥H3∥ϕ∥2H1 , we have

Reλ(γ−2∥χ∂xϕ∥22 + ∥χ∂xw∥2H2) + ν∥χ0∇∂xw∥22 + ν̃∥χ0div∂xw∥22

≤ C
{
ν∥∇w∥22 +

1

δ
∥∇w∥22 +

1

ν
∥f̃∥22 +

1

γ2
∥v∥H3∥ϕ∥2H1 +

1

γ4δ
∥f 0∥2H1 + δ∥ϕ∥2H1

}
for arbitrary δ satisfying 0 < δ < 1. We thus obtain (5.9). As for higher order
derivatives, since Re(∂kxdiv(ϕv), χ

2
0∂

k
xϕ) ≤ C∥v∥

H3+(k−2)+
∥ϕ∥2

Hk (k = 2, 3),

we can prove (5.9) for k = 2, 3 in a similar manner.
We next derive the estimates near the boundary. We introduce local

coordinates Ψ(y1, · · · , yn−1, yn) near the boundary Σn. For each x̄ ∈ Σn,
there exists an open neighborhood O of x̄ such that each x ∈ O is written as

x = Ψ(y′, yn) ≡ λ(y′) + ynn(λ(y
′)),

where y′ = (y1, · · · , yn−1) and λ(y′) is local coordinates on Σn ∩ O and n
is the outward unit normal vector to Σn. We set y = (y′, yn) and denote
the tangential and normal derivatives by ∂ = (∂y1 , · · · , ∂yn−1) and ∂N = ∂yn ,
respectively.

As for the tangential derivatives, we have the following estimates.
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Lemma 5.4. Let χ ∈ C∞
0 (O). Then

Reλ(γ−2∥χ∂kϕ∥22 + ∥χ∂kw∥22) + ν∥χ∂k∇w∥22 + (ν + ν̃)∥χ∂kdivw∥22

≤ C
{(
ν + ν̃ +

1

δ

)
∥∇w∥2Hk−1 +

1

δγ4
∥f 0∥2Hk +

1

ν
∥f̃∥2Hk−1

+
1

γ2
∥v∥

H3+(k−2)+
∥ϕ∥2Hk + δ∥ϕ∥2Hk

} (5.10)

for k = 1, 2, 3 and arbitrary δ satisfying 0 < δ < 1.

Proof. Using the local coordinates Ψ(y), we rewrite (5.1)-(5.2) on O ∩Ωper

as{
λϕ̃+ γ2akj∂ykw̃

j + akj∂yk(ϕ̃ṽ
j
s) = f 0 ◦Ψ,

λw̃j − νaki∂yk(asi∂ysw̃
j)− ν̃akj∂yk(asi∂ysw̃

i) + akj∂yk ϕ̃ = f̃ ◦Ψ
(5.11)

on Ψ−1(O ∩ Ωper), where j = 1, · · · , n, w̃(y) = w(Ψ(y)), ϕ̃(y) = ϕ(Ψ(y)),
ṽs(y) = vs(Ψ(y)), ρ̃s(y) = ρs(Ψ(y)), ηn = 0, akj = akj(y) is the entry (k, j)
of (DΨ)−1 = (DΨ−1) ◦ Ψ. DΨ = (∂yjΨ

k) is the Jacobian matrix of Ψ.
Applying ∂ky′ to (5.11) and taking the inner product of the resulting equation

with χ2∂y′ũ, ũ = ⊤(ϕ̃, w̃), we have the desired estimate in a similar manner
to the proof of Lemma 5.3.

Concerning the normal derivative of ϕ, we have the following estimates.

Lemma 5.5. Let χ ∈ C∞
0 (O). Then

Reλ
ν + ν̃

γ2
∥χ∂k∂l+1

N ϕ∥22 + ∥χ∂k∂l+1
N ϕ∥22

≤ C
{
|λ|2∥w∥2Hk+l + ν2∥χ∂k+1∂lN∇w∥22 +

(ν + ν̃)2

γ4
∥f 0∥2Hk+l+1

+ ∥f̃∥2Hk+l +
ν + ν̃

γ2
∥v∥

H3+(k+l−2)+
∥ϕ∥2Hk+l+1

} (5.12)

for k + l = 0, 1, 2.

Proof. We apply ν+ν̃
γ2 ∂N to (5.1) and take the inner product of (5.2) with n,

we have

λ
ν + ν̃

γ2
∂Nϕ+ (ν + ν̃)∂Ndivw +

ν + ν̃

γ2
∂Ndiv(ϕv) =

ν + ν̃

γ2
∂Nf

0,

λw · n− ν∆w · n− ν̃∂Ndivw + ∂Nϕ = f̃ · n. (5.13)
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Adding these two equations, we obtain

λ
ν + ν̃

γ2
∂Nϕ+ ∂Nϕ

= −λw · n+ ν(∆w · n− ∂Ndivw) + f̃ · n+
ν + ν̃

γ2
∂Nf

0 − ν + ν̃

γ2
∂Ndiv(ϕv).

(5.14)

Applying ∂k∂lN (k + l = 0, 1, 2) to (5.14), we take the inner product of the
resulting equation with χ2∂k∂l+1

N ϕ (k + l = 0, 1, 2). By integration by parts,
we have the desired estimate.

Lemma 5.6. Let χ ∈ C∞
0 (O). Then

(ν + ν̃)∥χ∂k∂l+1
N divw∥22

≤ C
{ |λ|2

ν + ν̃
∥w∥2Hk+l + ν∥χ∂k+1∂lN∇w∥22 +

1

ν + ν̃
∥χ∂k∂l+1

N ϕ∥22

+
ν + ν̃

γ4
∥f 0∥2Hk+l+1 +

1

ν + ν̃
∥f̃∥2Hk+l +

1

γ2
∥v∥

H3+(k+l−2)+
∥ϕ∥2Hk+l+1

} (5.15)

for k + l = 0, 1, 2.

Proof. Adding (ν + ν̃)∂Ndivw to (5.13), we have

(ν + ν̃)∂Ndivw = λw · n+∇ϕ · n− ν(∆w · n− ∂Ndivw)− f̃ · n. (5.16)

Multiplying (5.16) by χ2∂Ndivw and integrating the resulting equation, we
obtain

(ν+ν̃)∥χ∂Ndivw∥22 ≤ C
{ |λ|2

ν + ν̃
∥w∥22+

1

ν + ν̃
∥χ∂Nϕ∥22+ν∥χ∂∇w∥22+

1

ν + ν̃
∥f̃∥22

}
.

As for higher order derivatives we apply ∂k∂lN to (5.16) and take the inner
product of the resulting equation with χ2∂k∂l+1

N divw. Substituting (5.12) for
the resulting equation, we have the desired estimate.

We next estimate ∥χ∂k∂l+2
x w∥22 for k + l = 0, 1.

Lemma 5.7. Let χ ∈ C∞
0 (O). Then, for arbitrary δ satisfying 0 < δ < 1,

ν∥χ∂k∂l+2
x w∥22 +

1

ν
∥χ∂k∂l+1

x ϕ∥22

≤ C
{λ2
ν
∥w∥2Hk+l + (ν + ν̃)∥∇w∥2Hk+l +

1

ν
∥ϕ∥2Hk+l +

1

ν
∥f̃∥2Hk+l

+ (ν + ν̃)∥χ∂k∂l+1
x divw∥22

} (5.17)

for k + l = 1, 2, k ≥ 1.
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Proof. Applying χ∂k(k = 1, 2) to (5.1) and (5.2), it holds that
div(χ∂kw) = F 0 in O ∩ Ωper,

−∆(χ∂kw) +
1

ν
∇(χ∂kϕ) = F̃ in O ∩ Ωper,

(χ∂kw)|Σj,− = (χ∂kw)|Σj,+
, (j = 1, · · · , n− 1),

(χ∂kw)|Σn = 0,

(5.18)

where

F 0 = [∇, χ∂k]w − λχ∂kϕ− 1

γ2
χ∂kdiv(ϕv) +

1

γ2
χ∂kf 0,

F̃ = [∆, χ∂k]w +
1

ν
[∇, χ∂k]ϕ− λ

ν
χ∂kw − ν̃

ν
χ∂k∇divw +

1

ν
χ∂kf̃ .

By using the estimates for the Stokes problem (see, e.g., [8]), we have the
desired estimate.

Lemma 5.8. Let u = ⊤(ϕ,w) be a solution of (5.1)-(5.4). Then

|λ|2

2
∥w∥22 +Reλν∥∇w∥22 +Reλν̃∥divw∥22

≤ C
{ 1

γ2
∥f 0∥22 + ∥f̃∥22 +

1

γ2
∥v∥2H3∥ϕ∥2H1 + γ2∥divw∥22

}
.

(5.19)

Proof. We take the inner product of (5.2) with λw, we have

|λ|2∥w∥22 + λν∥∇w∥22 + λν̃∥divw∥22 − (λϕ, divw) = (f̃ , λw). (5.20)

Substituting (5.1) for λϕ in (5.20), the forth term of left-hand side is written

as −(λϕ, divw) = λ
λ
(γ2divw + div(ϕv)− f 0, divw). It then follows that

|λ|2

2
∥w∥22 +Reλν∥∇w∥22 +Reλν̃∥divw∥22

≤ C{∥f̃∥22 +
1

γ2
∥f 0∥22 +

1

γ2
∥v∥2H3∥ϕ∥2H1 + γ2∥divw∥22}.

Lemma 5.9. Let u = ⊤(ϕ,w) be a solution of (5.1)-(5.4). Then

ν∥w∥2Hk+2 +
1

ν
∥ϕ∥2Hk+1 ≤ C

{ |λ|2
ν

∥w∥2Hk + (ν + ν̃)∥divw∥2Hk+1 +
1

ν
∥f̃∥2Hk

}
(5.21)

for k = 0, 1, 2.
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Proof. We write (5.1)-(5.2) as
divw = −λϕ− 1

γ2
div(ϕw) +

1

γ2
f 0, in Ωper

−ν∆w +∇ϕ = −λw + ν̃∇divw + f̃ , in Ωper

w|Σn = 0, ϕ|Σj,− = ϕ|Σj,+
, w|Σj,− = w|Σj,+

(j = 1, · · · , n− 1), on ∂Ωper.

(5.22)
We set F̃ = ν̃∇divw+ f̃ . Applying the estimate for Stokes problem, we have

∥w∥2Hk+2 +
1

ν2
∥ϕ∥2Hk+1 ≤ C

{ |λ|2
ν2

∥w∥2Hk + ∥divw∥2Hk+1 +
1

ν2
∥F̃∥2Hk

}
≤ C

{ |λ|2
ν2

∥w∥2Hk +
(
1 +

ν̃2

ν2

)
∥∇divw∥2Hk +

1

ν2
∥f̃∥2Hk

}
≤ C

{ |λ|2
ν2

∥w∥2Hk +
(
1 +

ν̃

ν

)
∥∇divw∥2Hk +

1

ν2
∥f̃∥2Hk

}
.

(5.23)

Multiplying (5.23) by ν, we obtain (5.21).
Proof of Theorem 5.1. Estimate (5.5)0 follows from (5.8).

Let b
(1)
j (j = 1, · · · , 4) be positive numbers independent of ν, ν̃ and γ and

consider

(5.7) +
1

ν + ν̃
× (5.19) + b

(1)
1 × {(5.9)k=1 + (5.10)k=1}

+
b
(1)
2

ν
× (5.12)k=l=0 + b

(1)
3 × (5.15)k=l=0 + b

(1)
4 × (5.21)k=0.

Taking b
(1)
j (j = 1, ·, 4) suitably small and ε = δ = 1

2Cν
, we have

Reλ(γ−2∥ϕ∥2H1 + ∥w∥2H1 + ∥divw∥22) +
1

2ν
∥ϕ∥2H1 +

1

2
ν∥w∥2H2

+
1

2
(ν + ν̃)∥divw∥2H1 +

1

2

|λ|2

ν + ν̃
∥w∥22

≤ C
{
ν∥∇w∥22 +

1

γ2
∥v∥H3∥ϕ∥2H1 +

1

νγ2
∥v∥2H3∥ϕ∥2H1 +

γ2

ν + ν̃
∥divw∥22

+
(ν + ν̃

γ4
+

1

νγ2

)
∥f 0∥2H1 +

1

ν
∥f̃∥22

}
.

(5.24)
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Computing 1
2C

× (5.24) + (5.7) with ε = 1
8Cν

+(5.7) with ε = ν
16Cγ2 , we have

Reλ(γ−2∥ϕ∥2H1 + ∥w∥2H1 + ∥divw∥22) +
1

8ν
∥ϕ∥2H1 +

1

2
ν∥w∥2H2

+
1

2
(ν + ν̃)∥divw∥2H1 +

1

2

|λ|2

ν + ν̃
∥w∥22 +

Reλ

(ν + ν̃)2

(
∥ϕ∥22 + γ2∥w∥22

)
+

γ2

ν + ν̃
∥∇w∥22 +

γ2

ν + ν̃
∥divw∥22

≤ C
{( 1

ν2
+

1

γ2

)
∥v∥H3∥ϕ∥2H1 +

1

νγ2
∥v∥2H3∥ϕ∥2H1

+
(ν + ν̃

γ4
+

1

ν3

)
∥f 0∥2H1 +

(1
ν
+
γ2

ν3

)
∥f̃∥22

}
.

If v satisfies ∥v∥H3 ≤ 1
32C

min{γ2

ν
, ν, γ}, then

Reλ(γ−2∥ϕ∥2H1 + ∥w∥2H1 + ∥divw∥22) +
1

16ν
∥ϕ∥2H1 +

1

2
ν∥w∥2H2

+
1

2
(ν + ν̃)∥divw∥2H1 +

1

2

|λ|2

ν + ν̃
∥w∥22 +

Reλ

(ν + ν̃)2

(
∥ϕ∥22 + γ2∥w∥22

)
+

γ2

ν + ν̃
∥∇w∥22 +

γ2

ν + ν̃
∥divw∥22

≤ C
{(ν + ν̃

γ4
+

1

ν3

)
∥f 0∥2H1 +

(1
ν
+
γ2

ν3

)
∥f̃∥22

}
.

(5.25)

Furthermore, if λ ≥ −Λ1 := − 1
32
min{γ2

ν
, ν + ν̃, ν}, we see from (5.25) that

Re(λ+ Λ1)(γ
−2∥ϕ∥2H1 + ∥w∥2H1) +

1

ν
∥ϕ∥2H1 + ν∥w∥2H2 +

γ2

ν + ν̃
∥∇w∥22

≤ C
{(ν + ν̃

γ4
+

1

ν3

)
∥f 0∥2H1 +

(1
ν
+
γ2

ν3

)
∥f̃∥22

}
,

(5.26)

and hence we have (5.5)1 and

ν∥w∥2H2 ≤ C
{(ν + ν̃

γ4
+

1

ν3

)
∥f 0∥2H1 +

(1
ν
+
γ2

ν3

)
∥f̃∥22

}
. (5.27)

Let b
(2)
j (j = 1, 4, 5) and b

(2)
j,kl (j = 2, 3) be positive numbers independent

of ν, ν̃ and γ and consider

(5.25) +
1

ν

|λ|2

ν + ν̃
× (5.8) + b

(2)
1 × {(5.9)k=2 + (5.10)k=2}

+
∑
k+l=1

{
b
(2)
2,kl

ν
× (5.12) + b

(2)
3,kl × (5.15)}+ b

(2)
4 × (5.17)k=1,l=0 + b

(2)
5 × (5.21)k=1.
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Taking b
(2)
j (j = 1, 4, 5) and b

(2)
j,kl (j = 2, 3) suitably small and ε = 1

2Cν
, we

have

Reλ(γ−2∥ϕ∥2H2 + ∥w∥2H1 + ∥χ0∂
2w∥22 + ∥χ∂2w∥22) +

1

2ν
∥ϕ∥2H2 +

1

2
ν∥w∥2H3

+
1

2
(ν + ν̃)∥divw∥2H2 +

1

2

|λ|2

ν + ν̃
∥w∥2H1 +

|λ|2

ν + ν̃
∥divw∥22

+Reλ∥divw∥22 +
Reλ

(ν + ν̃)2

(
∥ϕ∥22 + γ2∥w∥22

)
+

γ2

ν + ν̃
∥∇w∥22

+
γ2

ν + ν̃
∥divw∥22 +

|λ|2Reλ
(ν + ν̃)2

(γ−2∥ϕ∥22 + ∥w∥22) +
|λ|2δ1

(ν + ν̃)2
∥ϕ∥22

≤ C
{
ν∥∂2xw∥22 +

(ν + ν̃

γ4
+

1

ν3

)
∥f 0∥2H2 +

1

ν
∥f̃∥2H1 +

γ2

ν3
∥f̃∥22

+
1

γ2
∥v∥H3∥ϕ∥2H2 +

|λ|2

(ν + ν̃)2

(( 1

δ1γ4
+
δ21
ν

)
∥f 0∥22 +

1

ν
∥f̃∥2H−1

)}
.

(5.28)

Let v satisfy ∥v∥H3 ≤ 1
8C

min{γ2

ν
, γ, ν}. Computing 1

2C
× (5.28) + (5.25) we

have

Reλ(γ−2∥ϕ∥2H2 + ∥w∥2H1 + ∥χ0∂
2w∥22 + ∥χ∂2w∥22) +

1

2ν
∥ϕ∥2H2 +

1

2
ν∥w∥2H3

+
1

2
(ν + ν̃)∥divw∥2H2 +

1

2

|λ|2

ν + ν̃
∥w∥2H1 +

|λ|2

ν + ν̃
∥divw∥22

+Reλ∥divw∥22 +
Reλ

(ν + ν̃)2

(
∥ϕ∥22 + γ2∥w∥22

)
+

γ2

ν + ν̃
∥∇w∥22

+
γ2

ν + ν̃
∥divw∥22 +

|λ|2Reλ
(ν + ν̃)2

(γ−2∥ϕ∥22 + ∥w∥22) +
|λ|2δ1

(ν + ν̃)2
∥ϕ∥22

≤ C
{ |λ|2

(ν + ν̃)2

(( 1

δ1γ4
+
δ21
ν

)
∥f 0∥22 +

1

ν
∥f̃∥2H−1

)
+
(ν + ν̃

γ4
+

1

ν3

)
∥f 0∥2H2 +

1

ν
∥f̃∥2H1 +

γ2

ν3
∥f̃∥22

}
.
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If λ satisfies λ ≥ −Λ2 := −1
8
min{ν, δ1γ2}, we have

Reλ(γ−2∥ϕ∥2H2 + ∥w∥2H1) +
1

ν
∥ϕ∥2H2 + ν∥w∥2H3 +

γ2

ν + ν̃
∥∇w∥22

+ (ν + ν̃)∥divw∥2H2 +
|λ|2

ν + ν̃
∥w∥2H1 +

|λ|2

ν + ν̃
∥divw∥22

≤ C
{ |λ|2

(ν + ν̃)2

(( 1

δ1γ4
+
δ21
ν

)
∥f 0∥22 +

1

ν
∥f̃∥2H−1

)
+
(ν + ν̃

γ4
+

1

ν3

)
∥f 0∥2H2 +

1

ν
∥f̃∥2H1 +

γ2

ν3
∥f̃∥22

}
(5.29)

and

Re(λ+ Λ2)(γ
−2∥ϕ∥2H2 + ∥w∥2H1) +

1

ν
∥ϕ∥2H2 + ν∥w∥2H3 +

γ2

ν + ν̃
∥∇w∥22

≤ C
{ |λ|2

(ν + ν̃)2

(( 1

δ1γ4
+
δ21
ν

)
∥f 0∥22 +

1

ν
∥f̃∥2H−1

)
+
(ν + ν̃

γ4
+

1

ν3

)
∥f 0∥2H2 +

1

ν
∥f̃∥2H1 +

γ2

ν3
∥f̃∥22

}
.

Let b
(3)
j (j = 1, 5) and b

(3)
j,kl (j = 2, 3, 4) be positive numbers independent

of ν, ν̃ and γ and consider

(5.29) +
1

ν

λ2

ν + ν̃
× (5.27) + b

(3)
1 × {(5.9)k=3 + (5.10)k=3}

+
∑
k+l=2

{
b
(3)
2,kl

ν
× (5.12) + b

(3)
3,kl × (5.15)}

+
∑
k+l=2
k≥1

b
(3)
4,kl × (5.17) + b

(3)
5 × (5.21)k=2.

Similarly, we obtain

Re(λ+ Λ3)(γ
−2∥ϕ∥2H3 + ∥w∥2H2) +

1

ν
∥ϕ∥2H3 + ν∥w∥2H4 +

γ2

ν + ν̃
∥∇w∥22

≤ C
{ |λ|2

(ν + ν̃)2

((ν + ν̃

γ4
+

1

ν3
+

1

δ1γ4
+
δ21
ν

)
∥f 0∥22 +

(1
ν
+
γ2

ν3

)
∥f̃∥2H−1

)
+
(ν + ν̃

γ4
+

1

ν3

)
∥f 0∥2H3 +

1

ν
∥f̃∥2H2 +

γ2

ν3
∥f̃∥22

}
.

Taking Λ = max{Λ1,Λ2,Λ3}, we have (5.5)1-(5.5)3.
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When λ = 0, we can obtain the estimate (5.6)k for k = 1, 2, 3 in a similar
manner to above. In fact, estimate (5.6)k with k = 1 is obtained as follows.
We do not use (5.19) in the computation for (5.24) and obtain

1

2ν
∥ϕ∥2H1 +

1

2
ν∥w∥2H2 +

1

2
(ν + ν̃)∥divw∥2H1

≤ C
{
ν∥∇w∥22 +

1

γ2
∥v∥H3∥ϕ∥2H1 +

ν + ν̃

γ4
∥f 0∥2H1 +

1

ν
∥f̃∥22

}
,

(5.30)

instead of (5.24). Computing 1
2C

× (5.30) + (5.7) with ε = 1
8Cν

, we have

1

2ν
∥ϕ∥2H1 +

1

2
ν∥w∥2H2 +

1

2
(ν + ν̃)∥divw∥2H1

≤ C
{ 1

γ2
∥v∥H3∥ϕ∥2H1 +

ν + ν̃

γ4
∥f 0∥2H1 +

1

ν
∥f̃∥22

}
.

(5.31)

The desired estimate (5.6)k with k = 1 follows from (5.31) by taking ∥v∥H3

suitably small. One can prove (5.6)k for k = 2, 3 in a similar manner.

b. Existence of solution of (5.1)-(5.4)

In this subsection we prove the existence of a solution u = ⊤(ϕ,w) of (5.1)-
(5.4).

Let k = 0, 1, 2, 3. We write (5.1)-(5.2) in the form

(λ+Ak[v])u = f (5.32)

for u = ⊤(ϕ,w) ∈ D(Ak[v]) and f = ⊤(f 0, f̃) ∈ Hk
per × Hk−1

per . Here Ak[v] :
Hk

per,∗ ×Hk−1
per −→ Hk

per,∗ ×Hk−1
per is the operator defined by

Ak[v] =

(
div(·v) γ2div

∇ −ν∆− ν̃∇div

)
with domain

D(Ak[v]) = {u ∈ Hk
per,∗ × (Hk+1

per ∩H1
0,per);Ak[v]u ∈ Hk

per,∗ ×Hk−1
per }.

If we prove the existence of solution u ∈ D(Ak[v]) of (5.32) for all f ∈
Hk

per,∗ × Hk+1
per with λ ≫ 1, then we see from estimates (5.5)0-(5.5)3 that

{λ ∈ C; Reλ ≥ −Λ} ⊂ ρ(−Ak[v]) by a standard continuation argument.
The existence of solution of (5.32) for λ ≫ 1 can be shown in a similar

manner to the proof of Lemma 4.3. We first consider the problem

λϕ+ div(ϕv) = F 0, F 0 = f 0 − γ2divw̃ (5.33)
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for a given w̃ ∈ Hk+1
per ∩H1

0,per and f 0 ∈ Hk
per,∗. Applying the results of [10],

we see that there exists a constant λ0 satisfying λ0 ≥ ∥v∥H3 such that if
λ ≥ λ0, then the solution operator for (5.33) is an isomorphism on Hk

per,∗
with operator norm bounded by C

λ
uniformly for λ ≫ 1. We denote this

solution operator by ϕ(w̃). We next consider the problem{
λw − ν∆w − ν̃∇divw = F̃ ,

w|Σj,− = w|Σj,+
, w|Σn = 0,

(5.34)

where F̃ = f̃−∇ϕ with ϕ = ϕ(w̃). Since −ν∆w−ν̃∇divw is strongly elliptic,
the solution operator for (5.34) provides an isomorphism from Hk−1

per to ∈
Hk+1

per ∩H1
0,per. One can then define the operator Γ : Hk+1

per ∩H1
0,per → Hk+1

per ∩
H1

0,per by the solution operator for (5.34), i.e., Γ(w̃) = w for w̃ ∈ Hk+1
per ∩H1

0,per,
where w is the solution of (5.34). In a similar manner to the proof of Lemma
4.3, one can prove that there exists a unique w ∈ Hk+1

per ∩ H1
0,per satisfying

Γ(w) = w if λ ≫ 1. For this fixed point w, we set ϕ = ϕ(w). Then by
(5.33)-(5.34), we see that u = ⊤(ϕ,w) ∈ D(Ak[v]) is a solution of (5.32) with
λ≫ 1. This completes the proof.

Remark 5.10. The unique existence of (5.33) for k = 0, 1, 2 follows from
[10, Theorems 1,2,9] respectively. As for the case k = 3, it was proved in
[10, Theorem 11] under the assumption v ∈ Wm,p for some p > n, where n is
the space dimension. This condition for v can be replaced by v ∈ H4 in our
case k = 3. In fact, one can show the unique existence of solution ϕ ∈ H3

of (5.33) when v ∈ H4 as in the proof of [10, Theorem 11]. The point is to
guaratee ϕ∇div v ∈ H2 for ϕ ∈ H2, which follows from v ∈ H4.
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