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Abstract: This paper is concerned with large time behavior of the strong solutions of the com-
pressible Navier-Stokes equation in the whole space around the motionless state. It was shown
by Kawashima-Matsumura-Nishida (1979) and Hoff-Zumbrun (1995) that the perturbation of the
motionless state is time-asymptotic to the solution of the linearized problem. In this paper we will
give the second-order asymptotics of strong solutions.
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1 Introduction

This paper studies the initial value problem for the compressible Navier-Stokes equation in R",
n>3:
O¢p + divm =0,

dym + div ("8™) + VP(p) = pA(2) + (i + ) Vdiv (2), (1)
(p,m)(0,2) = (po, mo) ().
Here t > 0, 2 = T(xy,29,- ,2,) € R", and the superscript - stands for the transposition;
the unknown functions p = p(t,z) > 0 and m = m(t,z) = T(mi(t,x),ma(t,x), -+ ,mu(t,x))

denote the density and momentum, respectively; P = P(p) is the pressure that is assumed to be a
function of the density p; p and u' are the viscosity coefficients satisfying the conditions p > 0 and
% i+’ > 0; and div, V and A denote the usual divergence, gradient and Laplacian with respect
to x, respectively. The notation div (m(§ ™) means that its j-th component is given by div (m; ).

We assume that P(p) is smooth in a neighborhood of p with P’(p) > 0, where p is a given
positive constant.

In this paper we investigate asymptotic properties of strong solutions of problem (1) around
the constant stationary solution (p,0).

Matsumura and Nishida [6] showed the global in time existence of the solution of (1) for n = 3,
provided that the initial perturbation ug = T (y(po — p), Tmg), with v = \/P’(p), is sufficiently
small in H3(R3) N L!(R3). Furthermore, the following decay estimates were obtained in [6]

IV u(t)| e < CL+6)"57%, k=01, (2)



where u(t) = T (y(p— p), Tm). (See also [7].) Kawashima, Matsumura and Nishida [4] proved that
the solution is time asymptotic to the one of the linearized problem. It was shown in [4] that

N

u(t) — G(t) * ug|| 2 < CL(£)(1 4 )~ 173,

if ug is sufficiently small in H3(R3) N LY(R™) for n = 3. Here G(t) * ug = G(t, -) x ug, where G(t, r)
is Green’s matrix for the linearized system at T(p,0) for (1) and * denotes the convolution with
respect to x. Hoff and Zumbrun [3] derived a more detailed description of the large-time behavior
of u(t) in LP for all 1 < p < oo; the following estimates were established:
,ﬁ(lfi)
e <oq B0y REPE
(140 #0055 Le), 1<p<2,

and )
(1+t)7%(175)75 2 < p< oo,

Ju(t) ~ G(t) = u | o < CL() { T O

where 7 is any positive number. Moreover, it was proved in [3] that u(¢) is time-asymptotic to the
solution () = T(&,Tm) of the following linear effective artificial viscosity system:
(/1’2 + ;Ufl)A& = 0;

(2 — p1)Vdivimn + Ve = 0,

1
- _ 3
atm—ulAm— % ( )

’
where p; = % and po = “‘;“ . More precisely,

lu(t) = G(t) *uol| v, |[u(t) —G’(tw)/uOdﬂﬂllLv

n

P (141)~20-9)-3, 2 <p< oo,

- () (1+ t)_%(l—%)—z(l—% —%""777 1<p<?2
for any positive constant 7, where G is Green’s matrix for (3). Here L(t) = log(1 4 t) when n = 2,
and is otherwise identically one. We also mention that Kobayashi and Shibata [5] proved the
following estimates

. n Jtlel
1070%G (1, 2) || Loy < C(1+ )" 80972

for 2 < p < 00, and

1 i+
n (17%)71 2\a|

; 1+t —5(1-3)—"3 n > 3and n: odd,
005G (1) oy < €4 DL
(I+¢)y 2727207 ) 727 > 2and n: even,
for 1 < p < oo, any positive integer j and any multi-index «. Here G is a low frequency part of
G, ie., Gy = @G with §[@] € C*, Supp §[@] C {¢ € R"||¢] < 5} and F[@](¢) =1 for [¢] < 5.
Here, §[®] denotes the Fourier transform of ®, A = m?pz with puq = % and o = %ﬂ/ .
In this paper we give the second order term in the asymptotic expansion of u(t) as t — co. The

main result of this paper is stated as follows

Theorem 1.1. Assume that n > 3. Then there exists € > 0 such that if
up € HM' NI NL?

with so = [5] + 1 and
[uollpreorrnrr <6,



forl:% whenn =3, and l =1 when n > 4, then

) = 60) w0 = - 061(e) [ [ Foauas] .

alt) — G () % w0 — Zaié(t.-)/om /R Fdyds||

log(1 + t), n =3,
< COA+0)" 11 (14t "5log(1+1t), n=4,
(1+1)71, n>5,

fort >0, where

0
n-(3)

with FY = (F%)ijl being the matrixz defined by

1 _ _ m;m;
Fy = —0i{5(0—p7P, (p)}—]T
1 ! 1 om;m;
+94; —03/ 1—0)20°P(=0b + p)do} + —2——.
’ {273 , (L0 PCo0+ ) J plo+7p)

Remark 1.2. Let n > 3. One can also obtain
n o)
|u(t) — G(t) *uo — Z&Gl(t, -)/ Fldyds||,, < CK(t)(1+ )24

i=1 0

R

for 2 <p < oo, and

Hu(t)fca)*uszaiGl(tf)/ / Fidyds|,,
=1 0 R

(1+ t)_%(l_%)_%(l_%)_%, n > 3and n: odd,
(1+t)_%(1_%)_%(1_%)_%, n>2and n: even

< CK(t) {

for 1 < p < 2, and initial perturbation ug sufficiently small in some Sobolev spaces and weighted

log(1 + t), n =3,
Lebesgue space. Here K(t) ={ (1+t)"ilog(1+1t), n=4,
(1+1t)"7, n > 5.

Remark 1.3. Asymptotic expansion of the solution of the linearized equation is given as follows:

1G(#) * ug —Gl(tw)/uOder > 3$G1(tw)/y“uodyHL2 <O+~

la]=1

fort >0 and ug € L% N L2. Hence we have

[|lut) — Gl(t,-)/uody+ Z 8§‘G1(t,-)/yauody— Z@Gl(t.-)/ }'ioddeHL2
i=1 0

jal=1 R
log(1 +1t), n=3,
< CA46)758 14t Flog(l+1t), n=4,
(1+1t)"3, n>5,

for t >0 and sufficiently small ug € H*T1 N LN L?.

This paper is organized as follows. In section 2 we introduce notation and an auxiliary lemma.
In section 3 we reformulate the problem; we rewrite the equation into a symmetric one and formu-
late the problem for a system of low and high frequency parts. Section 4 is devoted to the proof
of the main theorem. In section 5 we establish a decay estimate of L?-moments.



2 Preliminaries

In this section we first introduce the notation which will be used throughout this paper. We
then introduce some auxiliary lemmas which will be useful in the proof of the main result.
Let LP(1 < p < o0) denote the usual LP-Lebesgue space on R™. For a nonnegative integer m, we
denote by H™ the usual L2-Sobolev space of order m. For 1 <p < oo and 0 < I, LP((1 + |z|')Pdz)
stands for the weighted LP spaces over R" defined by

P = LP((1 4 |aPd) = {u: / ()P (1 + |2l da < oo}

R

The inner-product of L? is denoted by (-, ).
For any integer k > 0, V¥ f denotes all of k-th derivatives of I
For a function f, we denote its Fourier transform by §[f] = f:

SO =F©) = | f)e ™ de (€cR).
The inverse Fourier transform is denoted by §~*[f] = f,

§US@) = fa) = @2m) 7" . fe)esede  (x eR).

We close this section with the Gagliardo-Nirenberg-Sobolev inquality.

Lemma 2.1. Assume that u(z) € LY(R™), V™u(x) € L™(R™) with 1 < q,r < co. Then for each
integer j € [0, m], we have _
IVl e < CIV™ e lfull e

Here ]
) =+ (1 - O‘)*v

igagl.
q m

s|3

See, e.g., [2], for the proof.

3 Reformulation of the problem

In this section we first rewrite system (1) into the one for the perturbation. We next state the
existence of strong solutions. We then introduce some auxiliary lemmas which will be useful in the
proof of the main result.

Let us rewrite the problem (1) in a symmetric form. We define 1, o and « by
M1:g7,u2:'u/—’:'u77: Pl(ﬁ)
p p
We introduce the new unknown functions

o(t,z) =~(p(t,z) — p), m(t,z) =ml(t ).

The initial value problem (1) is then reformulated as

0ro + ydivm = 0,
om — p1Am — usVdivm + yVo = div F (u, 0 u), (4)
(U’ m)(oa .CE) = (0'05 mo)(x),

where, u = ( :; ), and F'(u, 0yu) is the n x n matrix (Fjg(u, dyu)) defined by

1 _ mimg
F; = == 0P,,(p) — 1
jk (U, Opu) 6J/€2720- o (P) F
1 ! 1 omimy
+6j —0—3/ 1—0)20°P(=c0 + p)do} + —L——
! {273 o O S )} (o +7p)

amj )
)

. am
~Opiadiv (Z575) — b (2



and the j-th component of div F' is given by > }'_; 0x, Fjk.

The global existence of strong solutions was proved by Matsumura and Nishida [6] by a combi-
nation of the spectral analysis and the energy method for the density-velocity formulation for (4).
We here restate the global existence in terms of the density and momentum.

Proposition 3.1 (Matsumura-Nishida [6]). Let n > 2 and let ug € H*°T1. There exist a positive
constant €1 such that if
l[wollrso+1 < €1,

then problem (4) has a unique global solution u € C([0,00); H°T1).

Proposition 3.1 were proved for the case n = 3 in [6]. In a similar manner one can see that
Proposition 3.1 holds for n > 2.
We set
A— 0 V-
S\ YV A+ ppVV- )
By using operator A, problem (4) is written as
Ou — Au=div F, wult—o = uo, (5)
where

F = Flu, 0,u) = < F(u?awu) > up = < e )

We introduce a semigroup generated by A. We set
E(t)u = 3_1[6A(5)tﬁ] = G(t)xu foruc L?
where ) 0 _inTe )
WO = (e ity e ) e 600 =5

Lemma 3.2. (i) The set of all eigenvalues of A(€) consists of \i(€) (i = 1,2,3), where

- 1 2 2
M) = =5 + p) €% +infgly /1 — izl g2,

§) = —1(m + )P — irlely/1 - e,
/\3(5) = _M1|£|25

for all £ € R™.
(i) etA©) has the spectral resolution

3
etAE) — Z eMJ(g)Pj 3

=1

for all |€| # \/ﬂﬁ , where P;(§) is the eigenprojection for X\;(€).

For [§] = 22—, we have A1 (€) = Aao(€) = =512 (¢ and

O = MO (T4 1(A() — MI)) Pr(€) + €O Py(¢).

We see from Lemma 3.2 that

M(E) ~ 5 + R+ il Aal€) ~ —3 (i + )l — kel (€l = 0)



and )
Y

M1+ 2

and hence, G(t) * u has different characters in its low and high frequency parts. X
We next decompose the solution u of (5) into its low and high frequency parts. Let ® be a

M(€) ~ —(p1 + m)lEP, Aa() ~ - (€] = 00),

A
function in C*°(R") such that ®(&) = { (1) |§||Z<%’, where A = \/u?liuz We set
( Lu(t,z) Lio(t,x)
Git,z) = ( Li(t,aﬁ) L;z(t,m) > ’
where
et [N (e |
Dnfta) = 57 [METEZ R ) (o),
ALt _ g2 ()t
) = -8 [ e | o)
Loy(t,z) = TLia(t, ),
ng(t,l‘) = Kl(t,x)+K2(t,x)—Kg(t,x),
Ki(t,z) = §! _e’\3(5)t<i>(§)} (x)I, I is unit matrix,
1 [ (5) MO gig o }
Klt) = 5 [0S <§>} (@),

We define the operators S; and SOO on L? by
Siu = § ! [qm] S = § 1 {(1 - é)a} . we L2

In terms of S; and S, we decompose the solution u(t) of (5) as

u(t) = up(t) + ueo(t), wui(t) = S1u(t), uss(t) = Seou(t).

It then follows that u;(t) and ux (t) are governed by systems (6) and (7) —(8) given in the following
proposition.

Proposition 3.3. Let u = T(0,Tm) be a solution of problem (5) on [0,00) x R™. Then, uy(t) and
Uoo (t) satisfy

t
ui(t) = G1(t) *up + / G1(t — s) x div F(u, Oyu)(s)ds (6)
0
and 5
Optioo — Al = Soodiv F(u, O, u), (7)
uoo|t:0 = U0oo» (8)

where Ugoe = Soollg-

See, e.g., [8], for the proof.

4 Proof of main result

In this section we prove Theorem 1.1. We have the following decay estimate for high frequency
part.



Proposition 4.1 ([8]). There exists € > 0 such that if
ug € H° N Lt
and
luollrsonrr <€,

then we have i
IVFu(t)|| 2 < Ce(1+1)~ %72

fO’I“k:l,z’-..7so;and |
100 ()] < Ce(141)~ 571

In view of Proposition 4.1 we expect that the large-time behavior of solution is described by
the behavior of the low frequency part. Hence, we investigate asymptotic properties of the low
frequency part of solution in the form of the integral equation (6). We first consider the linear
term G1(t) x ug in (6). We have the following estimates for G (t) * uo.

Lemma 4.2 (Kobayashi-Shibata [5]). Let n > 2 and let j and o be any positive integer and any
multi-index, respectively. Then, for any t > 0, we have

n

10709 Gh (£, 2)| Loy < C(1+ 1)~ F0-H) =5
for 2 <p< oo, and

n—1 2 Jtlel
T (-2)- 5

4 -2(1-1)- > :
030Gt )iy < €4 YL T T s Band i odd
: (14¢)" 20— =50=9=" 5> 2and n: even,

for1 <p<2.

On the other hand, the high frequency part of G(t) * uy decays exponentially. In fact, we have
the following estimate.
Proposition 4.3. There exists constants C,co > 0 independent of t such that
HGl(t) * Uy — G(t) * UoHLz S CC_Cot”U()HLL

Proof. By Plancherel’s theorem, we have

1
2

|G1(t) xug — G(t) xugllrz < C(/ |6A(€)td0 2d§)
|&]>4
< Ceot( / o (€)[2de) *
RTI,
< Ce_c°t||u0|\Lz.

The following estimates show that G(t) % ug is time-asymptotic to Gy (t) * uo.

Proposition 4.4 (Hoff-Zumbrun [3]). Let G be Green’s matriz for the linear artificial viscosity
system (3). Then for each nonnegative integer k, ug € L' N H*, and |a| < k, there is a positive
constant C' such that R N

102G (t) xuollL> < C(L+8)*7 = |luollLinm»,

~ n_ o

109G (1) o — G(t) * uo]|[ L2 < C(L+1)" 57 % 72 |lug|| 1.

The linear term G1(t) * ug has the following expansion.



Proposition 4.5. Suppose ug € LY. Then we obtain

|G1(#) * ug —Gl(tw)/uo(y)dy+ > 3§‘G1(tw)/y“uody\lm <CA+t)7i!

|a]=1

Proof. Applying Taylor’s formula we have
Gi(t) xuy = /Gl(t,m — y)uo(y)dy

= Gilta) [wldy— Y 226Gi(t.2) [y uln)dy

la]=1

+ / /O (02G) (x — Oy)y*uo(y)dody.

| =2

Therefore, we obtain

IN

IIGl(t)*uO*Gl(ta')/uO(y)dwa > B?Gl(tw)/y“uOdyI\m IV2G1(t)llz2]luoll oy

jal=1

IN

CL+1)" % uoll -

We next give the asymptotic leading term for the nonlinearity of (6).

Theorem 4.6. Assume that n > 3. Letl = % whenn =3 orl =1 when n > 4. There exists
€ > 0 such that if
up € HM'NL NL?

and
[woll rsot1nLr <€,

then we have

t n o]
1 / G1(t — s) x div F(u, Opu)(s)ds — Z@iGl(tu) / / .7-'Z.OdydsHL2
0 0o Jre

=1
log(1+1t), n =3,
< CA46)751 (14t dlog(l+1t), n=4,
(1+1t)"7, n>5

fort>0.
To prove Theorem 4.6 we introduce the following decay estimates of L2-moments of solutions
of problem (4).
Proposition 4.7. Let [ = % orl=1 forn > 3. There exists € > 0 such that if
up € HM' NI NL?

and
luo|l =0 <€,

then the solution u(t) of (4) satisfies

||z u(t)|| . < CA+ )75+



We will give a proof of Proposition 4.7 in section 5.

Proof of Theorem 4.6. Direct calculation gives

/Glt—s)*dlv]—'(uau) ds—Z(‘)Gl )/ FPdyds

i=1 0 R™

/ /Z 05,G1(t — 5,2 — y) — 05, G1(t, 2)) Fdyds
+/2 /Z@xiGl(t—s,x—y).ﬁldyds

/ G1(t — s) x div F(u, Opu)(s ds—l—Z@lel / /]-'?dyds

i=1

= Ji+Ja+ I3+ Jy,
0

where F} = Fl(u, 0,0) ) with F(u, 0,u) = (Ff](u,&u)):, Fl(u, 0pu) = —6jipadiv (UJWP)
)

We first estimate the L? norms of Js and Jy:

IN

t t
|5]|z2 = G1(t — s) x div Fds C [l Loe IV || 2
5 L $

IN

t
C/ (14s)" %72 <C(l48)"51,

2

n o0 t
1]l 22 = HzaﬂciGl(t“)Hp[ /f?dyds < CO+071F | Julfads
i=1 2

< C(+t)"ih
(u, Oy u))nk | with F; Jk(u Dpt) = — 010 (22

o+yp
with Fd(u Opu) = —p1(22L); and we set

We next estimate Jo. We put F?(u, d,u) = (F2
for 1 < i < n and F3(u,0,u) = (F (u Oz )

J

] o+p

1
F? = ( F»2(u08Tu) ) and F3 = ( Fi(u, 8 u) ) By using F? and F3, we can write F} =

_1 00, FP 400, F2, where F7) = with F3 (u, Oyu) = (F?

1,jk(u7 81”));;1 Hence

we obtain

|2l = /of/Zazicl(t_S,m_wfilddeHLz

=1
- /5/Zaﬁcl(t—s,a:—y){za,pkfgk+awif3}ddeHL2
= / /{Zz&gﬁkal _y)]:zk}

i=1 k=1

+{ Z@iGl(t — 5,z — y).}’-'?’}dydsHL2
i=1

c / IV2Ga(t — )12 u(s)|Zads

<

< C'/ (1+t—s) 1 1+s) 2ds
0

< C(l+t)ih



Let us next consider J;. We decompose J; as

5= / ’ / S (00,Gi(t - 5,3 — ) — 04, G1 (t,)) Fidyds
0 i=1

* / 2 / > (0,Gu(t = 5,0~ y) = 00, Ga(t,2)) Fdyds
0 i=1
= Il —|— 127

0 0 . n _
where 72 = (it ) oand 7= () ) with FA) = (B4 )]y, F(0) = 05 (0Pl -

m;im; n . o 1 < _ om;m;
=&, and F?(u) (Ff}(u))jzl with F}(u) = 53'1‘{#03 Jo (- 0)26313(%09 +p)df} + o)
Moreover, we decompose I; as

0 i=1

/E /Z (aomGl(t - 5T = y) - 5'mG1(t - Sax))f;ldyds
0 i=1

Jr/2 /Z (02, G1(t = 5,2) = 05, G1(t, 2)) Fi'dyds
0 =1
=: Ii1 + Lo

We first estimate I;; and I12 when n = 3. By using Lemma 2.1 and Lemma 4.2, we have

3 3
Illee = H/O /;([%EiGl(t—s,m—y)—amiGl(t—s,m))]—'{l(s,y)dydsHm
% 3
< C/ /HV{Gl(t—s,x—y)—Gl(t—s,w)}HLzz\ff(s,y)!dyds
0 =1
< C/o /HGl(t—s,m—y)—Gl(t—s,m)HEQHVQ{Gl(t—s,:z:—y)—Gl(t—s,x)}Hi2
3
X Z ’.7-'1»4(3, y)‘dyds
=1
% 1 1 1 1
< c/ /H/ VGt - 5,2 — )| dr|| 2 [V2{G1(t — 5,2 — ) — Gr(t — s, 2) }|| Lyl
0 0
3
X Z ’.7:;1(8, y)|dyds
=1
% 3
< c/ (L +t—s) 2D A+t —5) 2 @D N[22 Fi(s, 2)|| ,, ds
0 =1
= C/2(1+t_5)7%|Hx|%u”L2HUHL2d3
0
< C(1+t)_%/§(1+8)_1dsSC(l—f—t)_%log(l—i-t),
0

10



and

[ 112]| 2

H /0 /Z: (0, G1(t = 5,) = D, G (t,2)) F (s y)dyds |

< o [* [1616-50)-GienLIT G- 0 - Gue )
0
3
=1
% 1 1
. c/ /||/ 0:G1 (t — 75, 2) | dr] .
0 0

3
x| V{G1(t — s,2) = Gi(t,2) }|| 2,55 Y |Fi(s,)|dyds

i=1

%
< ctot / o4 ffull 2 o ds
0

~

< C(1+t)_%/§(1+s)_1ds§C(l—i—t)_%log(l—kt).
0

Hence we obtain the estimate of ||I1]|2 for n = 3.
We next consider the case n > 4. We have

L2

||Ill||L2 = H/()Q /Z(aziGl(t_svx_y)_amlGl(t_va))ff(suy)dyds‘
i=1

H /§ /i/l 0., VG1(t — 8,2 — Ty)dfyff(s,y)dyds‘
0 = Jo

3 n
C/ (L+t—s) "5 ||z|ull 2 ||u] z2ds
0

L2

IN

t

< C’(1+t)’%’1/2(1+5)’%+1ds
0

log(1+1t), n=4,
1 n > 5.

) -

< ca +t)—’l—1{

Similarly, we obtain

2]z = H /05 /Z (amGl(t— 8,) —agmG'l(t,ac))]:f(s,y)clydsHL2
i=1

= H/j/g/olamatGﬂt—Ts,a:)drsff(S,y)dydsHLg

< ot [T
0

log(1+1t), n=4,

_n_1q
< C(l+1t) 1 {1 .

)

and the estimate of I; is obtained.

11



As for I5, we can estimate similarly to the proof of the estimate of I;:

2]z < C” /0é /i (02,G1(t — 5,2 — y) — 05, G1 (t — s,gc))]-"i‘r’dydsHL2
i—1
+CH /0; /i <8"’”LG1(t - S7x) - awLGl(t7x))ffddeHL2
i—1

t
2 n
< o [T em s ol buls o mds
0

n

t
2
+C/ (14t —8)" 3 sful:]lo] eds
0
1

< c<1+t>—%—1/2(1+s)—"+1ds <C(+41) %
0

This completes the proof. O

Proof of Theorem 1.1. It follows from Proposition 4.1, Proposition 4.3 and Theorem 4.6
that

Hu(t) —G(t) xug — Z(‘%Gl(t, )/ / ]-"fdydsHLQ
i=1 o JR"
s () + e (1) — G(1) 10 — 3 DG, .)/ / Fayds||
P 0o Jr»

< HG]_(t)*U—G<t)*UOHL2
t n e}
—|—||/ Gl(t—s)*div]-"(u,@wu)(s)ds—Z@iGl(t,-)/ ]—"?dyalsHL2
0 P 0o Jre
+uoe (B)]] .-
log(1 +t), n=3,
< CA+t)7 11 1+t Tlog(141t), n=4,
(1 +t)—i7 n > 5.

Moreover, in a similar manner to the proof of Theorem 4.6, we have

||/ G1(t — s) xdiv F(u, Ozu)(s ds—Z@G /0 /RninddeHL2

=1

I / G1(t — s) x div F(u, Oyu)(s)ds — /0 G(t — s) x div F(u, 6‘mu)(5)ds||L2

+||/ (t — 5) * div F(u, Opu)(s)ds — Y 0;G / Fldyds||,
.: R’V‘L
log(1 + 1), n=3,
< CA+t)7 11 1+t Tlog(l+1t), n=4,
(1+1)"1, n>5.
Here we used proposition 4.4. We thus obtain the desired decay estimate in Theorem 1.1. O
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5 Proof of Proposition 4.7

In this section we will give a proof of Proposition 4.7. Let us reformulate the problem (1) by using

the velocity. We set v = 2 and vo = ¢. Then (1) is rewritten as

Op + div (pv) =0,
B+ (v- Vo + YO = B Ay 4 8 G (diy ), (9)
(p,v)(0,z) = (po, vo) ().

Moreover we rewrite the system (9) into the one for perturbation. By using the new unknown
function

1
¢(t,$> = - W(t,l') = ;u(tax)a
the initial value problem (9) is reformulated as

Orp + ydivw = F1(U),
Ow — pAw — paV(divw) + Ve = Fr(U), (10)
<¢’ w)(O,m) = (¢0,w0)(x),

where U=< 4 ),
w
Fi(U) = —y(w- Vé + pdivw),
FBU) = —(w-V)w— ¢ Aw — po ¢ V(div w)
p+1 p+1
1 =
py by P (spg+ p)ds
o)

We have the following estimates for the solution U of (10) which were obtaind by Matsumura
and Nishida [6, 7].

Proposition 5.1. There exists a € > 0 such that if
U0l grso+1 < €.

Then we obtain

L7190+ ([ 1900 a0) <

See, for instance, [6, 7] for a proof of Proposition 5.1.
By using operator A, problem (10) is written as

U — AU = F(U), Ul = U, (11)

ror=( ) ) v=(0)

In terms of G, solution U is written as

where

Uit) = G(t)*Uo—i—/tG(t—s)*F(U)ds
0
= Gl(t)*U0+Goo(t)*U0+/tG1(tS)*F(U)d5+/tGoo(tS)*F(U)ds (12)
0 0

where G (t) is the high frequency part of G, i.e., Goo(t) is given by G (t) = G(t) — G1(t).

13



To prove Proposition 4.7, we introduce some notation. We set
M;(t) := sup (1 —l—T)%_l‘Hx\lU(T)Hz.

0<r<t

Let us introduce the dyadic partition of unity. We take ¢ € C§° satisfying

3 8
Supp¢ C {z € R |Z <l|z| < g},

ng)(Q*jz) =1 forz e R"\{0},
JEZL
Supp ¢(277+) N Suppp(277) =0 for [j — 5| > 2.
We set h = §[¢] and define the dyadic blocks by
Aji=2" | h(2n)a(E —n)dy ifj € Z.
R’n
The cut-off operator Sj is defined by
Sit=Y_ Ay
k<j—1
The paraproducts of @ and v are defined by
Tao =Y _ Sjqal;0,  R(a,0)= Y Apidb.
J |k—j|<1
The Bony decomposition ) ' )
Wb = Tao + Tyt + R(a, )
is well known. See, for instance, [1]

We have the following estimate for |z|2u * v.

Lemma 5.2. Let VFa € L™ for k=0, 1, and (1 + |z|2)v € L2. We have
1 N . 1
[lz[zux o], < CLIVet] e + lallL= }{l[vllz2 + |22 v] £2 }
Proof. We obtain

llaluxolps = |30 a)altuxoll;,
< Ci{25j”¢(2—jx)u*v||m}2
< CEJ:{WHAMW
J
< O AXNAT0| L + 2 INA Tyl Fe + 2714 R (@, 0) 2.

J

Each term on the right-hand side is estimated as

> 29| ATab]|3 D 2|A; N Skoriadgo|3
J J k

= ZQjHAj Z Sk—laAk@H%}
J |

J—k|<5
< CY 2 D ISkl Al
J |7 —k|<5
< Clalf<> 271403
J
N 1
< CllalZelllzlzvll7,
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IA

S 2 TalE < Y2 S 5ol Al

J J l7—kI<5

< Clollze > 2D E
J
< Clolz{llali~ Y 2 +sup (2 Azifr=)*y 279}
j<0 7>0
< ol {IVealli~ + llalli~}.
and
ZQJHA R, o). < €Y 2 Y [|Avido|3,
7 k>j—2
< CY Y YH| A7 <28 Ard]| 7
J k>j—2
< Clalz- ZQkIIAkUIILz > 2t
J<k+2
< Cllalzllel?o]e,
where Ay = A1 + Ag + Aky1 - This completes the proof. O
G1(t) and G (t) satisfy the following estimate.
Lemma 5.3. Let k be a nonnegative integer. Then there hold
[12'V*G1 () * Uo ()| o < CO+ ) E 5| Tp|| 1 + C(1+ 1) 7572 || Vo |4,

2" V*G oo (t) * Up ()| . < Ce™ IV Ul 12 + ||[2|'V*Uol| .. }

Iz-

forl=0,41 5,1 and t > 0, where co is a positive constant independent of t.

Proof. The proof for the case of [ = 0 is well known. When [ = 1, we have, for any « with
|a| =k,

i@l < of Ve (€)™ d)[*dg}*
[g1<24
< of [ ety agt o [ (et iy
|§1<2A |§1<2A
+Of [ (lelFe ) ag)t
|§1<2A
< O+t i75H,
where 3 is positive constant. When [ = % we obtain
et v*Gil,. < Clllelv G @|z[IV* el
< C(l+4t)" 875+

Hence we have

H\x|lva1( )« Uy

IN

Hmlval t) HL2||U0HL1 + Hval ||L2|||z|lUOHL1

n

CO+ 1) 5 Ug |1 + C+ )55 |[2)'T|

-

N

|1

forl—% 1.
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We next consider the estimate of the high frequency part. A direct computation gives the
following estimates for G (t,§):

IVEG oo (t,€)] < Ck) (70| h 1 4 e =01l e =hy, (13)

where 6 is a positive constant. By using Lemma 5.2 and (13), we have

H|x|leG (t) *UOHL2
{IVeGoollLe + 1Gsolloe H{lllz'Uoll 2| Toll 2 }
Ce ! V*Uy|| 12 + Ce!||z|'V* Uy

[VARVA

Iz-

for [ = %, 1, where ¢q is a positive constant. This completes the proof. O

We are in a position to complete the proof of Proposition 4.7.

Proposition 5.4. Letn > 3 and let |l = % orl =1. There exists € > 0 such that if

and

then we have

fort €0,00).

Upe H*T'NnL} NnL?

0ol freo1nrr <€

M(t) < C||Uol| 1z + Ce

Proof. By Proposition 4.1, Proposition 4.3, Lemma 5.3 and (12), we see that

H|x\ U(r

IN

ol P

IN

IN

IN

<

CH|$|ZG1 * Up —i—C’H\xVGOO ) * Ug

HL2 HLz

+0 [l Galr =) 5 FO)lads +C [ ol Gaclr = 5) + FO) o
0 0

CA+7) i Upllpr +CA+7)7 %

HLI +Ce 7 ||(1+ ||| 2

+c/0 (147 —s) FE@) |+ (17— ) |2 @), s
e / 0TI\ (1 + |2 F(U)]| 2ds
0

C+ ) Wallggosg +C [ (14 7= 5) F U2 VU s
0

+C/ (1+7—s)"1

0

+C/o N U] o + U] HIVU L0 + V0] g0 } s

C(1+T)*%+l||Uo||L;lez+Oez/ (14+7—s) it (1+s)" 2 2ds
0

+Csz(t)/ (1+7—s) " F(1+s)" 3 2Hds
0

+O{M(t) + M ( / e2e0(T=5) (1 4 5) #+21gg) 3 ( / VU0 + [ Ve0]2peos2ds) * }
0 0

C(L+7) 5 Uollprnpz + Ce(L+7) 75 + Ce(1+7) 7T My (1)

for k=0,1 and 0 < 7 <t. Hence we have

L+ 1) 5 2'U| 2 < CllUsll iz + Ce+ CeM(t).

Taking the supremum in 7 € [0, ], we obtain the desired estimate if € is sufficiently small. O
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The desired decay estimate in Proposition 4.7 now follows from Proposition 5.4.
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