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Abstract: This paper is concerned with large time behavior of the strong solutions of the com-
pressible Navier-Stokes equation in the whole space around the motionless state. It was shown
by Kawashima-Matsumura-Nishida (1979) and Hoff-Zumbrun (1995) that the perturbation of the
motionless state is time-asymptotic to the solution of the linearized problem. In this paper we will
give the second-order asymptotics of strong solutions.
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1 Introduction

This paper studies the initial value problem for the compressible Navier-Stokes equation in Rn,
n ≥ 3 : 

∂tρ+ divm = 0,

∂tm+ div (m
⊗

m
ρ ) +∇P (ρ) = µ∆(mρ ) + (µ+ µ′)∇div (mρ ),

(ρ,m)(0, x) = (ρ0,m0)(x).

(1)

Here t > 0, x = T (x1, x2, · · · , xn) ∈ Rn, and the superscript T · stands for the transposition;
the unknown functions ρ = ρ(t, x) > 0 and m = m(t, x) = T (m1(t, x),m2(t, x), · · · ,mn(t, x))
denote the density and momentum, respectively; P = P (ρ) is the pressure that is assumed to be a
function of the density ρ; µ and µ′ are the viscosity coefficients satisfying the conditions µ > 0 and
2
nµ+ µ′ ≥ 0; and div , ∇ and ∆ denote the usual divergence, gradient and Laplacian with respect

to x, respectively. The notation div (m
⊗

m
ρ ) means that its j-th component is given by div (

mjm
ρ ).

We assume that P (ρ) is smooth in a neighborhood of ρ̄ with P ′(ρ̄) > 0, where ρ̄ is a given
positive constant.

In this paper we investigate asymptotic properties of strong solutions of problem (1) around
the constant stationary solution (ρ̄, 0).

Matsumura and Nishida [6] showed the global in time existence of the solution of (1) for n = 3,
provided that the initial perturbation u0 = T (γ(ρ0 − ρ̄), Tm0), with γ =

√
P ′(ρ̄), is sufficiently

small in H3(R3) ∩ L1(R3). Furthermore, the following decay estimates were obtained in [6]

∥∇ku(t)∥L2 ≤ C(1 + t)−
3
4−

k
2 , k = 0, 1, (2)
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where u(t) = T (γ(ρ− ρ̄), Tm). (See also [7].) Kawashima, Matsumura and Nishida [4] proved that
the solution is time asymptotic to the one of the linearized problem. It was shown in [4] that

∥u(t)−G(t) ∗ u0∥L2 ≤ CL(t)(1 + t)−
3
4−

1
2 ,

if u0 is sufficiently small in H3(R3)∩L1(Rn) for n = 3. Here G(t) ∗u0 = G(t, ·) ∗u0, where G(t, x)
is Green’s matrix for the linearized system at T (ρ̄, 0) for (1) and ∗ denotes the convolution with
respect to x. Hoff and Zumbrun [3] derived a more detailed description of the large-time behavior
of u(t) in Lp for all 1 ≤ p ≤ ∞; the following estimates were established:

∥u(t)∥Lp ≤ C

{
(1 + t)−

n
2 (1− 1

p ), 2 ≤ p ≤ ∞,

(1 + t)−
n
2 (1− 1

p )−
n−1
4 (1− 2

p )L(t), 1 ≤ p < 2,

and

∥u(t)−G(t) ∗ u0∥Lp ≤ CL(t)

{
(1 + t)−

n
2 (1− 1

p )−
1
2 , 2 ≤ p ≤ ∞,

(1 + t)−
n
2 (1− 1

p )−
n
4 (1− 2

p )−
1
2+η, 1 ≤ p < 2,

where η is any positive number. Moreover, it was proved in [3] that u(t) is time-asymptotic to the
solution ũ(t) = T (σ̃, T m̃) of the following linear effective artificial viscosity system:{

∂tσ̃ + γdiv m̃− 1
2 (µ2 + µ1)∆σ̃ = 0,

∂tm̃− µ1∆m̃− 1
2 (µ2 − µ1)∇div m̃+ γ∇σ̃ = 0,

(3)

where µ1 = µ
ρ̄ and µ2 = µ+µ′

ρ̄ . More precisely,

∥u(t)− G̃(t) ∗ u0∥Lp , ∥u(t)− G̃(t, ·)
∫

u0dx∥Lp

≤ CL(t)

{
(1 + t)−

n
2 (1− 1

p )−
1
2 , 2 ≤ p ≤ ∞,

(1 + t)−
n
2 (1− 1

p )−
n
4 (1− 2

p )−
1
2+η, 1 ≤ p < 2,

for any positive constant η, where G̃ is Green’s matrix for (3). Here L(t) = log(1+ t) when n = 2,
and is otherwise identically one. We also mention that Kobayashi and Shibata [5] proved the
following estimates

∥∂j
t ∂

α
xG1(t, x)∥Lp(Rn

x )
≤ C(1 + t)−

n
2 (1− 1

p )−
j+|α|

2

for 2 ≤ p ≤ ∞, and

∥∂j
t ∂

α
xG1(t, x)∥Lp(Rn

x )
≤ C

{
(1 + t)−

n
2 (1− 1

p )−
n−1
4 (1− 2

p )−
j+|α|

2 , n ≥ 3 and n: odd,

(1 + t)−
n
2 (1− 1

p )−
n
4 (1− 2

p )−
j+|α|

2 , n ≥ 2 and n: even,

for 1 ≤ p ≤ ∞, any positive integer j and any multi-index α. Here G1 is a low frequency part of
G, i.e., G1 = Φ ∗G with F[Φ] ∈ C∞, SuppF[Φ] ⊂ {ξ ∈ Rn||ξ| ≤ A√

2
} and F[Φ](ξ) = 1 for |ξ| ≤ A

2 .

Here, F[Φ] denotes the Fourier transform of Φ, A = 2γ
µ1+µ2

with µ1 = µ
ρ̄ and µ2 = µ+µ′

ρ̄ .

In this paper we give the second order term in the asymptotic expansion of u(t) as t → ∞. The
main result of this paper is stated as follows

Theorem 1.1. Assume that n ≥ 3. Then there exists ϵ > 0 such that if

u0 ∈ Hs0+1 ∩ L1
l ∩ L2

l

with s0 = [n2 ] + 1 and
∥u0∥Hs0+1∩L1 ≤ ϵ,
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for l = 1
2 when n = 3, and l = 1 when n ≥ 4, then

∥∥u(t)−G(t) ∗ u0 −
n∑

i=1

∂iG1(t.·)
∫ ∞

0

∫
Rn

F0
i dyds

∥∥
L2 ,

∥∥u(t)−G(t) ∗ u0 −
n∑

i=1

∂iG̃(t.·)
∫ ∞

0

∫
Rn

F0
i dyds

∥∥
L2

≤ C(1 + t)−
n
4 − 3

4


log(1 + t), n = 3,

(1 + t)−
1
4 log(1 + t), n = 4,

(1 + t)−
1
4 , n ≥ 5,

for t ≥ 0, where

F0
i =

(
0
F 0
i

)
with F 0

i =
(
F 0
ij

)n
i,j=1

being the matrix defined by

F 0
ij = −δji

{1
2
(ρ− ρ̄)2Pρρ(ρ̄)

}
− mjmi

ρ̄

+δji
{ 1

2γ3
σ3

∫ 1

0

(1− θ)2∂3
ρP (

1

γ
σθ + ρ̄)dθ

}
+

σmjmi

ρ̄(σ + γρ̄)
.

Remark 1.2. Let n ≥ 3. One can also obtain∥∥u(t)−G(t) ∗ u0 −
n∑

i=1

∂iG1(t, ·)
∫ ∞

0

∫
Rn

F0
i dyds

∥∥
Lp ≤ CK(t)(1 + t)−

n
2 (1− 1

p )−
3
4

for 2 ≤ p ≤ ∞, and ∥∥u(t)−G(t) ∗ u0 −
n∑

i=1

∂iG1(t, ·)
∫ ∞

0

∫
Rn

F0
i dyds

∥∥
Lp

≤ CK(t)

{
(1 + t)−

n
2 (1− 1

p )−
n−1
4 (1− 2

p )−
3
4 , n ≥ 3 and n: odd,

(1 + t)−
n
2 (1− 1

p )−
n
4 (1− 2

p )−
3
4 , n ≥ 2 and n: even

for 1 ≤ p < 2, and initial perturbation u0 sufficiently small in some Sobolev spaces and weighted

Lebesgue space. Here K(t) =


log(1 + t), n = 3,

(1 + t)−
1
4 log(1 + t), n = 4,

(1 + t)−
1
4 , n ≥ 5.

Remark 1.3. Asymptotic expansion of the solution of the linearized equation is given as follows:

∥G(t) ∗ u0 −G1(t, ·)
∫

u0dy +
∑
|α|=1

∂α
xG1(t, ·)

∫
yαu0dy∥L2 ≤ C(1 + t)−

n
4 −1,

for t ≥ 0 and u0 ∈ L1
2 ∩ L2. Hence we have∥∥u(t)−G1(t, ·)

∫
u0dy +

∑
|α|=1

∂α
xG1(t, ·)

∫
yαu0dy −

n∑
i=1

∂iG1(t.·)
∫ ∞

0

∫
Rn

F0
i dyds

∥∥
L2

≤ C(1 + t)−
n
4 − 3

4


log(1 + t), n = 3,

(1 + t)−
1
4 log(1 + t), n = 4,

(1 + t)−
1
4 , n ≥ 5,

for t ≥ 0 and sufficiently small u0 ∈ Hs0+1 ∩ L1
2 ∩ L2

l .

This paper is organized as follows. In section 2 we introduce notation and an auxiliary lemma.
In section 3 we reformulate the problem; we rewrite the equation into a symmetric one and formu-
late the problem for a system of low and high frequency parts. Section 4 is devoted to the proof
of the main theorem. In section 5 we establish a decay estimate of L2-moments.
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2 Preliminaries

In this section we first introduce the notation which will be used throughout this paper. We
then introduce some auxiliary lemmas which will be useful in the proof of the main result.

Let Lp(1 ≤ p ≤ ∞) denote the usual Lp-Lebesgue space on Rn. For a nonnegative integer m, we
denote by Hm the usual L2-Sobolev space of order m. For 1 ≤ p ≤ ∞ and 0 ≤ l, Lp

(
(1+ |x|l)pdx

)
stands for the weighted Lp spaces over Rn defined by

Lp
l := Lp

(
(1 + |x|l)pdx

)
= {u :

∫
Rn

|u(x)|p(1 + |x|l)pdx < ∞}.

The inner-product of L2 is denoted by (·, ·).
For any integer k ≥ 0,∇kf denotes all of k-th derivatives of f .
For a function f , we denote its Fourier transform by F[f ] = f̂ :

F[f ](ξ) = f̂(ξ) =

∫
Rn

f(x)e−ix·ξdx (ξ ∈ R).

The inverse Fourier transform is denoted by F−1[f ] = f̌ ,

F−1[f ](x) = f̌(x) = (2π)−n

∫
Rn

f(ξ)eiξ·xdξ (x ∈ R).

We close this section with the Gagliardo-Nirenberg-Sobolev inquality.

Lemma 2.1. Assume that u(x) ∈ Lq(Rn), ∇mu(x) ∈ Lr(Rn) with 1 ≤ q, r ≤ ∞. Then for each
integer j ∈ [0,m], we have

∥∇ju∥Lp ≤ C∥∇mu∥αLr∥u∥1−α
Lq .

Here
1

p
=

j

n
+ α

(1
r
− m

n

)
+ (1− α)

1

q
,

j

m
≤ α ≤ 1.

See, e.g., [2], for the proof.

3 Reformulation of the problem

In this section we first rewrite system (1) into the one for the perturbation. We next state the
existence of strong solutions. We then introduce some auxiliary lemmas which will be useful in the
proof of the main result.

Let us rewrite the problem (1) in a symmetric form. We define µ1, µ2 and γ by

µ1 =
µ

ρ̄
, µ2 =

µ+ µ′

ρ̄
, γ =

√
P ′(ρ̄).

We introduce the new unknown functions

σ(t, x) = γ
(
ρ(t, x)− ρ̄

)
, m(t, x) = m(t, x).

The initial value problem (1) is then reformulated as ∂tσ + γdivm = 0,
∂tm− µ1∆m− µ2∇divm+ γ∇σ = divF (u, ∂xu),
(σ,m)(0, x) = (σ0,m0)(x),

(4)

where, u =

(
σ
m

)
, and F (u, ∂xu) is the n× n matrix (Fjk(u, ∂xu)) defined by

Fjk(u, ∂xu) = −δjk
1

2γ2
σ2Pρρ(ρ̄)−

mjmk

ρ̄

+δjk
{ 1

2γ3
σ3

∫ 1

0

(1− θ)2∂3
ρP (

1

γ
σθ + ρ̄)dθ

}
+

σmjmk

ρ̄(σ + γρ̄)

−δjkµ2div
( σm

σ + γρ̄

)
− µ1∂xk

( σmj

σ + γρ̄

)
,

4



and the j-th component of divF is given by
∑n

k=1 ∂xk
Fjk.

The global existence of strong solutions was proved by Matsumura and Nishida [6] by a combi-
nation of the spectral analysis and the energy method for the density-velocity formulation for (4).
We here restate the global existence in terms of the density and momentum.

Proposition 3.1 (Matsumura-Nishida [6]). Let n ≥ 2 and let u0 ∈ Hs0+1. There exist a positive
constant ϵ1 such that if

∥u0∥Hs0+1 ≤ ϵ1,

then problem (4) has a unique global solution u ∈ C([0,∞);Hs0+1).

Proposition 3.1 were proved for the case n = 3 in [6]. In a similar manner one can see that
Proposition 3.1 holds for n ≥ 2.

We set

A =

(
0 −γ∇·

−γ∇ µ1∆+ µ2∇∇·

)
.

By using operator A, problem (4) is written as

∂tu−Au = divF , u|t=0 = u0, (5)

where

F = F(u, ∂xu) =

(
0

F (u, ∂xu)

)
, u0 =

(
σ0

m0

)
.

We introduce a semigroup generated by A. We set

E(t)u := F−1[eÂ(ξ)tû] = G(t) ∗ u for u ∈ L2,

where

Â(ξ) =

(
0 −iγT ξ

−iγξ −µ1|ξ|2In − µ2ξ
T ξ

)
and G(t, x) = F−1[eÂ(ξ)t](x).

Lemma 3.2. (i) The set of all eigenvalues of Â(ξ) consists of λi(ξ) (i = 1, 2, 3), where
λ1(ξ) = − 1

2 (µ1 + µ2)|ξ|2 + iγ|ξ|
√

1− (µ1+µ2)2

4γ2 |ξ|2,

λ2(ξ) = −1
2 (µ1 + µ2)

2|ξ|2 − iγ|ξ|
√

1− (µ1+µ2)
4γ2 |ξ|2,

λ3(ξ) = −µ1|ξ|2,

for all ξ ∈ Rn.

(ii) etÂ(ξ) has the spectral resolution

etÂ(ξ) =
3∑

j=1

etλj(ξ)Pj(ξ)

for all |ξ| ̸= 2γ√
µ1+µ2

, where Pj(ξ) is the eigenprojection for λj(ξ).

For |ξ| = 2γ√
µ1+µ2

, we have λ1(ξ) = λ2(ξ) = −µ1+µ2

2 |ξ|2 and

etÂ(ξ) = etλ1(ξ)
(
I + t(Â(ξ)− λ1I)

)
P1(ξ) + etλ3(ξ)P3(ξ).

We see from Lemma 3.2 that

λ1(ξ) ∼ −1

2
(µ1 + µ2)|ξ|2 + iγ|ξ|, λ2(ξ) ∼ −1

2
(µ1 + µ2)|ξ|2 − iγ|ξ| (|ξ| → 0)

5



and

λ1(ξ) ∼ −(µ1 + µ2)|ξ|2, λ2(ξ) ∼ − γ2

µ1 + µ2
(|ξ| → ∞),

and hence, G(t) ∗ u has different characters in its low and high frequency parts.
We next decompose the solution u of (5) into its low and high frequency parts. Let Φ̂ be a

function in C∞(Rn) such that Φ̂(ξ) =

{
1 |ξ| ≤ A

2 ,
0 |ξ| ≥ A√

2
,

where A = 2γ√
µ1+µ2

. We set

G1(t, x) =

(
L11(t, x) L12(t, x)
L21(t, x) L22(t, x)

)
,

where

L11(t, x) = F−1

[
λ1(ξ)e

λ2(ξ)t − λ2(ξ)e
λ1(ξ)t

λ1(ξ)− λ2(ξ)
Φ̂(ξ)

]
(x),

L12(t, x) = −iγF−1

[
T ξ

eλ1(ξ)t − eλ2(ξ)t

λ1(ξ)− λ2(ξ)
Φ̂(ξ)

]
(x),

L21(t, x) = TL12(t, x),

L22(t, x) = K1(t, x) +K2(t, x)−K3(t, x),

K1(t, x) = F−1
[
eλ3(ξ)tΦ̂(ξ)

]
(x)I, I is unit matrix,

K2(t, x) = F−1

[
λ1(ξ)e

λ1(ξ)t − λ2(ξ)e
λ2(ξ)t

λ1(ξ)− λ2(ξ)

ξjξk
|ξ|2

Φ̂(ξ)

]
(x),

K3(t, x) = F−1

[
eλ3(ξ)t

ξjξk
|ξ|2

Φ̂(ξ)

]
(x).

We define the operators S1 and S̃∞ on L2 by

S1u := F−1
[
Φ̂û

]
S̃∞u := F−1

[
(1− Φ̂)û

]
, u ∈ L2.

In terms of S1 and S̃∞, we decompose the solution u(t) of (5) as

u(t) = u1(t) + u∞(t), u1(t) = S1u(t), u∞(t) = S̃∞u(t).

It then follows that u1(t) and u∞(t) are governed by systems (6) and (7)−(8) given in the following
proposition.

Proposition 3.3. Let u = T (σ, Tm) be a solution of problem (5) on [0,∞)×Rn. Then, u1(t) and
u∞(t) satisfy

u1(t) = G1(t) ∗ u0 +

∫ t

0

G1(t− s) ∗ divF(u, ∂xu)(s)ds (6)

and
∂tu∞ −Au∞ = S̃∞divF(u, ∂xu), (7)

u∞|t=0 = u0∞, (8)

where u0∞ = S̃∞u0.

See, e.g., [8], for the proof.

4 Proof of main result

In this section we prove Theorem 1.1. We have the following decay estimate for high frequency
part.
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Proposition 4.1 ([8]). There exists ϵ > 0 such that if

u0 ∈ Hs0 ∩ L1

and
∥u0∥Hs0∩L1 ≤ ϵ,

then we have
∥∇ku(t)∥L2 ≤ Cϵ(1 + t)−

n
4 − k

2

for k = 1, 2, · · · , s0, and
∥u∞(t)∥L2 ≤ Cϵ(1 + t)−

n
4 −1.

In view of Proposition 4.1 we expect that the large-time behavior of solution is described by
the behavior of the low frequency part. Hence, we investigate asymptotic properties of the low
frequency part of solution in the form of the integral equation (6). We first consider the linear
term G1(t) ∗ u0 in (6). We have the following estimates for G1(t) ∗ u0.

Lemma 4.2 (Kobayashi-Shibata [5]). Let n ≥ 2 and let j and α be any positive integer and any
multi-index, respectively. Then, for any t ≥ 0, we have

∥∂j
t ∂

α
xG1(t, x)∥Lp(Rn

x )
≤ C(1 + t)−

n
2 (1− 1

p )−
j+|α|

2

for 2 ≤ p ≤ ∞, and

∥∂j
t ∂

α
xG1(t, x)∥Lp(Rn

x )
≤ C

{
(1 + t)−

n
2 (1− 1

p )−
n−1
4 (1− 2

p )−
j+|α|

2 , n ≥ 3 and n: odd,

(1 + t)−
n
2 (1− 1

p )−
n
4 (1− 2

p )−
j+|α|

2 , n ≥ 2 and n: even,

for 1 ≤ p < 2.

On the other hand, the high frequency part of G(t) ∗ u0 decays exponentially. In fact, we have
the following estimate.

Proposition 4.3. There exists constants C, c0 > 0 independent of t such that

∥G1(t) ∗ u0 −G(t) ∗ u0∥L2 ≤ Ce−c0t∥u0∥L2 .

Proof. By Plancherel’s theorem, we have

∥G1(t) ∗ u0 −G(t) ∗ u0∥L2 ≤ C
(∫

|ξ|≥A
2

∣∣eÂ(ξ)tû0

∣∣2dξ) 1
2

≤ Ce−c0t
( ∫

Rn

|û0(ξ)|2dξ
) 1

2

≤ Ce−c0t∥u0∥L2 .

□

The following estimates show that G̃(t) ∗ u0 is time-asymptotic to G1(t) ∗ u0.

Proposition 4.4 (Hoff-Zumbrun [3]). Let G̃ be Green’s matrix for the linear artificial viscosity
system (3). Then for each nonnegative integer k, u0 ∈ L1 ∩ Hk, and |α| ≤ k, there is a positive
constant C such that

∥∂α
x G̃(t) ∗ u0∥L2 ≤ C(1 + t)

n
4 − |α|

2 ∥u0∥L1∩Hk ,

∥∂α
x [G1(t) ∗ u0 − G̃(t) ∗ u0]∥L2 ≤ C(1 + t)−

n
4 − |α|

2 − 1
2 ∥u0∥L1∩Hk .

The linear term G1(t) ∗ u0 has the following expansion.
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Proposition 4.5. Suppose u0 ∈ L1
2. Then we obtain

∥G1(t) ∗ u0 −G1(t, ·)
∫

u0(y)dy +
∑
|α|=1

∂α
xG1(t, ·)

∫
yαu0dy∥L2 ≤ C(1 + t)−

n
4 −1

Proof. Applying Taylor’s formula we have

G1(t) ∗ u0 =

∫
G1(t, x− y)u0(y)dy

= G1(t, x)

∫
u0(y)dy −

∑
|α|=1

∂α
xG1(t, x)

∫
yαu0(y)dy

+
∑
|α|=2

∫ ∫ 1

0

(
∂α
xG

)
(x− θy)yαu0(y)dθdy.

Therefore, we obtain

∥G1(t) ∗ u0 −G1(t, ·)
∫

u0(y)dy +
∑
|α|=1

∂α
xG1(t, ·)

∫
yαu0dy∥L2 ≤ ∥∇2G1(t)∥L2∥u0∥L1

2

≤ C(1 + t)−
n
4 −1∥u0∥L1

2
.

□

We next give the asymptotic leading term for the nonlinearity of (6).

Theorem 4.6. Assume that n ≥ 3. Let l = 1
2 when n = 3 or l = 1 when n ≥ 4. There exists

ϵ > 0 such that if
u0 ∈ Hs0+1 ∩ L1

l ∩ L2
l

and
∥u0∥Hs0+1∩L1 ≤ ϵ,

then we have

∥∥ ∫ t

0

G1(t− s) ∗ divF(u, ∂xu)(s)ds−
n∑

i=1

∂iG1(t.·)
∫ ∞

0

∫
Rn

F0
i dyds

∥∥
L2

≤ C(1 + t)−
n
4 − 3

4


log(1 + t), n = 3,

(1 + t)−
1
4 log(1 + t), n = 4,

(1 + t)−
1
4 , n ≥ 5

for t ≥ 0.

To prove Theorem 4.6 we introduce the following decay estimates of L2-moments of solutions
of problem (4).

Proposition 4.7. Let l = 1
2 or l = 1 for n ≥ 3. There exists ϵ > 0 such that if

u0 ∈ Hs0+1 ∩ L1
l ∩ L2

l

and
∥u0∥Hs0 ≤ ϵ,

then the solution u(t) of (4) satisfies∥∥|x|lu(t)∥∥
L2 ≤ C(1 + t)−

n
4 +l.
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We will give a proof of Proposition 4.7 in section 5.

Proof of Theorem 4.6. Direct calculation gives∫ t

0

G1(t− s) ∗ divF(u, ∂xu)(s)ds−
n∑

i=1

∂iG1(t.·)
∫ ∞

0

∫
Rn

F0
i dyds

=

∫ t
2

0

∫ n∑
i=1

(
∂xiG1(t− s, x− y)− ∂xiG1(t, x)

)
F0

i dyds

+

∫ t
2

0

∫ n∑
i=1

∂xiG1(t− s, x− y)F1
i dyds

+

∫ t

t
2

G1(t− s) ∗ divF(u, ∂xu)(s)ds+

n∑
i=1

∂xiG1(t, ·)
∫ ∞

t
2

∫
F0

i dyds

=: J1 + J2 + J3 + J4,

where F1
i =

(
0

F 1
i (u, ∂xu)

)
with F 1

i (u, ∂xu) =
(
F 1
ij(u, ∂xu)

)n
j
, F 1

ij(u, ∂xu) = −δjiµ2div
(

σm
σ+γρ̄

)
−

µ1∂xi

( σmj

σ+γρ̄

)
.

We first estimate the L2 norms of J3 and J4:

∥J3∥L2 =
∥∥∥ ∫ t

t
2

G1(t− s) ∗ divFds
∥∥∥
L2

≤ C

∫ t

t
2

∥u∥L∞∥∇u∥H1

≤ C

∫ t

t
2

(1 + s)−
3n
4 − 1

2 ≤ C(1 + t)−
n
4 −1,

∥J4∥L2 =
∥∥∥ n∑

i=1

∂xiG1(t, ·)
∥∥∥
L2

∫ ∞

t
2

∫
F0

i dyds ≤ C(1 + t)−
n
4 − 1

2

∫ t

t
2

∥u∥2L2ds

≤ C(1 + t)−
n
4 −1.

We next estimate J2. We put F 2
i (u, ∂xu) =

(
F 2
i,jk(u, ∂xu)

)n
j,k=1

with F 2
i,jk(u, ∂xu) = −δjiµ2

(
σmk

σ+γρ̄

)
for 1 ≤ i ≤ n and F 3(u, ∂xu) =

(
F 3
j (u, ∂xu)

)n
j=1

with F 3
j (u, ∂xu) = −µ1

( σmj

σ+γρ̄

)
; and we set

F2
i =

(
0

F 2
i (u, ∂xu)

)
and F3 =

(
0

F 3(u, ∂xu)

)
. By using F2

i and F3, we can write F1
i =∑n

k=1 ∂xk
F2

i,k+∂xiF3, where F2
i,k =

(
0

F 2
ik(u, ∂xu)

)
with F 2

ik(u, ∂xu) =
(
F 2
i,jk(u, ∂xu)

)n
j=1

. Hence

we obtain

∥J2∥L2 =
∥∥∥ ∫ t

2

0

∫ n∑
i=1

∂xiG1(t− s, x− y)F1
i dyds

∥∥∥
L2

=
∥∥∥ ∫ t

2

0

∫ n∑
i=1

∂xiG1(t− s, x− y){
n∑

k=1

∂xk
F2

i,k + ∂xiF3}dyds
∥∥∥
L2

=
∥∥∥ ∫ t

2

0

∫ { n∑
i=1

n∑
k=1

∂xi∂xk
G1(t− s, x− y)F2

i,k

}
+
{ n∑

i=1

∂2
xi
G1(t− s, x− y)F3

}
dyds

∥∥∥
L2

≤ C

∫ t
2

0

∥∇2G1(t− s)∥L2∥u(s)∥2L2ds

≤ C

∫ t
2

0

(1 + t− s)−
n
4 −1(1 + s)−

n
2 ds

≤ C(1 + t)−
n
4 −1.
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Let us next consider J1. We decompose J1 as

J1 =

∫ t
2

0

∫ n∑
i=1

(
∂xiG1(t− s, x− y)− ∂xiG1(t, x)

)
F4

i dyds

+

∫ t
2

0

∫ n∑
i=1

(
∂xi

G1(t− s, x− y)− ∂xi
G1(t, x)

)
F5

i dyds

=: I1 + I2,

where F4
i =

(
0

F 4
i (u)

)
, and F5

i =

(
0

F 5
i (u)

)
with F 4

i (u) =
(
F 4
ij(u)

)n
j=1

, F 4
ij(u) = −δji

{
1

2γ2σ
2Pρρ(ρ̄)

}
−

mjmi

ρ̄ , and F 5
i (u) =

(
F 5
ij(u)

)n
j=1

with F 5
ij(u) = δji

{
1

2γ3σ
3
∫ 1

0
(1− θ)2∂3

ρP ( 1γσθ + ρ̄)dθ
}
+

σmjmi

ρ̄(σ+γρ̄) .

Moreover, we decompose I1 as

I1 =

∫ t
2

0

∫ n∑
i=1

(
∂xiG1(t− s, x− y)− ∂xiG1(t, x)

)
F4

i dyds

=

∫ t
2

0

∫ n∑
i=1

(
∂xiG1(t− s, x− y)− ∂xiG1(t− s, x)

)
F4

i dyds

+

∫ t
2

0

∫ n∑
i=1

(
∂xiG1(t− s, x)− ∂xiG1(t, x)

)
F4

i dyds

=: I11 + I12.

We first estimate I11 and I12 when n = 3. By using Lemma 2.1 and Lemma 4.2, we have

∥I11∥L2 =
∥∥∥∫ t

2

0

∫ 3∑
i=1

(
∂xiG1(t− s, x− y)− ∂xiG1(t− s, x)

)
F4

i (s, y)dyds
∥∥∥
L2

≤ C

∫ t
2

0

∫ ∥∥∇{
G1(t− s, x− y)−G1(t− s, x)

}∥∥
L2

3∑
i=1

∣∣F4
i (s, y)

∣∣dyds
≤ C

∫ t
2

0

∫ ∥∥G1(t− s, x− y)−G1(t− s, x)
∥∥ 1

2

L2

∥∥∇2
{
G1(t− s, x− y)−G1(t− s, x)

}∥∥ 1
2

L2

×
3∑

i=1

∣∣F4
i (s, y)

∣∣dyds
≤ C

∫ t
2

0

∫ ∥∥∫ 1

0

∣∣∇G1(t− s, x− τy)
∣∣dτ∥∥ 1

2

L2

∥∥∇2
{
G1(t− s, x− y)−G1(t− s, x)

}∥∥ 1
2

L2 |y|
1
2

×
3∑

i=1

∣∣F4
i (s, y)

∣∣dyds
≤ C

∫ t
2

0

(1 + t− s)−
1
2 (

3
4+

1
2 )(1 + t− s)−

1
2 (

3
4+1)

3∑
i=1

∥∥|x| 12F4
i (s, x)

∥∥
L1ds

≤ C

∫ t
2

0

(1 + t− s)−
3
2 ∥|x| 12u∥L2∥u∥L2ds

≤ C(1 + t)−
3
2

∫ t
2

0

(1 + s)−1ds ≤ C(1 + t)−
3
2 log(1 + t),
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and

∥I12∥L2 =
∥∥∥∫ t

2

0

∫ 3∑
i=1

(
∂xiG1(t− s, x)− ∂xiG1(t, x)

)
F4

i (s, y)dyds
∥∥∥
L2

≤ C

∫ t
2

0

∫ ∥∥G1(t− s, x)−G1(t, x)
∥∥ 1

2

L2

∥∥∇2
{
G1(t− s, x)−G1(t, x)

}∥∥ 1
2

L2

×
3∑

i=1

∣∣F4
i (s, y)

∣∣dyds
≤ C

∫ t
2

0

∫ ∥∥∫ 1

0

∣∣∂tG1(t− τs, x)
∣∣dτ∥∥ 1

2

L2

×
∥∥∇2

{
G1(t− s, x)−G1(t, x)

}∥∥ 1
2

L2s
1
2

3∑
i=1

∣∣F4
i (s, y)

∣∣dyds
≤ C(1 + t)−

3
2

∫ t
2

0

s
1
2 ∥u∥L2∥u∥L2ds

≤ C(1 + t)−
3
2

∫ t
2

0

(1 + s)−1ds ≤ C(1 + t)−
3
2 log(1 + t).

Hence we obtain the estimate of ∥I1∥L2 for n = 3.
We next consider the case n ≥ 4. We have

∥I11∥L2 =
∥∥∥∫ t

2

0

∫ n∑
i=1

(
∂xiG1(t− s, x− y)− ∂xiG1(t− s, x)

)
F4

i (s, y)dyds
∥∥∥
L2

=
∥∥∥∫ t

2

0

∫ n∑
i=1

∫ 1

0

∂xi
∇G1(t− s, x− τy)dτyF4

i (s, y)dyds
∥∥∥
L2

≤ C

∫ t
2

0

(1 + t− s)−
n
4 −1∥|x|u∥L2∥u∥L2ds

≤ C(1 + t)−
n
4 −1

∫ t
2

0

(1 + s)−
n
2 +1ds

≤ C(1 + t)−
n
4 −1

{
log(1 + t), n = 4,
1, n ≥ 5.

Similarly, we obtain

∥I12∥L2 =
∥∥∥∫ t

2

0

∫ n∑
i=1

(
∂xiG1(t− s, x)− ∂xiG1(t, x)

)
F4

i (s, y)dyds
∥∥∥
L2

=
∥∥∥∫ t

2

0

∫ n∑
i=1

∫ 1

0

∂xi∂tG1(t− τs, x)dτ sF4
i (s, y)dyds

∥∥∥
L2

≤ C(1 + t)−
n
4 −1

∫ t
2

0

(1 + s)−
n
2 +1ds

≤ C(1 + t)−
n
4 −1

{
log(1 + t), n = 4,
1, n ≥ 5,

and the estimate of I1 is obtained.
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As for I2, we can estimate similarly to the proof of the estimate of I1:

∥I2∥L2 ≤ C
∥∥∥ ∫ t

2

0

∫ n∑
i=1

(
∂xiG1(t− s, x− y)− ∂xiG1(t− s, x)

)
F5

i dyds
∥∥∥
L2

+C
∥∥∥ ∫ t

2

0

∫ n∑
i=1

(
∂xi

G1(t− s, x)− ∂xi
G1(t, x)

)
F5

i dyds
∥∥∥
L2

≤ C

∫ t
2

0

(1 + t− s)−
n
4 −1∥|x| 12u∥2L2∥σ∥L∞ds

+C

∫ t
2

0

(1 + t− s)−
n
4 −1s∥u∥2L2∥σ∥L∞ds

≤ C(1 + t)−
n
4 −1

∫ t
2

0

(1 + s)−n+1ds ≤ C(1 + t)−
n
4 −1.

This completes the proof. □

Proof of Theorem 1.1. It follows from Proposition 4.1, Proposition 4.3 and Theorem 4.6
that

∥∥u(t)−G(t) ∗ u0 −
n∑

i=1

∂iG1(t, ·)
∫ ∞

0

∫
Rn

F0
i dyds

∥∥
L2

=
∥∥u1(t) + u∞(t)−G(t) ∗ u0 −

n∑
i=1

∂iG1(t, ·)
∫ ∞

0

∫
Rn

F0
i dyds

∥∥
L2

≤
∥∥G1(t) ∗ u−G(t) ∗ u0

∥∥
L2

+
∥∥∫ t

0

G1(t− s) ∗ divF(u, ∂xu)(s)ds−
n∑

i=1

∂iG1(t, ·)
∫ ∞

0

∫
Rn

F0
i dyds

∥∥
L2

+
∥∥u∞(t)

∥∥
L2

≤ C(1 + t)−
n
4 − 3

4


log(1 + t), n = 3,

(1 + t)−
1
4 log(1 + t), n = 4,

(1 + t)−
1
4 , n ≥ 5.

Moreover, in a similar manner to the proof of Theorem 4.6, we have

∥∥ ∫ t

0

G1(t− s) ∗ divF(u, ∂xu)(s)ds−
n∑

i=1

∂iG̃(t, ·)
∫ ∞

0

∫
Rn

F0
i dyds

∥∥
L2

≤
∥∥ ∫ t

0

G1(t− s) ∗ divF(u, ∂xu)(s)ds−
∫ t

0

G̃(t− s) ∗ divF(u, ∂xu)(s)ds
∥∥
L2

+
∥∥ ∫ t

0

G̃(t− s) ∗ divF(u, ∂xu)(s)ds−
n∑

i=1

∂iG̃(t, ·)
∫ ∞

0

∫
Rn

F0
i dyds

∥∥
L2

≤ C(1 + t)−
n
4 − 3

4


log(1 + t), n = 3,

(1 + t)−
1
4 log(1 + t), n = 4,

(1 + t)−
1
4 , n ≥ 5.

Here we used proposition 4.4. We thus obtain the desired decay estimate in Theorem 1.1. □
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5 Proof of Proposition 4.7

In this section we will give a proof of Proposition 4.7. Let us reformulate the problem (1) by using
the velocity. We set v = m

ρ and v0 = m0

ρ0
. Then (1) is rewritten as

∂tρ+ div (ρv) = 0,

∂tv + (v · ∇)v + ∇P (ρ)
ρ = µ

ρ∆v + µ+µ′

ρ ∇(div v),

(ρ, v)(0, x) = (ρ0, v0)(x).

(9)

Moreover we rewrite the system (9) into the one for perturbation. By using the new unknown
function

ϕ(t, x) =
ρ(t, x)− ρ̄

ρ̄
, w(t, x) =

1

γ
u(t, x),

the initial value problem (9) is reformulated as ∂tϕ+ γdivw = F1(U),
∂tw − µ1△w − µ2∇(divw) + γ∇ϕ = F2(U),
(ϕ,w)(0, x) = (ϕ0, w0)(x),

(10)

where U =

(
ϕ
w

)
,

F1(U) = −γ(w · ∇ϕ+ ϕdivw),

F2(U) = −γ(w · ∇)w − µ1
ϕ

ϕ+ 1
△w − µ2

ϕ

ϕ+ 1
∇(divw)

+
( ρ̄γ

ϕ+ 1
− ρ̄

γ

∫ 1

0
P ′′(sρ̄ϕ+ ρ̄)ds

ϕ+ 1

)
ϕ∇ϕ.

We have the following estimates for the solution U of (10) which were obtaind by Matsumura
and Nishida [6, 7].

Proposition 5.1. There exists a ϵ > 0 such that if

∥U0∥Hs0+1 ≤ ϵ.

Then we obtain ( ∫ ∞

0

∥∇U∥2Hs0ds
) 1

2 +
( ∫ ∞

0

∥∇w∥2Hs0+1ds
) 1

2 ≤ Cϵ

See, for instance, [6, 7] for a proof of Proposition 5.1.

By using operator A, problem (10) is written as

∂tU −AU = F (U), U |t=0 = U0, (11)

where

F (U) =

(
F1(U)
F2(U)

)
, U0 =

(
ϕ0

w0

)
.

In terms of G, solution U is written as

U(t) = G(t) ∗ U0 +

∫ t

0

G(t− s) ∗ F (U)ds

= G1(t) ∗ U0 +G∞(t) ∗ U0 +

∫ t

0

G1(t− s) ∗ F (U)ds+

∫ t

0

G∞(t− s) ∗ F (U)ds (12)

where G∞(t) is the high frequency part of G, i.e., G∞(t) is given by G∞(t) = G(t)−G1(t).

13



To prove Proposition 4.7, we introduce some notation. We set

Ml(t) := sup
0≤τ≤t

(1 + τ)
n
4 −l

∥∥|x|lU(τ)
∥∥
2
.

Let us introduce the dyadic partition of unity. We take ϕ ∈ C∞
0 satisfying

Suppϕ ⊂ {x ∈ Rn|3
4
≤ |x| ≤ 8

3
},

∑
j∈Z

ϕ(2−jx) = 1 for x ∈ Rn\{0},

Suppϕ(2−j ·) ∩ Suppϕ(2−j′ ·) = ∅ for |j − j′| ≥ 2.

We set h = F[ϕ] and define the dyadic blocks by

△̇j û = 2jn
∫
Rn

h(2jη)û(ξ − η)dη if j ∈ Z.

The cut-off operator Ṡj is defined by

Ṡj û =
∑

k≤j−1

△̇kû.

The paraproducts of û and v̂ are defined by

Ṫûv̂ :=
∑
j

Ṡj−1û△̇j v̂, Ṙ(û, v̂) =
∑

|k−j|≤1

△̇kû△̇j v̂.

The Bony decomposition
ûv̂ = Ṫûv̂ + Ṫv̂û+ Ṙ(û, v̂)

is well known. See, for instance, [1]

We have the following estimate for |x| 12u ∗ v.

Lemma 5.2. Let ∇kû ∈ L∞ for k = 0, 1, and (1 + |x| 12 )v ∈ L2. We have∥∥|x| 12u ∗ v
∥∥
L2 ≤ C

{
∥∇ξû∥L∞ + ∥û∥L∞

}{
∥v∥L2 + ∥|x| 12 v∥L2

}
.

Proof. We obtain∥∥|x| 12u ∗ v
∥∥2
L2 =

∥∥∑
j

ϕ(2−jx)|x| 12u ∗ v
∥∥2
L2

≤ C
∑
j

{2 1
2 j
∥∥ϕ(2−jx)u ∗ v

∥∥
L2}2

≤ C
∑
j

{2 1
2 j
∥∥△̇kûv̂

∥∥
L2}2

≤ C
∑
j

{2j∥△̇j Ṫûv̂∥2L2 + 2j∥△̇j Ṫv̂û∥2L2 + 2j∥△̇jṘ(û, v̂)∥2L2}.

Each term on the right-hand side is estimated as∑
j

2j∥△̇kṪûv̂∥2L2 =
∑
j

2j∥△̇j

∑
k

Ṡk−1û△̇kv̂∥2L2

=
∑
j

2j∥△̇j

∑
|j−k|≤5

Ṡk−1û△̇kv̂∥2L2

≤ C
∑
j

2j
∑

|j−k|≤5

∥Ṡk−1û∥2L∞∥△̇kv̂∥2L2

≤ C∥û∥2L∞

∑
j

2j∥△̇j v̂∥2L2

≤ C∥û∥2L∞∥|x| 12 v∥2L2 ,
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∑
j

2j∥△̇kṪv̂û∥2L2 ≤ C
∑
j

2j
∑

|j−k|≤5

∥Ṡk−1v̂∥2L2∥△̇kû∥2L∞

≤ C∥v∥2L2

∑
j

2j∥△j û∥2L∞

≤ C∥v∥2L2

{
∥û∥2L∞

∑
j<0

2j + sup
j
(2j∥△j û∥L∞)2

∑
j≥0

2−j}

≤ ∥v∥2L2

{
∥∇ξû∥2L∞ + ∥û∥2L∞

}
,

and ∑
j

2j∥△̇jṘ(û, v̂)∥2L2 ≤ C
∑
j

2j
∑

k>j−2

∥△̃kû△̇kv̂∥2L2

≤ C
∑
j

∑
k>j−2

2j−k∥△̃kû∥2L∞2k∥△̇kv̂∥2L2

≤ C∥û∥2L∞

∑
k

2k∥△̇kv̂∥2L2

∑
j<k+2

2j−k

≤ C∥û∥2L∞∥|x| 12 v∥2L2 ,

where △̃k = △k−1 +△k +△k+1 . This completes the proof. □

G1(t) and G∞(t) satisfy the following estimate.

Lemma 5.3. Let k be a nonnegative integer. Then there hold∥∥|x|l∇kG1(t) ∗ U0(t)
∥∥
L2 ≤ C(1 + t)−

n
4 − k

2+l∥U0∥L1 + C(1 + t)−
n
4 − k

2

∥∥|x|lU0

∥∥
L1 ,∥∥|x|l∇kG∞(t) ∗ U0(t)

∥∥
L2 ≤ Ce−c0t

{
∥∇kU0∥L2 +

∥∥|x|l∇kU0

∥∥
L2

}
for l = 0, 1

2 , 1 and t ≥ 0, where c0 is a positive constant independent of t.

Proof. The proof for the case of l = 0 is well known. When l = 1, we have, for any α with
|α| = k,∥∥|x|∂α

xG1(t)
∥∥
L2 ≤ C

{∫
|ξ|≤2A

∣∣∇ξ

(
(iξ)αeÂ(ξ)tΦ̂

)∣∣2dξ} 1
2

≤ C
{∫

|ξ|≤2A

(
t|ξ|ke−β|ξ|2t)2dξ} 1

2 + C
{∫

|ξ|≤2A

(
|ξ|k−1e−β|ξ|2t)2dξ} 1

2

+C
{∫

|ξ|≤2A

(
|ξ|ke−β|ξ|2t)2dξ} 1

2

≤ C(1 + t)−
n
4 − k

2+1,

where β is positive constant. When l = 1
2 we obtain∥∥|x| 12∇kG1(t)

∥∥
L2 ≤ C

∥∥|x|∇kG1(t)
∥∥ 1

2

L2

∥∥∇kG1(t)
∥∥ 1

2

L2

≤ C(1 + t)−
n
4 − k

2+
1
2 .

Hence we have∥∥|x|l∇kG1(t) ∗ U0

∥∥
L2 ≤

∥∥|x|l∇kG1(t)
∥∥
L2∥U0

∥∥
L1 +

∥∥∇kG1(t)
∥∥
L2

∥∥|x|lU0

∥∥
L1

≤ C(1 + t)−
n
4 − k

2+l∥U0∥L1 + C(1 + t)−
n
4 − k

2

∥∥|x|lU0

∥∥
L1

for l = 1
2 , 1.
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We next consider the estimate of the high frequency part. A direct computation gives the
following estimates for Ĝ∞(t, ξ):

|∇k
ξ Ĝ∞(t, ξ)| ≤ C(k)

(
e−θt|ξ|−k−1 + e−θ|ξ|2t|ξ|−k

)
, (13)

where θ is a positive constant. By using Lemma 5.2 and (13), we have∥∥|x|l∇kG∞(t) ∗ U0

∥∥
L2

≤
{
∥∇ξĜ∞∥L∞ + ∥Ĝ∞∥L∞

}{
∥|x|lU0∥L2∥U0∥L2

}
≤ Ce−c0t∥∇kU0∥L2 + Ce−c0t

∥∥|x|l∇kU0

∥∥
L2

for l = 1
2 , 1, where c0 is a positive constant. This completes the proof. □

We are in a position to complete the proof of Proposition 4.7.

Proposition 5.4. Let n ≥ 3 and let l = 1
2 or l = 1. There exists ϵ > 0 such that if

U0 ∈ Hs0+1 ∩ L1
l ∩ L2

l

and
∥U0∥Hs0+1∩L1 ≤ ϵ,

then we have
Ml(t) ≤ C∥U0∥L1

l ∩L2
l
+ Cϵ

for t ∈ [0,∞).

Proof. By Proposition 4.1, Proposition 4.3, Lemma 5.3 and (12), we see that∥∥|x|lU(τ)
∥∥
L2 ≤ C

∥∥|x|lG1(τ) ∗ U0

∥∥
L2 + C

∥∥|x|lG∞(τ) ∗ U0

∥∥
L2

+C

∫ τ

0

∥∥|x|lG1(τ − s) ∗ F (U)∥L2ds+ C

∫ τ

0

∥∥|x|lG∞(τ − s) ∗ F (U)∥L2ds

≤ C(1 + τ)−
n
4 +l∥U0∥L1 + C(1 + τ)−

n
4

∥∥|x|lU0

∥∥
L1 + Ce−c0τ

∥∥(1 + |x|l)U0∥L2

+C

∫ τ

0

{
(1 + τ − s)−

n
4 +l∥F (U)∥L1 + (1 + τ − s)−

n
4

∥∥|x|lF (U)
∥∥
L1

}
ds

+C

∫ τ

0

e−c0(τ−s)∥(1 + |x|l)F (U)∥L2ds

≤ C(1 + τ)−
n
4 +l∥U0∥L1

l ∩L2
l
+ C

∫ τ

0

(1 + τ − s)−
n
4 +l∥U∥L2∥∇U∥H1ds

+C

∫ τ

0

(1 + τ − s)−
n
4

∥∥|x|lU∥∥
L2∥∇U∥H1ds

+C

∫ τ

0

e−co(τ−s)
{∥∥|x|lU∥∥

L2 +
∥∥U∥∥

L2

}{
∥∇U∥Hs0 + ∥∇w∥Hs0+1

}
ds

≤ C(1 + τ)−
n
4 +l∥U0∥L1

l ∩L2
l
+ Cϵ2

∫ τ

0

(1 + τ − s)−
n
4 +l(1 + s)−

n
2 − 1

2 ds

+CϵMl(t)

∫ τ

0

(1 + τ − s)−
n
4 (1 + s)−

n
2 − 1

2+lds

+C
{
Ml(t) + ϵ

}{( ∫ τ

0

e−2c0(τ−s)(1 + s)−
n
2 +2lds

) 1
2
( ∫ τ

0

∥∇U∥2Hs0 + ∥∇w∥2Hs0+1ds
) 1

2
}

≤ C(1 + τ)−
n
4 +l∥U0∥L1

l ∩L2
l
+ Cϵ(1 + τ)−

n
4 +l + Cϵ(1 + τ)−

n
4 +lMl(t)

for k = 0, 1 and 0 ≤ τ ≤ t. Hence we have

(1 + τ)
n
4 −l

∥∥|x|lU∥∥
L2 ≤ C∥U0∥L1

l ∩L2
l
+ Cϵ+ CϵMl(t).

Taking the supremum in τ ∈ [0, t], we obtain the desired estimate if ϵ is sufficiently small. □
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The desired decay estimate in Proposition 4.7 now follows from Proposition 5.4.
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