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1 Introduction

In this paper, we prove several relations of finite multiple zeta values. The multiple zeta values
are multi-variate generalizations of the values of the Riemann zeta function at positive integers.
These real numbers are known to be related to number theory, knot theory, quantum field theory,
arithmetic geometry and so on. The research on multiple zeta values began in 18th century by
C. Goldbach and L. Euler. Euler considered the multiple zeta values in the case of depth two,
and in 1990’s, D. Zagier and M. Hoffman treated general depth for the first time.

In recent years, two types of finite versions of multiple zeta values, A-finite multiple zeta
values and symmetrized multiple zeta values have been investigated. The A-finite multiple zeta
value is a collection of certain finite sums whose setting was given by Zagier. The symmetrized
multiple zeta value was introduced by M. Kaneko and Zagier to establish a crucial bridge between
the multiple zeta values and A-finite multiple zeta values.

For these two types of finite multiple zeta values, Kaneko and Zagier conjectured that the
algebra generated by A-finite multiple zeta values and the algebra generated by symmetrized
multiple zeta values are isomorphic. From this point of view, we expect exactly the same equa-
tions hold for A-finite multiple zeta values and symmetrized multiple zeta values.

In this thesis, we mainly focus on the relations among finite multiple zeta values. We prove
three theorems (symmetric formula, sum formula and height-one duality theorem) for sym-
metrized multiple zeta values. We also prove the derivation relations for both of the finite
multiple zeta values. Moreover, we give an alternative proof of the original derivation relations
due to K. Thara, Kaneko and Zagier by using Kawashima’s relations.



2 Multiple zeta values

2.1 Definition of MZVs

We first review the theory of multiple zeta values. For integers k1, ..., kq € Z>, with k; > 2, the
multiple zeta value (MZV) and the multiple zeta star value (MZSV) are defined by

1
C(kla---7kd): Z ﬁ,

ni>esng>1 M T g

N 1
C(k'la---?kd): Z ﬁ’

m>e>ng>1 M

respectively. The MZVs are the convergent special values of the multiple zeta function at positive
integers. For an index k = (ky,...,ky) € (Z>1)?, the integer ky + - -+ + kg is called the weight of
k (denoted by |k|) and the integer d is called the depth of k (denoted by I(k)). We say an index
k = (ki,...,kq) is admissible if k; > 2. It is known that multiple zeta values can be written as
a linear combination of multiple zeta star values and vice versa. For example,

(k1 k) = C(kr, ka) + (k1 + ko),
C*(ky, ko, k3) = C(k1, ko, ks) + (k1 + ko, k3) + C(k1, ko + k3) + (k1 + ko + ks3),
C*(ky, ko, ks, ky) = C(k1, ko, ks, ka) + C(ky + ko, ks, ky) + C(k1, ko + ks, ky) + ((kq, ko, ks + ky)
+ C(ky + ko + ks, ky) + C(ky + ko, ks + ky) + C(ka, ko + ks + ky)
+ C(ky + ko + k3 + ky),

T

and

C(k1, ko) = (ka1 k2) — ¢ (kr + k2),
C(k1, Koy kg) = (b, ko, kg) — CF (k1 + ko, kg) — C (K1, ko + kg) + C (k1 + ko + k3),
C(kla k27 kS) k4) = C*(kla k27 kg, k4) - C*(kl + k27 kS) k4> - g*(kla k2 + k37 k4) - C*(kly k?) k3 + k:4)
+ (k1 + ko + ks, ky) + (k1 + ko, ks + ky) + C (K1, ko + ks + k)
— (k1 + ko + ks + ky),



We make a table of multiple zeta values with lower weight and depth.

wt=2|wt=3 wt =4 wt =5
dep=11¢(2) [¢@) [¢(4) ¢(5)
dep =2 (2,1) [ CB.1),C22) | C(4,1),¢(3.2),C(2,3)
dep =3 ¢(2,1,1) ¢(3,1,1),¢(2,2,1),¢(2,1,2)
dep =4 ¢(2,1,1,1)
wt =6

dep = 1| ((6)

dep = 2 C(57 1)) C(47 2)a C(37 3)7 C(274)

dep=3¢(4,1,1),((3,2,1),((3,1,2),¢(2,3,1),¢(2,2,2),((2,1,3)

dep=4¢(3,1,1,1),¢(2,2,1,1),((2,1,2,1),¢(2,1,1,2)

dep=5¢(2,1,1,1,1)

We note that the number of multiple zeta values of weight k£ and depth d is (Sj), and of
weight k is 2872,

2.2 Vector space spanned by MZVs
We describe the vector space over Q spanned by MZVs.

Definition 1.

ZOZQu le{O},
Zy = Z Q- Ckryoovska) (k1 >2),

weight=k,
d>1

Z = f: Zy.
k=0

The vector space Z becomes a Q-algebra. Moreover, Z has two product rules, which are
called the harmonic (stuffle) product and the shuffle product. These products yield many linear
relations, which are called (generalized) double shuffle relations among MZVs. The former prod-
uct is obtained by considering the product of two defining series of MZVs and the latter is by
the iterated integral expression of MZVs. In general, the product of MZVs with weight k& and &’
is a linear combination of MZVs with weight k + &', which implies that Zj - Z C Z; . These
products will be explained in the following sections. If we replace ((k1, ..., kq) by ¢*(k1,. .., kq),
the corresponding vector space is the same one since any MZSVs can be expressed as a linear
combination of MZVs and vice versa.



The MZVs of weight 2 is only ((2). Then, we find Z5 = Q - ((2). As for the weight 3 and 4
cases, it is known that Z3; = Q- ((3) and 24 = Q- ((4). This is because we have the following
relations:

¢(2,1) =<¢(3) (in weight 3),
€(2,1,1) =¢(4), ¢(3,1) +¢(2,2) =¢(4), 4¢(3,1) =¢(4)  (in weight 4)

by the duality theorem, the sum formula and the double shuffle relations, which will be explained
later. For the weight k > 5 cases, the basis of Zj are not determined. In [33], D. Zagier made a
conjecture on the dimension of the (Q-vector space generated by MZVs of weight k.

Conjecture 1 (Zagier [33]). We have
dzmQZk = dk,
where dy is the non-negative integer satisfying the following recurrence relation.

dk:dk_2+dk_3 (k’ZS), d():]., d1 :0, d2:].

k 0} 1123145 6] 7| 8 9] 10| 11 12 13 14 15
dy, 11 o0(1|1(1|2 2| 3| 4 5 7 9 12 16 21 28
P2 [ —[1[2]4[8]16[32|64] 128|256 | 512 | 1024 | 2048 | 4096 | 8192

A. Goncharov [10], P. Deligne-Goncharov [8] and T. Terasoma [31] proved that the number
dj gives an upper bound of the dimension of the space generated by MZVs of weight k. The
number dj, is far smaller than the total number 22 of indices of weight k, hence there should
be a lot of relations among MZVs.

Theorem 2.1 (Goncharov [10], Deligne-Goncharov [8], Terasoma [31]). The inequality
holds.

As for the basis of MZVs, M. Hoffman made the following conjecture in [12], which has
recently been solved by F. Brown in [6].

Theorem 2.2 (conjectured by Hoffman [12], proved by Brown [6]). The space Z is generated by
MZVs whose component is 2 or 3.

Conjecture 1 is solved if all MZVs whose component is 2 or 3 are linearly independent over
Q. However, it would be hard to solve the problem, since no single example of k is known at
present where dimgZ, > 2.



2.3 Two products of MZVs

Before we give a precise definition of the harmonic and the shuffie products, we give some
examples.

2.3.1 The series expressions and the harmonic product of MZVs

We first look at the examples of the product of MZVs by focusing on the series expressions. The
product of depth 1 MZVs is

()Cla) = (Z mi) (Z %) -y

m>0 n>0 m,n>0

(T ey )k

m>n>0 n>m>0 m=n>0

= ((p,q) +<¢(q,p) + ¢ + ).

The product of depth 1 and 2 MZVs is

C(p)C(q,T) = (Z llp) ( Z man> lpman

>0 m>n>0
m>n>

(T ey ey ey ey

I>m>n>0 m>I>n>0 m>n>I>0 [=m>n>0 m>l=n>0

= (. q,m) + (g p,r) + g p) +C(p+q.7) + (g, p+ 7).

We note here that the weights on the right-hand side are the sums of weights on the left-hand
side.

2.3.2 The iterated integral expressions and the shuffle product of MZVs

To investigate the other product of MZVs, we need the iterated integral expression of MZVs.
We consider the following iterated integral.

I(ey, - € / / o (t1) -+ Ag (t) dty - - - dity,

1>t1>>1,>0
t1 te—1
_ / Ao (1)t / A, (t)dty - / A (t)dte,
0 0 0
where e, =0o0r 1 (1 <j <k) withe; =0 and g, =1, and

Ao(t) = % A(t) = ——.



We note that the above integral converges and ((k1, ..., kq) is represented as the following form.
According to Zagier [33], this was first noticed by Kontsevich.

Theorem 2.3 (Iterated integral expression).

(ki ka) = 1(0,...,0,10,...,0,1,0,...,1,0,...,0,1).
——— N — ——
k1—1 ko—1 kqg—1

Example 2.4.

¢(2)* =1(0,1)I(0,1)

o // dtl dtg // d81 d82
a tl 1—1t, 51 1—s59

1>t1>t2>0 1>51>52>0
. / / dtl dtQ dSl dSQ + / / dtl dSl dtz d82
N tll_tQ S1 1—32 S1 1—t21—32
1>t1>t2>51>52>0 1>t1>51>t2>52>0
/ / dtl dSl d52 dtQ 1 / / d51 dtl dtz d82
tl S1 1—821—t2 S1 tl 1—t21—52
1>t1>51>52>1t2>0 1>s1>t1 >ta>59>0
i / d81 dtl dSQ dtg / d81 dSQ dtl dtg
S1 t11—821—t2 S1 1—82t11—t2
1>s1>t1>82>1t9>0 1>81>82>t1 >t2>0
_y / dty dty dts  dity L9 / dt, dty dtz dity
B ty to 1—t31—ty ty L—ty t3 1 —ty
1>t1>t2>t3>t4>0 1>t1>te>t3>t4>0

= 41(0,0,1,1) +21(0,1,0,1)
= 4¢(3,1) + 2¢(2,2).

2.4 Algebraic setup of MZVs

We recall the algebraic setup introduced by Hoffman in [12] and explain some results obtained
by K. Ihara, M. Kaneko and Zagier in [14]. Let $ = Q (z, y) be the non-commutative polynomial
ring in two indeterminates x and y. We call z and y the letters of ) and monomial elements
in $ the words. We also let $§' and $° its subrings Q + $Hy and Q + z$Hy. We set z, = ¢y
(k=1,2,3,...). Then, we see ' is freely generated by {z;}r>1. Let |w| the total degree for any
word w and I(w) be the degree of w with respect to y.

We define the Q-linear map (called evaluation map) Z : §° — R by

Z(l)zl, Z(Zkl-'-zkd):C(kl,...,k’d).



2.4.1 Double shuffle relations
We define two products of words. The one is the harmonic product * on $! defined by

lxw=wx*x1=w,

Zpwy * 2wy = 2z (w1 * Zwe) + 2y (zpwy * Wa) + zp (W * wo)

(k,l € Z>, and w, wy, ws are words in H'), together with Q-bilinearity. The harmonic product
* is commutative and associative, therefore $! is a Q-commutative algebra with respect to .
(See also Hoffman [12].) We denote it by $!. The subset $° is a subalgebra of $' with respect
to *. We denote it by $°. For this product, we have

Z(wy x wy) = Z(wy)Z(ws) (1)

for any w;, w, € H°.
The other product is the shuffle product m on $ defined by

lwmw = wwl = w,

U W MUWy = Uy (W mugWs) + U (uywy mws)

(ur,us € {x,y} and w, wy, wy are words in ), together with Q-bilinearity. The shuffle product
m is also commutative and associative, therefore §) is a Q-commutative algebra with respect to
m. We denote it by $ ;. The subsets $H' and $° are subalgebras of §) with respect to ur and we
denote them by H',, H9,, respectively. Then, we also have

Z(w1 HI’UJQ) = Z(wl)Z(wQ) (2)

for any wy,w, € H°. From eq.(1) and eq.(2), we have the following equation which is called the
finite double shuffle relations,

Z(wl*wg—wlmwg) =0 (wl,wQ 65;_)0).
Example 2.5. When w; = we = 2y, we have
and we find
4¢(3,1) = ¢(4).
2.4.2 Regularized double shuffle relations

These finite double shuffle relations do not yield all relations. In weights 2,3 and 4, we have 1, 2
and 4 MZVs, i.e.,

¢(2) (in weight 2),
¢(3),¢(2,1) (in weight 3),
C(4),¢(3,1),¢(2,2),¢(2,1,1) (in weight 4).



By all the double shuffle relations with the weight less than or equal 4, we only have 4((3,1) =
¢(4). Thus, we can reduce the dimensions from 1,2,4 to 1,2,3 by using the relation. However,
the correct dimensions are 1,1, 1. Therefore, we need a larger supply of relations. One of such is
given by so-called the regularized double shuffle relations.

In [14], Thara, Kaneko and Zagier find the following proposition.

Proposition 2.6 (Thara—Kaneko—Zagier [14]). We have two algebra homomorphisms
79 — R[T] and Z™: %, — R[T]

which are uniquely characterized by the properties that they both extend the evaluation map Z :
H° — R and send y to T.

Example 2.7. We have

y*xy = 2’y + zy’ + yay,
ymzy = 2zy* + yry.

Thus,
Z*(yry) = C(2)T = ¢(3) = ¢(2, 1),
Z% (yry) = ¢(2)T — 2¢(2,1).
Then, they find the regularized double shuffle relations of MZVs.

Theorem 2.8 (Ihara—Kaneko—Zagier [14]). For any w, € $H' and wy € H°, we have

Z*(U}l mwo — Wy * wg) = 07 (3)
0

ZM (wy mwy — wy x wy) =
Example 2.9. From the previous example, we have
2 2
Yk Ty — ymry = Y — Y

and thus
€(2,1) = <(3).

Before closing this subsection, we give some folklore conjectures.
Conjecture 2. There are no nontrivial Q-linear relations among MZVs of different weights.
Related to Theorem 2.8, the following is widely believed.

Conjecture 3. Fuvery linear relations among MZVs can be deduced from eq.(3) or eq.(4) in
Theorem 2.8.



2.5 Derivation relations for MZVs
2.5.1 Derivation relations for MZVs

A derivation 0 on $) is a Q-linear endomorphism of §) satisfying Leibniz’s rule d(ww') = d(w)w'+
wd(w’). Such a derivation is uniquely determined by its images of generators x and y. Set
z=ux+y. For each [ > 1, we define the derivation J; : $§ — $ by

ax) =22y, Oily) = —azly.

We note that 9;(1) = 0 and 9;(z) = 0. In [14], Thara, Kaneko and Zagier proved the derivation
relations for MZVs.

Theorem 2.10 (Ihara-Kaneko-Zagier [14]). For an integer | € Z>1, we have
A (H°) C kerZ.

2.5.2 Kawashima’s relations

To prove Theorem 2.10, we use the linear part of Kawashima’s relations. We first state Kawashima’s
relations which was shown by Kawashima in [21]. He proved this relation by using some proper-
ties of certain Newton series.

We define the two automorphisms ¢ and « on $ by

px)=z+y, oy =-vy,

and
afz) =y, oy) ==

We also let & the Q-linear map on $y satisfying

a(wy) = a(w)y (w € H).
The following relation was proved by Kawashima in [21].
Theorem 2.11 (Kawashima [21]). For an integer m € Z>y and w,w' € H', we have

Y Z(b(w) k") Z(g(w) ky?) = Z(d(w x w') ky™),

p+q=m,
p,q>1

where the product % is given by zyw % zw' = zp(w * w') and the bilinearity.
For any w € $, we define the Q-linear map L,, on §) by
L,(w'") = ww' (W' € 9).
We note that w#y = 2w = L, (w) (w € H'). To make the statement simpler, we set
Hy * Ny = {w*w' | w,w € Hy}.

Then, the case m = 1 in Theorem 2.11 becomes the following corollary, which is called the linear
part of Kawashima’s relations.



Corollary 2.12. We have
L. (¢($Hy * Hy)) C kerZ.

We note that the above relation looks simple but contains many linearly independent relations
among MZVs.
2.5.3 A proof of the derivation relations

Here, we prove derivation relations for MZVs (Theorem 2.10) by using the linear part of Kawashima’s
relations. We prove the following theorem, instead. The proof seems to be new.

Theorem 2.13. For any index (mq,...,ms) € (Z>1)® (s > 0) and integer | € Z>,, we have

Z(xz™ "y 2 yoy(w)

= —Z(le_lyzml_ly- . zm“’_lyw)

+ Z Z(w2™ o i by iy ame ) (w o€ HY).
i=1

When s = 0, we understand the left-hand side is Z (x0y(w)) and the right-hand side is —Z (x2'"yw).

Remark 2.14. We note that Theorem 2.10 is equivalent to Theorem 2.13. Let w = xw'. Then,
we see from Theorem 2.10 and by O(xw') = z2'"tyw’ + x0)(w'), the statement of Theorem 2.10
18 equivalent to

Z(z0y(w") = —Z (2 yw') (W' € HY). (5)

Thus, Theorem 2.13 (the case s = 0) implies Theorem 2.10. On the other hand, since

-1, mo—1 ms—1

0l(zm1_1y---zm“’_1yw) — — ym—l,, Yz Yooz yw

ms—1 l

-z Y-z xz_lyw

+ 2™y ey (w)
(note 9)(z) = 0), we see Theorem 2.13 by putting 2™ 'y - 2™ Lyw for w' in eq.(5).

We prove Theorem 2.13 by induction on n = |w].
(I) When n =0, i.e., w = 1, we need to show

. Z(leflyzmlfly . stfly)

+ Z Z(xz™ o i gy pmie Ly o matlyy —
i=1

10



We see by Corollary 2.12,

_ Z(I’Zl_lyZml_ly . ng—ly) _|_ Z Z(.szl_ly . Zmi_lel_lyZmHl_ly . st—1y>
=1

— Z(—leflyzmlfly Ce stfly + xzmlflleflyzmzfly . stfly
—|— ...... _I_mzml_ly__‘zms—lle—ly)
— (_1)sz<LI(¢(wl—lyxm1—ly. .. xms—ly + xml_lzml_lya:mQ_ly . -ZEms_ly
+ e + xm1*1y . xmsfllefly)))

= (1) Z(Lo(p(a™ ty - - a™ y w ' y))) = 0.

(II) We assume the identity holds for |w| = 0,...,n — 1. Suppose w is of degree n. We may

assume that w is of the form w = 2" lyw’ with 1 < r < n,w’ € $H!, by replacing "'y by
r—1

(z —y)" "y if w starts with 2" 1y.
L.H.S. = Z(zz™ 1ty 2™ o) (2" Tyw'))
1

= Z(—xz™ y My e ! ™y 2™y 0 (W),
By the induction hypothesis, we have

Z(I‘Zml_ly- . st—lyzr—lyal(w/)) — Z(—le_lyzml_ly- . st—lyzr—lyw/

xz' T yz Yz yz'yw
_|_ ......
—FZEZml_ly Zmé—lyz’r—ll,zl 1yw/)
Thus,
LHS. = Z(—xz™ ty- 2™y ey’ — w2ty y e My
+ xzmlflleflyzmgfly . stflyzrflyw/ T
+ mel_ly . st_lIZl_lyZT_ly’w, + I’Zml_ly . st—lyzr—lle—lyw/)
— Z(_le—lyzml—ly . st—lyzr—lyw/ + ZImel_laTZl_lyZmz_ly . st—lyzr—lyw/
e + I'Zmlil’y . stflleflyzrflyw/)

and hence the identity holds for n and by induction, the proof is done.

2.6 Some other known results

There are a lot of known relations among MZVs most of which have been proved with a variety of
techniques. We have seen that the regularized double shuffie relations give rise to many Q-linear
relations and conjecturally these imply all the other linear relations. Here, we introduce a few
special families of relations.

11



2.6.1 Duality theorem and Sum formula for MZVs
Definition 2. Let k = (ky,...,kq) be an admissible index of weight k. We write

k=(a;+1,1,....1,...,a;+1,1,...,1)
—— T N

b1—1 bs—1

with a,, by > 1. Then, we define the dual index of k as

K = (by+1,1,....1,... by +1,1,...,1).
—— N

as—1 a1—1

We note that
I(k) 4+ (k") = |Kk|.

Example 2.15.

(4,1,1,1,3,1,1) = 3+ 1,1,...,1,2+1,1,...,1)*
e—— N\

4-1 3—-1
= (3+1,1,...,1,4+1,1,....1)
—_— =
2—1 3—-1
— (4,1,5,1,1).

Example 2.16.
(a+1,1,....,1)"=(b+1,1,...,1).
—— N——

b—1 a—1

The following result, which is a direct consequence of the iterated integral expression, provides
the so-called duality theorem for MZVs.

Theorem 2.17. For any admissible index k, we have
(k) = ¢(k").
The following theorem is called the sum formula for MZVs.

Theorem 2.18. For integers k,d with 0 < d < k, we have

> Gk, ka) = (k).

kit tkg=k
ki>1, k1 >2
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2.6.2 Ohno’s relations for MZVs

Ohno’s relations is one of the most famous relations among MZVs. This relation is a generaliza-
tion of both the sum formula and the duality theorem.

Theorem 2.19 (Ohno [26]). Let k™ = (ki,...,k})) be the dual index of k = (k1,...,kq). Then,
for any index k and integer m € Zsy, we have

/ / / / / /
g C(kr + e1, ke + €9, kg +e4) = E Clhy + 1, Ky + &5, Ky + ).
e1t-+eq=m e ttel,=m
€1, ,eq>0 5/17...,5;/20

Ohno’s proof is due to an iterated integral expression of a multi-variable generating function.

2.6.3 Hoffman’s symmetric formula for MZ(S)Vs

To state Hoffman’s symmetric formula, we need some notation. Let S; be the symmetric group
of degree d. For a partition IT = {Py,..., B} of the set {1,...,d}, we let

c(Il) = (CardP, — 1)!--- (Card P, — 1)\

For a given such II and a d-tupple i = {iy,..., 44} of real numbers with i; > 1, we also let
I
¢, =]]¢ (Z ) :
s=1 jGPS

In [11], Hoffman proved the following theorem.
Theorem 2.20 (Hoffman [11]). For any real numbers iy ...,iq > 1, we have

Z C*(ia(l)a cee 77;0((1)) = Z C<H)C(i7 H)

0ESy partitions IT of {1,...,d}

Example 2.21.

Z C(io(1)s fo(2), o(3))

o€E€Ss3
= ((i1)C(i2)Ciz) + (i1 +42)C(i3) + C(i1)C(ia + i3) + C(i1 + i3)((d2)
+ 2 (i1 + ig + i3).
Example 2.22.
D Clio)s o), i), o)

oESy

= ((i1)C(i2)C(i3)C (1a) + (i1 + 42)C(i3)C (i) + C(i1)C(i2 + i3)C(ia) + C(i1)C(i2)C (i3 + ia)
+ 2¢ (11 + io + 13)C(ia) + (i1 + 12)C (35 + 14) + 2¢(i1)C (G2 + i3 + i4)
+ 6¢ (i1 + o + i3 + i4).
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Hoffman states the analogous relations of the above theorem for ordinary MZVs. We need a
bit of additional notation. For a partion Il = {Py,..., B} of the set {1,...,d}, we let

&) = (=1)* Y (CardP, — 1)!--- (Card P, — 1)!.

Here, we note ¢(IT) = (—1)4~c(II).

Theorem 2.23 (Hoffman [11]). For any real numbers iy ..., iz > 1, we have
Z C(io(l)a cee >ia(d)) = Z 6(H)C(iv H)
0€ESy partitions IT of {1,...,d}

Example 2.24.

> Loy io@): o)

o€ES3
= ((11)C(i2)C(i3) — (i1 +i2)¢(i3) — C(i1)C (i + 13) — ((i1 + 13)C(i2)
+ 2¢(i1 + g + 3).

Example 2.25.

Z Clio(1): To(2)s Ta(3), lo(1))

7eSs

= ((11)¢(i2)C(i3)¢ (1a) — (i1 +12)C(i3)C(4a) — C(i1)¢ (2 + 3)¢ (7a) — C(1)C(i2)C (i3 + 44)
+ 2 (41 + 42 +43)C(4a) + C(i1 + 12)C (i3 + ia) + 2C(i1)C (42 + i3 + 4a)
—6C(iy + i + i3 + ).
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3 Finite multiple zeta values

3.1 A-finite multiple zeta values

We consider the collection of truncated sums ¢,(k1, ..., k) = Zp>n1>~-->nd>1 ﬁ modulo all
S -

primes p in the quotient ring

A=1z/vz) /(@B z/v2),

which is a Q-algebra. Elements of A are represented by (a,),, where a, € Z/pZ, and two elements
(a,), and (by), are identified if and only if a, = b, for all but finitely many primes p.

Definition 3. For integers ki, ..., kq € Z>1, the A-finite multiple zeta value (A-FMZV) and the
A-finite multiple zeta star value (A-FMZSV) are defined by

1
CA(kla"'7kd):( Z ﬁmodp) GA,

p>ny > >ng>1 ny Ny P
N 1
CA(kla--'7kd): E ﬁmodp € A
pem>e>ng>1 T P

The A-FMZ(S)Vs are similar to MZ(S)Vs in many aspects. However, there are some differ-
ences.

Example 3.1 (Hoffman [13], Zhao [35]). For an integer k € Z>1, we have
Calk) = Cu(k) = 0.

Proof. Let p be a prime number larger than k& + 1. By taking a primitive root a modulo p, we
have

—_
[\

bS]

1 =1 1 — q k-1

nk A alk 1— a—k

=0 (mod p).
1

~
Il
o

3
I

Thus, we have
Ca(k) = C4(k) = 0.

Example 3.2 (Hoffman [13], Zhao [35]). For integers ki, ko € Z>1, we have

ki + ko\ [ By ki
ki ko) = (ki ky) = (—1)" i % d
Calr k) = Gl k) = (<) ( ; )(,Hk o p)p,

where B,, is the Bernoulli number defined by the following generating function:

t" tet
Sl
nl et —1




Proof. By Example 3.1, we see
CA(/ﬁ, /fz) = C:l(kla k2)~

Thus, we only need to show

ki + ko By -k
*k k) = (—1 k1 pP—R1—FR2 d
cathuk) = (-1 (100 (bt wnog )

We use the standard identity expressing sums of powers in terms of Bernoulli numbers. (See T.
Arakawa, T. Ibukiyama and Kaneko [1].)

Using this equality and Fermat’s little theorem, we have

Cu(kr, ko) = Z k:1 Z modp)

p

ni= 1n1 no= 1

ZZMZIme
p

nlllngl

— 1 1 "S-k A
(X () )

nytp

ni=1 5=0 »
= k Z ( , 2) B; A oY p)
p="r2 95 J ni=1
p
Here, we note that
p—1
—ki—ka—j _
Z py TR (mod p)
ni=1

unless j = p — ky — ko. Since

o P B (P
ko \p — k1 — ke ko k1
1 (p—kg) - (p—kys —ka+1)

ko k!
_ Lyl )b =)
- k!
1 ki + ko
— (=1~
(1) ka( ; ) (mod p)
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for p > k1 + ko — 1, we have

1 p—kz
Sk, ko) = By i, - —1 d
CA( 1 2) (p _ k’Q (p _ kl _ k2> P kl kQ(p ) mo p)

()
=\ 7 Bp—kzl—k’ mod p)
(kz k : .

ki + ko By k&
— (—=1)& bR d )
=1 ( k1 ) ( DT p)

p

p

We introduce the vector space over Q spanned by A-FMZVs.

Definition 4.

ZA,O = Qv ZA,I = {O}a

Zae= Y QCalkr. k),
kr+e+kg=k,
k;>1(1<i<d),d>1
ZA:ZZA,k-
k=0

We notice that Z4 is a QQ-algebra with the harmonic product.

3.2 Symmetrized multiple zeta values

The symmetrized multiple zeta values or finite real multiple zeta values, which were first intro-
duced by Kaneko—Zagier [19, 20|, are defined for any integers ky, ..., ks € Z>; as follows:

d

Gl ka) = (=0T (g, k) (i, Ka),
=0
d
C‘S'Hl(kla SR kd) = Z(_l)kl"rﬁ-/ﬂgﬂl(l{“ BRI kl)cm(k:i-i-lv S 7kd)‘
=0

Here, the symbols ¢* and (™ on the right-hand sides stand for the regularized values coming
from harmonic and shuffle regularizations respectively, i.e., real values obtained by taking con-
stant terms of harmonic and shuffle regularizations as explained in section 2. In the sums, we

understand ¢*(0) = ¢"™(0) = 1.
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Example 3.3. From Ezample 2.7,

Z"(yry) = C(2)T = ((3) = ¢(2,1),
Z % (yzy) = C(2)T - 2¢(2,1).

Thus, we have

Example 3.4.

(5(2,1,3) = ¢(2,1,3) + ¢(2)¢"(1,3) = ¢7(1,2)¢(3) +¢(3,1,2)
=((2,1,3) + ((2)(=C(4) - ( 1)) = (=¢3) = ¢(2,1))¢(3) +¢(3,1,2)
=((2,1,3) = ¢(6) = ((4,2) = €(2,4) = €(5,1) = ((3,3) = €(2,3,1) = <€(3,2,1) = ((3,1,2)
+¢(6) +2¢(3,3) +¢(5,1) +€(2,4) +¢(3,2,1) +¢(2,3,1) +¢(2,1,3) +¢(3,1,2)
= —((4,2) +((3,3) +2¢(2,1,3).

We recall that Z is the Q-vector subspace of R spanned by all MZVs. We also note that
this is a Q-algebra. In [19, 20], Kaneko and Zagier proved that the difference ($(k1, ..., kq) —
C3(ky,. .., kg) is in the principal ideal of Z generated by ((2) (or 72), in other words, that the
congruence

g;(k’l,...,k’d)ECSLHU{?:[,...,]{C[) (HlOd C(Q))

holds in Z. They then defined the symmetrized multiple zeta value (SMZV) (s(k1, ..., kq) as an
element in the quotient ring Z/{(2) b

Cs(ki, ... ka) = CS(ka, ... kq) mod ((2).

We also refer to the values (§(k1, ..., kq) and (&' (k1 ..., k4) as (harmonic and shuffle versions of)
symmetrized multiple zeta values.
As for the star version of SMZVs, for integers ky, ..., ky € Z>1, let us define (™ by

C;,*(k;l,...,k‘d): Z C;(klokQO"'Okd>.

o is either a comma *,’
or a plus ‘4’

Then, we have the following proposition.

Example 3.5 (Kaneko—Zagier [19, 20]). For an integer k € Z>y, we have

(5(k) = ¢57(k) =0 (mod ((2)).

18



Proof. From the definition of SMZVs, we have

2¢ (k) (k : even),

(5(k) = (5™ (k) = {o (k : odd).

Here, by Euler’s theorem, the assertion holds. 1

Example 3.6 (Kaneko—Zagier [19, 20]). For integers ki, ke € Z>1, we have

(5 (k1 ko) = (5" (b, ko) = (1) (kl ;—1 kz)C(k‘l +ka)  (mod ((2)).

To prove Example 3.6, we need the following theorem, which was proved by P. Cartier [7]
and Zagier [34] independently.

Theorem 3.7 (Cartier, Zagier). For integers ky, ko € Z>1 with ky > 2, we have

am¢ﬂ:§u+c4ﬁw«hxwa+§(vﬂw(h;kﬁ—4)«m+wg

(k14+k2—3)/2 . .
byt ks — 2 — 1\ (ks —2i— 1
LY e C(20)C(ky + ko — 20).
b1 ks — 1

i=1
Proof of Example 3.6. By Example 3.5, we see
Cg(lﬁ, /{?2)* = Cg’*(k'l, k'Q) (IIlOd C(Q))

Thus, we only need to show

@%xﬁz«n“ijﬁqm+m (tmod ¢(2)).

From the definition of SMZVs, we have
sk, k) = C*(kyy ko) + (=1)F1 ¢ (k)¢ (ko) + (=1)MH52¢ (g, ).
If k1 + ko is even, then we easily see
by using
(k1) (k2) = (K1, k2) + C(ka, k1) + C(R1 + ko).
If k1 + ko is odd, we see by Theorem 3.7 that

=@Mh@jﬁﬁam+b><mﬁam»
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3.3 Finite multiple zeta values

Kaneko and Zagier conjectured the following.

Conjecture 4 (Kaneko—Zagier). There exists an algebra isomorphism ¢ between Z4 and Z/((2)
such that

Z4 - Z/¢(2)
¢: W W
gA(kl,...,kd) —> Cg(k’l,...,kd).

We define two Q-linear maps Z4: H' — A and Zs: ' — Z/((2) by Za(1) = 1 and
Za(ahr =Yy gkaly) = Ca(ky, ..., kq), and Zs(1) = 1 and Zs(x® Ly .- 2baly) = (s(ky, . .. kq),
respectively. In view of Conjecture 4, we shall call both A-finite multiple zeta values and sym-
metrized multiple zeta values as finite multiple zeta values (FMZVs). In the following, the letter
‘F’ stands either for ‘A’ or ‘S.’

Now we mention the harmonic and shuffle product rules and the duality theorem for FMZVs.
The former is due to Hoffman [12] for A-FMZVs, and Kaneko and Zagier [19, 20] for SMZVs.

Theorem 3.8 (Hoffman [12], Kaneko—Zagier [19, 20]). For any words w = zy, +- - zx,,w' =
2, 2k € 9L, we have

Zr(w*xw') = Zr(w) Zr(w'),
Z]:(w LHU}/) = (—1)|w|Z]:(ZkT s Zklzkll cee Zkg).

The duality theorems for A-finite and symmetrized versions are proved by Hoffman [13] and
D. Jarossay [15], respectively. We recall the automorphism ¢ on $ defined by

plx)=z:=2+y, oy =—y.

Theorem 3.9 (Hoffman, Jarrossay). For any word w € $*, we have

Zr(w) = Zr(9(w)).

3.4 Theorems on FMZVs

In this subsection, we introduce the following theorems.

Theorem 3.10 (Symmetric formula). Let (ki,...,kq) € (Z>1)? be any index and let Sy be the
symmetric group of degree d. Then, we have

Z C]:(kO'(l)7 ko-(Q), e 7k0'(d)) e 0

ocESy
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Theorem 3.11 (Sum formula). For integers k,d € Z>y and i with k> 2,1 <i<d<k—1, we

have
Sttt = o (V2 et (S 1) s

k1+tko+-+kqa=k
ki>2

where

By i
=2=¢ mod F=A),
300k = ( k, p)p ( )
¢(k) mod ((2) (F=3S).
Theorem 3.12 (Height-one duality theorem). For integers k,d € Z>1, we have the equality
Cr(k,1,...,1) =(x(d, 1,...,1).
d—1 k—1

In the case of F = A, the proofs are known. (See Hoffman [13] for the symmetric formula
and height-one duality theorem, and Saito—Wakabasyashi [28] for the sum formula.) Therefore,
we will prove them for SMVZs in the following.

3.4.1 Proof of Theorem 3.10 for SMZVs

From Theorem 3.8, we see that the SMZVs (%5(ky, ..., kq) satisfy the harmonic product rule.
Theorem 2.23 states that any symmetric sum

Z C(kd(l)a ko(?)? SR ko(d))
€Sy

is a polynomial in the Riemann zeta values ((k). His proof only uses the harmonic product rule
of MZVs, and hence applies to our (%(k)’s. Therefore, we conclude in similar manner as in [13]
that the symmetric sum

Z ko), ko), - - s ko))

€Sy

is a sum of products of ¢%(k) = (1 + (—1)*)((k), which is 0 when k is odd and a multiple of ((2)
when k is even.

Remark. One can also prove Theorem 3.10 for SMZVs directly by using the definition. For
example, we compute

Z (ko) ko), Ko(3))

oES3

= (1+ (=D)L + (D)2 A + (=1)") Y ¢ ko) kota): ko)

oES3

H (=DM + (=D)L + (1)) Gkt + ko, ks) + ¢ (ks, by + K2))
+ (=D + (1)) (L + (=1)")(C (k1 + ks, k) + ¢ (ka, by + k)
(=1 + (1)) (1 + (=1)")(C (ke + ks, ba) + ¢ (ku, Fo + Ky)).
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When the weight k is odd, the coefficients (1+ (—1))(1+(—1)")(14 (=1)*) and ((—1)" +
(=1)%2)(1+(—=1)*s) etc., become 0. When k is even, the factor (1+(—1)%)(14(=1)%)(1+(—1)*)
becomes 0 if at least one k; is odd. When all k; are even, then 20653 (ko) ko) ko(s) =
G (k)¢ (k2)C™ (ks) — C(k1 + k)¢ (ks) — C(hr + k3)C™ (k2) — C(ka + k3) ¢ (k) + 2C (k1 + ko + ks3) is 0
modulo ((2). As for the term ((—1)F + (=1)%2)(1 4 (=1)*)(C(k1 + ka, k3) + C*(ks, k1 + ko)), etc.,
if we write this as ((—1)% + (=1)%2)(1 + (=1)*)(C(ky + k2)C*(k3) — (k1 + ko + k3)), we see that
either ((—1)F + (=1)*2)(1 + (=1)*) = 0 or (C(ky + k2)C*(k3) — C(k1 + ko + k3)) is a multiple of
¢(2).

3.4.2 Proof of Theorem 3.11 for SMZVs

We can prove Theorem 3.11 in the same manner as in Saito—Wakabayashi [28]. Set

Skdi = Z Cs(kr, ... ka).

kitko+-+kqg=k

1

We notice that the harmonic version of the SMZVs satisfy the harmonic product rule. Thus,
Sk.a; enjoys the recursion relation in the following lemma, which can be proved in the same way
as in [28, Proposition 2.2].

Lemma 3.13. For integers k,d,i € Z>; with2 <i1+1<d <k —1, we have
(d—1)Skai + iSkdi+1 + (k — d)Ska—1:; = 0.
We prove Theorem 3.11 by backward induction on d. To do this, we need the initial value.

Lemma 3.14. For integers k,1 € Z>, with 1 <1 <k — 1, we have

St = (07 (5ot (od ¢(2).

Proof. Since Sy -1, = ¢5(1,...,1,2,1,...,1), we compute (&"(1,...,1,2,1,...,1) instead. Be-
—— N — —— S —

i1 k—i—1 i—1 k—i—1
cause of the fact that (§"(1,...,1) = 0, we have by definition

Skro1s=CIA,...,1,2,1,...,1 d ¢(2
kk—1, €S<.1 k~1)<mOC<))
=M1, 1,2, D)+ (DR, 1,2,1, ., 1),
—— = —— =
i—1 k—i—1 k—i—1 i—1
By using [14, eq.(5.2)] for w = zy!, we have ("(1,...,1,2,1,...,1) = (=1)™ (™) ¢(2,1,...,1).
m -1 +1-1
Thus,
. k—1 k—1 . (k
Spp1: = (—1)1 2.1,...,1)=(=1)""! k d ¢(2)).
o= Co (T () )ty = o (F)ew omoa e
k—2



Let us consider the case d = k — 1 of Theorem 3.11. If k is even, the identity holds from
Lemma 3.14. If £k is odd, then d is even and the identity again follows because

E—1 E—1 kE—1 E—1 k
—1)4 — — .
(o)) = G2+ ()= 6)
We assume the identity holds for d. By Lemma 3.13,
(d = k)Ska-15 = (d — 1) Skaq + iSkdi+1

—@- o () eor(B20) Jow
rito (7 (57 ) Jew
S I (GE]  RYCEV RN TE (R D 200
(= (52 ) v (57 ) )ew
—@-neEn () e (5T ) Jaw,

Thus, the identity holds for d — 1.
Remark 3.15. We mention an analogue of Theorem 3.11 on SMZVs. Set

SI:,d,i = Z C;’*(/ﬁ» ooy k).

k1+ko+-+kq=Fk
i>2

Since these (5" (ki, ..., kq) satisfy the same harmonic product rule as (*(ky, . .., ka), Si 4, enjoys
the same recursion relation as Saito—Wakabayashi [28, Proposition 2.2/, that is,
(d—1)Stai+iSkgi1 — (k—d)S; 41, =0.

Writing k; U k; for juztaposition of indices k; and k;, we see from Hoffman [13, Theorem 3.1]
that

C‘;’*(k%kd—l"'%kl) = (_1>d Z (_1)ZC§(k1)<§(kl)

Consider the case (kyi,...,kq) = (1,...,1,2,1,...,1) in this equality. Since (5(1,...,1) =
k—i—1 —1
¢&(1,...,1) =0 (mod ((2)), the right-hand side is equal modulo ((2) to ¢&"(1,...,1,2,1,...,1).
i—1 k—i—1
Thus, we find

Stasa = Suacns = (07 (o) mod )
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In a similar way as for the proof of Theorem 3.11 (i.e., by backward induction on d), we obtain

> @bk =0 (0 (YD) 4 (G20 et muod e,

k1+ko+-+kq=k
k;>2

3.4.3 Proof of Theorem 3.12 for SMZVs

For a given index k, we call the number of its elements greater than 1 the height. With this
terminology, we shall call

CS(ka 17' te 7]-)
d—1

height-one SMZVs. Here, we prove Theorem 3.12. To do this, we need the following key lemma.

Lemma 3.16. For integers k,d € Z>, with k > 2, we have
Cm(};,-_& k) = (—1)‘1_1@(&&;&).

d-1 d—1
Proof. We recall the Q-linear map L,, defined by

Ly(w') = wuw' (w'" € 9).
By the regularization formula proved by IThara-Kaneko—Zagier in [14, eq.(5.2)], we have

ZM(y"w) = (=1)"Z (Lo (y™ mw'))

for any integer m € Z>; and w = xw’ € H°. Then, we find

CM(L,.. L k) = 2"y e )

= (D) Z " (La(y" " wa*?y))

—= (—1)d_l Z Z(xyal “ e ’xyak*Qxyakfl"rak"'l)

a1+-+ap=d—1
a; >0 (2:1 7777 k)

= (_1)d71 Z (ap—1 + 1) Z(xy®™ - ~;L’y“k*2:cy“’€*1+1)
ay+-tag_1=d—1
;>0 (i=1,....k—1)

= (-*! Z (ap_1 + 1) Z (™ ypth—2y ... p01y)
a1+-+ap_1=d—1
;>0 (i=1,...k—1)

= (—l)d_l Z (ak._l + 1)C(ak_1 +2,a_o+1,...,a1 + 1).

a1+-+ap_1=d—1
a;>0 (i=1,....h—1)



In the above equality, we have also used the duality theorem for MZVs (Theorem 2.17). Here,
we note that Theorem 2.17 says

Z(@"ty ke ly) = Z(aytet sy,

That the last sum equals (*(d, 1,..., 1) is due to Ohno [26, Proof of Theorem 2], see also Kaneko
——

[18, §3]. Thus

Now, we prove Theorem 3.12. When either k or d = 1, the theorem clearly holds. We consider
the case when k,d > 2. From the above Lemma 3.16, we have

Uk1,...,1) = ¢, 1,...,1
CS( (et 9 ) CS (7 9 ) )
d—1 k—1
= ((k,1 D)+ (—=1)*¢*(k, 1 1) — (¢(d, 1 1)+ (—1)%¢*(d, 1 1
Clk, 1., D)+ (=) ¢ (k. L,..., 1) = (C(d,1,.... 1)+ (=1)°C*(d, 1, ..., 1))
d—1 d—1 k—1 k-1
Let ¥(X) = ?/(())(()). By using the well-known generating series
X"4+Y"—(X+Y)"
1—ZC(/{:—i—1,1,...,1)Xde:exp(Z((n) Y- (X4 >)
k,d>1 d—1 n>2 n

I'(1—X)[(1-Y)
[l-X-Y)

(cf. Aomoto [4] and Drinfel’d [9]) and ¢(1 — X) = — 37, -, ((k)X*~! —~ (v is Euler’s constant),
we have

_ k—1vy d—1
Z<C(k,1,...,1) C(d,l,...,l))X Y

k,d>2 d—1 k—1
_ (% _ %) (1 . ”;(; A ;)’”)wu —X)—p(1-Y).

On the other hand, from Kaneko and Ohno [17, Theorem 2],

> ((—1)k§*(k, 1,...,1) = (=1)%*(d,1,..., 1))X’“‘1Yd‘1
kd>2 e hanend

I(1 - X)I(1-Y)
Ml-X-v) '

= —(X)+ YY) — m(cot(nX) — cot(nY))
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From these, and by the well-known equalities:
1
meot(nX) = bd +¢9(1-X)—y(1+X),

B(X) =1+ X) - —

X’
we have
Z (CS ( 7%,_) CS ( , 7"'71))Xk1Yd1
-3- —) (LILE L) PO
¢( ( — W(Cot(ﬂ'X) _ COt(’]TY))F(]' — X)F(l . Y)

r1-X-Y)

=(mf@@fiq;fﬁwa—waa+xwwu—m+wa+m>
F 1-_-)< F 1 20—1 20—1
:_2(1— (F(l—)X( % )2421 J(XEL —y A,

>1

L(1-X)[(1-Y)
T(I-X-Y)

Mk, 1, =¢GN (d,1,...,1)  (mod ¢(2)).

d—1 k—1

Since the coefficients of belong to the Q-algebra Z, we have

This proves Theorem 3.12.

3.5 Derivation relations for FMZVs
3.5.1 Derivation relations for FMZVs

Kojiro Oyama conjectured the following derivation relations for FMZVs.

Conjecture 5 (Oyama). Forl € Z>,, we have
Zr(O(w)) = —Zr(z"yw)  (w € HY). (7)

Oyama proved this for [ < 4 and Mitsuki Kosaki extended the proof further to [ < 6. The
aim of this section is to prove this conjecture for all [. Actually, we prove the identity in the
following form, which looks more general than the conjecture but in fact is equivalent to the
conjecture. The proof of Theorem 3.17 will be given later.

26



Theorem 3.17. For any index (mq,...,ms) € (Z>1)® (s > 0) and integer | € Z>,, we have
Zr(2™y e 2 0y (w))

ms—1

= —Zp(Z 7y Yy 2 )

+ Z (2™ y o gy ity Ly pmin =Ly o ameT ) (w € HY).
i=1

When s = 0, we understand 2™ ly---2™"ly = 1 on the left, and the right-hand side is
— 772 yw), which yield Conjecture 5.

Remark 3.18. We see Conjecture 5 implies Theorem 3.17 by putting 2™ Ly --- 2™ Lyw for w
in eq.(7), because

A2y ) = — 2 gty

+ 2mM ey (w)
by the definition of 0, (note 0)(z) =0), and
Z;(@l(zml_ly- . zms—lyw)) — —Z].‘(Zl_lyZml_ly' . st—lyw)
by eq.(7).
Example 3.19. When | = 3 and w = xy in Conjecture 5, we have
Z5(05(zy)) = —Zr(Pyzy)
= —Zr(ayxy + xy’wy + yryry + y'ay).
Since
Os(wy) = x2%y* — 2”2%y
= ayry’ +zy' — 2ty — 27yxy,
we get
Example 3.20. The case s =2 in Theorem 3.17 gives
Zr(2™ Ty Ty (w) = = Zp (2 Ty ™ Ty yw)
+ Z]:(Zml_lle_lyzmQ_lyw)
+ Zr(Z™ e e ),
When my = 2,ms = 1,1 =2 and w =y, we get

C]'-(47 17 ]-) + C}-(2737 1) + C}-<2ﬂ 173) + C}-(Sv ]-a ]-7 1) + C}-(lv?)a ]-7 1) + C}-(lv ]-a 3) 1) + C}-(lv ]-a 173)
+ C]:(Qv 1727 1) - C]:(zv 17 17 17 1) + C]:(1727 17 17 1) + C]‘—(la 17 1727 1) - Cf(la 17 17 17 17 1) = 0.
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Let S, be the symmetric group of n symbols, which acts on any index a = (ay,...,a,) by
o(a) = (ag(1), - - -, Ao(ny). For an integer s with 1 < s < n, let Sﬁf) be the subset of S,, given by
S ={seS, o1 < - <o (s)}.

Under these notations, we have the following theorem, which is in fact an almost immediate

consequence of Theorem 3.17. The proof will also be given in the next section.

Theorem 3.21. For any index m = (my,...,ms) € (Z>1)° (s > 0) and 1 = (Iy,...,1l;) €
(Z1)' (t > 1), we set a= (ay,...,as1¢) = (m,l). Then, we have
Z]:(Zml_ly T st_lyall T alt (w))
S (—1) S Z(t g st g ) (w € ).
UGS‘gj_)t

Here, we set uf = x if ‘o(i) < s ando(i+1) > s’ or ‘o(i) > s and (i) < o(i+1),” and uf = —y
otherwise.

Example 3.22. When r = 2,s =1 in Theorem 3.21, we have
Zr(2 0,0 () = Zr (™ e e ) — Zp (e ey )
l271yz llilyw)
I1—1 mi—1

y2" yw) + Zr (2P y Ty ).

mi—1 mi1—1

— Zp( ™ 22 ) — Zp(2
. Z}‘(le_ll'ZZQ_I

Tz

By putting Iy = 2,lo =1,m1 =2 and w =y, we get

- 2(]:(37 17 17 1) - Cf(17 37 17 1) - 2(]:(17 17 37 1) - Cf(27 17 27 1) + Cf(27 27 17 1)

- Cf(la 27 17 17 1) + C]:(L 17 17 17 17 1) =0.
Remark 3.23. For two indices m,m’, we say m’ refines m (denoted m’ > m) if m can be
obtained from m’ by combining some of its adjacent parts. Then, we have

Z]'—(xmlily e xm571yal1 T 8lt(w))
= (-1)° Z Z Zf(zaém*lull’ e z“;(s’+t>_1u§,+tw) (w e H', (8)

m’>m (s”)
UESSI+t

where s' in the second sum on the right is the depth of m’ and a' = (ay,...,adl,,,) = (m',1). We

note here that eq.(8) is equivalent to Theorem 3.21. Assume that Theorem 3.21 holds, we see by
xmlfly . xmsfly — Zm/tm(_l)y,szm’lfly . Zm;,—ly that

Z]:<Im1_1y e xms_lyah e alt (w>>
= S ()T Zp (e y 2 ) - B ()

m’>m

= (—1)5 Z Z Z]_-(Zalo(l)_:Lutl7 P Za::r(5’+t)_1u§/+tw)'

m’>m (s")
UGSS,+t

28



Conversely, assume that eq.(8) holds. Since

— — r_ ’
zml ly”.zms ly: E ZL’ml ly”'l‘ms/ ly7

m’>m
and
!
> (-1 S (mf, o mll) = (=1)(ma, ... my),
m’>m m’ =m’
m"=(m{,...m",)

(the second equality is an identity of formal sums of indices) we have
Zp(z™ 2™y, - 0, (w)
= 3 Ze(@ ey, 0 ()

m’>m
B o a’/ -1 o al nin=L o
= E (—1) E E Zp(2te ™ ud - 2ot g, w)
m’>m m’ =m’ UESS,I;)t
s ag(1y—1,,0 ay -1, 0
= (—]_) g Z}-(z (€] uf -z (s+t) us+tw)7
UESS&
where s" is the depth of m” and a" = (daf, ..., a).

Before closing this subsection, we mention the maximal number of linearly independent re-
lations supplied by Conjecture 5. In Table 1, the first line means the weight of FMZVs. The
second line gives the number of linearly independent elements in §) among all 9;(w) + 2~ lyw with
| € Z>y and w € $H! varying under the condition [ + |w| = weight. Computations are performed
by Mathematica.

Table 1: Number of Independent Derivation Relations for FMZVs
weight [2[3[4| 5] 6| 7| 8 9| 10| 11 12 13
relations | 1 | 2| 5| 10 | 22 | 44 | 90 | 181 | 363 | 727 | 1456 | 2912

An interesting fact is that the number of independent relations of derivation relations in Table
1 coincides with that of the original derivation relations in Table 2, except that the weight is
shifted by one. The reason for this coincidence is seen as follows. Write an element w € §°
as w = zw',w’ € H'. Then by 9(w) = z2!"lyw + xd;(w’), the original derivation relations
Z(0(w)) = 0 can be written as

Z(z(a(w') + 2 tyw’)) = 0.

Hence the relations Zz(0;(w’) + 2!7'yw’) = 0 in weight k exactly corresponds to the relations
Z(x(0y(w") + 2 tyw’)) = Z(9y(w)) = 0 in weight k + 1.

29



Table 2: Number of Independent Derivation Relations for MZVs
weight |3 (4|5 6| 7| 8| 9| 10| 11| 12 13 14
relations | 1 | 2| 5| 10 | 22 | 44 | 90 | 181 | 363 | 727 | 1456 | 2912

3.5.2 Proofs of Theorem 3.17 and Theorem 3.21

We prove Theorem 3.17 by induction on n = |w|.
(I) When n =0, i.e., w = 1, we need to show

mip—1 ms—1

— Zp(Z Ty y 2T y)

+ Z Z}‘(Zml_ly . Zmi,1—lyzmi—lle—lyzmprl—ly . ZmS—ly) — 0
=1

for every s > 0. When s = 0, by Theorem 3.9, we have
~Zp(2"Yy) = Zp(a'y) = 0.
Here, we note that (#(I) = 0 for any [ € Z>;. When s > 1, by Theorem 3.8 and Theorem 3.9,
1

mi1—1 ms—1

_Zf(zl— Yz Yoz y)
Y Zp(m Ty g Ty Ty Ty ey
i=1

= Z]:(—zlflyzmlfly ce stfly + Zmlflleflyzmzfly . stfly

4+ e + Zmlfly, . stfllefly)
— (_1)5Z]:(:El_1y$m1_1y .. ':L“ms_ly + xml_lle_lyxm_ly . -:L‘ms_ly
4+ e +$m1_1y---xms_1le_1y)

= (=1 Zp(a™ Yy 2™y s 2l y)
= (=1)"Zr(a™ Yy 2™ ly) Zr (2! Ny) = 0.
(IT) We assume the identity holds for |w| = 0,...,n — 1 and for every s > 0. Suppose w is of

degree n. We may assume that w is of the form w = z""'yw’ with 1 < r < n,w’ € H', by
replacing "'y by (z — y)" !y if w starts with 2" 1y.
LHS. = Zz(z™ 1ty 2™ 1y (2" yw'))
mgs—1 r

= Zp(—2™ Yy gy iy i g ™y ey gy (w')).

By the induction hypothesis, we have



LHS. = Zp(—2™ Yy 2™y g — 2y ey
+ Zm1—1$zl—1yzm2—1y . st—lyzr—lyw/ 4+ e
+ Zmlfly_ . .stflleflyzrflyw/ + Zmlfly. X _st 1,!/27‘ 1.1'Zl lywl)
— Z (-Zl 1yzm1 ly st_lyZT_lyw/—i-Zml_ll‘Zl y2m2 ly---zms_lyzr_lyw'
+ ...... + zml_ly . st_lmzl_lyzr_ yw )

and hence the identity holds for n and by induction, the proof is done.

Now, we prove Theorem 3.21 by induction on ¢. We have proved the case t = 1. We assume
the identity holds when the number of derivations on the left is less than t.

Zr(z™ y e 2™y, - Oy, ()

= Zp(=2""ly™m e 2y, - O, (w)
Goymi-ly b 1y2 713/ o stflyab e 3zt(w)
b e
+ ™m0y, (w))

ml—ly I st_lyalg . e alt (w)
+ 2 2 —y) Ty y e 2 T YOy, - Oy (w)

+ Zm1—1yz. .. st—l(z — y)zll_lyazz <0 (w))

= (-1 > Zp(tew g - Mo g )

i=0 (s+1
= Essit )
E E Zf a; d(l) ul .. Za:ll,o'(‘s«l»tfl)ilug_‘rt_lw)’
Poesli,

’ / / " o__ " //
where aj = (aj 1, ...,a; ) = (M1, ..,mg, L, Mg, ,mg, o, L) and af = (a7, .., a] oy 1) =
(ma,..o,mi—1,m; 4+ b, Mg, ..., Mg, la, ..., ;) in the last summation. We let

S
! -1 4 -1
— Z Z Z}-(Zaz,o-(l) uclr PN Zaz,a(s+t) ug+tw>7
+1
oesiyY

. — zo' -1 a;l/o's - -1, 0
M.—Z Z Z}- z Lo(1) ul o %o (s+t—1) us+t71w)v

€S,

R E 10 Ag(stt)—1, 0
N = Z o))~ oo glo(stt) us+tw)_

oeSij_t
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For each element in L, there exists a unique element in N such that they are corresponding
to each other except for one letter u; between 2™~ and 247!, which is —y in L and x in N.
Similarly, by understanding z™i+th—1 = zmi=1. 2. 2=l there is one-to-one correspondence between
the elements in M and N such that they are corresponding to each other except for u; between
2™l and 2171, which is z in M and x in N. Since z = —y + 2z, we have

my;—

Zr (2" hy 2y - O (w))
= (—1)° Z Zp (2007 g o gteen Ty ) (w € HY).
oest®)

s+t

Then, we find the identity holds for ¢.
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