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Abstract

Time periodic problem for equations for viscous compressible fluids is considered on the
whole space. When the space dimension is greater than or equal to 3, the existence of a
time periodic solution to the compressible Navier-Stokes equation is proved for sufficiently
small time periodic external force with some symmetry condition. The stability of the
time periodic solution and the time decay estimate of the perturbation are also shown.
Furthermore, for small time periodic external force without the symmetry condition the
existence of a time periodic solution is stated. The stability of the time periodic solution
and the decay of L∞ norm of the perturbation are also stated. The existence of time peri-
odic solution to the compressible Navier-Stokes-Korteweg system is also shown for small
time periodic external force. The time periodic solution obtained here is asymptotically
stable and the decay of L∞ norm of perturbation is obtained. When the space dimen-
sion is equal to two, for the compressible Navier-Stokes equation the existence of a time
periodic solution is proved under small time periodic external force with antisymmetry
condition.
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Introduction

This thesis studies time periodic problem for equations for viscous compressible fluids.
The motion of barotropic flow of such fluids in Rn (n ≥ 2) is described by the following
compressible Navier-Stokes equation:{

∂tρ+∇ · (ρv) = 0,
ρ(∂tv + (v · ∇)v)− µ∆v − (µ+ µ′)∇(∇ · v) +∇p(ρ) = ρg.

(0.0.1)

Here ρ = ρ(x, t) and v = (v1(x, t), · · · , vn(x, t)) denote the unknown density and the
unknown velocity field, respectively, at time t ≥ 0 and position x ∈ Rn; p = p(ρ) is the
pressure that is assumed to be a smooth function of ρ satisfying

p′(ρ∗) > 0,

for a given positive constant ρ∗; µ and µ′ are the viscosity coefficients that are assumed
to be constants satisfying

µ > 0,
2

n
µ+ µ′ ≥ 0;

and g = g(x, t) is a given external force.
In this thesis we assume that g = g(x, t) satisfies the condition

g(x, t+ T ) = g(x, t) (x ∈ Rn, t ∈ R), (0.0.2)

for some constant T > 0.

We also consider time periodic problem for the compressible Navier-Stokes-Korteweg
system in R3:



∂tρ+ divM = 0, (0.0.3)

∂tM + div
(M ⊗M

ρ

)
= div

(
S(M

ρ
) +K(ρ)

)
+ ρg, (0.0.4)

∂t(ρE) + div (ME) + div
(
P (ρ, θ)

M

ρ

)
= α̃∆θ + div

((
S(M

ρ
) +K(ρ)

)M
ρ

)
+Mg. (0.0.5)

7



Here ρ = ρ(x, t), M = (M1(x, t),M2(x, t),M3(x, t)) and E = E(x, t) > 0 denote the
unknown density, momentum, and total energy respectively, at time t ∈ R and position
x ∈ R3; θ denotes the absolute temperature of the fluid satisfying

E = Cvθ +
1

2

|M |2

ρ2
,

where Cv denotes the heat capacity at the constant volume that is assumed to be a positive
constant; S and K denote the viscous stress tensor and the Korteweg stress tensor that
are given by {

S(M
ρ
) =

(
µ′div M

ρ

)
δi,j + 2µdij

(
M
ρ

)
,

K(ρ) = κ
2
(∆ρ2 − |∇ρ|2)δi,j − κ ∂ρ

∂xi

∂ρ
∂xj

,
(0.0.6)

where dij

(
M
ρ

)
= 1

2

(
∂
∂xi

(
M
ρ

)
j
+ ∂

∂xj

(
M
ρ

)
i

)
; µ and µ′ are the viscosity coefficients that

are assumed to be constants satisfying

µ > 0,
2

3
µ+ µ′ ≥ 0;

P = P (ρ, θ) is the pressure that is assumed to be a smooth function of ρ and θ satisfying

Pρ(ρ∗, θ∗) > 0, Pθ(ρ∗, θ∗) > 0,

where ρ∗ and θ∗ are given positive constants; κ and α̃ denote the capillary constant and
the heat conductivity coefficient respectively, that are assumed to be positive constants;
and g = g(x, t) is a given external force.

We assume that g = g(x, t) satisfies the condition

g(x, t+ T ) = g(x, t) (x ∈ R3, t ∈ R) (0.0.7)

for some constant T > 0.
The system (0.0.3)-(0.0.5) is known to be a model system for two phase flow with phase

transition between liquid and vapor in compressible fluid. In deriving (0.0.3)-(0.0.5), phase
transition boundary is regarded as a diffuse interface. The diffuse interface model displays
the phase boundary as a narrow transition layer. So (0.0.3)-(0.0.5) describes fluid state
by the changes of the density. (Cf., [6, 14, 22] for the derivation of (0.0.3)-(0.0.5).) Note
that if we assume that κ = 0, then we obtain the compressible Navier-Stokes equation.

Time periodic flow is one of the basic phenomena in fluid mechanics, and thus, time pe-
riodic problems for fluid dynamical equations have been extensively studied. We refer, e.g.,
to [10, 20, 24, 30, 36] for the incompressible Navier-Stokes case, and to [1, 7, 8, 25, 33] for
the compressible case. Concerning the time periodic problem for the compressible Navier-
Stokes equation for barotropic flow, Valli ([33]) proved the existence and (exponential)
stability of time periodic solutions on a bounded domain of R3 for sufficiently small time
periodic external forces. On the other hand, for large external forces, the existence of
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time periodic solutions on a bounded domain of R3 was proved in the framework of weak
solutions by Feireisl, Matušu-Necasová, Petzeltová and Straškrava ([7]) for the system
for isentropic flow and by Feireisl, Mucha, Novotný and Pokorný ([8]) for the Navier-
Stokes-Fourier system for heat conductive flow under some dissipative heat flux boundary
condition. As for the time periodic problem on unbounded domains, Ma, Ukai, and Yang
[25] proved the existence and stability of time periodic solutions on the whole space Rn.
The authors of [25] showed that if n ≥ 5, there exists a time periodic solution (ρper, vper)
around (ρ∗, 0) for a sufficiently small g ∈ C0(R;HN−1 ∩ L1) with g(x, t + T ) = g(x, t),
where N ∈ Z satisfying N ≥ n + 2. Furthermore, the time periodic solution is stable
under sufficiently small perturbations and there holds the estimate

∥(ρ(t), v(t))− (ρper(t), vper(t))∥HN−1 ≤ C(1 + t)−
n
4 ∥(ρ0, v0)− (ρper(t0), vper(t0))∥HN−1∩L1 ,

where t0 is a certain initial time and (ρ, v)|t=t0 = (ρ0, v0). Here H
k denotes the L2-Sobolev

space on Rn of order k.
As for the mathematical analysis for (0.0.3)-(0.0.5), most of literatures treated the

system in terms of the density ρ, velocity v = M/ρ and absolute temperature θ:
∂tρ+ div (ρv) = 0, (0.0.8)

ρ(∂tv + (v · ∇)v) +∇P (ρ, θ) = µ∆v + (µ+ µ′)∇div v + κρ∇∆ρ+ ρg, (0.0.9)

ρCv(θt + (v · ∇)θ) + θPθ(ρ, θ)div v = α̃∆θ +Ψ(v) + Φ̃(ρ, v), (0.0.10)

where Ψ(v) and Φ̃(ρ, v) are given by{
Ψ(v) = µ′(div v)2 + 2µDv : Dv, Dv = (dij(v))

3
i,j=1,

Φ̃(ρ, v) = κ
(

|∇ρ|2
2

+ ρ∆ρ
)
div v − κ(∇ρ⊗∇ρ) : ∇v.

Chen and Zhao ([4]) considered the stationary problem (0.0.8)-(0.0.10) for g of the form
g(x) = div g1(x) + g2(x) around (ρ∗, 0, θ∗). It was shown in [4] that if g satisfies

3∑
k=1

∥(1 + |x|)k+1∇kg∥L2 +
1∑

k=0

∥(1 + |x|)3+k∇kg∥L∞

+∥(1 + |x|)2g1∥L∞ + ∥(1 + |x|)−1g2∥L1 ≪ 1, (0.0.11)

then there exists a stationary solution for problem (0.0.8)-(0.0.10) in the weighted L∞∩L2

space. The stability of the stationary solution was also considered in [4]. It was shown
in [4] that if g satisfies (0.0.11), then the stationary solution (ρ∗, v∗, θ∗) is asymptotically
stable under sufficiently small initial perturbations, and the perturbation satisfies

∥(ρ(t), v(t), θ(t))− (ρ∗, v∗, θ∗)∥L∞ → 0

as t → ∞. Chen, Xiao and Zhao ([3]) and Cai, Tan and Xu ([2]) then considered
time periodic problem for the barotropic and non-barotropic system of (0.0.8)-(0.0.10),
respectively, on Rn with n ≥ 5. They proved that there exists a time periodic solution
(ρper, vper, θper) around (ρ∗, 0, θ∗) for a sufficiently small g ∈ C0(R;HN−1 ∩ L1) satisfying
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(0.0.2), where N ∈ Z satisfying N ≥ n + 2. Furthermore, the time periodic solution is
stable under sufficiently small perturbations and it holds that

∥(ρ(t)− ρper(t), v(t)− vper(t), θ(t)− θper(t))∥L∞ → 0 (t → ∞).

In Chapter 1 of this thesis, we assume that the external force g satisfies the following
oddness condition

g(−x, t) = −g(x, t) (x ∈ Rn, t ∈ R). (0.0.12)

We will show that for n ≥ 3 if g satisfies (0.0.2) and (0.0.12) and g is small enough in
some weighted Sobolev space, then (0.0.1) has a time periodic solution (ρper, vper) and
uper(t) = (ρper(t)− ρ∗, vper(t)) satisfies

sup
t∈[0,T ]

(∥uper(t)∥L2 + ∥|x|∇uper(t)∥L2)

≤ C{∥(1 + |x|)g∥C([0,T ];L1∩L2) + ∥(1 + |x|)g∥L2(0,T ;Hm−1)}. (0.0.13)

Here m is an integer satisfying m ≥ [n
2
] + 1. In addition, we will prove that the time

periodic solution is stable under sufficiently small initial perturbation, and that the per-
turbation satisfies

∥(ρ(t), v(t))− (ρper(t), vper(t))∥L2 = O(t−
n
4 ) as t → ∞. (0.0.14)

The precise statements are given in Theorem 1.2.1 and Theorem 1.2.2 below.

The proof of the existence of a time periodic solution is given by an iteration argument
by using the time-T -map associated with the linearized problem around (ρ∗, 0). Substi-
tuting ϕ = ρ−ρ∗

ρ∗
and w = v

γ
with γ =

√
p′(ρ∗) into (0.0.1), we see that (0.0.1) is rewritten

as
∂tu+ Au = −B[u]u+G(u, g), (0.0.15)

where

A =

(
0 γdiv
γ∇ −ν△− ν̃∇div

)
, ν =

µ

ρ∗
, ν̃ =

µ+ µ′

ρ∗
, (0.0.16)

B[ũ]u = γ

(
w̃ · ∇ϕ

0

)
for u = ⊤(ϕ,w), ũ = ⊤(ϕ̃, w̃) (0.0.17)

and

G(u, g) =

(
f 0(u)

f̃(u, g)

)
, (0.0.18)

f 0(u) = −γϕdivw, (0.0.19)

f̃(u, g) = −γ(1 + ϕ)(w · ∇w)− ϕ∂tw −∇(p(1)(ϕ)ϕ2) +
1 + ϕ

γ
g, (0.0.20)
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p(1)(ϕ) =
ρ∗
γ

∫ 1

0

(1− θ)p′′(ρ∗(1 + θϕ))dθ.

To solve the time periodic problem for (0.0.15), we decompose u into a low frequency
part u1 and a high frequency part u∞. Then u1 and u∞ satisfy

∂tu1 + Au1 = F1(u, g), (0.0.21)

∂tu∞ + Au∞ + P∞(B[ũ]u∞) = F∞(u, g), (0.0.22)

where
F1(u, g) = P1[−B[ũ]u+G(u, g)],

F∞(u, g) = P∞[−B[ũ]u1 +G(u, g)]

and
ũ = u = u1 + u∞, uj = Pju (j = 1,∞).

Here P1 and P∞ are bounded linear operators from L2 into a low frequency part and a
high frequency part, respectively, satisfying P1+P∞ = I. (See sections 3 and 4 in Chapter
1 for the definitions and properties of P1 and P∞.)

We rewrite (0.0.21)-(0.0.22) as

u1(t) = S1(t)u01 + S 1(t)F1(u, g), (0.0.23)

u∞(t) = S∞,ũ(t)u0∞ + S ∞,ũ(t)F∞(u, g), (0.0.24)

where
u01 = (I − S1(T ))

−1S 1(T )F1(u, g), (0.0.25)

u0∞ = (I − S∞,ũ(T ))
−1S∞,ũ(T )F∞(u, g) (0.0.26)

with
ũ = u = u1 + u∞. (0.0.27)

Here S1(t) is the solution operator for the linear initial value problem for (0.0.21) with the
inhomogeneous term F1(u, g) ≡ 0 under the initial condition u1|t=0 = u01; S 1(t) is the one
for (0.0.21) with a given inhomogeneous term F1(u, g) under the initial condition u1|t=0 =
0; and S∞,ũ(t) and S∞,ũ(t) are similarly defined by the solution operators for the linear
initial value problem for (0.0.22). We will investigate properties of S1(t), S 1(t), S∞,ũ(t)
and S ∞,ũ(t) in weighted Sobolev spaces. The necessary estimates for S1(t) and S 1(t) will
be obtained by the explicit formulas for these operators through the Fourier transform,
while those for S∞,ũ(t) and S ∞,ũ(t) will be established by a weighted energy method.
One of the points in the proof is to establish boundedness of operators (I − S1(T ))

−1

and (I − S∞,ũ(T ))
−1 in some weighted spaces. As for the low frequency part, due to the

symmetric assumption on g in (0.0.12), one can consider problem (0.0.1) in a function
space with a symmetry, which enables us to show the boundedness of (I − S1(T ))

−1

from L1((1 + |x|)dx) to the weighted space with norm ∥u∥L2 + ∥|x|∇u∥L2 . Concerning
the high frequency part, the weighted energy method shows that the spectral radius of
S∞,ũ(T ) is strictly less than 1 in the weighted Sobolev space Hm((1 + |x|2)dx) with an
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integer m ≥ [n
2
] + 1 for sufficiently small ũ, which leads to the desired boundedness of

(I − S∞,ũ(T ))
−1. We note that, due to the spatial decay of the time periodic solution

obtained under the symmetric assumption on g in (0.0.12), one can show the asymptotic
stability of the time periodic solution, together with the decay estimate of L2 norm of the
perturbation as t → ∞.

The stability of the time periodic solution will be also shown by a decomposition
method associated with the spectral properties of the linearized operator which, in this
case, is a decomposition into low and high frequency parts (cf., [15, 27]). Based on the
estimate (0.0.13) for uper(t) =

⊤(ρper(t)− ρ∗, vper(t)), we can apply the Hardy inequality
to show the stability of the time periodic solution ⊤(ρper(t), vper(t)) under sufficiently
small initial perturbations and the decay estimate (0.0.14) in a similar manner to [27].
In contrast to the problem in [27], the terms vper · ∇ϕ+ ϕdivvper appear in the transport
equation for the perturbation. These terms can be handled by using the energy method
and the boundedness properties of the projection onto the low frequency part as in [15],
together with the Hardy inequality. (See also [1]).

In Chapter 2 of this thesis, we will show the existence of a time periodic solution for
(0.0.1) without assuming the oddness condition (0.0.12) for n ≥ 3. It will be proved that
if n ≥ 3, g satisfies (0.0.2) and

∥g∥C([0,T ];L1) + ∥(1 + |x|n)g∥C([0,T ];L∞) + ∥(1 + |x|n−1)g∥L2(0,T ;Hs−1) ≪ 1,

with an integer s ≥ [n/2] + 1, then there exists a time periodic solution (ρper, vper) ∈
C([0, T ];Hs) with period T for (0.0.1), and uper(t) = (ρper(t)− ρ∗, vper(t)) satisfies

sup
t∈[0,T ]

(∥(1 + |x|n−1)ρper(t)∥L∞ +
1∑

j=0

∥(1 + |x|n−2+j)∂j
xvper(t)∥L∞)

≤ C(∥g∥C([0,T ];L1) + ∥(1 + |x|n)g∥L∞(0,T ;L∞) + ∥(1 + |x|n−1)g∥L2(0,T ;Hs−1)). (0.0.28)

Furthermore, if g satisfies

∥g∥C([0,T ];L1) + ∥(1 + |x|n)g∥C([0,T ];L∞) + ∥(1 + |x|n−1)g∥L2(0,T ;Hs) ≪ 1,

then the time periodic solution (ρper, vper) is asymptotically stable under sufficiently small
initial perturbations, and the perturbation satisfies

∥(ρ(t), v(t))− (ρper(t), vper(t))∥L∞ → 0

as t → ∞. We expect that the decay estimate such as (0.0.14) would also hold for this
case and it would be desirable to derive the optimal decay estimate of L2 norm for the
perturbations. The precise statements of our existence and stability results are given in
Theorem 2.2.1 and Theorem 2.2.2 below.

We will prove the existence of a time periodic solution around (ρ∗, 0) by an iteration
argument by using the time-T -map associated with the linearized problem at (ρ∗, 0). As
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in Chapter 1 we formulate the time periodic problem as a system of equations for low
frequency part and high frequency part of the solution. In the proof of the existence of
a time periodic solution without assuming the oddness condition (0.0.12), there are two
key observations. One is concerned with the spectrum of the time-T -map for the low
frequency part. Another one is concerned with the convection term v · ∇v. As for the
former matter, as in Chapter 1, we need to investigate (I−S1(T ))

−1, where S1(T ) = e−TA

with A being the linearized operator around (ρ∗, 0) which acts on functions whose Fourier
transforms have their supports in {ξ ∈ Rn; |ξ| ≤ r∞} for some r∞ > 0. (See (2.3.21) and
(2.3.22) bellow.) We will show that the leading part of (I − S1(T ))

−1 coincides with the
solution operator for the linearized stationary problem used by Shibata-Tanaka in [32].

In fact, the Fourier transform of (I −S1(T ))
−1F takes the form (I − e−TÂξ)−1F̂ , where F̂

is the Fourier transform of F and

Âξ =

(
0 iγ⊤ξ
iγξ ν|ξ|2In + ν̃ξ⊤ξ

)
.

By using the spectral resolution, we see that

(I − e−TÂξ)−1 ∼ − 1

T

 ν+ν̃
γ2 − i⊤ξ

γ|ξ|2

− iξ
γ|ξ|2

1
ν|ξ|2
(
In − ξ⊤ξ

|ξ|2

) as ξ → 0.

The right-hand side is the solution operator for the linearized stationary problem in the
Fourier space. This motivates us to introduce a weighted L∞ space for the low frequency
part employed in the study of the stationary problem in [32].

As for the high frequency part, we will employ the weighted energy estimates estab-
lished in Chapter 1.

Another point in our analysis is concerned with the convection term v · ∇v. Due to
the slow decay of v(x, t) as |x| → ∞, there appears some difficulty in estimating v · ∇v.
To overcome this, we will use the momentum formulation for the low frequency part,
which takes the form of a conservation law, and the velocity formulation for the high
frequency part, for which the energy method works well. We also note that, in estimating
the high frequency part of v · ∇v, we will use the fact that a Poincaré type inequality
∥f∥L2 ≤ C∥∇f∥L2 holds for the high frequency part.

The asymptotic stability of the time periodic solution (ρper, vper) can be proved as in
Kagei and Kawashima [16] by using the Hardy inequality.

In Chapter 3 of this thesis we consider time periodic problem for (0.0.3)-(0.0.5). We
will show the existence of a time periodic solution for (0.0.3)-(0.0.5) around (ρ∗, 0, E∗) on
R3 with E∗ = Cvθ∗. It will be proved that if g satisfies (0.0.7) and

∥g∥C([0,T ];L1) + ∥(1 + |x|3)g∥C([0,T ];L∞) + ∥(1 + |x|2)g∥L2(0,T ;Hs−1) ≪ 1

for an integer s ≥ 2, then there exists a time periodic solution (ρper−ρ∗,Mper, Eper−E∗) ∈
C([0, T ];Hs) with period T for (0.0.3)-(0.0.5), and (ρper−ρ∗,Mper, Eper−E∗) satisfies the
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estimate

sup
t∈[0,T ]

{ 1∑
j=0

∥(1 + |x|1+j)∂j
x(ρper − ρ∗)(t)∥L∞ +

1∑
j=0

∥(1 + |x|1+j)∂j
xMper(t)∥L∞

+
1∑

j=0

∥(1 + |x|1+j)∂j
x(Eper − E∗)(t)∥L∞

}
≤ C(∥g∥C([0,T ];L1) + ∥(1 + |x|3)g∥C(0,T ;L∞) + ∥(1 + |x|2)g∥L2(0,T ;Hs−1)). (0.0.29)

Furthermore, the time periodic solution (ρper,Mper, Eper) for (0.0.3)-(0.0.5) is asymptoti-
cally stable under sufficiently small initial perturbations and the perturbation satisfies

∥(ρ(t),M(t), E(t))− (ρper(t),Mper(t), Eper(t))∥L∞ → 0 (t → ∞).

The precise statements of our results are given in Theorem 3.2.1 and Theorem 3.2.2 below.

The existence of time periodic solution is proved by using the time-T -map for the
linearized semigroup at (ρ∗, 0, E∗). We will employ a function space of hybrid type which,
roughly speaking, consists of functions whose low frequency parts belong to a weighted
L∞ ∩ L2 space and high frequency parts belong to a weighted L2-Sobolev space. For
the low frequency part we introduce a function space similar to that employed in the
study of the stationary problem in [4], that is, a set of periodic functions with values in a
weighted L∞∩L2 space similar to (0.0.11). We investigate the spatial decay properties of
the integral kernel of the time-T -map, and establish the estimates for the low frequency
part by a potential theoretic method. Due to the conservation form of momentum and
total energy we can estimate the nonlinear terms for the low frequency part. If we use
(0.0.8)-(0.0.10) instead of (0.0.3)-(0.0.5), the slow decay of ρ(x, t), v(x, t) and θ(x, t) as
|x| → ∞ prevents us from obtaining the estimates of the terms (v · ∇)v, (v · ∇)θ and
θPθ(ρ, θ)div v in (0.0.9) and (0.0.10) for the low frequency part. As for the high frequency
part, we employ the weighted energy method to obtain the a priori estimates.

The proof of the existence of time periodic solution is similar to the argument in
Chapter 2. The main difference from Chapter 2 is as follows. In Chapter 2, a coupled
system for the low frequency part and the high frequency part was used in the proof
of the existence of the time periodic solution to avoid the derivative loss for the high
frequency part due to the term v · ∇ρ. In this paper we do not use any coupled system
as in Chapter 2 and directly treat (0.0.3)-(0.0.5) by making use of the smoothing effect
for ρ due to the term κ∇∆ρ arising in the Korteweg tensor. A key point in the proof
of the existence of time periodic solution is to control the decay properties of solution as
|x| → ∞, which is similar to the case of the stationary problem. In [3] stationary solution
was obtained in some function space where functions decay like ρ(x)− ρ∗ = O(|x|−2) and
(v(x), θ(x)−θ∗) = O(|x|−1) as |x| → ∞. In this paper we require ρ(x, t)−ρ∗ to decay only
in the order O(|x|−1) as |x| → ∞. The faster decay of ρ(x)− ρ∗ in [4] was obtained from
the fact that ρ(x) − ρ∗ can be represented by the Bessel potential due to the Korteweg
tensor. On the other hand, in the time dependent case, the method in [4] does not work
well, and ρ(x, t) − ρ∗ is represented by the Newton potential which leads to the slower
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decay than the stationary case. We also note that since we consider the non-barotropic
system, the decay of ρ(x, t) − ρ∗ is slower than that in Chapter 2 in the low frequency
part.

The asymptotic stability of the time periodic solution (ρper,Mper, Eper) is proved by
the energy method using the Hardy inequality as in [4, 16].

In Chapter 4 of this thesis we consider the existence of a time periodic solution for
(0.0.1) on R2 under the following antisymmetry condition:

g1(−x1, x2, t) = −g1(x1, x2, t), g1(x1,−x2, t) = g1(x1, x2, t),

g2(−x1, x2, t) = g2(x1, x2, t), g2(x1,−x2, t) = −g2(x1, x2, t),

g1(x2, x1, t) = g2(x1, x2, t), g2(x2, x1, t) = g1(x1, x2, t).

(0.0.30)

It will be proved that if g satisfies (0.0.2), (0.0.30) and the estimate

∥(1 + |x|)g∥C([0,T ];L1) + ∥(1 + |x|3)g∥C([0,T ];L∞) + ∥(1 + |x|2)g∥L2(0,T ;Hs−1) ≪ 1,

for an integer s ≥ 3, then there exists a time periodic solution uper = (ρper − ρ∗, vper) ∈
C(R;L∞) with ∇uper ∈ C(R;Hs−1) having time period T for (0.0.1), and uper satisfies
the estimate

sup
t∈[0,T ]

{ 1∑
j=0

∥(1 + |x|1+j)∂j
x(ρper − ρ∗)(t)∥L∞ +

1∑
j=0

∥(1 + |x|1+j)∂j
xvper(t)∥L∞

}
≤ C∥g∥C([0,T ];L1

1)
+ ∥(1 + |x|3)g∥C([0,T ];L∞) + ∥(1 + |x|2)g∥L2(0,T ;Hs−1).

The existence of a time periodic solution is shown by an iteration argument using
time-T-map concerned with the linearized problem around the constant state. We use
a system of equations decomposed by a low frequency part and high frequency part of
solution as in Chapter 1. Concerning the low frequency part, we apply the potential
theoretic method which control spatial decay properties for a solution. The same method
was used in the study of the stationary problem [32] and the time periodic problem in
Chapter 2 of this thesis for the space dimension n ≥ 3. The main difference between this
study and Chapter 2 is stated as follows. We denote by A1 the linearized operator around
(ρ∗, 0) on the low frequency part. Then we estimate (I − S1(T ))

−1 in some weighted L∞

space, generated by A1. In contrast to [28], since we consider on R2, (I − S1(T ))
−1 has

the worse order as log |x| at x → ∞, which is the same order as the fundamental solution
of the Laplace equation. More preciously, it follows from the spectral resolution that

F(I − S1(T ))
−1 ∼ − 1

T

 ν+ν̃
γ2 − i⊤ξ

γ|ξ|2

− iξ
γ|ξ|2

1
ν|ξ|2
(
I2 − ξ⊤ξ

|ξ|2

) as ξ → 0, (0.0.31)

where F denotes the Fourier transform. Then the order log |x| appears from the Stokes
inverse in the right hand side of (0.0.31). This prevents us from controlling spatial decay
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properties for the convection term and the external force. To overcome this difficulty, since
the slowly decaying order appears from the Stokes inverse, we introduce the antisymmetry
condition which was used in the stationary problem for imcompressible fluid on R2 ([37]).
Moreover, the following two key observations are used.

The one is concerned with the estimate for the convection term. Due to the slow decay
of v at spatial infinity, we formulate the equations by not only using the conservation form
with the momentum as in Chapter 2 but also rewriting the convection term as

∂x2

(
v1v2

(v2)
2 − (v1)

2

)
+ ∂x1

(
0

v2v1

)
+∇(v1)

2

to make use of the antisymmetry condition effectively for the low frequency part. (Cf.,
Remark 4.3.5 bellow.) Furthermore, we establish an estimate for convolution under anti-
symmetry condition in the weighted L∞ space stated in Lemma 4.3.8 bellow. Combining
these, we obtain the estimate for the convection term in the weighted L∞ space.

Another key observation is concerned with the estimate for the external force. We state
a Poincaré type inequality in the weighted L∞ space with the antisymmetry condition for
the low frequency part. (Cf., Lemma (4.3.9) bellow). Using this the inequality, we can
estimate a convolution related to the external force since the integral kernel has the same
order as the first order derivative of the fundamental solution of the Laplace equation. If
we would not use the inequality, the integral kernel would be obstructive for the estimate
which has the order log |x| at spatial infinity.

As for the high frequency part, we use the velocity formulation to avoid some derivative
loss by using the energy method as in chapters 1 and 2.

Note that we use a coupled system of the conservation form of the momentum and
the velocity formulation, but not vorticity equation; and we do not need to assume that
g is a derivative form of some scalar potential function as in [37].

This thesis is organized as follows. In Chapter 1, we show the existence of a time
periodic solution to (0.0.1) for sufficiently small time periodic external force satisfying
(0.0.12) when the space dimension is greater than or equal to 3. We also show the
stability of the time periodic solution and the time decay estimate of the perturbation. In
Chapter 2, it is proved that if time periodic external force g is sufficiently small without
the assumption (0.0.12), then we have the existence of a time periodic solution of (0.0.1)
on Rn for n ≥ 3. The time periodic solution is shown to be asymptotically stable under
sufficiently small initial perturbations and the L∞ norm of the perturbation decays as
time goes to infinity. In Chapter 3, as for (0.0.3)-(0.0.5), the existence of a time periodic
solution is proved for a sufficiently small periodic external force on R3. The stability of
the time periodic solution is proved for sufficiently small initial perturbations. It is also
shown that the L∞ norm of the perturbation decays as time goes to infinity. In Chapter
4, the existence of a time periodic solution to (0.0.1) is stated for sufficiently small time
periodic external force satisfying (0.0.30).

In each section, notation is introduced which is used throughout the chapter and the
main results are stated. Continuously, the proofs of the main results are given respectively.
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Chapter 1

The existence and stability of time
periodic solution to the compressible
Navier-Stokes equation with
symmetry

Time periodic problem for (0.0.1) on the whole space is studied. The existence of a time
periodic solution is proved for sufficiently small time periodic external force with some
symmetry when the space dimension is greater than or equal to 3. The proof is based on
the spectral properties of the time-T -map associated with the linearized problem around
the motionless state with constant density in some weighted Sobolev space. The stability
of the time periodic solution is also proved and the decay estimate of the perturbation is
established.

1.1 Preliminaries

In this section we first introduce some notations which will be used throughout this
chapter. We then introduce some auxiliary lemmas which will be useful in the proof of
the main results.

For a given Banach space X, the norm on X is denoted by ∥ · ∥X .
Let 1 ≦ p ≦ ∞. Lp stands for the usual Lp space over Rn. The inner product of L2 is

denoted by (·, ·). For a nonnegative integer k, Hk stands for the usual L2-Sobolev space
of order k. (As usual, H0 = L2.)

The set of all vector fields w = ⊤(w1, · · · , wn) on Rn with wj ∈ Lp (j = 1, · · · , n),
i.e., (Lp)n, is simply denoted by Lp; and the norm ∥ · ∥(Lp)n on it is denoted by ∥ · ∥Lp

if no confusion will occur. Similarly, for a function space X, the set of all vector fields
w = ⊤(w1, · · · , wn) on Rn with wj ∈ X (j = 1, · · · , n), i.e., Xn, is simply denoted by X;
and the norm ∥ · ∥Xn on it is denoted by ∥ · ∥X if no confusion will occur. (For example,
(Hk)n is simply denoted by Hk and the norm ∥ · ∥(Hk)n is denoted by ∥ · ∥Hk .)

For u = ⊤(ϕ,w) with ϕ ∈ Hk and w = ⊤(w1, · · · , wn) ∈ Hm, we define the norm
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∥u∥Hk×Hm of u on Hk ×Hm by

∥u∥Hk×Hm =
(
∥ϕ∥2Hk + ∥w∥2Hm

) 1
2 .

When m = k, we simply write Hk × (Hk)n as Hk, and, also, ∥u∥Hk×(Hk)n as ∥u∥Hk if no
confusion will occur :

Hk := Hk × (Hk)n, ∥u∥Hk := ∥u∥Hk×(Hk)n (u = ⊤(ϕ,w)).

Similarly, when u = ⊤(ϕ,w) ∈ X × Y with w = ⊤(w1, · · · , wn) for function spaces X and
Y , we denote its norm ∥u∥X×Y by

∥u∥X×Y =
(
∥ϕ∥2X + ∥w∥2Y

) 1
2 (u = ⊤(ϕ,w)).

When Y = Xn, we simply write X ×Xn as X, and also its norm ∥u∥X×Xn as ∥u∥X :

X := X ×Xn, ∥u∥X := ∥u∥X×Xn (u = ⊤(ϕ,w)).

Let α = (α1, · · · , αn) be a multi-index. We use the following notation

∂α
x = ∂α1

x1
· · · ∂αn

xn
, |α| =

n∑
j=1

αj.

For any integer l ≥ 0, ∇lf denotes x-derivatives of order l of a function f .
For 1 ≤ p < ∞, Lp

1 stands for the weighted Lp space over Rn defined by

Lp
1 = {f ∈ Lp; ∥f∥Lp

1
:= ∥(1 + |x|)f∥Lp < +∞}.

For a nonnegative integer k, we define the space Hk
1 by

Hk
1 = {f ∈ Hk; ∥f∥Hk

1
:= ∥(1 + |x|)f∥Hk < +∞}.

We next introduce function spaces associated with low and high frequency parts. We
denote by f̂ or F [f ] the Fourier transform of f :

f̂(ξ) = F [f ](ξ) =

∫
Rn

f(x)e−ix·ξdx (ξ ∈ Rn).

The inverse Fourier transform of f is denoted by F−1[f ]:

F−1[f ](x) = (2π)−n

∫
Rn

f(ξ)eiξ·xdξ (x ∈ Rn).

For a nonnegative integer k and positive constants r1 and r∞ with r1 < r∞, Hk
(∞)

denotes the set of all f ∈ Hk satisfying supp f̂ ⊂ {|ξ| ≥ r1}, and L2
(1) denotes the set of

all f ∈ L2 satisfying supp f̂ ⊂ {|ξ| ≤ r∞}. Note that Hk∩L2
(1) = L2

(1) for any nonnegative

integer k. (Cf., Lemma 1.3.3 (ii) bellow).
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Concerning weighted spaces for high frequency part, we define the space Hk
(∞),1 by

Hk
(∞),1 = {f ∈ Hk

(∞); ∥f∥Hk
1
< +∞}.

As for the low frequency part, we define the space H 1
(1),1 by

H 1
(1),1 = {f ∈ L2

(1); ∥f∥H 1

(1),1

:=
(
∥f∥2L2 + ∥|x|∇f∥2L2

) 1
2 < +∞}.

We will consider the time periodic problem in function spaces with some symmetry.
We define Γ by

(Γu)(x) = ⊤(ϕ(−x),−w(−x)) (u(x) = ⊤(ϕ(x), w(x)), x ∈ Rn).

We indicate function spaces satisfying the symmetric condition Γu = u by the subscript
·sym. More precisely, We denote by Xsym the set of all u = ⊤(ϕ,w) ∈ X satisfying the
symmetric conditions Γu = u, i.e., ϕ(−x) = ϕ(x) and w(−x) = −w(x) (x ∈ Rn):

Xsym = {u = ⊤(ϕ,w) ∈ X; Γu = u}.

Let −∞ ≤ a < b ≤ ∞. We denote by Ck([a, b];X) the set of all Ck functions on
[a, b] with values in X. The Bochner space on (a, b) is denoted by Lp(a, b;X) and the
L2-Bochner-Sobolev space of order k is denoted by Hk(a, b;X).

As for the high frequency part, we will work in the space Y k
∞(a, b):

Y k
∞(a, b) =

{
u∞ = ⊤(ϕ∞, w∞) ∈ C([a, b]; (Hk

(∞),1)sym);w∞ ∈ L2(a, b;Hk+1
(∞),1)∩H

1(a, b;Hk−1
(∞),1)}

equipped with the norm

∥u∞∥Y k

∞(a,b)
=

(
∥u∞∥2C([a,b];Hk

(∞),1
) + ∥w∞∥2

L2(a,b;Hk+1
(∞),1

)∩H1(a,b;Hk−1
(∞),1

)

) 1
2

.

Here k = m− 1 or m with an integer m satisfying m ≥ [n
2
] + 1.

We will look for the low frequency part u1 =
⊤(ϕ1, w1) in the spaceH1(0, T ; (H 1

(1),1)sym).
It then follows from the equation that ∂tw1 also belongs to L2(0, T ;L2

1). Since the nonlin-
earity includes ϕ∂tw, it is convenient to work in the spaceH1(0, T ; (H 1

(1),1)sym) incorporate
with the norm ∥∂tw1∥L2(0,T ;L2

1)
in the iteration argument. We thus introduce the following

function space for the low frequency part:

Y 1(a, b) =
{
u1 =

⊤(ϕ1, w1) ∈ H1(a, b; (H 1
(1),1)sym); ∂tw1 ∈ L2(a, b;L2

1)}

equipped with the norm

∥u1∥Y 1(a,b)
=

(
∥u1∥2

H1(a,b;(H 1

(1),1)sym)
+ ∥∂tw1∥2L2(a,b;L2

1)

) 1
2

.

Note that H1(a, b; (H 1
(1),1)sym) ⊂ C([a, b]; (H 1

(1),1)sym), where the imbedding is continu-
ous.

19



We define the space X k(a, b) by

X k(a, b) = Y 1(a, b)× Y k
∞(a, b)

equipped with the norm

∥{u1, u∞}∥X k
(a,b)

=

(
∥u1∥2Y 1(a,b)

+ ∥u∞∥2
Y k

∞(a,b)

) 1
2

.

We also introduce function spaces of T -periodic functions in t. Cper(R;X) denotes
the set of all T -periodic continuous functions with values in X equipped with the norm
∥ · ∥C([0,T ];X); and L2

per(R;X) denotes the set of all T -periodic locally square integrable
functions with values in X equipped with the norm ∥ · ∥L2(0,T ;X). Similarly, H1

per(R;X)

and X k
per(R), and so on, are defined.

Let X be a Banach space and let L be a bounded linear operator on X. We denote
by rX(L) the spectral radius of L.

For operators L1 and L2, [L1, L2] denotes the commutator of L1 and L2:

[L1, L2]f = L1(L2f)− L2(L1f).

We next state some lemmas which will be used in the proof of the main results. These
lemma are also used in chapters 2-4.

Lemma 1.1.1. Let n ≥ 2 and let m ≥
[
n
2

]
+ 1. Then there holds the inequality

∥f∥L∞ ≤ C∥∇f∥Hm−1

for f ∈ Hm.

Lemma 1.1.1 is proved as follows. Let n ≥ 2 and set 2∗ := 2n
n−2

. Since m ≥
[
n
2

]
+ 1,

we see that m− 1 ≥ n
2∗
. It then follows from the Sobolev inequalities that

∥f∥L∞ ≤ C∥f∥Wm,2∗ ≤ C∥∇f∥Hm−1 ,

which shows Lemma 1.1.1.

Lemma 1.1.2. Assume n ≥ 2 and let m be an integer satisfying m ≥
[
n
2

]
+1. Let mj and

µj (j = 1, · · · , ℓ) satisfy 0 ≤ |µj| ≤ mj ≤ m+ |µj|, µ = µ1+ · · ·+µℓ, m = m1+ · · ·+mℓ ≥
(ℓ− 1)m+ |µ|. Then there holds

∥ ∂µ1
x f1 · · · ∂µℓ

x fℓ ∥L2≤ C
∏

1≤j≤ℓ

∥ fj ∥Hmj .

See, e.g., [18], for the proof of Lemma 1.1.2.
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Lemma 1.1.3. Let n ≥ 2 and let m be an integer satisfying m ≥
[
n
2

]
+ 1. Suppose that

F is a smooth function on I, where I is a compact interval of R. Then for a multi-index
α with 1 ≤ |α| ≤ m, there hold the estimates

∥[∂α
x , F (f1)]f2∥L2 ≤ C∥F∥C|α|(I)

{
1 + ∥∇f1∥|α|−1

m−1

}
∥∇f1∥Hm−1∥f2∥H|α|

for f1 ∈ Hm with f1(x) ∈ I for all x ∈ Rn and f2 ∈ H |α|; and

∥[∂α
x , F (f1)]f2∥L2 ≤ C∥F∥C|α|(I)

{
1 + ∥∇f1∥|α|−1

m−1

}
∥∇f1∥Hm∥f2∥H|α|−1 .

for f1 ∈ Hm+1 with f1(x) ∈ I for all x ∈ Rn and f2 ∈ H |α|−1.

See, e.g., [16], for the proof of Lemma 1.1.3.

1.2 Main results of Chapter 1

In this section we state our results on the existence and stability of a time periodic solution
for system (0.0.1).

We begin with the existence of a time periodic solution. To state the existence result,
we introduce operators which decompose a function into its low and high frequency parts.
We define operators P1 and P∞ on L2 by

Pjf = F−1χ̂jF [f ] (f ∈ L2, j = 1,∞),

where

χ̂j(ξ) ∈ C∞(Rn) (j = 1,∞), 0 ≤ χ̂j ≤ 1 (j = 1,∞),

χ̂1(ξ) =

{
1 (|ξ| ≤ r1),
0 (|ξ| ≥ r∞),

χ̂∞(ξ) = 1− χ̂1(ξ),

0 < r1 < r∞.

We fix 0 < r1 < r∞ < 2γ
ν+ν̃

so that (1.4.3) in Lemma 1.4.5 below holds for |ξ| ≤ r∞.

Theorem 1.2.1. Let n ≥ 3 and let m be an integer satisfying m ≥
[
n
2

]
+1. Assume that

g(x, t) satisfies (0.0.2) and g ∈ Cper(R;L1
1 ∩ L2

1) ∩ L2
per(R;Hm−1

1 ). Set

[g]m = ∥g∥C([0,T ];L1
1∩L2

1)
+ ∥g∥L2(0,T ;Hm−1

1 ).

Then there exist constants δ0 > 0 and C0 > 0 such that if [g]m ≤ δ0, then the system
(0.0.1) has a time periodic solution ⊤(ρper, vper) with period T that satisfies {u1, u∞} ∈
Xm

per(R) with ∥{u1, u∞}∥Xm
(0,T )

≤ C0[g]m where uj = ⊤(Pj(ρper − ρ∗), Pjvper) (j =

1,∞). Furthermore, the uniqueness of time periodic solutions of (0.0.1) holds in the class
{⊤(ρ, v) ; u = ⊤(ρ−ρ∗, v) satisfies {P1u, P∞u} ∈ X m

per(R), ∥{P1u, P∞u}∥Xm
(0,T )

≤ C0δ0}.
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Our next issue is to study the stability of the time periodic solution obtained in
Theorem 1.2.1.

Let ⊤(ρper, vper) be the time periodic solution given in Theorem 3.2.1. We denote the
perturbation by u = ⊤(ϕ,w), where ϕ = ρ− ρper, w = v − vper. Substituting ρ = ϕ+ ρper
and v = w + vper into (0.0.1), we see that the perturbation u = ⊤(ϕ,w) is governed by

∂tϕ+ vper · ∇ϕ+ ϕdivvper + ρperdivw + w · ∇ρper = F 0,

∂tw + vper · ∇w + w · ∇vper − µ
ρper

△w − µ+µ′

ρper
∇divw

+ ϕ
ρ2per

(µ△vper + (µ+ µ′)∇divvper) +∇(p
′(ρper)
ρper

ϕ) = F̃ ,

(1.2.1)

where

F 0 = −div(ϕw),

F̃ = −w · ∇w − ϕ

ρper(ρper + ϕ)
(µ△w + (µ+ µ′)∇divw)

+
ϕ

ρper(ρper + ϕ)
(
ϕ

ρper
µ△vper +

ϕ

ρper
(µ+ µ′)∇divvper)

+
ϕ

ρ2per
∇(p(2)(ρper, ϕ)ϕ) +

ϕ2

ρ2per(ρper + ϕ)
∇(p(ρper + ϕ)) +

1

ρper
∇(p(3)(ρper, ϕ)ϕ

2),

p(2)(ρper, ϕ) =

∫ 1

0

p′(ρper + θϕ)dθ, p(3)(ρper, ϕ) =

∫ 1

0

(1− θ)p′′(ρper + θϕ)dθ.

We consider the initial value problem for (1.2.1) under the initial condition

u|t=0 = u0 =
⊤(ϕ0, w0). (1.2.2)

Our result on the stability of the time periodic solution is stated as follows.

Theorem 1.2.2. Let n ≥ 3 and let m be an integer satisfying m ≥
[
n
2

]
+ 1. Assume

that g(x, t) satisfies (0.0.2) and g ∈ Cper(R;L1
1 ∩ L2

1) ∩ L2
per(R;Hm

1 ). Let ⊤(ρper, vper) be
the time periodic solution obtained in Theorem 3.2.1 and let u0 = ⊤(ϕ0, w0) ∈ Hm ∩ L1.
Then there exist constants ϵ1 > 0 and ϵ2 > 0 such that if

[g]m+1 ≤ ϵ1, ∥u0∥Hm∩L1 ≤ ϵ2,

there exists a unique global solution u = ⊤(ϕ,w) ∈ C([0,∞);Hm) of (1.2.1)-(1.2.2) and u
satisfies

∥∇ku(t)∥L2 ≤ C(1 + t)−
n
4
− k

2 (t ∈ [0,+∞), k = 0, 1).

Theorem 1.2.2 follows from the same argument as that in [27]; and we omit the
details. In contrast to the problem in [27], several linear terms with coefficients including
vper appear in the equations for the perturbation. In the transport equation for the
perturbation, there appear the terms vper ·∇ϕ+ϕdivvper and these terms can be handled
by using the energy method and the boundedness properties of the projection onto the
low frequency part as in [15, 27], together with the Hardy inequality; the linear terms
including vper in the equation of motion for the perturbation can be handled by using the
Hardy inequality. (See also [1]).
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1.3 Reformulation of the problem

In this section we reformulate the time periodic problem for (0.0.1). To prove Theorem
1.2.1, it suffices to show the existence of a time periodic solution of (0.0.15). We decompose
u into a low frequency part u1 and a high frequency part u∞; and we rewrite the problem
into a system of equations (0.0.23)-(0.0.27) for u1 and u∞.

Let u satisfy (0.0.15) and set u1 = P1u, u∞ = P∞u. Then u1 and u∞ satisfy (0.0.21)
and (0.0.22). Suppose that (0.0.21) and (0.0.22) are satisfied by some functions u1 and
u∞. Then, since P1 + P∞ = I, by adding (0.0.21) to (0.0.22), we obtain

∂t(u1 + u∞) + A(u1 + u∞) = −P∞(B[u1 + u∞]u∞) + (P1 + P∞)F (u1 + u∞, g)

= −B[u1 + u∞](u1 + u∞) +G(u1 + u∞, g).

Set u = u1 + u∞, then we have

∂tu+ Au+B[u]u = G(u, g).

Consequently, if we show the existence of a pair of functions {u1, u∞} satisfying (0.0.21)-
(0.0.22), then we can obtain a solution u of (0.0.15). Therefore, we will consider (0.0.21)-
(0.0.22) to solve the time periodic problem for (0.0.15).

The following two lemmas are concerned with symmetry of (0.0.15) and (0.0.21)-
(0.0.22). We recall that Γ is defined by

(Γu)(x) = ⊤(ϕ(−x),−w(−x)) (u(x) = ⊤(ϕ(x), w(x)), x ∈ Rn).

Lemma 1.3.1. Set g(x, t) = ⊤(0, g(x, t)) and assume that (Γg)(x, t) = g(x, t) (x ∈
Rn, t ∈ R).

(i) If u = ⊤(ϕ,w) is a solution of (0.0.15), then Γu is also a solution of (0.0.15).

(ii) If {u1, u∞} is a solution of (0.0.21)-(0.0.22), then {Γu1,Γu∞} is also a solution of
(0.0.21)-(0.0.22).

Lemma 1.3.2. Assume that (Γg)(x, t) = g(x, t) (x ∈ Rn, t ∈ R).
(i) If (Γu)(x, t) = u(x, t) (x ∈ Rn, t ∈ R), then

[Γ(∂tu+ Au+B[u]u−G(u, g))](x, t) = [∂tu+ Au+B[u]u−G(u, g)](x, t)

for x ∈ Rn, t ∈ R.
(ii) If {Γu1(x, t),Γu∞(x, t)} = {u1(x, t), u∞(x, t)} (x ∈ Rn, t ∈ R), then

[Γ(∂tu1 + Au1 − F1(u1 + u∞, g))](x, t) = [∂tu1 + Au1 − F1(u1 + u∞, g)](x, t)

and

[Γ(∂tu∞ + Au∞ + P∞(B[u1 + u∞]u∞)− F∞(u1 + u∞, g))](x, t)

= [∂tu∞ + Au∞ + P∞(B[u1 + u∞]u∞)− F∞(u1 + u∞, g)](x, t)

for x ∈ Rn, t ∈ R.
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Lemma 1.3.1 (i) and Lemma 1.3.2 (i) can be verified by direct computations. As

for Lemma 1.3.1 (ii) and Lemma 1.3.2 (ii), by using the facts f̂(−ξ) = f̂(−·)(ξ) and
χ̂j(−ξ) = χ̂j(ξ) (j = 1,∞), we see that ΓPj = PjΓ (j = 1,∞). Based on these relations,
Lemma 1.3.1 (ii) and Lemma 1.3.2 (ii) can be proved by a straightforward computation.

By Lemma 1.3.1 and Lemma 1.3.2, one can consider (0.0.21)-(0.0.22) in space of func-
tions satisfying {Γu1,Γu∞} = {u1, u∞}, i.e., uj =

⊤(ϕj(x, t), wj(x, t)) =
⊤(ϕj(−x, t),−wj(−x, t))

(j = 1,∞).

We look for a time periodic solution {u1, u∞} for the system (0.0.21)-(0.0.22). To
solve the time periodic problem for (0.0.21)-(0.0.22), we introduce solution operators for
the following linear problems: {

∂tu1 + Au1 = F1,
u|t=0 = u01,

(1.3.1)

and {
∂tu∞ + Au∞ + P∞(B[ũ]u∞) = F∞,
u|t=0 = u0∞,

(1.3.2)

where ũ = ⊤(ϕ̃, w̃), u01, u0∞, F1 and F∞ are given functions.

To formulate the time periodic problem, we denote by S1(t) the solution operator for
(1.3.1) with F1 = 0, and by S 1(t) the solution operator for (1.3.1) with u01 = 0. We
also denote by S∞,ũ(t) the solution operator for (1.3.2) with F∞ = 0 and by S ∞,ũ(t) the
solution operator for (1.3.2) with u0∞ = 0. (The precise definition of these operators will
be given later.)

If {u1, u∞} satisfies (0.0.21)-(0.0.22), then u1(t) and u∞(t) are written as

u1(t) = S1(t)u1(0) + S 1(t)[F1(u, g)], (1.3.3)

u∞(t) = S∞,uu∞(0) + S ∞,u(t)[F∞(u, g)] (1.3.4)

with u = u1 + u∞.
Suppose that {u1, u∞} is a T -time periodic solution of (1.3.3)-(1.3.4). Then, since

u1(T ) = u1(0) and u∞(T ) = u∞(0), we see that
(I − S1(T ))u1(0) = S 1(T )[F1(u, g)],
(I − S∞,u(T ))u∞(0) = S∞,u(T )[F∞(u, g)],
u = u1 + u∞.

Therefore if (I − S1(T )) and (I − S∞,u(T )) are invertible in a suitable sense, then one
obtains (0.0.23)-(0.0.27). Therefore, to obtain a T -time periodic solution of (0.0.21)-
(0.0.22), we look for a pair of functions {u1, u∞} satisfying (0.0.23)-(0.0.27). We will
investigate the solution operators S1(t),S 1(t), S∞,u(t) and S ∞,u(t) in sections 5 and 6.

Next, we introduce some lemmas which will be used in the proof of Theorem 3.2.1.
We first derive some inequalities for the low frequency part.
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Lemma 1.3.3. (i) Let k be a nonnegative integer. Then P1 is a bounded linear operator
from L2 to Hk. In fact, it holds that

∥∇kP1f∥L2 ≤ C∥f∥L2 (f ∈ L2).

As a result, for any p satisfying 2 ≤ p ≤ ∞, P1 is bounded from L2 to Lp.

(ii) Let k be a nonnegative integer and let 2 ≤ p ≤ ∞. Then there hold the estimates

∥∇kf1∥L2 + ∥f1∥Lp ≤ C∥f1∥L2 (f ∈ L2
(1)),

∥f1∥Hk
1

≤ C∥f1∥L2
1

(f ∈ L2
(1) ∩ L2

1),

∥∇f1∥Hk
1

≤ C∥f1∥H 1

(1),1

(f ∈ H 1
(1),1),

∥f1∥L2
1
+ ∥f1∥H 1

(1),1

≤ C∥f1∥L1
1

(f ∈ L2
(1) ∩ L1

1).

Proof. The boundedness of P1 from L2 toHk can be easily verified by using the Plancherel
theorem, since supp P̂1f ⊂ {ξ; |ξ| ≤ r∞}; and, then, the boundedness of P1 from L2 to Lp

with 2 ≤ p ≤ ∞ follows from the Sobolev inequality.
As for (ii), the first inequality can be obtained as in the same reason for (i). The

second inequality is obtained by (i) and the following computation. For 0 ≤ |α| ≤ k and
f1 ∈ L2

(1),1, we see that

∥|x|∂α
x f1∥L2 = (2π)−

n
2 ∥∂ξ(ξαf̂1)∥L2(|ξ|≤r∞)

≤ C
{
∥|ξ|(|α|−1)+ f̂1∥L2(|ξ|≤r∞) + ∥|ξ||α|∂ξf̂1∥L2(|ξ|≤r∞)

}
≤ C

{
∥f̂1∥L2(|ξ|≤r∞) + ∥∂ξf̂1∥L2(|ξ|≤r∞)

}
≤ C∥f1∥L2

1
.

The third inequality follows from the second inequality with f1 replaced by ∇f1, since, by
the first inequality, we have ∥∇f1∥L2

1
≤ C∥f1∥H 1

(1),1

. As for the last inequality, we have

∥f1∥2L2
1

= (2π)−n
{
∥f̂1∥2L2(|ξ|≤r∞) + ∥∂ξf̂1∥2L2(|ξ|≤r∞)

}
≤ C

{
sup

|ξ|≤r∞

(|f̂1(ξ)|+ |∂ξf̂1(ξ)|)
}2 ≤ C∥f1∥2L1

1
,

and, likewise, we can obtain ∥f1∥H 1

(1),1

≤ C∥f1∥L1
1
. This completes the proof. □

As for the high frequency part, we have the following inequalities.

Lemma 1.3.4. (i) Let k be a nonnegative integer. Then P∞ is a bounded linear operator
on Hk.

(ii) There hold the inequalities

∥P∞f∥L2 ≤ C∥∇f∥L2 (f ∈ H1),

∥f∞∥L2 ≤ C∥∇f∞∥L2 (f∞ ∈ H1
(∞)).
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Lemma 1.3.4 (i) immediately follows from the definition of P∞ by using the Plancherel

theorem; and, similarly, inequalities in (ii) can be easily seen since supp P̂∞f ⊂ {ξ; |ξ| ≥
r1} and supp f̂∞ ⊂ {ξ; |ξ| ≥ r1} for f∞ ∈ H1

(∞). We omit the proof.

Lemma 1.3.5. Let χ be a function which belongs to the Schwartz space on Rn. Then
there holds the estimate

∥|x|(χ ∗ f)∥L2 ≤ C{∥|x|χ∥L1∥f∥L2 + ∥χ∥L1∥|x|f∥L2} (f ∈ L2
1).

Proof. Let χ be a function which belongs to the Schwartz space on Rn. Then

||x|(χ ∗ f)| ≤ |x|
∫
Rn

|χ(x− y)f(y)|dy

≤ C

∫
Rn

|x− y||χ(x− y)||f(y)|dy + C

∫
Rn

|χ(x− y)||y||f(y)|dy.

Therefore, the Young inequality gives

∥|x|(χ ∗ f)∥L2 ≤ C{∥|x|χ∥L1∥f∥L2 + ∥χ∥L1∥|x|f∥L2} (f ∈ L2
1).

This completes the proof. □

Lemma 1.3.6. Let f∞ ∈ H1
(∞),1. Then there exists a positive constant C independent of

f∞ such that

∥|x|∇f∞∥2L2 ≥
r21
2
∥|x|f∞∥2L2 − C∥f∞∥2L2 .

Proof. Since supp f̂∞ ⊂ {|ξ| ≥ r1}, by the Plancherel theorem, we have

∥|x|∇f∞∥2L2 ≥ 1

2

n∑
j=1

∥∇(xjf∞)∥2L2 − C∥f∞∥2L2

=
1

2
(2π)−n

n∑
j=1

∥ξ(∂ξj f̂∞)∥2L2 − C∥f∞∥2L2 .

≥ r21
2
(2π)−n

n∑
j=1

∥ξ(∂ξj f̂∞)∥2L2 − C∥f∞∥2L2

≥ r21
2
∥|x|f∞∥2L2 − C∥f∞∥2L2 .

This completes the proof. □
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1.4 Properties of S1(t) and S 1(t)

In this section we investigate S1(t) and S 1(t) and establish an estimate for a solution u1

of (1.3.1) satisfying u1(0) = u1(T ).

We consider the restriction of A on L2
(1). By Lemma 1.3.3 (ii), we see that ∥Au1∥L2 ≤

C∥u1∥L2 for u1 ∈ L2
(1).

Let

Âξ =

(
0 iγ⊤ξ
iγξ ν|ξ|2In + ν̃ξ⊤ξ

)
(ξ ∈ Rn).

Then, since Au1 = F−1Âξû1, we see that supp Âξû1 ⊂ {ξ; |ξ| ≤ r∞} for u1 ∈ L2
(1).

Therefore, the restriction of A on L2
(1) is a bounded linear operator on L2

(1).

We denote by A1 the restriction of A on L2
(1). Then A1 is a bounded linear operator

on L2
(1) and it satisfies ∥A1u1∥L2 ≤ C∥u1∥L2 for u1 ∈ L2

(1) and

A1u1 = F−1ÂξF u1 (u1 ∈ L2
(1)).

Furthermore, −A1 generates a uniformly continuous semigroup S1(t) = e−tA1 that is given
by

S1(t)u1 = F−1e−tÂξFu1 (u1 ∈ L2
(1));

and it holds that S1(t) satisfies S1(·)u1 ∈ C1([0,∞);L2
(1)) for each u1 ∈ L2 and

∂tS1(t)u1 = −A1S1(t)u1 (= −AS1(t)u1), S1(0)u1 = u1 for u1 ∈ L2
(1),

∥∂k
t S1(t)u1∥L2 ≤ ∥A1∥k∥u1∥L2 for u1 ∈ L2

(1), t ≥ 0, k = 0, 1,

where ∥A1∥ denotes the operator norm of A1. The estimates can be obtained by the
energy method based on the relation

(Au, u) = ν∥∇u∥2L2 + ν̃∥∇ · u∥2L2 .

We also define the operator S 1(t) by

S 1(t)[F1] =

∫ t

0

S1(t− τ)F1(τ) dτ

for F1 ∈ L2(0, T ;L2
(1)). It follows that

S 1(t)[F1] = F−1
[∫ t

0

e−(t−τ)Âξ F̂1(τ) dτ
]
,

S 1(·)[F1] ∈ H1(0, T ;L2
(1)) for each F1 ∈ L2(0, T ;L2

(1)) and

∂tS 1(t)[F1] + A1S 1(t)[F1] = F1(t) (a.e. t), S 1(0)[F1] = 0,

∥S 1(·)[F1]∥H1(0,T ;L2) ≤ C∥F1∥L2(0,T ;L2),

where C is a positive constant depending on T .

We next show that A1 has similar properties on H 1
(1),1.
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Proposition 1.4.1. (i) A1 is a bounded linear operator on H 1
(1),1 and S1(t) = e−tA1

is a uniformly continuous semigroup on H 1
(1),1. Furthermore, it holds that S1(·)u1 ∈

C1([0, T ′];H 1
(1),1), ∂tS1(·)u1 ∈ C([0, T ′];L2

1) for each u1 ∈ H 1
(1),1 and all T ′ > 0,

∥∂k
t S1(t)u1∥H 1

(1),1

≤ C∥u1∥H 1

(1),1

for u1 ∈ H 1
(1),1, t ∈ [0, T ′], k = 0, 1,

and
∥∂tS1(t)u1∥L2

1
≤ C∥u1∥H 1

(1),1

for u1 ∈ H 1
(1),1, t ∈ [0, T ′],

where T ′ is any given positive number and C is a positive constant depending on T ′.

(ii) S 1(·) satisfies that S 1(·)[F1] ∈ H1(0, T ;H 1
(1),1) for each F1 ∈ L2(0, T ;H 1

(1),1) and

∥S 1(·)[F1]∥H1(0,T ;H 1

(1),1)
≤ C∥F1∥L2(0,T ;H 1

(1),1)
for F1 ∈ L2(0, T ;H 1

(1),1),

where C is a positive constant depending on T . If, in addition, F1 ∈ L2(0, T ;L2
1), then

∂tS 1(·)[F1] ∈ L2(0, T ;L2
1) and

∥∂tS 1(·)[F1]∥L2(0,T ;L2
1)
≤ C∥F1∥L2(0,T ;L2

1)
for F1 ∈ L2(0, T ;L2

1),

where C is a positive constant depending on T .

(iii) It holds that
S1(t)S 1(t

′)[F1] = S 1(t
′)[S1(t)F1]

for any t ≥ 0, t′ ∈ [0, T ] and F1 ∈ L2(0, T ;X), where X = L2
(1), H 1

(1),1.

(iv) It holds that ΓS1(t) = S1(t)Γ and ΓS 1(t) = S 1(t)Γ. Consequently, the asser-
tions (i)–(iii) above hold with function spaces L2

(1), H 1
(1),1 and L2

1 replaced by (L2
(1))sym,

(H 1
(1),1)sym and (L2

1)sym, respectively.

The proof of Proposition 1.4.1 will be given later.

We next investigate invertibility of I − S1(T ).

Proposition 1.4.2. Let F1 = ⊤(F 0
1 (x), F̃1(x)) ∈ L2

(1) ∩ L1
1 and suppose that F̃1(−x) =

−F̃1(x) for x ∈ Rn. Then there uniquely exists u ∈ H 1
(1),1 that satisfies

(I − S1(T ))u = F1 and ∥u∥H 1

(1),1

≤ C∥F1∥L1
1
. (1.4.1)

Furthermore, if ΓF1 = F1, then Γu = u.

The proof of Proposition 1.4.2 will be given later.

In view of Proposition 1.4.2, I − S1(T ) has a bounded inverse (I − S1(T ))
−1: (L2

(1) ∩
L1
1)sym → (H 1

(1),1)sym and it holds that

∥(I − S1(T ))
−1F1∥H 1

(1),1

≤ C∥F1∥L1
1
.

Using Proposition 1.4.1 (ii) and Proposition 1.4.2, we can obtain the following estimate
for S 1(T )(I − S1(T ))

−1.
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Proposition 1.4.3. For F1 ∈ L2(0, T ; (L2
(1)∩L1

1)sym), it holds that S 1(T )[(I−S1(T ))
−1F1] ∈

(H 1
(1),1)sym and

∥S 1(T )[(I − S1(T ))
−1F1]∥H 1

(1),1

≤ C∥F1∥L2(0,T ;L1
1)
.

We are now in a position to give an estimate for a solution of (1.3.1) satisfying u1(0) =
u1(T ).

Proposition 1.4.4. Set

u1(t) = S1(t)S 1(T )[(I − S1(T ))
−1F1] + S 1(t)[F1] (1.4.2)

for F1 = ⊤(F 0
1 (x, t), F̃1(x, t)) ∈ L2(0, T ; (L2

(1) ∩ L1
1)sym). Then u1 is a solution of (1.3.1)

in Y 1(0, T ) satisfying u1(0) = u1(T ) and

∥u1∥Y 1(0,T )
≤ C∥F1∥L2(0,T ;L1

1)
.

Proof. We find from Proposition 1.4.1 (iii) and Proposition 1.4.2 that u1(0) = u1(T ).
As for the estimate for u1, the first term on the right-hand side of (1.4.2) is estimated
by using Proposition 1.4.1 (i) and Proposition 1.4.3. The second term on the right-hand
side of (1.4.2) is estimated by using Proposition 1.4.1 (ii) and Lemma 1.3.3 (ii). Hence,
we obtain the desired estimate. This completes the proof. □

In the rest of this section we will give proofs of Proposition 1.4.1 and Proposition 1.4.2.

Lemma 1.4.5. ([26]) (i) The set of all eigenvalues of −Âξ consists of λj(ξ) (j = 1,±),
where {

λ1(ξ) = −ν|ξ|2,
λ±(ξ) = −1

2
(ν + ν̃)|ξ|2 ± 1

2

√
(ν + ν̃)2|ξ|4 − 4γ2|ξ|2.

If |ξ| < 2γ
ν+ν̃

, then

Reλ± = −1

2
(ν + ν̃)|ξ|2, Imλ± = ±γ|ξ|

√
1− (ν + ν̃)2

4γ2
|ξ|2.

(ii) If |ξ| < 2γ
ν+ν̃

, then e−tÂξ has the spectral resolution

e−tÂξ =
∑
j=1,±

etλj(ξ)Πj(ξ),

where Πj(ξ) is eigenprojections for λj(ξ) (j = 1,±), and Πj(ξ) (j = 1,±) satisfy

Π1(ξ) =

(
0 0

0 In − ξ⊤ξ
|ξ|2

)
, Π±(ξ) = ± 1

λ+ − λ−

(
−λ∓ −iγ⊤ξ

−iγξ λ±
ξ⊤ξ
|ξ|2

)
.

Furthermore, if 0 < r∞ < 2γ
ν+ν̃

, then there exist a constant C > 0 such that the estimates

∥Πj(ξ)∥ ≤ C (j = 1,±) (1.4.3)

hold for |ξ| ≤ r∞.
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Hereafter we fix 0 < r1 < r∞ < 2γ
ν+ν̃

so that (1.4.3) in Lemma 1.4.5 holds for |ξ| ≤ r∞.

Lemma 1.4.6. Let α be a multi-index. Then the following estimates hold true uniformly
for ξ with |ξ| ≤ r∞ and t ∈ [0, T ].

(i) |∂α
ξ λ1| ≤ C|ξ|2−|α|, |∂α

ξ λ±| ≤ C|ξ|1−|α| (|α| ≥ 0).

(ii) |(∂α
ξ Π1)F̂1| ≤ C|ξ|−|α|| ˆ̃F1|, |(∂α

ξ Π±)F̂1| ≤ C|ξ|−|α||F̂1| (|α| ≥ 0), where F1 =
⊤(F 0

1 , F̃1).

(iii) |∂α
ξ (e

λ1t)| ≤ C|ξ|2−|α| (|α| ≥ 1).

(iv) |∂α
ξ (e

λ±t)| ≤ C|ξ|1−|α| (|α| ≥ 1).

(v) |(∂α
ξ e

−tÂξ)F̂1| ≤ C(|ξ|1−|α||F̂ 0
1 |+ |ξ|−|α|| ˆ̃F1|) (|α| ≥ 1), where F1 =

⊤(F 0
1 , F̃1).

(vi) |∂α
ξ (I − eλ1t)−1| ≤ C|ξ|−2−|α| (|α| ≥ 0).

(vii) |∂α
ξ (I − eλ±t)−1| ≤ C|ξ|−1−|α| (|α| ≥ 0).

Lemma 1.4.6 can be verified by direct computations based on Lemma 1.4.5.

Let us prove Proposition 1.4.1.

Proof of Proposition 1.4.1. We see from Lemma 1.3.3 (ii) that

∥A1u1∥H 1

(1),1

≤ C∥∇u1∥H1
1
≤ C∥u1∥H 1

(1),1

(u1 ∈ H 1
(1),1),

and so, A1 is bounded on H 1
(1),1. It then follows that S1(·)u1 ∈ C1([0, T ′];H 1

(1),1) for each

u1 ∈ H 1
(1),1 and

∥∂k
t S1(t)u1∥H 1

(1),1

≤ C∥u1∥H 1

(1),1

for u1 ∈ H 1
(1),1, t ∈ [0, T ′], k = 0, 1,

where T ′ > 0 is any given positive number and C is a positive constant depending on T ′.
Since ∥A1u1∥L2

1
≤ C∥∇u1∥H1

1
≤ C∥u1∥H 1

(1),1

for u1 ∈ H 1
(1),1 by Lemma 1.3.3 (ii), we see

from the relation ∂tS1(t)u1 = −A1S1(t)u1 that ∂tS1(·)u1 ∈ C([0, T ′];L2
1) and

∥∂tS1(t)u1∥L2
1
≤ ∥S1(t)u1∥H 1

(1),1

≤ C∥u1∥H 1

(1),1

.

The assertion (ii) follows from (i) and the relation ∂tS 1(t)[F1] = −A1S 1(t)[F1] + F1(t).
The assertion (iii) easily follows from the definitions of S1(t) and S 1(t). As for (iv),
we observe that ΓA1 = A1Γ, from which we find that ΓS1(t) = S1(t)Γ, and hence,
ΓS 1(t) = S 1(t)Γ. This completes the proof. □

Let us finally prove Proposition 1.4.2.
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Proof of Proposition 1.4.2. We define a function u

u = F−1(I − e−TÂξ)−1F̂1

for F1 = ⊤(F 0
1 , F̃1). It suffices to show that ∥u∥H 1

(1),1

≤ C∥F1∥L1
1
. By the Plancherel

theorem, we see that

∥u∥L2
(1)

= (2π)−
n
2 ∥(I − e−TÂξ)−1F̂1∥L2(|ξ|≤r∞)

≤ (2π)−
n
2 {∥(I − eTλ1)−1Π1F̂1∥L2(|ξ|≤r∞) + ∥(I − eTλ+)−1Π+F̂1∥L2(|ξ|≤r∞)

+ ∥(I − eTλ−)−1Π−F̂1∥L2(|ξ|≤r∞)}
=: I1 + I2 + I3.

Observe that Π1F̂1 depends only on ˆ̃F1 but not on F̂ 0
1 .

By using Lemma 1.4.5, Lemma 1.4.6 and the fact ˆ̃F1(0) = 0, we see that

I1 ≤ C

∥∥∥∥ 1

|ξ|2
ˆ̃F1

∥∥∥∥
L2(|ξ|≤r∞)

≤ C

∥∥∥∥ 1

|ξ|

∥∥∥∥
L2(|ξ|≤r∞)

∥|x|F̃1∥L1 .

Since
∥∥∥ 1
|ξ|

∥∥∥
L2(|ξ|≤r∞)

< +∞ for n ≥ 3, we find that

I1 ≤ C∥|x|F̃1∥L1 .

Similarly, we can obtain I2 + I3 ≤ C∥F1∥L1 , and hence, we see that

∥u∥L2
(1)

≤ C{∥F1∥L1 + ∥|x|F̃1∥L1}. (1.4.4)

Next, by the Plancherel theorem, it follows that

∥|x|∇u∥L2
(1)

= (2π)−
n
2

∥∥∥(i∂ξ)(iξ(I − e−TÂξ)−1F̂1

)∥∥∥
L2(|ξ|≤r∞)

≤ C
{
∥(I − e−TÂξ)−1F̂1∥L2(|ξ|≤r∞) +

∥∥∥iξ∂ξ ((I − e−TÂξ)−1
)
F̂1

∥∥∥
L2(|ξ|≤r∞)

+∥iξ(I − e−TÂξ)−1∂ξF̂1∥L2(|ξ|≤r∞)

}
.

The first term on right-hand side has already been estimated and it is bounded by the
right-hand side of (1.4.4). As for the second and third terms on the right-hand side,
similarly to above, one can find from Lemma 1.4.6 that∥∥∥iξ∂ξ ((I − e−TÂξ)−1

)
F̂1

∥∥∥
L2(|ξ|≤r∞)

+ ∥iξ(I − e−TÂξ)−1∂ξF̂1∥L2(|ξ|≤r∞) ≤ C∥F1∥L1
1
.

We thus obtain

∥|x|∇u∥L2
(1)

≤ C∥F1∥L1
1
.

Finally, we see from Proposition 1.4.1 (iv) that if ΓF1 = F1, then Γu = u. This completes
the proof. □
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1.5 Properties of S∞,ũ(t) and S ∞,ũ(t)

In this section we investigate S∞,ũ(t) and S ∞,ũ(t).
We begin with the solvability of (1.3.2). Let us first consider the following system:{

∂tϕ+ γ(w̃ · ∇ϕ) = f 0,
ϕ|t=0 = ϕ0.

(1.5.1)

Lemma 1.5.1. ([17, Theorem 4.1].) Let n ≥ 3 and let m be an integer satisfying
m ≥ [n

2
]+ 1. Set k = m− 1 or m. Assume that w̃ ∈ C([0, T ′];Hm)∩L2(0, T ′;Hm+1), f 0 ∈

L2(0, T ′;Hk) and ϕ0 ∈ Hk. Here T ′ is a given positive number. Then (1.5.1) has a unique
solution ϕ ∈ C([0, T ′];Hk) and ϕ satisfies

∥ϕ(t)∥2Hk ≤ C

{
∥ϕ0∥2Hk +

∫ t

0

∥w̃∥Hm+1∥ϕ∥2Hkds+

∫ t

0

∥f 0∥Hk∥ϕ∥Hkds

}
and

∥ϕ(t)∥2Hk ≤ CeC
∫ t
0 (1+∥w̃∥Hm+1 )ds

{
∥ϕ0∥2Hk +

∫ t

0

∥f 0∥2Hkds

}
for t ∈ [0, T ′]. Moreover, the solution is unique in C([0, T ′];H1).

We next consider the following system:{
∂tϕ∞ + γP∞(w̃ · ∇ϕ∞) = F 0

∞,
ϕ∞|t=0 = ϕ0∞.

(1.5.2)

Note that (1.5.2) is rewritten as

∂tϕ∞ + γ(w̃ · ∇ϕ∞) = F 0
∞ + γP1(w̃ · ∇ϕ∞).

As for the solvability of (1.5.2), we have the following lemma.

Lemma 1.5.2. Let n ≥ 3 and let m be an integer satisfying m ≥ [n
2
] + 1. Set k = m− 1

or m. Assume that w̃ ∈ C([0, T ′];Hm) ∩ L2(0, T ′;Hm+1), F 0
∞ ∈ L2(0, T ′;Hk

(∞)) and

ϕ0∞ ∈ Hk
(∞). Here T ′ is a given positive number. Then (1.5.2) has a unique solution

ϕ∞ ∈ C([0, T ′];Hk
(∞)) and ϕ∞ satisfies

∥ϕ∞(t)∥2Hk ≤ C
{
∥ϕ0∞∥2Hk +

∫ t

0

(∥w̃∥Hm+1 + ∥w̃∥2Hm)∥ϕ∞∥2Hkds

+

∫ t

0

∥F 0
∞∥Hk∥ϕ∥Hkds

}
and

∥ϕ∞(t)∥2Hk ≤ CeC
∫ t
0 (1+∥w̃∥Hm+1+∥w̃∥2Hm )ds

{
∥ϕ0∞∥2Hk +

∫ t

0

∥F 0
∞∥2Hkds

}
for t ∈ [0, T ′].
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Proof. We define {ϕ(ℓ)
∞ }∞ℓ=0 as follows. For ℓ = 0, ϕ

(0)
∞ is the solution of{

∂tϕ
(0)
∞ + γ(w̃ · ∇ϕ

(0)
∞ ) = F 0

∞,

ϕ
(0)
∞ |t=0 = ϕ0∞.

(1.5.3)

For ℓ ≥ 1, ϕ
(ℓ)
∞ is the solution of{

∂tϕ
(ℓ)
∞ + γ(w̃ · ∇ϕ

(ℓ)
∞ ) = F 0

∞ + γP1(w̃ · ∇ϕ
(ℓ−1)
∞ ),

ϕ
(ℓ)
∞ |t=0 = ϕ0∞.

(1.5.4)

By Lemma 1.3.3 (i), we have

∥P1(w̃ · ∇ϕ∞)∥Hm ≤ C∥w̃∥L∞∥∇ϕ∞∥L2 ≤ C∥w̃∥Hm∥ϕ∞∥Hk (1.5.5)

since m ≥ [n
2
] + 1 ≥ 2. In view of Lemma 1.5.1 and (1.5.5), we find by a standard

argument that

∥ϕ(ℓ+1)
∞ (t)− ϕ(ℓ)

∞ (t)∥2Hk ≤ M0
(M1t)

ℓ+1

(ℓ+ 1)!
(ℓ ≥ 0),

where

M0 = CeC
∫ T ′
0 (1+∥w̃∥Hm+1+∥w̃∥2Hm ) dτ

{
∥ϕ0∥2Hk +

∫ T ′

0

∥F 0
∞∥2Hk dτ

}
,

M1 = C∥w̃∥2C([0,T ′];Hm)e
C

∫ T ′
0 (1+∥w̃∥Hm+1 ) dτ .

Therefore, one can see that ϕ
(ℓ)
∞ converges in C([0, T ′];Hk) to a function ϕ∞ ∈ C([0, T ′];Hk)

that satisfies {
∂tϕ∞ + γ(w̃ · ∇ϕ∞) = F 0

∞ + γP1(w̃ · ∇ϕ∞),
ϕ∞|t=0 = ϕ0∞,

(1.5.6)

hence, ϕ∞ is a solution of (1.5.2). The estimates for ϕ∞ follows from Lemma 1.5.1 and
(1.5.5).

It remains to prove supp ϕ̂∞(t) ⊂ {|ξ| ≥ r1} for t ∈ [0, T ′]. Let χ̃∞ ∈ C∞
0 (Rn) with

supp χ̃∞ ⊂ {|ξ| < r1}. Let us consider the Fourier transform of (1.5.2):

∂tϕ̂∞ + γχ̂∞ ̂(w̃ · ∇ϕ∞) = F̂ 0
∞, ϕ̂∞|t=0 = ϕ̂0∞.

Taking the inner product of this equation with χ̃2
∞ϕ̂∞, we have d

dt
∥χ̃∞ϕ̂∞∥2L2 = 0. We

thus deduce that ∥χ̃∞ϕ̂∞(t)∥2L2 = ∥χ̃∞ϕ̂0∞∥2L2 = 0 for t ∈ [0, T ′]. It then follows that

supp ϕ̂∞(t) ⊂ {|ξ| ≥ r1} for t ∈ [0, T ′]. This completes the proof. □

We next consider the following system:{
∂tw∞ − ν△w∞ − ν̃∇divw∞ = F̃∞,
w∞|t=0 = w0∞.

(1.5.7)
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Lemma 1.5.3. (i) Let n ≥ 3 and let m be an integer satisfying m ≥ [n
2
] + 1. Set

k = m − 1 or m. Assume that F̃∞ ∈ L2(0, T ′;Hk−1) and w0∞ ∈ Hk. Here T ′ is a given
positive number. Then (1.5.7) has a unique solution w∞ ∈ C([0, T ′];Hk)∩L2(0, T ′;Hk+1)∩
H1(0, T ′;Hk−1) and

∥w∞(t)∥2Hk +

∫ t

0

∥w∞∥2Hk+1 + ∥∂τw∞∥2Hk−1 dτ ≤ C

{
∥w0∞∥2Hk +

∫ t

0

∥F̃∞∥2Hk−1ds

}
for t ∈ [0, T ′] with a positive constant C depending on T ′.

(ii) Assume, further, that F̃∞ ∈ L2(0, T ′;Hk−1
(∞) ) and w0∞ ∈ Hk

(∞). Then the solution
w∞ satisfies

w∞ ∈ C([0, T ′];Hk
(∞)) ∩ L2(0, T ′;Hk+1

(∞) ) ∩H1(0, T ′;Hk−1
(∞) ).

Lemma 1.5.3 (i) follows from standard theory of parabolic equation. The assertion (ii)
can be proved in a similar manner to the proof of Lemma 1.5.2. We omit the details.

By using Lemma 1.5.2 and Lemma 1.5.3, we show the solvability of (1.3.2).

Proposition 1.5.4. Let n ≥ 3 and let m be an integer satisfying m ≥ [n
2
] + 1. Set

k = m− 1 or m. Assume that

w̃ ∈ C([0, T ′];Hm) ∩ L2(0, T ′;Hm+1),

u0∞ = ⊤(ϕ0∞, w0∞) ∈ Hk
(∞),

F∞ = ⊤(F 0
∞, F̃∞) ∈ L2(0, T ′;Hk

(∞) ×Hk−1
(∞) ).

Here T ′ is a given positive number. Then there exists a unique solution u∞ = ⊤(ϕ∞, w∞)
of (1.3.2) satisfying

ϕ∞ ∈ C([0, T ′];Hk
(∞)), w∞ ∈ C([0, T ′];Hk

(∞)) ∩ L2(0, T ′;Hk+1
(∞) ) ∩H1(0, T ′;Hk−1

(∞) ).

Remark 1.5.5. Concerning the condition for w̃, it is assumed in Proposition 1.5.4 that
w̃ ∈ C([0, T ′];Hs)∩L2(0, T ′;Hs+1). However, by taking a look at the proof bellow, it can
be replaced by the condition that ∇w̃ ∈ C([0, T ′];Hs−1) ∩ L2(0, T ′;Hs).

Proof. We define u
(ℓ)
∞ = ⊤(ϕ

(ℓ)
∞ , w

(ℓ)
∞ ) (ℓ = 0, 1, · · · ) as follows. For ℓ = 0, w

(0)
∞ = 0 and

ϕ
(0)
∞ is the solution of {

∂tϕ
(0)
∞ + γP∞(w̃ · ∇ϕ

(0)
∞ ) = F 0

∞,

ϕ
(0)
∞ |t=0 = ϕ0∞.

(1.5.8)

For ℓ ≥ 1, w
(ℓ)
∞ is the solution of{

∂tw
(ℓ)
∞ − ν△w

(ℓ)
∞ − ν̃∇divw

(ℓ)
∞ = −γ∇ϕ

(ℓ−1)
∞ + F̃∞,

w
(ℓ)
∞ |t=0 = w0∞,

(1.5.9)
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and ϕ
(ℓ)
∞ is the solution of{

∂tϕ
(ℓ)
∞ + γP∞(w̃ · ∇ϕ

(ℓ)
∞ ) = −γdivw

(ℓ)
∞ + F 0

∞,

ϕ
(ℓ)
∞ |t=0 = ϕ0∞.

(1.5.10)

As in the proof of Lemma 1.5.2, by using Lemma 1.5.2 and Lemma 1.5.3, one can show that
u
(ℓ)
∞ = ⊤(ϕ

(ℓ)
∞ , w

(ℓ)
∞ ) converges to a pair of function u∞ = ⊤(ϕ∞, w∞) in C([0, T ′];Hk

(∞)) ×[
C([0, T ′];Hk

(∞)) ∩ L2(0, T ′;Hk+1
(∞) )

]
. It is not difficult to see that u∞ = ⊤(ϕ∞, w∞) is a

unique solution of (1.3.2). This completes the proof. □

We now define S∞,ũ(t) and S∞,ũ(t) formally introduced in section 4.

In the remaining of this section we fix an integer m satisfying m ≥ [n
2
] + 1 and a

function ũ = ⊤(ϕ̃, w̃) satisfying

ϕ̃ ∈ Cper(R;Hm), w̃ ∈ Cper(R;Hm) ∩ L2
per(R;Hm+1) (1.5.11)

In view of Proposition 1.5.4, we define S∞,ũ(t) (t ≥ 0) and S∞,ũ(t) (t ∈ [0, T ]) as
follows.

Let k = m− 1 or m. The operator S∞,ũ(t) : H
k
(∞) −→ Hk

(∞) (t ≥ 0) is defined by

u∞(t) = S∞,ũ(t)u0∞ for u0∞ = ⊤(ϕ0∞, w0∞) ∈ Hk
(∞),

where u∞(t) is the solution of (1.3.2) with F∞ = 0; and the operator S∞,ũ(t) : L
2(0, T ;Hk

(∞)×
Hk−1

(∞) ) −→ Hk
(∞) (t ∈ [0, T ]) is defined by

u∞(t) = S ∞,ũ(t)[F∞] for F∞ = ⊤(F 0
∞, F̃∞) ∈ L2(0, T ;Hk

(∞) ×Hk−1
(∞) ),

where u∞(t) is the solution of (1.3.2) with u0∞ = 0.

The operators S∞,ũ(t) and S ∞,ũ(t) have the following properties in weighted Sobolev
spaces.

Proposition 1.5.6. Let n ≥ 3 and let m be a nonnegative integer satisfying m ≥ [n
2
] + 1.

Let k = m− 1 or m and let ℓ be a nonnegative integer. Assume that ũ = ⊤(ϕ̃, w̃) satisfies
(1.5.11). Then there exists a constant δ > 0 such that if ∥w̃∥C([0,T ];Hm)∩L2(0,T ;Hm+1) ≤ δ,
the following assertions hold true.

(i) It holds that S∞,ũ(·)u0∞ ∈ C([0,∞);Hk
(∞),ℓ) for each u0∞ = ⊤(ϕ0∞, w0∞) ∈ Hk

(∞),ℓ

and there exists a constant a > 0 such that S∞,ũ(t) satisfies the estimate

∥S∞,ũ(t)u0∞∥Hk
(∞),ℓ

≤ Ce−at∥u0∞∥Hk
(∞),ℓ

for all t ≥ 0 and u0∞ ∈ Hk
(∞),ℓ with a constant C = C(T ) > 0.
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(ii) It holds that S ∞,ũ(·)F∞ ∈ C([0, T ];Hk
(∞),ℓ) for each F∞ = ⊤(F 0

∞, F̃∞) ∈ L2(0, T ;Hk
(∞),ℓ×

Hk−1
(∞),ℓ) and S∞,ũ(t) satisfies the estimate

∥S ∞,ũ(t)[F∞]∥Hk
(∞),ℓ

≤ C

{∫ t

0

e−a(t−τ)∥F∞∥2
Hk

(∞),ℓ
×Hk−1

(∞),ℓ

dτ

} 1
2

for t ∈ [0, T ] and F∞ ∈ L2(0, T ;Hk
(∞),ℓ ×Hk−1

(∞),ℓ) with C = C(T ) > 0.

(iii) It holds that rHk
(∞),ℓ

(S∞,ũ(T )) < 1.

(iv) I−S∞,ũ(T ) has a bounded inverse (I−S∞,ũ(T ))
−1 on Hk

(∞),ℓ and (I−S∞,ũ(T ))
−1

satisfies

∥(I − S∞,ũ(T ))
−1u∥Hk

(∞),ℓ
≤ C∥u∥Hk

(∞),ℓ
for u ∈ Hk

(∞),ℓ.

(v) If Γũ = ũ, then ΓS∞,ũ(t) = S∞,ũ(t)Γ and ΓS ∞,ũ(t) = S∞,ũ(t)Γ. Consequently, if
Γũ = ũ, then the assertions (i)–(iv) above hold with function spaces Hk

∞,ℓ and Hk
∞,ℓ×Hk−1

∞,ℓ

replaced by (Hk
∞,ℓ)sym and (Hk

∞,ℓ ×Hk−1
∞,ℓ )sym, respectively.

Remark 1.5.7. In Proposition 1.5.6, it is assumed that

∥w̃∥C([0,T ];Hs)∩L2(0,T ;Hs+1) ≤ δ.

However, by taking a look at the proof of Proposition 1.5.8 bellow, it can be replaced by
the condition

∥∇w̃∥C([0,T ];Hs−1)∩L2(0,T ;Hs) ≤ δ.

Proposition 1.5.6 will be proved by the weighted energy method. In fact, Proposition
1.5.6 follows from the weighted energy estimate in the following proposition.

Proposition 1.5.8. Let n ≥ 3 and let m be a nonnegative integer satisfying m ≥ [n
2
] + 1.

Let k = m− 1 or m and let ℓ be a nonnegative integer. Assume that

u0∞ = ⊤(ϕ0∞, w0∞) ∈ Hk
(∞),ℓ,

F∞ = ⊤(F 0
∞, F̃∞) ∈ L2(0, T ′;Hk

(∞),ℓ ×Hk−1
(∞),ℓ)

for all T ′ > 0 and that ũ = ⊤(ϕ̃, w̃) satisfies (1.5.11). Assume also that u∞ = ⊤(ϕ∞, w∞)
is the solution of (1.3.2) satisfying

ϕ∞ ∈ C([0, T ′];Hk
(∞)), w∞ ∈ C([0, T ′];Hk

(∞)) ∩ L2(0, T ′;Hk+1
(∞) )

for all T ′ > 0.
Then there exist a positive constant δ and an energy functional Ek[u∞] such that if

∥w̃∥C([0,T ];Hm)∩L2(0,T ;Hm+1) ≤ δ,
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there holds the estimate

d

dt
Ek[u∞](t) + d(∥ϕ∞(t)∥2Hk

ℓ
+ ∥w∞(t)∥2

Hk+1
ℓ

)

≤ C{∥F∞(t)∥2
Hk

ℓ ×Hk−1
ℓ

+ (∥∇w̃(t)∥Hm + ∥w̃(t)∥2Hm)∥ϕ∞(t)∥2Hk
ℓ
} (1.5.12)

on (0, T ′) for all T ′ > 0. Here d is a positive constant; C is a positive constant depending
on T but not on T ′; Ek[u∞] is equivalent to ∥u∞∥2

Hk
ℓ
, i.e,

C−1∥u∞∥2Hk
1
≤ Ek[u∞] ≤ C∥u∞∥2Hk

1
;

and Ek[u∞](t) is absolutely continuous in t ∈ [0, T ′] for all T ′ > 0.

The proof of Proposition 1.5.8 will be given in section 1.6.

By using Proposition 1.5.8, we prove Proposition 1.5.6.

Proof of Proposition 1.5.6. Set

ω =
1

T

∫ T

0

(∥∇w̃(t)∥Hm + ∥w̃(t)∥2Hm) dt,

z(t) = (∥∇w̃(t)∥Hm + ∥w̃(t)∥2Hm)− ω,

Z(t) =

∫ t

0

z(τ)dτ.

Observe that Z(t) satisfies Z(t+ T ) = Z(t) for any t ∈ R, and so it holds that

sup
t∈R

|Z(t)| ≤ sup
τ∈[0,T ]

|Z(τ)| ≤ C(1 + ∥w̃∥2L2(0,T ;Hm+1)),

where C = C(T ) > 0.
By Proposition 1.5.8 with F∞ = 0, we see that there exists a positive constant d1 such

that

d

dt
Ek
ℓ [u∞](t) + d1Ek

ℓ [u∞](t) ≤ CωEk
ℓ [u∞](t) + Cz(t)Ek

ℓ [u∞](t) (t ≥ 0). (1.5.13)

If ω ≤ d1
2C

, then we find from (1.5.13) that

d

dt
Ek
ℓ [u∞](t) +

d1
2
Ek
ℓ [u∞](t) ≤ Cz(t)Ek

ℓ [u∞](t) (t ≥ 0).

We thus obtain

d

dt

(
e

d1
2
te−CZ(t)Ek

ℓ [u∞](t)
)
≤ 0 (t ≥ 0),

and hence,

Ek
ℓ [u∞](t) ≤ Ek

ℓ [u∞](0)e−
d1
2
teCZ(t) ≤ e

C(1+∥w̃∥2
L2(0,T ;Hm+1)

)Ek
ℓ [u∞](0)e−

d1
2
t (t ≥ 0).

37



Consequently, we have

∥S∞,ũ(t)u0∞∥Hk
(∞),ℓ

≤ Ce−
d1
4
t∥u0∞∥Hk

(∞),ℓ
(t ≥ 0).

This proves (i). The assertion (ii) is proved similarly; and we omit the proof.
As for (iii), since ũ = ⊤(ϕ̃, w̃) ∈ Cper(R;Hm), it follows from (i) that, for each j ∈ N,

∥(S∞,ũ(T ))
ju∥Hk

(∞),ℓ
= ∥S∞,ũ(jT )u∥Hk

(∞),ℓ
≤ Ce−d2jT∥u∥Hk

(∞),ℓ
,

where d2 =
d1
4
> 0. Hence, we have

∥(S∞,ũ(T ))
j∥ ≤ Ce−d2jT .

We thus obtain

lim
j→∞

∥(S∞,ũ(T ))
j∥

1
j ≤ lim

j→∞
C

1
j e−d2T = e−d2T < 1.

This shows (iii). The assertion (iv) is an immediate consequence of (iii).
As for (v), we see that if Γũ = ũ, then ΓP∞(B[ũ]u∞) = P∞(B[ũ]Γu∞), and so,

Γ(∂tu∞ + Au∞ + P∞(B[ũ]u∞)) = ∂tΓu∞ + AΓu∞ + P∞(B[ũ]Γu∞).

It then follows from the uniqueness of solutions of (1.3.2) that ΓS∞,ũ(t) = S∞,ũ(t)Γ and
ΓS ∞,ũ(t) = S ∞,ũ(t)Γ. This completes the proof. □

We conclude this section with the estimate for a solution u∞ of (1.3.2) satisfying
u∞(0) = u∞(T ).

Proposition 1.5.9. Let n ≥ 3 and let m be a nonnegative integer satisfying m ≥ [n
2
] + 1.

Assume that
F∞ = ⊤(F 0

∞, F̃∞) ∈ L2(0, T ; (Hk
(∞),1 ×Hk−1

(∞),1)sym)

with k = m− 1 or m. Assume also that ũ = ⊤(ϕ̃, w̃) satisfies (1.5.11) and Γũ = ũ. Then
there exists a positive constant δ such that if

∥w̃∥C([0,T ];Hm)∩L2(0,T ;Hm+1) ≤ δ,

the following assertion holds true.
The function

u∞(t) := S∞,ũ(t)(I − S∞,ũ(T ))
−1S ∞,ũ(T )[F∞] + S∞,ũ(t)[F∞] (1.5.14)

is a solution of (1.3.2) in Y k
∞(0, T ) satisfying u∞(0) = u∞(T ) and the estimate

∥u∞∥Y k

∞(0,T )
≤ C∥F∞∥L2(0,T ;Hk

(∞),1
×Hk−1

(∞),1
).
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Proof. By Proposition 1.5.8 and Proposition 1.5.6, we see that

∥u∞(t)∥2Hk
1
+ ∥w∞∥2

L2(0,t;Hk+1
1 )

≤ C
{
∥(I − S∞,ũ(T ))

−1S ∞,ũ(T )[F∞]∥2Hk
1
+ ∥F∞∥2

L2(0,T ;Hk
(∞),1

×Hk−1
(∞),1

)

+

∫ T

0

(∥∇w̃∥Hm + ∥w̃∥2Hm)∥ϕ∞∥2Hk
1
ds
}

≤ C

{
∥F∞∥2

L2(0,T ;Hk
(∞),1

×Hk−1
(∞),1

)
+ δ∥ϕ∞∥2C([0,T ];Hk

1 )

}
for t ∈ [0, T ]. Therefore, if δ is so small that Cδ ≤ 1

2
, then we obtain

∥u∞∥2C([0,T ];Hk
1 )
+ ∥w∞∥2

L2(0,T ;Hk+1
1 )

≤ C∥F∞∥2
L2(0,T ;Hk

(∞),1
×Hk−1

(∞),1
)
. (1.5.15)

Next, since u∞ = ⊤(ϕ∞, w∞) satisfies (1.3.2), we obtain

∥∂tw∞∥Hk−1
(∞),1

≤ C{∥w∞∥Hk+1
(∞),1

+ ∥ϕ∞∥Hk
(∞),1

+ ∥F̃∞∥Hk−1
(∞),1

}.

Hence, it follows from (1.5.15) that

∥∂tw∞∥L2(0,T ;Hk−1
(∞),1

) ≤ C∥F∞∥L2(0,T ;Hk
(∞),1

×Hk−1
(∞),1

). (1.5.16)

Consequently, we see from (1.5.15) and (1.5.16) that

∥u∞∥Y k

∞(0,T )
≤ C∥F∞∥L2(0,T ;Hk

(∞),1
×Hk−1

(∞),1
).

This completes the proof. □

1.6 Weighted energy estimates for P∞ part

In this section we prove Proposition 1.5.8 by a weighted energy method.

We first consider the following equation.{
∂tu∞ + Au∞ +B[ũ]u∞ = F∞,
u|t=0 = u0∞,

(1.6.1)

where

F∞ =

(
F 0
∞

F̃∞

)
, B[ũ]u =

(
γw̃ · ∇ϕ

0

)
, u =

(
ϕ
w

)
, ũ =

(
ϕ̃
w̃

)
.

We introduce some notations. For nonnegative integers k and ℓ, we define Ek
ℓ [u∞] by

Ek
ℓ [u∞] = κ(|ϕ∞|2Hk

ℓ
+ |w∞|2Hk

ℓ
) +

∑
|α|≤k−1

(∂α
xw∞, |x|2ℓ∇∂α

xϕ∞).
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Here κ is a positive constant to be determined later.
Note that there exists a constant κ0 > 0 such that if κ ≥ κ0, then Ek

ℓ [u∞] is equivalent
to |u∞|2

Hk
ℓ
, i.e.,

C−1|u∞|2Hk
ℓ
≤ Ek

ℓ [u∞] ≤ C|u∞|2Hk
ℓ

for some constant C > 0.
We also define Dk

ℓ [u∞] for integers k ≥ 1 and ℓ ≥ 0 by

Dk
ℓ [u∞] = |∇ϕ∞|2

Hk−1
ℓ

+ |∇w∞|2Hk
ℓ
.

Proposition 1.6.1. Let m be a nonnegative integer satisfying m ≥ [n
2
] + 1 and let ℓ be a

nonnegative integer. Assume that

u0∞ = ⊤(ϕ0∞, w0∞) ∈ Hk,

F∞ = ⊤(F 0
∞, F̃∞) ∈ L2(0, T ′;Hk ×Hk−1)

for k = m − 1 or k = m. Here T ′ is a given positive number. Assume also that u∞ =
⊤(ϕ∞, w∞) is the solution of (1.6.1) with w̃ ∈ C([0, T ′];Hm) ∩ L2(0, T ′;Hm+1) and that
u∞ = ⊤(ϕ∞, w∞) satisfies

ϕ∞ ∈ C([0, T ′];Hk), w∞ ∈ C([0, T ′];Hk) ∩ L2(0, T ′;Hk+1).

Then there exist positive constants κ ≥ κ0 and d > 0 such that the estimate

d

dt
Ek

ℓ [ζRu∞] + dDk
ℓ [ζRu∞]

≤ C
{
ϵ|ζRu∞|2L2

ℓ
+
((

1 +
ℓ2

ϵ

)
∥w̃∥2Hm + ∥∇w̃∥Hm

)
∥ζRϕ∞∥2Hk

ℓ

+
(
1 +

1

ϵ

)
|ζRF∞|2

Hk
ℓ ×Hk−1

ℓ

+ℓ2
(
1 +

1

ϵ

) (
1 + ∥w̃∥2Hm

)
|ζRu∞|2Hk

ℓ−1

+
(
1 +

1

ϵ

) (
1 + ∥w̃∥2Hm(NR)

)
|u∞|2

Hk
ℓ−1(NR)×Hk+1

ℓ−1 (NR)

}
(1.6.2)

holds on (0, T ′), where ϵ is any positive number; C is a positive constant independent of
T ′, ϵ and R ≥ 1; and NR denotes the set NR = {x ∈ Rn;R ≤ |x| ≤ 2R}.

Proof. By multiplying ζR to (1.6.1), we obtain
∂t(ζRϕ∞) + γw̃ · ∇(ζRϕ∞) + γdiv(ζRw∞) = ζRF

0
∞ +K1(∇ζR),

∂t(ζRw∞)− ν△(ζRw∞)− ν̃∇div(ζRw∞) + γ∇(ζRϕ∞) = ζRF̃∞ +K2(∇ζR),
(1.6.3)
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where

K1(∇ζR) = γ(w∞ · ∇ζR + w̃ · ∇ζRϕ∞),

K2(∇ζR) = −ν([ζR,△]w∞)− ν̃([ζR,∇div]w∞) + γ∇ζRϕ∞.

For a multi-index α satisfying |α| ≤ k, we take the inner product of ∂α
x (1.6.3)1 with

|x|2ℓ∂α
x (ζRϕ∞) to obtain

1

2

d

dt
∥|x|ℓ∂α

x (ζRϕ∞)∥2L2 + γ(∂α
xdiv(ζRw∞), |x|2ℓ∂α

x (ζRϕ∞))

=
2∑

j=1

I
(j)
α,ℓ,R + P (1)

α,ℓ[ζRu∞] +Q1,α,ℓ(∇ζR),
(1.6.4)

where

I
(1)
α,ℓ,R = −γ

{
1

2
(divw̃, |x|2ℓ|∂α

x (ζRϕ∞)|2) + ([∂α
x , w̃]∇(ζRϕ∞), |x|2ℓ∂α

x (ζRϕ∞))

}
,

I
(2)
α,ℓ,R = (∂α

x (ζRF
0
∞), |x|2ℓ∂α

x (ζRϕ∞)),

P (1)
α,ℓ[ζRu∞] =

γ

2
(w̃ · ∇(|x|2ℓ), |∂α

x (ζRϕ∞)|2),

Q1,α,ℓ(∇ζR) = (∂α
xK1(∇ζR), |x|2ℓ∂α

x (ζRϕ∞)).

Here we used

(∂α
x (γw̃ · ∇(ζRϕ∞)), |x|2ℓ∂α

x (ζRϕ∞))

= γ(w̃ · ∇∂α
x (ζRϕ∞), |x|2ℓ∂α

x (ζRϕ∞)) + γ([∂α
x , w̃] · ∇(ζRϕ∞), |x|2ℓ∂α

x (ζRϕ∞))

=
1

2
γ(|x|2ℓw̃,∇|∂α

x (ζRϕ∞)|2) + γ([∂α
x , w̃] · ∇(ζRϕ∞), |x|2ℓ∂α

x (ζRϕ∞))

= −1

2
γ(|x|2ℓdivw̃, |∂α

x (ζRϕ∞)|2)− 1

2
γ(w̃ · ∇(|x|2ℓ), |∂α

x (ζRϕ∞)|2)

+γ([∂α
x , w̃] · ∇(ζRϕ∞), |x|2ℓ∂α

x (ζRϕ∞))

= I
(1)
α,ℓ,R + P (1)

α,R(∇(|x|2ℓ)).

This calculation can be justified by using the standard Friedrichs commutator argument.
We take the inner product of ∂α

x (1.6.3)2 with |x|2ℓ∂α
x (ζRw∞) and integrate by parts to

obtain

1

2

d

dt
∥|x|ℓ∂α

x (ζRw∞)∥2L2 + ν∥|x|ℓ∇∂α
x (ζRw∞)∥2L2 + ν̃∥|x|ℓdiv∂α

x (ζRw∞)∥2L2

−γ(∂α
x (ζRϕ∞), |x|2ℓ∂α

xdiv(ζRw∞))

= I
(3)
α,ℓ,R + P (2)

α,ℓ[ζRu∞] +Q2,α,ℓ(∇ζR),

(1.6.5)
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where

I
(3)
α,ℓ,R =

{
((ζRF̃∞), |x|2ℓ(ζRw∞)) (α = 0),

−(∂α−1
x (ζRF̃∞), |x|2ℓ∂α+1

x (ζRw∞)) (|α| ≥ 1),

P (2)
α,ℓ[ζRu∞] = (ν∂α

x∇(ζRw∞) + ν̃∂α
xdiv(ζRw∞) + γ∂α

x (ζRϕ∞),∇(|x|2ℓ)∂α
x (ζRw∞))

−(∂α−1
x (ζRF̃∞), ∂x(|x|2ℓ)∂α

x (ζRw∞)),

Q2,α,ℓ(∇ζR) = (∂α
x (K2(∇ζR)), |x|2ℓ∂α

x (ζRϕ∞)).

By adding (1.6.4) to (1.6.5), we see that

1

2

d

dt

{
∥|x|ℓ∂α

x (ζRϕ∞)∥2L2 + ∥|x|ℓ∂α
x (ζRw∞)∥2L2

}
+ν∥|x|ℓ∇∂α

x (ζRw∞)∥2L2 + ν̃∥|x|ℓdiv∂α
x (ζRw∞)∥2L2

=
3∑

j=1

I
(j)
α,ℓ,R + P (1)

α,ℓ[ζRu∞] + P (2)
α,ℓ[ζRu∞] +Q1,α,ℓ(∇ζR) +Q2,α,ℓ(∇ζR). (1.6.6)

By using Lemma 1.1.2 and Lemma 1.1.3, we obtain

|
∑
|α|≤k

3∑
j=1

I
(j)
α,ℓ,R| ≤ ϵ|ζRu∞|2L2

ℓ
+ ϵ1|∇(ζRϕ∞)|2

Hk−1
ℓ

+ ϵ2|∇(ζRw∞)|2Hk
ℓ

+C∥∇w̃∥Hm∥ζRϕ∞∥2Hk
ℓ

+C
(1
ϵ
+

1

ϵ1
+

1

ϵ2

)
|ζRF∞|2

Hk
ℓ ×Hk−1

ℓ

,

|
∑
|α|≤k

2∑
j=1

P (j)
α,ℓ[ζRu∞]| ≤ ϵ|ζRu∞|2L2

ℓ
+ ϵ1|∇(ζRϕ∞)|2

Hk−1
ℓ

+ ϵ2|∇(ζRw∞)|2Hk
ℓ

+Cℓ2
(
1 +

1

ϵ
+

1

ϵ1
+

1

ϵ2

)
|ζRw∞|2Hk

ℓ−1

+Cℓ2
(
1 +

1

ϵ
+

1

ϵ1

)
∥w̃∥2Hm|ζRϕ∞|2Hk

ℓ−1

+Cℓ2|ζRF∞|2
Hk

ℓ ×Hk−1
ℓ

,

|
∑
|α|≤k

2∑
j=1

Qj,α,ℓ(∇ζR)| ≤ ϵ|ζRu∞|2L2
ℓ (NR) + ϵ1|∇(ζRϕ∞)|2

Hk−1
ℓ (NR)

+ϵ2|∇(ζRw∞)|2Hk
ℓ (NR)

+C
(
1 +

1

ϵ
+

1

ϵ1
+

1

ϵ2

){
|w∞|2

Hk+1
ℓ−1 (NR)

+(1 + ∥w̃∥2Hm(NR))|ϕ∞|2Hk
ℓ−1(NR)

}2

.
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Taking ϵ2 > 0 suitably small, we have

1

2

d

dt
|ζRu∞|2Hk

ℓ
+

ν

2
|∇(ζRw∞)|2Hk

ℓ
+

ν̃

2
|div(ζRw∞)|2Hk

ℓ

≤ ϵ|ζRu∞|2L2
ℓ
+ ϵ1|∇(ζRϕ∞)|2

Hk−1
ℓ

+ C
(
1 +

1

ϵ
+

1

ϵ1

)
|ζRF |2

Hk
ℓ ×Hk−1

ℓ

+C∥∇w̃∥Hm∥ζRϕ∞∥2Hk
ℓ

+Cℓ2
(
1 +

(1
ϵ
+

1

ϵ1

)
(1 + ∥w̃∥2Hm)

)
|ζRu∞|2Hk

ℓ−1

+C
(
1 +

1

ϵ
+

1

ϵ1

)
(1 + ∥w̃∥2Hm)|u∞|2

Hk
ℓ−1(NR)×Hk+1

ℓ−1 (NR)
. (1.6.7)

We next estimate ∥|x|2ℓ∇∂α
xϕ∞∥2L2 for α with |α| ≤ k−1. For a multi-index α satisfying

|α| ≤ k − 1, we take the inner product of ∂α
x (1.6.3)2 with |x|2ℓ∇∂α

x (ζRϕ∞) to obtain

(∂t∂
α
x (ζRw∞), |x|2ℓ∇∂α

x (ζRϕ∞)) + γ|∇∂α
x (ζRϕ∞)|2L2

ℓ

=
3∑

i=1

J
(i)
α,ℓ,R +

(
∂α
xK2(∇ζR), |x|2ℓ∇∂α

x (ζRϕ∞)
)
, (1.6.8)

where

J
(1)
α,ℓ,R = (ν(∂α

x△(ζRw∞), |x|2ℓ∇∂α
x (ζRϕ∞)),

J
(2)
α,ℓ,R = (ν̃(∂α

x (∇div(ζRw∞)), |x|2ℓ∇∂α
x (ζRϕ∞)),

J
(3)
α,ℓ,R = (∂α

x (ζRF̃∞), |x|2ℓ∇∂α
x (ζRϕ∞)).

As for the first term on the left-hand side, we have

(∂t∂
α
x (ζRw∞), |x|2ℓ∇∂α

x (ζRϕ∞)

=
d

dt
(∂α

x (ζRw∞), |x|2ℓ∂α
x∇(ζRϕ∞)) + (∂α

x (ζRw∞),∇(|x|2ℓ)∂α
x∂t(ζRϕ∞))

+(∂α
xdiv(ζRw∞), |x|2ℓ∂α

x∂t(ζRϕ∞)). (1.6.9)

By (1.6.3), we have

∂t(ζRϕ∞) = −γw̃ · ∇(ζRϕ∞)− γdiv(ζRw∞) + ζRF
0
∞ +K1(∇ζR).

Substituting this into (1.6.9), we obtain

(∂t∂
α
x (ζRϕ∞), |x|2ℓ∇∂α

x (ζRw∞))

=
d

dt
(∂α

x (ζRw∞), |x|2ℓ∂α
x∇(ζRϕ∞))−

6∑
i=4

J
(i)
α,ℓ,R − P (3)

α,ℓ[ζRu∞]

+(∂α
x (ζRw∞),∇(|x|2ℓ)∂α

xK1(∇ζR)) + (∂α
xdiv(ζRw∞), |x|2ℓ∂α

xK1(∇ζR)),
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where

J
(4)
α,ℓ,R = γ(∂α

xdiv(ζRw∞), |x|2ℓ∂α
x (w̃ · ∇(ζRϕ∞))),

J
(5)
α,ℓ,R = γ(∂α

xdiv(ζRw∞), |x|2ℓ∂α
x (div(ζRw∞))),

J
(6)
α,ℓ,R = −(∂α

xdiv(ζRw∞), |x|2ℓ∂α
x (ζRF

0
∞)),

and

P (3)
α,ℓ[ζRu∞] = γ(∂α

x (ζRw∞),∇(|x|2ℓ)∂α
x (w̃ · ∇(ζRϕ∞)))

+γ(∂α
x (ζRw∞),∇(|x|2ℓ)∂α

xdiv(ζRw∞))

−(∂α
x (ζRw∞),∇(|x|2ℓ)∂α

x (ζRF
0
∞)).

This, together with (1.6.8), gives

d

dt
(∂α

x (ζRw∞), |x|2ℓ∂α
x∇(ζRϕ∞)) + γ|∇∂α

x (ζRϕ∞)|2L2
ℓ

=
6∑

i=4

J
(i)
α,ℓ,R + P (3)

α,ℓ[ζRu∞] +Q3,α,ℓ(∇ζR), (1.6.10)

where

Q3,α,ℓ = (∂α
xK2(∇ζR), |x|2ℓ∇∂α

x (ζRϕ∞))

−(∂α
x (ζRw∞),∇(|x|2ℓ)∂α

xK1(∇ζR))

−(∂α
xdiv(ζRw∞), |x|2ℓ∂α

xK1(∇ζR)).

By Lemma 1.1.2 and Lemma 1.1.3, we obtain

|
∑

|α|≤k−1

6∑
i=1

J
(i)
α,ℓ,R| ≤ γ

4
|∇∂α

x (ζRϕ∞)|2L2
ℓ
+ C

(
γ +

1

γ

)
|∇(ζRw∞)|2Hk

ℓ

+γ∥w̃∥2Hm∥∇(ζRϕ∞)∥2
Hk−1

ℓ

+
C

γ
|ζRF∞|2

Hk−1
ℓ

,

|
∑

|α|≤k−1

P (3)
α,ℓ[ζRu∞]| ≤ ϵ̃ℓ|ζRw∞|2L2

ℓ
+ ϵ̃ℓ|∇(ζRw∞)|2

Hk−1
ℓ

+
Cℓ

ϵ̃
∥w̃∥2Hm∥∇(ζRϕ∞)∥2

Hk−1
ℓ−1

+Cℓ
(
1 +

1

ϵ̃

)
|ζRw∞|2

Hk−1
ℓ−1

+ Cℓ|ζRF 0
∞|2

Hk−1
ℓ−1

,

|
∑

|α|≤k−1

Q3,α,ℓ(∇ζR)| ≤ γ

4
|∇(ζRϕ∞)|2

Hk−1
ℓ (NR)

+ ϵ̃ℓ|ζRw∞|2L2
ℓ (NR)
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+C|∇(ζRw∞)|2
Hk−1

ℓ (NR)

+C
(1
γ
+

1

ϵ̃

)
(1 + ∥w̃∥2Hm(NR))|u∞|2Hk

ℓ−1(NR)

for any ϵ̃ > 0 with C > 0 independent of ϵ̃.
Combining these estimates with (1.6.8) and (1.6.10), we see that

d

dt

∑
|α|≤k−1

(∂α
x (ζRw∞), |x|2ℓ∂α

x∇(ζRϕ∞)) +
γ

2
|∇(ζRϕ∞)|2

Hk−1
ℓ

≤ ϵ̃ℓ|ζRw∞|2L2
ℓ

+C
{
|∇(ζRw∞)|2Hk

ℓ
+
(
1 +

1

ϵ̃

)
∥w̃∥2Hm∥∇(ζRϕ∞)∥2

Hk−1
ℓ

+ |ζRF∞|2
Hk−1

ℓ

}
+C
(
1 +

1

ϵ̃

){
ℓ|ζRw∞|2

Hk−1
ℓ−1

+ (1 + ∥w̃∥2Hm(NR))|u∞|2Hk
ℓ−1(NR)

}
(1.6.11)

for any ϵ̃ > 0 with C > 0 independent of ϵ̃.
Consider now κ × (1.6.7) + (1.6.11) with a constant κ > 0. Taking κ > 0 so large

that |∇(ζRw∞)|2
Hk

ℓ
on the right-hand side is absorbed into the left-hand side and setting

ϵ1 =
γ
4κ

and ϵ̃ = ℓ−1ϵ, we arrive at

d

dt
Ek

ℓ [ζRu∞](t) + dDk
ℓ [ζRu∞]

≤ ϵ|ζRu∞|2L2
ℓ
+ C

((
1 +

ℓ2

ϵ

)
∥w̃∥2Hm + ∥∇w̃∥Hm

)
∥ζRϕ∞∥2Hk

ℓ

+C
(
1 +

1

ϵ

)
|ζRF∞|2

Hk
ℓ ×Hk−1

ℓ

+Cℓ2
(
1 +

1

ϵ

)
(1 + ∥w̃∥2Hm)|ζRu∞|2Hk

ℓ−1

+C
(
1 +

1

ϵ

)
(1 + ∥w̃∥2Hm(NR))|u∞|2

Hk
ℓ−1(NR)×Hk+1

ℓ−1 (NR)

for anyϵ > 0 with C > 0 independent of ϵ. This completes the proof. □

Remark 1.6.2. Similarly to the proof of Proposition 1.5.4, one can prove that if

w̃ ∈ C([0, T ′];Hm) ∩ L2(0, T ′;Hm+1),

u0∞ ∈ Hk,

F∞ ∈ L2(0, T ′;Hk ×Hk−1),

then there exists a unique solution u∞ = ⊤(ϕ∞, w∞) of (1.6.1) in C([0, T ′];Hk)∩L2(0, T ′;Hk×
Hk+1). Furthermore, by setting ℓ = 0 and ζR ≡ 1 in the proof of Proposition 1.6.1, one
can see that Ek

0 [u∞](t) is absolutely continuous in t ∈ [0, T ′] and there holds the estimate

d

dt
Ek

0 [u∞] + dDk
0 [u∞] ≤ C

{
ϵ∥u∞∥22 + (∥w̃∥2Hm + ∥∇w̃∥Hm)∥∇ϕ∞∥2Hk−1
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+
(
1 +

1

ϵ

)
∥F∞∥2Hk×Hk−1

}
(1.6.12)

on (0, T ′), where ϵ is any positive number; and C is a positive constant independent of T ′

and ϵ.

Remark 1.6.3. One can easily see that (1.6.2) holds with ζR and NR replaced by ζR−ζR′

and NR,R′ for R′ > R ≥ 1, where NR,R′ denotes the set NR,R′ = {x ∈ Rn;R ≤ |x| ≤ 2R′}.

Proposition 1.6.4. Let m be a nonnegative integer satisfying m ≥ [n
2
] + 1 and let ℓ be

an integer satisfying ℓ ≥ 1. Assume that

u0∞ = ⊤(ϕ0∞, w0∞) ∈ Hk
ℓ ,

F∞ = ⊤(F 0
∞, F̃∞) ∈ L2(0, T ′;Hk

ℓ ×Hk−1
ℓ )

for k = m − 1 or k = m. Here T ′ is a given positive number. Assume also that u∞ =
⊤(ϕ∞, w∞) is the solution of (1.6.1) with w̃ ∈ C([0, T ′];Hm) ∩ L2(0, T ′;Hm+1) and that
u∞ = ⊤(ϕ∞, w∞) satisfies

ϕ∞ ∈ C([0, T ′];Hk), w∞ ∈ C([0, T ′];Hk) ∩ L2(0, T ′;Hk+1).

Then it holds that

ϕ∞ ∈ C([0, T ′];Hk
ℓ ), w∞ ∈ C([0, T ′];Hk

ℓ ) ∩ L2(0, T ′;Hk+1
ℓ ).

Furthermore, there exist positive constants κ ≥ κ0 and d > 0 such that Ek
ℓ [u∞](t) is

absolutely continuous in t ∈ [0, T ′] and there holds the estimate

d

dt
Ek

ℓ [u∞] + dDk
ℓ [u∞]

≤ C
{
ϵ|u∞|2L2

ℓ
+
((

1 +
ℓ2

ϵ

)
∥w̃∥2Hm + ∥∇w̃∥Hm

)
∥ϕ∞∥2Hk

ℓ

+
(
1 +

1

ϵ

)
|F∞|2

Hk
ℓ ×Hk−1

ℓ

+ℓ2
(
1 +

1

ϵ

) (
1 + ∥w̃∥2Hm

)
|u∞|2Hk

ℓ−1

}
(1.6.13)

on (0, T ′), where ϵ is any positive number; C is a positive constant independent of T ′ and
ϵ.

Proof. It suffices to prove that

ζRu∞ → u∞ in C([0, T ′];Hk
ℓ ) ∩ L2(0, T ′;Hk

ℓ ×Hk+1
ℓ )

as R → ∞. We prove this by induction on ℓ.
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We first observe that it holds that

ζRu∞ → u∞ in C([0, T ′];Hk) ∩ L2(0, T ′;Hk ×Hk+1) (1.6.14)

as R → ∞, since u∞ ∈ C([0, T ′];Hk) ∩ L2(0, T ′;Hk × Hk+1). We also note that since
supp (ζR − ζR′) ⊂ NR,R′ = {x ∈ Rn;R ≤ |x| ≤ 2R′} for R′ > R, it holds that

∥ζRu∞ − ζR′u∞∥Hk
ℓ
≤ C∥u∞∥Hk

ℓ (NR,R′ )

for R′ > R ≥ 1.
Set

φℓ,R,R′(t) = |ζRu∞(t)− ζR′u∞(t)|2Hk
ℓ
,

b(t) = 1 + ∥w̃(t)∥2Hm + ∥∇w̃(t)∥Hm ∈ L1(0, T ′),

aℓ,R,R′(t) = |ζRu0∞ − ζR′u0∞|2Hk
ℓ
+

∫ t

0

|ζRF∞ − ζR′F∞|2
Hk

ℓ ×Hk−1
ℓ

dτ

+

∫ t

0

(1 + ∥w̃(t)∥2Hm)∥u∞∥2
Hk

ℓ−1(NR,R′ )×Hk+1
ℓ−1 (NR,R′ )

dτ.

Let us prove Proposition 1.6.4 for ℓ = 1. By (1.6.2), we have

φ1,R,R′(t) +

∫ t

0

Dk
1 [ζRu∞ − ζR′u∞] dτ

≤ C
{
a1,R,R′(T ′) +

∫ t

0

b(τ)φ1,R,R′(τ) dτ
}

(1.6.15)

for t ∈ [0, T ′], where C is a constant depending on ϵ. By the Gronwall inequality, we
obtain

φ1,R,R′(t) ≤ Ca1,R,R′(T ′)eC
∫ T ′
0 b(τ) dτ (1.6.16)

for t ∈ [0, T ′]. Since a1,R,R′(T ′) → 0 as R,R′ → ∞, we see that sup0≤t≤T ′ φ1,R,R′(t) → 0

as R,R′ → ∞. This, together with (1.6.15), yields that
∫ T ′

0
Dk

1 [ζRu∞ − ζR′u∞] dτ →
0 as R,R′ → ∞. In view of (1.6.14), we thus conclude that {ζRu∞} is Cauchy in
C([0, T ′];Hk

1 ) ∩ L2(0, T ′;Hk
1 ×Hk+1

1 ) and

ζRu∞ → u∞ in C([0, T ′];Hk
1 ) ∩ L2(0, T ′;Hk

1 ×Hk+1
1 )

as R → ∞. Letting R → ∞ in (1.6.2) with ℓ = 1, we have the desired estimate in
Proposition 1.6.4 with ℓ = 1. Proposition 1.6.4 thus holds for ℓ = 1.

We next suppose that Proposition 1.6.4 holds for ℓ = p. We will prove that it also
holds for ℓ = p+ 1. By (1.6.2) and Remark 1.6.3, we have

φp+1,R,R′(t) +

∫ t

0

Dk
p+1[ζRu∞ − ζR′u∞] dτ

≤ C
{
ap+1,R,R′(T ′) +

∫ t

0

b(τ)φp+1,R,R′(τ) dτ
}

(1.6.17)
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for t ∈ [0, T ′], where C is a constant depending on ϵ and p. By the Gronwall inequality,
we obtain

φp+1,R,R′(t) ≤ Cap+1,R,R′(T ′)eC
∫ T ′
0 b(τ) dτ (1.6.18)

for t ∈ [0, T ′]. By the induction assumption, we see that ap+1,R,R′(T ′) → 0 as R,R′ → ∞,
and hence, by (1.6.18), sup0≤t≤T ′ φp+1,R,R′(t) → 0 as R,R′ → ∞. This, together with

(1.6.17), yields that
∫ T ′

0
Dk

p+1[ζRu∞ − ζR′u∞] dτ → 0 as R,R′ → ∞. It then follows that

{ζRu∞} is Cauchy in C([0, T ′];Hk
p+1) ∩ L2(0, T ′;Hk

p+1 ×Hk+1
p+1 ) and

ζRu∞ → u∞ in C([0, T ′];Hk
p+1) ∩ L2(0, T ′;Hk

p+1 ×Hk+1
p+1 )

as R → ∞. It is not difficult to see that d
dt
Ek

ℓ [u∞] = Gk
ℓ on (0, T ′) for some Gk

ℓ ∈ L1(0, T ′),
and, thus, Ek

ℓ [u∞](t) is absolutely continuous in t ∈ [0, T ′]. Letting R → ∞ in (1.6.2) with
ℓ = p + 1, we have the desired estimate in Proposition 1.6.4 with ℓ = p + 1. Proposition
1.6.4 thus holds for ℓ = p+ 1. This completes the proof. □

We are now in a position to prove Proposition 1.5.8.

Proof of Proposition 1.5.8. Let U = ⊤(Φ,W ) ∈ C([0, T ′];Hk
ℓ )∩L2(0, T ′;Hk

ℓ ×Hk+1
ℓ ).

Then, by Lemma 1.3.3, we see that

∥P1B[ũ]U∥Hk
ℓ
≤ C∥w̃∥∞∥∇Φ∥L2

ℓ
≤ Cδ∥U∥Hk

ℓ
.

It then follows from Remark 1.6.3 and Proposition 1.6.4 that there exists a unique solution
U∞ ∈ C([0, T ′];Hk

ℓ ×Hk
ℓ ) ∩ L2(0, T ′;Hk

ℓ ×Hk+1
ℓ ) of

∂tU∞ + AU∞ +B[ũ]U∞ = F∞ + P1B[ũ]U, U∞|t=0 = u0∞, (1.6.19)

and U∞ satisfies

∥U∞(t)∥Hk
ℓ
+

∫ t

0

∥∇U∞∥2Hk−1ℓ×Hk
ℓ
dτ

≤ C0

{
∥u0∞∥2Hk

ℓ
+

∫ t

0

∥F∞∥2
Hk

ℓ ×Hk−1
ℓ

dτ

+δ2
∫ t

0

∥U∥2Hk
ℓ
dτ +

∫ t

0

b(τ)∥U∞∥2Hk
ℓ−1

dτ
}
. (1.6.20)

Here b(τ) = 1 + ∥w̃∥2Hm + ∥∇w̃∥Hm .

We set U
(0)
∞ = 0 and define U

(j)
∞ (j = 1, 2, · · · ) inductively by the solution of (1.6.19)

with U = U
(j−1)
∞ . Applying the Gronwall inequality to (1.6.20) with U∞ = U

(1)
∞ and

U = 0, we have
∥U (1)

∞ (t)∥ ≤ A0

for t ∈ [0, T ′], where

A0 = C0

{
∥u0∞∥2Hk

ℓ
+

∫ T ′

0

∥F∞∥2
Hk

ℓ ×Hk−1
ℓ

dτ
}
eC0∥b∥L1(0,T ′) .
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Similarly, using (1.6.20) with U∞ = U
(j)
∞ −U

(j−1)
∞ and U = U

(j−1)
∞ −U

(j−2)
∞ for j = 2, 3, · · · ,

one can inductively see that

∥U (j)
∞ (t)− U (j−1)

∞ (t)∥2Hk
ℓ
≤ A0(C0K0δ

2t)j−1

(j − 1)!
,

∫ t

0

∥∇(U (j)
∞ − U (j−1)

∞ )∥2
Hk−1

ℓ ×Hk
ℓ

dτ ≤ A0

K0

{(C0K0δ
2t)j−1

(j − 1)!
+

∥b∥L1(0,T ′)

δ2
(C0K0δ

2t)j

j!

}
.

Here K0 = 1+∥b∥L1(0,T ′)e
C0∥b∥L1(0,T ′) . It then follows that U

(j)
∞ converges to a function U∞

in C([0, T ′];Hk
ℓ ) ∩ L2(0, T ′;Hk

ℓ ×Hk+1
ℓ ) as j → ∞. One can easily see that U∞ satisfies

(1.6.19) with U = U∞, i.e., U∞ is a solution of (1.3.2), and U∞(t) ∈ Hk
(∞) for all t ∈ [0, T ′].

By the uniqueness of solutions of (1.3.2) (see Proposition 1.5.4), we see that U∞ = u∞.
Applying Remark 1.6.2 and Proposition 1.6.4 with F∞ replaced by F∞ + P1B[ũ]u∞,

we have

d

dt
Ek

j [u∞] + dDk
j [u∞]

≤ C
{
ϵ|u∞|2L2

j
+
((

1 +
1

ϵ

)
∥w̃∥2Hm + ∥∇w̃∥Hm

)
∥ϕ∞∥2Hk

j

+
(
1 +

1

ϵ

)
|F∞|2

Hk
j ×Hk−1

j

+j2
(
1 +

1

ϵ

) (
1 + ∥w̃∥2Hm

)
|u∞|2Hk

j−1

}
for j = 0, 1, · · · , ℓ. Using Lemma 1.3.4 (ii) and Lemma 1.3.6, we see that

d

dt
Ek

j [u∞] + 2d1|u∞|2
Hk

j ×Hk+1
j

≤ C
{
ϵ|u∞|2L2

j
+
((

1 +
1

ϵ

)
∥w̃∥2Hm + ∥∇w̃∥Hm

)
∥ϕ∞∥2Hk

j

+
(
1 +

1

ϵ

)
|F∞|2

Hk
j ×Hk−1

j
+ j2

(
1 +

1

ϵ

) (
1 + ∥w̃∥2Hm

)
|u∞|2Hk

j−1

}
for j = 0, 1, · · · , ℓ, with some constant d1 > 0. Taking ϵ > 0 suitably small, we obtain

d

dt
Ek

j [u∞] + d1|u∞|2
Hk

j ×Hk+1
j

≤ C
{(

∥w̃∥2Hm + ∥∇w̃∥Hm

)
∥ϕ∞∥2Hk

j
+ |F∞|2

Hk
j ×Hk−1

j

+j2
(
1 + ∥w̃∥2Hm

)
|u∞|2Hk

j−1

}
(1.6.21)

for j = 0, 1, · · · , ℓ.
We now prove (1.5.12) by induction on ℓ. When ℓ = 0, inequality (1.6.21) with j = 0

is nothing but (1.5.12) with ℓ = 0. Assume that (1.5.12) holds for ℓ = j − 1. Then by
adding d

2Cj2(1+δ2)
×(1.6.21) to (1.5.12) with ℓ = j − 1, we obtain the desired inequality

(1.5.12) for ℓ = j. This completes the proof. □
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1.7 Proof of Theorem 1.2.1

In this section we prove Theorem 1.2.1.
We first establish the estimates for nonlinear and inhomogeneous terms F1(u, g) and

F∞(u, g):

F1(u, g) = P1

(
−γw · ∇ϕ+ f 0(u)

f̃(u, g)

)
=:

(
F 0
1 (u)

F̃1(u, g)

)
,

F∞(u, g) = P∞

(
−γw · ∇ϕ1 + f 0(u)

f̃(u, g)

)
=:

(
F 0
∞(u)

F̃∞(u, g)

)
,

where f 0(u) and f̃(u, g) are the same ones defined in (0.0.19) and (0.0.20) with u =
u1 + u∞, u = ⊤(ϕ,w), uj =

⊤(ϕj, wj) (j = 1,∞).

We first state the estimates for F1(u, g) and F∞(u, g).

Proposition 1.7.1. There hold the estimates

(i) ∥F 0
1 (u)∥L1

1
≤ C(∥ϕ∥L2∥divw∥L2

1
+ ∥w∥L2∥∇ϕ∥L2

1
),

(ii) ∥F̃1(u, g)∥L1
1
≤ C(∥ϕ∥L2∥∂tw∥L2

1
+ ∥w∥L2∥∇w∥L2

1

+ ∥ϕ∥L2∥∇ϕ∥L2
1
+ ∥ϕ∥L2∥g∥L2

1
+ ∥g∥L1

1
),

(iii) ∥F 0
∞(u)∥Hm

1
≤ C(∥ϕ∥Hm∥divw∥Hm

1
+ ∥w∥Hm∥∇ϕ1∥Hm

1
),

(iv) ∥F̃∞(u, g))∥Hm−1
1

≤ C{∥w∥Hm∥∇w∥Hm−1
1

+ ∥ϕ∥Hm∥∇ϕ∥Hm−1
1

+ ∥ϕ∥Hm∥∂tw∥Hm−1
1

+ (1 + ∥ϕ∥Hm)∥g∥Hm−1
1

}

uniformly for u = ⊤(ϕ,w) = u1+u∞ with uk =
⊤(ϕk, wk) (k = 1,∞) satisfying ∥ϕ∥L∞ ≤ 1

2

and ∥u∥Hm ≤ 1.

Proposition 1.7.1 directly follows from Lemmas 1.1.1 and 1.1.3.

We next estimate Fj(u
(1), g)− Fj(u

(2), g) (j = 1,∞).

Proposition 1.7.2. There hold the estimates

(i) ∥F 0
1 (u

(1))− F 0
1 (u

(2))∥L1
1

≤ C{∥ϕ(1) − ϕ(2)∥L2∥divw(1)∥L2
1
+ ∥ϕ(2)∥L2∥div(w(1) − w(2))∥L2

1

+ ∥w(1) − w(2)∥L2∥∇ϕ(1)∥L2
1
+ ∥w(2)∥L2∥∇(ϕ(1) − ϕ(2))∥L2

1
},

(ii) ∥F̃1(u
(1), g)− F̃1(u

(2), g)∥L1
1

≤ C{∥w(1) − w(2)∥L2∥∇w(1)∥L2
1
+ ∥w(2)∥L2∥∇(w(1) − w(2))∥L2

1

+ ∥ϕ(1) − ϕ(2)∥L2(∥w(1)∥L∞∥∇w(1)∥L2
1
+ ∥∂tw(1)∥L2

1
+ ∥g∥L2

1
)

+ ∥ϕ(2)∥L2∥∂t(w(1) − w(2))∥L2
1

+ (∥∇ϕ(1)∥L2
1
+ ∥∇ϕ(2)∥L2

1
)∥ϕ(1) − ϕ(2)∥L2 + ∥ϕ(1)∥L2∥∇(ϕ(1) − ϕ(2))∥L2

1
},
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(iii) ∥F 0
∞(u(1))− F 0

∞(u(2)))∥Hm−1
1

≤ C{∥divw(1)∥Hm
1
∥ϕ(1) − ϕ(2)∥Hm−1 + ∥ϕ(2)∥Hm∥div(w(1) − w(2))∥Hm−1

1

+ ∥∇ϕ
(1)
1 ∥Hm

1
∥w(1) − w(2)∥Hm−1 + ∥w(2)∥Hm∥∇(ϕ

(1)
1 − ϕ

(2)
1 )∥Hm−1

1
},

(iv) ∥F̃∞(u(1), g)− F̃∞(u(2), g))∥Hm−2
1

≤ C{∥ϕ(1) − ϕ(2)∥Hm−1(∥w(1)∥Hm∥∇w(1)∥Hm−1
1

+ ∥∂tw(1)∥Hm−1
1

+ ∥g∥Hm−1
1

)

+ ∥w(1) − w(2)∥Hm−1∥∇w(1)∥Hm−1
1

+ ∥w(2)∥Hm∥∇(w(1) − w(2))∥Hm−2
1

+ ∥ϕ(2)∥Hm∥∂t(w(1) − w(2))∥Hm−2
1

+ (∥∇ϕ(1)∥Hm−1
1

+ ∥∇ϕ(2)∥Hm−1
1

)∥ϕ(1) − ϕ(2)∥Hm−1

+ ∥ϕ(1)∥Hm∥∇(ϕ(1) − ϕ(2))∥Hm−2
1

}

uniformly for u(j) = ⊤(ϕ(j), w(j)) = u
(j)
1 +u

(j)
∞ with u

(j)
k = ⊤(ϕ

(j)
k , w

(j)
k ) (k = 1,∞) satisfying

∥ϕ(j)∥L∞ ≤ 1
2
and ∥u(j)∥Hm ≤ 1 (j = 1, 2).

Proposition 1.7.2 directly follows from Lemmas 1.1.1–1.1.3.

To prove Theorem 1.2.1, we next show the existence of a solution {u1, u∞} of (0.0.21)-
(0.0.22) on [0, T ] satisfying uj(0) = uj(T ) (j = 1,∞) by an iteration argument.

For ℓ = 0, we define u
(0)
1 = ⊤(ϕ

(0)
1 , w

(0)
1 ) and u

(0)
∞ = ⊤(ϕ

(0)
∞ , w

(0)
∞ ) by{

u
(0)
1 (t) = S1(t)S 1(T )[(I − S1(T ))

−1G1] + S 1(t)[G1],

u
(0)
∞ (t) = S∞,0(t)(I − S∞,0(T ))

−1S∞,0(T )[G∞] + S ∞,0(t)[G∞],
(1.7.1)

where t ∈ [0, T ], G = ⊤(0, 1
γ
g(x, t)), G1 = P1G and G∞ = P∞G. Note that u

(0)
j (0) =

u
(0)
j (T ) (j = 1,∞).

For ℓ ≥ 1, we define u
(ℓ)
1 = ⊤(ϕ

(ℓ)
1 , w

(ℓ)
1 ) and u

(ℓ)
∞ = ⊤(ϕ

(ℓ)
∞ , w

(ℓ)
∞ ), inductively, by

u
(ℓ)
1 (t) = S1(t)S 1(T )[(I − S1(T ))

−1F1(u
(ℓ−1), g)] + S 1(t)[F1(u

(ℓ−1), g)],

u
(ℓ)
∞ (t) = S∞,u(ℓ−1)(t)(I − S∞,u(ℓ−1)(T ))−1S∞,u(ℓ−1)(T )[F∞(u(ℓ−1), g)]

+S ∞,u(ℓ−1)(t)[F∞(u(ℓ−1), g)],

(1.7.2)

where t ∈ [0, T ] and u(ℓ−1) = u
(ℓ−1)
1 + u

(ℓ−1)
∞ . Note that u

(ℓ)
j (0) = u

(ℓ)
j (T ) for j = 1,∞ and

ℓ ≥ 1.

Proposition 1.7.3. There exists a constant δ1 > 0 such that if [g]m ≤ δ1, then there
holds the estimates

(i) ∥{u(ℓ)
1 , u(ℓ)

∞ }∥Xm
(0,T )

≤ C1[g]m
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for all ℓ ≥ 0, and

(ii)
∥{u(ℓ+1)

1 − u
(ℓ)
1 , u(ℓ+1)

∞ − u(ℓ)
∞ }∥Xm−1

(0,T )

≤ C1[g]m∥{u(ℓ)
1 − u

(ℓ−1)
1 , u

(ℓ)
∞ − u

(ℓ−1)
∞ }∥Xm−1

(0,T )

for ℓ ≥ 1. Here C1 is a constant independent of g and ℓ.

Proof. The estimate (i) follows from Propositions 1.4.4, 1.5.9, 1.7.1 and Lemma 1.3.3
(ii).

Let us consider the estimate of the difference between u(ℓ+1) and u(ℓ). For ℓ ≥ 0, we
set ϕ̄

(ℓ)
j = ϕ

(ℓ+1)
j − ϕ

(ℓ)
j and w̄

(ℓ)
j = w

(ℓ+1)
j − w

(ℓ)
j for j = 1,∞. Then by using (1.7.1) and

(1.7.2), we see that ϕ̄
(ℓ)
j and w̄

(ℓ)
j (ℓ ≥ 1) satisfy{

∂tϕ̄
(ℓ)
1 + γdivw̄

(ℓ)
1 = F11(ū

(ℓ−1)),

∂tw̄
(ℓ)
1 − ν△w̄

(ℓ)
1 − ν̃∇divw̄

(ℓ)
1 + γ∇ϕ̄

(ℓ)
1 = F12(ū

(ℓ−1), g),
(1.7.3){

∂tϕ̄
(ℓ)
∞ + γP∞(w(ℓ) · ∇ϕ̄

(ℓ)
∞ ) + γdivw̄

(ℓ)
∞ = F∞1(ū

(ℓ−1)),

∂tw̄
(ℓ)
∞ − ν△w̄

(ℓ)
∞ − ν̃∇divw̄

(ℓ)
∞ + γ∇ϕ̄

(ℓ)
∞ = F∞2(ū

(ℓ−1), g),
(1.7.4)

where

F11(ū
(ℓ−1)) = F 0

1 (u
(ℓ))− F 0

1 (u
(ℓ−1)),

F12(ū
(ℓ−1), g) = F̃1(u

(ℓ), g)− F̃1(u
(ℓ−1), g),

F∞1(ū
(ℓ−1)) = F 0

∞(u(ℓ))− F 0
∞(u(ℓ−1))− γP∞((w(ℓ) − w(ℓ−1)) · ∇ϕ(ℓ)

∞ ),

F∞2(ū
(ℓ−1), g) = F̃∞(u(ℓ), g)− F̃∞(u(ℓ−1), g).

The desired inequality (ii) can be obtained by applying Propositions 1.4.4, 1.5.9, 1.7.2,
1.7.3 (i) and Lemma 1.3.3 (ii). This completes the proof. □

We introduce a notation. We denote by BX k
(a,b)

(r) the closed unit ball of X k(a, b)

centered at 0 with radius r, i.e.,

BX k
(a,b)

(r) =
{
{u1, u∞} ∈ X k(a, b); ∥{u1, u∞}∥X k

(a,b)
≤ r
}
.

Proposition 1.7.4. There exists a constant δ2 > 0 such that if [g]m ≤ δ2, then the system
(0.0.21)-(0.0.22) has a unique solution {u1, u∞} on [0, T ] in BXm

(0,T )
(C1[g]m) satisfying

uj(0) = uj(T ) (j = 1,∞). The uniqueness of solutions of (0.0.21)-(0.0.22) on [0, T ]
satisfying uj(0) = uj(T ) (j = 1,∞) holds in BXm

(0,T )
(C1δ2).

Proof. Let δ2 = min{δ1, 1
2C1

} with δ1 given in Propositions 1.7.3. By Propositions 1.7.3,

we see that if [g]m ≤ δ2, then u
(ℓ)
j = ⊤(ϕ

(ℓ)
j , w

(ℓ)
j ) (j = 1,∞) converges to uj =

⊤(ϕj, wj)
(j = 1,∞) in the sense

{u(ℓ)
1 , u(ℓ)

∞ } → {u1, u∞} in X m−1(0, T ),
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u(ℓ)
∞ = ⊤(ϕ(ℓ)

∞ , w(ℓ)
∞ ) → u∞ = ⊤(ϕ∞, w∞) ∗-weakly in L∞(0, T ;Hm

(∞),1),

w(ℓ)
∞ → w∞ weakly in L2(0, T ;Hm+1

(∞),1) ∩H1(0, T ;Hm−1
(∞),1).

It is not difficult to see that {u1, u∞} is a solution of (0.0.21)-(0.0.22) satisfying uj(0) =
uj(T ) (j = 1,∞).

It remains to prove u∞ = ⊤(ϕ∞, w∞) ∈ C([0, T ];Hm
1 ), which implies {u1, u∞} ∈

BXm
(0,T )

(C1[g]m) with uj(0) = uj(T ) (j = 1,∞).

As for w∞, since L2(0, T ;Hm+1)∩H1(0, T ;Hm−1) ⊂ C([0, T ];Hm), we find that w∞ ∈
C([0, T ];Hm).

As for ϕ∞, note that ϕ∞ ∈ C([0, T ];H1) and ϕ∞ is the solution of{
∂tϕ∞ + γ(w · ∇ϕ∞) = g0∞,
ϕ∞|t=0 = ϕ0∞,

(1.7.5)

where

g0∞ = −γdivw∞ + F 0
∞(u) ∈ L2(0, T ;Hm), ϕ0∞ ∈ Hm.

On the other hand, by Lemma 1.5.1, we see that there exists a solution of (1.7.5) which be-
longs to C([0, T ];Hm) and that the uniqueness of solutions of (1.7.5) holds in C([0, T ];H1).
Therefore, we find that

ϕ∞ ∈ C([0, T ];Hm).

To prove that u∞ = ⊤(ϕ∞, w∞) ∈ C([0, T ];Hm
1 ), we note that u∞ is written as

u∞(t) = S∞,u(t)(I − S∞,u(T ))
−1S∞,u(T )[F∞(u, g)] + S∞,u(t)[F∞(u, g)]

with u = u1 + u∞. By Proposition 1.7.1 and Lemma 1.3.3 (ii), we see that F∞(u, g) ∈
L2(0, T ;Hm

(∞),1 × Hm−1
(∞),1). It then follows from Proposition 1.5.6 that if δ2 is small such

that C1δ2 ≤ δ, then u∞ = ⊤(ϕ∞, w∞) ∈ C([0, T ];Hm
1 ). This completes the proof. □

To complete the construction of a time periodic solution of (0.0.1), we use the following
proposition on the unique existence of solutions to the initial value problem.

Proposition 1.7.5. Let s ∈ R and let U0 = U01 + U0∞ with U01 ∈ H 1
(1),1 and U0∞ ∈

Hm
(∞),1. Then there exist constants δ3 > 0 and C2 > 0 such that if

M(U01, U0∞, g) := ∥U01∥H 1

(1),1

+ ∥U0∞∥Hm
(∞),1

+ [g]m ≤ δ3,

there exists a solution {U1, U∞} of the initial value problem for (0.0.21)-(0.0.22) on [s, s+
T ] in BXm

(s,s+T )
(C2M(U01, U0∞, g)) satisfying the initial condition Uj|t=s = U0j (j =

1,∞). The uniqueness for this initial value problem holds in BXm
(s,s+T )

(C2δ3).
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Proof. Let ũ = ⊤(ϕ̃, w̃) be a given function in C([s, s + T ];Hm) ∩ L2(s, s + T ;Hm+1).
We define S∞,ũ(t, s)u0∞ and S ∞,ũ(t, s)F∞ by the solution operators for

∂tu∞ + Au∞ + P∞(B[ũ]u∞) = F∞, u∞|t=s = u0∞.

with F∞ = 0 and u0∞ = 0, respectively. As in the proof of Proposition 1.5.6, one can see
that if w̃ satisfies

∥w̃∥C([s,s+T ];Hm)∩L2(s,s+T ;Hm+1) ≤ δ, (1.7.6)

then it holds that S∞,ũ(t, s) and S∞,ũ(t, s) satisfy the estimates

∥S∞,ũ(t, s)U0∞∥Hk
(∞),1

≤ Ce−a(t−s)∥U0∞∥Hk
(∞),1

, (1.7.7)

∥S ∞,ũ(t, s)[F∞]∥Hk
(∞),1

≤ C

{∫ t

s

e−a(t−τ)∥F∞∥2
Hk

(∞),1
×Hk−1

(∞),1

dτ

} 1
2

(1.7.8)

for t ∈ [s, s + T ], F0∞ ∈ Hk
(∞),1, F∞ ∈ L2(s, s + T ;Hk

(∞),1 ×Hk−1
(∞),1) and k = m − 1 or m

with C = C(δ, T ) > 0 uniformly for s ∈ R and ũ = ⊤(ϕ̃, w̃) satisfying (1.7.6).
To prove Proposition 1.7.5, it now suffices to show the unique existence of the solution

{U1, U∞} ∈ BXm
(s,s+T )

(C2M(U01, U0∞, g)) of{
U1(t) = S1(t− s)U01 + S 1(t− s)[F1(U, g)],
U∞(t) = S∞,U(t, s)u0∞ + S ∞,U(t, s)[F∞(U, g)],

(1.7.9)

with U = U1 + U∞ for a constant C2 > 0, provided that M(U01, U0∞, g) is sufficiently
small. We solve this problem by an iteration argument as in the proof of Proposition
1.7.4.

For ℓ = 0, we define U
(0)
j = ⊤(Φ

(0)
j ,W

(0)
j ) (j = 1,∞) by{

U
(0)
1 (t) = S1(t− s)U01 + S 1(t− s)[G1],

U
(0)
∞ (t) = S∞,0(t, s)U0∞ + S∞,0(t, s)[G∞],

where t ∈ [s, s+ T ], G = ⊤(0, 1
γ
g(x, t)), G1 = P1G and G∞ = P∞G.

For ℓ ≥ 1, we define U
(ℓ)
j = ⊤(Φ

(ℓ)
j ,W

(ℓ)
j ) (j = 1,∞), inductively, by{

U
(ℓ)
1 (t) = S1(t− s)U01 + S 1(t− s)[F1(U

(ℓ−1), g)],

U
(ℓ)
∞ (t) = S∞,U(ℓ−1)(t, s)U0∞ + S∞,U(ℓ−1)(t, s)[F∞(U (ℓ−1), g)],

where t ∈ [s, s+ T ] and U (ℓ−1) = U
(ℓ−1)
1 + U

(ℓ−1)
∞ .

As in the proof of Proposition 1.7.3, by using Proposition 1.4.1, (1.7.7), (1.7.8), Propo-
sitions 1.7.1, 1.7.2 and Lemma 1.3.3 (ii), we can inductively show that if M(U01, U0∞, g)
is sufficiently small, then there hold the estimates

∥{U (ℓ)
1 , U (ℓ)

∞ }∥Xm
(s,s+T )

≤ C2M(U01, U0∞, g)
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for all ℓ ≥ 0, and

∥{U (ℓ+1)
1 − U

(ℓ)
1 , U (ℓ+1)

∞ − U (ℓ)
∞ }∥Xm−1

(s,s+T )

≤ C2M(U01, U0∞, g)∥{U (ℓ)
1 − U

(ℓ−1)
1 , U (ℓ)

∞ − U (ℓ−1)
∞ }∥Xm−1

(s,s+T )

for all ℓ ≥ 1. Hence, in a similar manner to the proof of Proposition 1.7.4, we see that there
exists a solution {U1, U∞} ∈ BXm

(s,s+T )
(C2M(U01, U0∞, g)) of (0.0.21)-(0.0.22) satisfying

Uj|t=s = U0j (j = 0,∞), provided thatM(U01, U0∞, g) ≤ δ3 for a small constant δ3 > 0. In
view of the iteration argument, we can see that the uniqueness holds in BXm

(s,s+T )
(C2δ3).

This completes the proof. □

We are now in a position to prove Theorem 1.2.1.

Proof of Theorem 1.2.1. It suffices to prove the unique existence of a time periodic
solution of (0.0.15). By Proposition 1.7.4, we see that if [g]m ≤ δ2, then (0.0.21)-(0.0.22)

has a unique solution {u(0)
1 , u

(0)
∞ } ∈ BXm

(0,T )
(C1[g]m) satisfying u

(0)
j (0) = u

(0)
j (T ) (j =

1,∞). In particular, it holds that

sup
t∈[0,T ]

{
∥u(0)

1 (t)∥H 1

(1),1

+ ∥u(0)
∞ (t)∥Hm

(∞),1

}
≤ C1[g]m. (1.7.10)

Therefore, if g satisfies (C1 + 1)[g]m ≤ δ3, then, by Proposition 1.7.5, we see that there

exists a unique solution {u(1)
1 , u

(1)
∞ } ∈ BXm

(T,2T )
(C2(C1 + 1)[g]m) of (0.0.21)-(0.0.22) sat-

isfying u
(1)
j |t=T = u

(0)
j (T ) = u

(0)
j (0) (j = 1,∞).

We introduce ũ
(1)
j (j = 1,∞) and ũ(1) by

ũ
(1)
j (t) = u

(1)
j (t+ T ), ũ(1)(t) = ũ

(1)
1 (t) + ũ(1)

∞ (t) for t ∈ [0, T ].

Then we find that
ũ
(1)
1 (0) = u

(1)
1 (T ) = u

(0)
1 (T ) = u

(0)
1 (0),

∂tũ
(1)
1 (t) + Aũ

(1)
1 (t) = ∂tu

(1)
1 (t+ T ) + Au

(1)
1 (t+ T ) = F1(u

(1)(t+ T ), g(t+ T ))

= F1(ũ
(1)(t), g(t)).

Similarly, we see that
ũ(1)
∞ (0) = u(0)

∞ (0),

∂tũ
(1)
∞ (t) + Aũ(1)

∞ (t) + P∞(B[ũ(1)(t)]ũ(1)(t)) = F∞(ũ(1)(t), g(t)).

Therefore, if [g]m ≤ δ4 := min{δ2, C2δ3
C1

, 1
(C1+1)

δ3}, then, by the uniqueness of the solution,

we find that {ũ(1)
1 (t), ũ

(1)
∞ (t)} = {u(0)

1 (t), u
(0)
∞ (t)} for t ∈ [0, T ]. Consequently, we have

{u(1)
1 (t), u

(1)
∞ (t)} = {u(0)

1 (t− T ), u
(0)
∞ (t− T )} for t ∈ [T, 2T ].

We define {u1(t), u∞(t)} (t ∈ [0, 2T ]) by {u1(t), u∞(t)} = {u(k)
1 (t), u

(k)
∞ (t)} for t ∈

[kT, (k + 1)T ], k = 0, 1. It then follows that {u1(t + T ), u∞(t + T )} = {u1(t), u∞(t)}
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for t ∈ [0, T ]. Furthermore, we see from Proposition 1.7.5 and (1.7.10) that there exists
a unique solution {v1, v∞} ∈ BXm

(T
2
, 3T

2
)
(C2(C1 + 1)[g]m) of (0.0.21)-(0.0.22) on [T

2
, 3T

2
]

satisfying vj|t=T
2
= u

(0)
j (T

2
) (j = 1,∞). By the uniqueness, it follows that {v1, v∞} =

{u1, u∞} on [T
2
, 3T

2
], which implies that {u1, u∞} is a solution of (0.0.21)-(0.0.22) on [0, 2T ]

in Xm(0, 2T ). Repeating this argument on intervals [kT, (k+1)T ] for k = ±1,±2 · · · , we
obtain a solution {u1, u∞} of (0.0.21)-(0.0.22) in Xm

per(R) satisfying ∥{u1, u∞}∥Xm
(0,T )

≤
C1[g]m that gives a time periodic solution u = ⊤(ϕ,w) of (0.0.15) by setting u = u1 + u∞,
where uj =

⊤(ϕj, wj) (j = 1,∞), ϕ = ϕ1 + ϕ∞ and w = w1 + w∞.
In view of the iteration argument in Propositions 1.7.3 and 1.7.4, one can see that the

uniqueness of time periodic solutions for (0.0.15) holds in {u = ⊤(ϕ,w); {P1u, P∞u} ∈
Xm

per(R), ∥{P1u, P∞u}∥Xm
(0,T )

≤ C1δ4} if [g]m ≤ δ4. This completes the proof. □
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Chapter 2

On the existence and stability of
time periodic solution to the
compressible Navier-Stokes equation
on the whole space

The existence of a time periodic solution of (0.0.1) on the whole space is proved for
sufficiently small time periodic external force when the space dimension is greater than
or equal to 3. The proof is based on the spectral properties of the time-T -map associated
with the linearized problem around the motionless state with constant density in some
weighted L∞ and Sobolev spaces. The time periodic solution is shown to be asymptotically
stable under sufficiently small initial perturbations and the L∞ norm of the perturbation
decays as time goes to infinity.
　

2.1 Preliminaries

In this chapter we use the following notation.
For a given Banach space X, the norm on X is denoted by ∥ · ∥X .
Let 1 ≦ p ≦ ∞. We denote by Lp the usual Lp space over Rn. The inner product of L2

is denoted by (·, ·). For a nonnegative integer k, we denote by Hk the usual L2-Sobolev
space of order k. (As usual, H0 = L2.)

We simply denote by Lp the set of all vector fields w = ⊤(w1, · · · , wn) on Rn with
wj ∈ Lp (j = 1, · · · , n), i.e., (Lp)n and the norm ∥ · ∥(Lp)n on it is denoted by ∥ · ∥Lp

if no confusion will occur. Similarly, for a function space X, the set of all vector fields
w = ⊤(w1, · · · , wn) on Rn with wj ∈ X (j = 1, · · · , n), i.e., Xn, is simply denoted by X;
and the norm ∥ · ∥Xn on it is denoted by ∥ · ∥X if no confusion will occur. (For example,
(Hk)n is simply denoted by Hk and the norm ∥ · ∥(Hk)n is denoted by ∥ · ∥Hk .)

Let u = ⊤(ϕ,w) with ϕ ∈ Hk and w = ⊤(w1, · · · , wn) ∈ Hm. We denote the norm of
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u on Hk ×Hm by ∥u∥Hk×Hm :

∥u∥Hk×Hm =
(
∥ϕ∥2Hk + ∥w∥2Hm

) 1
2 .

When m = k, the space Hk × (Hk)n is simply denoted by Hk and the norm ∥u∥Hk×(Hk)n

by ∥u∥Hk if no confusion will occur :

Hk := Hk × (Hk)n, ∥u∥Hk := ∥u∥Hk×(Hk)n (u = ⊤(ϕ,w)).

Similarly, for u = ⊤(ϕ,w) ∈ X × Y with w = ⊤(w1, · · · , wn) , we denote its norm by
∥u∥X×Y :

∥u∥X×Y =
(
∥ϕ∥2X + ∥w∥2Y

) 1
2 (u = ⊤(ϕ,w)).

If Y = Xn, we simply denote X ×Xn by X, and, its norm ∥u∥X×Xn by ∥u∥X :

X := X ×Xn, ∥u∥X := ∥u∥X×Xn (u = ⊤(ϕ,w)).

We will work on function spaces with spatial weight. For a nonnegative integer ℓ and
1 ≤ p ≤ ∞, we denote by Lp

ℓ the weighted Lp space defined by

Lp
ℓ = {u ∈ Lp; ∥u∥Lp

ℓ
:= ∥(1 + |x|)ℓu∥Lp < ∞}.

We denote the Fourier transform of f by f̂ or F [f ]:

f̂(ξ) = F [f ](ξ) =

∫
Rn

f(x)e−ix·ξdx (ξ ∈ Rn).

The inverse Fourier transform of f is denoted by F−1[f ]:

F−1[f ](x) = (2π)−n

∫
Rn

f(ξ)eiξ·xdξ (x ∈ Rn).

Let k be a nonnegative integer and let r1 and r∞ be positive constants satisfying
r1 < r∞. We denote by Hk

(∞) the set of all u ∈ Hk satisfying supp û ⊂ {|ξ| ≥ r1}, and by

L2
(1) the set of all u ∈ L2 satisfying supp û ⊂ {|ξ| ≤ r∞}. Note that Hk ∩ L2

(1) = L2
(1) for

any nonnegative integer k. (Cf., Lemma 1.3.3 (ii).)
Let k and ℓ be nonnegative integers. We define the spaces Hk

ℓ and Hk
(∞),ℓ by

Hk
ℓ = {u ∈ Hk; ∥u∥Hk

ℓ
< +∞},

where

∥u∥Hk
ℓ

=

(
ℓ∑

j=0

|u|2Hk
j

) 1
2

,

|u|Hk
ℓ

=

∑
|α|≤k

∥ |x|ℓ∂α
xu ∥2L2

 1
2

,
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and

Hk
(∞),ℓ = {u ∈ Hk

(∞); ∥u∥Hk
ℓ
< +∞}.

Let ℓ be a nonnegative integer. We denote L2
(1),ℓ by

L2
(1),ℓ = {f ∈ L2

ℓ ; f ∈ L2
(1)}.

For −∞ ≤ a < b ≤ ∞, we denote by Ck([a, b];X) the set of all Ck functions on
[a, b] with values in X. We denote the Bochner space on (a, b) by Lp(a, b;X) and the
L2-Bochner-Sobolev space of order k by Hk(a, b;X).

We define the space X (1) by

X (1) = {ϕ ∈ L∞
n−1,∇ϕ ∈ L2

1; supp ϕ̂ ⊂ {|ξ| ≤ r∞}, ∥ϕ∥X (1)
< +∞},

where

∥ϕ∥X (1)
:= ∥ϕ∥X (1),L∞

+ ∥ϕ∥X (1),L2
,

∥ϕ∥X (1),L∞
:= ∥(1 + |x|)n−1ϕ∥L∞ , ∥ϕ∥X (1),L2

:= ∥(1 + |x|)∇ϕ∥L2 .

The space Y (1) is defined by

Y (1) = {w ∈ L∞
n−2,∇w ∈ H1; supp ŵ ⊂ {|ξ| ≤ r∞}, ∥w∥Y (1)

< +∞},

where

∥w∥Y (1)
:= ∥w∥Y (1),L∞

+ ∥w∥Y (1),L2
,

∥w∥Y (1),L∞
:=

1∑
j=0

∥(1 + |x|)n−2+j∇jw∥L∞ ,

∥w∥Y (1),L2
:=

2∑
j=1

∥(1 + |x|)j−1∇jw∥L2 .

The space Z (1)(a, b) is defined by

Z (1)(a, b) = C1([a, b];X (1))×
[
C([a, b];Y (1)) ∩H1(a, b;Y (1))

]
.

Let ℓ be a nonnegative integer and let s be a nonnegative integer satisfying s ≥
[
n
2

]
+1.

For k = s− 1, s, the space Z k
(∞),ℓ(a, b) is defined by

Z k
(∞),ℓ(a, b) =

[
C([a, b];Hk

(∞),ℓ) ∩ C1([a, b];L2
1)
]

×
[
L2(a, b; ;Hk+1

(∞),ℓ) ∩ C([a, b];Hk
(∞),ℓ) ∩H1(a, b;Hk−1

(∞),ℓ)
]
.
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Let s be a nonnegative integer satisfying s ≥
[
n
2

]
+ 1 and let k = s− 1, s. The space

Xk(a, b) is defined by

Xk(a, b)

=
{
{u1, u∞};u1 ∈ Z (1)(a, b), u∞ ∈ Z k

(∞),n−1(a, b),

∂tϕ∞ ∈ C([a, b];L2
1), uj =

⊤(ϕj, wj) (j = 1,∞)
}
,

equipped with the norm

∥{u1, u∞}∥Xk(a,b) =∥u1∥Z (1)(a,b)
+ ∥u∞∥Z k

(∞),n−1(a,b)

+ ∥∂tϕ∞∥C([a,b];L2
1)
+ ∥∂tu1∥C([a,b];L2) + ∥∂t∇u1∥C([a,b];L2

1)
.

We also introduce function spaces of T -periodic functions in t. We denote by Cper(R;X)
the set of all T -periodic continuous functions with values in X equipped with the norm
∥·∥C([0,T ];X); and we denote by L2

per(R;X) the set of all T -periodic locally square integrable
functions with values in X equipped with the norm ∥ · ∥L2(0,T ;X). Similarly, H1

per(R;X)
and Xk

per(R), and so on, are defined.
For operators L1 and L2, [L1, L2] denotes the commutator of L1 and L2:

[L1, L2]f = L1(L2f)− L2(L1f).

2.2 Main results of Chapter 2

In this section, we state our main results on the existence and stability of a time-periodic
solution for system (0.0.1).

Recall that the following operators are introduced which decompose a function into its
low and high frequency parts in Chapter 1. The operators P1 and P∞ on L2 are defined
by

Pjf = F−1(χ̂jF [f ]) (f ∈ L2, j = 1,∞),

where

χ̂j(ξ) ∈ C∞(Rn) (j = 1,∞), 0 ≤ χ̂j ≤ 1 (j = 1,∞),

χ̂1(ξ) =

{
1 (|ξ| ≤ r1),
0 (|ξ| ≥ r∞),

χ̂∞(ξ) = 1− χ̂1(ξ),

0 < r1 < r∞.

We fix 0 < r1 < r∞ < 2γ
ν+ν̃

in such a way that the estimate (2.4.6) in Lemma 2.4.3 below
holds for |ξ| ≤ r∞.

Our result on the existence of a time periodic solution is stated as follows.
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Theorem 2.2.1. Let n ≥ 3 and let s be an integer satisfying s ≥
[
n
2

]
+ 1. Assume that

g(x, t) satisfies (0.0.2) and g(x, t) ∈ Cper(R;L1 ∩ L∞
n ) ∩ L2

per(R;Hs−1
n−1). Set

[g]s = ∥g∥C([0,T ];L1∩L∞
n ) + ∥g∥L2(0,T ;Hs−1

n−1)
.

Then there exist constants δ > 0 and C > 0 such that if [g]s ≤ δ, then the system
(0.0.15) has a time-periodic solution u = u1 + u∞ satisfying {u1, u∞} ∈ Xs

per(R) with
∥{u1, u∞}∥Xs(0,T ) ≤ C[g]s. Furthermore, the uniqueness of time periodic solutions of
(0.0.15) holds in the class {u = ⊤(ϕ,w); {P1u, P∞u} ∈ Xs

per(R), ∥{u1, u∞}∥Xs(0,T ) ≤ Cδ}.

We next consider the stability of the time-periodic solution obtained in Theorem 2.2.1.

Let ⊤(ρper, vper) be the periodic solution given in Theorem 2.2.1. We denote the
perturbation by u = ⊤(ϕ,w), where ϕ = ρ− ρper, w = v − vper. Substituting ρ = ϕ+ ρper
and v = w + vper into (0.0.1), we see that the perturbation u = ⊤(ϕ,w) is governed by

∂tϕ+ vper · ∇ϕ+ ϕdivvper + ρperdivw + w · ∇ρper = f 0,

∂tw + vper · ∇w + w · ∇vper − µ
ρper

∆w − µ+µ′

ρper
∇divw

+ ϕ
ρ2per

(µ∆vper + (µ+ µ′)∇divvper) +∇(p
′(ρper)
ρper

ϕ) = f̃ ,

(2.2.1)

where

f 0 = −div(ϕw),

f̃ = −w · ∇w − ϕ

ρper(ρper + ϕ)
(µ∆w + (µ+ µ′)∇divw)

+
ϕ

ρper(ρper + ϕ)
(
ϕ

ρper
µ∆vper +

ϕ

ρper
(µ+ µ′)∇divvper)

+
ϕ

ρ2per
∇(p(2)(ρper, ϕ)ϕ) +

ϕ2

ρ2per(ρper + ϕ)
∇(p(ρper + ϕ)) +

1

ρper
∇(p(3)(ρper, ϕ)ϕ

2),

p(2)(ρper, ϕ) =

∫ 1

0

p′(ρper + θϕ)dθ,

p(3)(ρper, ϕ) =

∫ 1

0

(1− θ)p′′(ρper + θϕ)dθ.

We consider the initial value problem for (2.2.1) under the initial condition

u|t=0 = u0 =
⊤(ϕ0, w0). (2.2.2)

Our result on the stability of the time-periodic solution is stated as follows.

Theorem 2.2.2. Let n ≥ 3 and let s be an integer satisfying s ≥
[
n
2

]
+ 1. Assume that

g(x, t) satisfies (1.2) and g(x, t) ∈ Cper(R;L1 ∩ L∞
n ) ∩ L2

per(R;Hs
n−1). Let (ρper, vper) be

the time-periodic solution obtained in Theorem 2.2.1, and let u0 ∈ Hs. Then there exist
constants ϵ1 > 0 and ϵ2 > 0 such that if

[g]s+1 ≤ ϵ1, ∥u0∥Hs ≤ ϵ2,
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there exists a unique global solution u = ⊤(ϕ,w) of (2.2.1)-(2.2.2) satisfying

u ∈ C([0,∞);Hs),

∥u(t)∥2Hs +

∫ t

0

∥∇u(τ)∥2Hs−1×Hsdτ ≤ C∥u0∥2Hs (t ∈ [0,∞)),

∥u(t)∥L∞ → 0 (t → ∞).

It is not difficult to see that Theorem 2.2.2 can be proved by the energy method
([16], [26]), since the Hardy inequality works well to deal with the linear terms including
(ρper, vper) due to the estimate for (ρper, vper) in Theorem 2.2.2; and so the proof is omitted
here.

2.3 Reformulation of the problem

In this section, we reformulate problem (0.0.15). As in Chapter 1, to solve the time
periodic problem for (0.0.15), we decompose u into a low frequency part u1 and a high
frequency part u∞, and then, we rewrite the problem into a system of equations for u1

and u∞.

As in Chapter 1, we set

u1 = P1u, u∞ = P∞u.

Applying the operators P1 and P∞ to (0.0.15), we obtain,

∂tu1 + Au1 = F1(u1 + u∞, g), (2.3.1)

∂tu∞ + Au∞ + P∞(B[u1 + u∞]u∞) = F∞(u1 + u∞, g). (2.3.2)

Here

F1(u1 + u∞, g) = P1[−B[u1 + u∞](u1 + u∞) +G(u1 + u∞, g)],

F∞(u1 + u∞, g) = P∞[−B[u1 + u∞]u1 +G(u1 + u∞, g)].

Suppose that (2.3.1) and (2.3.2) are satisfied by some functions u1 and u∞. Then by
adding (2.3.1) to (2.3.2), we obtain

∂t(u1 + u∞) + A(u1 + u∞) = −P∞(B[u1 + u∞]u∞) + (F1 + F∞)(u1 + u∞, g)

= −B[u1 + u∞](u1 + u∞) +G(u1 + u∞, g).

Set u = u1 + u∞, then we have

∂tu+ Au+B[u]u = G(u, g).

Consequently, if we show the existence of a pair of functions {u1, u∞} satisfying (2.3.1)-
(2.3.2), then we obtain a solution u of (0.0.15).
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In this chapter, we consider the low frequency part u1 in a weighted L∞-space. To do
so, the velocity formulation is not suitable, and, instead, we use the momentum formula-
tion for the low frequency part.

Before introducing the momentum formulation, we prepare some inequalities for the
low frequency part. The following inequality is concerned with the estimates of the
weighted Lp norm for the low frequency part.

Lemma 2.3.1. Let χ be a function which belongs to the Schwartz space on Rn. Then for
a nonnegative integer ℓ and 1 ≤ p ≤ ∞, there holds

∥|x|ℓ(χ ∗ f)∥Lp ≤ C{∥|x|ℓχ∥L1∥f∥Lp + ∥χ∥L1∥|x|ℓf∥Lp} (f ∈ Lp
ℓ).

Here ” ∗ ” denotes the convolution and C is a positive constant depending only on ℓ.

Proof. Let χ be a function which belongs to the Schwartz space on Rn. Then

||x|ℓ(χ ∗ f)| ≤ |x|ℓ
∫
Rn

|χ(x− y)f(y)|dy

≤ C

∫
Rn

|x− y|ℓ|χ(x− y)||f(y)|dy + C

∫
Rn

|χ(x− y)||y|ℓ|f(y)|dy.

Therefore, the Young inequality gives

∥|x|ℓ(χ ∗ f)∥Lp ≤ C{∥|x|ℓχ∥L1∥f∥Lp + ∥χ∥L1∥|x|ℓf∥Lp} (f ∈ Lp
ℓ).

This completes the proof. □

Applying Lemma 2.3.1, we have the following inequality for the weighted Lp norm of
the low frequency part.

Lemma 2.3.2. Let k and ℓ be nonnegative integers and let 1 ≤ p ≤ ∞. Then there holds
the estimate

∥|x|ℓ∇kf1∥Lp ≤ C∥|x|ℓf1∥Lp (f1 ∈ L2
(1) ∩ Lp

ℓ).

Proof. We define a cut-off function χ0 = F−1χ̂0 with χ̂0 satisfying

χ̂0 ∈ C∞(Rn), 0 ≤ χ̂0 ≤ 1, χ̂0 = 1 on {|ξ| ≤ r∞}, supp χ̂0 ⊂ {|ξ| ≤ 2r∞}. (2.3.3)

Since f1 ∈ L2
(1), we see that ∇kf1 = (∇kχ0) ∗ f1 (k ≥ 0). Therefore, by Lemma 2.3.1, we

obtain the desired estimate. This completes the proof. □

Since n ≥ 3, applying the Hardy inequality and Lemma 2.3.2, we have the following
inequality for the weighted L2 norm of the low frequency part.
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Lemma 2.3.3. Let ϕ ∈ X (1) and w1 ∈ Y (1). Then, it holds that

∥P1(ϕw1)∥Y (1),L2
≤ C∥ϕ∥L∞

n−1
∥∇w1∥L2 .

Here C > 0 is a constant depending only on n.

Proof. By Lemma 2.3.2, we see that

∥P1(ϕw1)∥Y (1),L2
≤ C∥ϕw1∥L2

1
. (2.3.4)

Since n ≥ 3, by the Hardy inequality, we find that

∥ϕw1∥L2
1
≤ C∥ϕ∥L∞

n−1
∥∇w1∥L2 . (2.3.5)

By (2.3.4) and (2.3.5), we obtain the desired estimate. This completes the proof. □

Let us now reformulate the system (2.3.1)-(2.3.2) by using the momentum. We set m1

and u1,m by

m1 = w1 + P1(ϕw), u1,m = ⊤(ϕ1,m1), (2.3.6)

where ϕ = ϕ1 + ϕ∞ and w = w1 + w∞. Then, we see that {u1,m, u∞} defined by (2.3.6)
satisfies the following system of equations.

Lemma 2.3.4. Assume that {u1, u∞} satisfies the system (2.3.1)-(2.3.2). Then {u1,m, u∞}
satisfies the following system:

∂tu1,m + Au1,m = F1,m(u1 + u∞, g), (2.3.7)

∂tu∞ + Au∞ + P∞(B[u1 + u∞]u∞) = F∞(u1 + u∞, g).

Here

F1,m(u1 + u∞, g) = ⊤(0, F̃1,m(u1 + u∞, g)),

F̃1,m(u1 + u∞, g) = −P1{µ∆(ϕw) + µ̃∇div (ϕw) +
ρ∗
γ
∇(p(1)(ϕ)ϕ2)

+γdiv ((1 + ϕ)w ⊗ w)− 1

γ
((1 + ϕ)g)}. (2.3.8)

Proof. If {u1, u∞} satisfies the system (2.3.1)-(2.3.2), then u = u1+u∞ satisfies (0.0.15).
Hence, we see that

(1 + ϕ)w · ∇w = div ((1 + ϕ)w ⊗ w)− wdiv ((1 + ϕ)w)

= div ((1 + ϕ)w ⊗ w) +
w

γ
∂tϕ. (2.3.9)

Therefore, substituting (2.3.9) into (2.3.1), we obtain the equation (2.3.7). This completes
the proof. □
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Conversely, one can see that the momentum formulation (2.3.2), (2.3.6) and (2.3.7)
gives the solution {u1, u∞} of (2.3.1)-(2.3.2) if ϕ = ϕ1 + ϕ∞ is sufficiently small. In fact,
we have the following Lemma.

Lemma 2.3.5. (i) Let s be an integer satisfying s ≥
[
n
2

]
+ 1 and let u1,m = ⊤(ϕ1,m1)

and u∞ = ⊤(ϕ∞, w∞) satisfy {u1,m, u∞} ∈ Xs(a, b). Then there exists a positive constant
δ0 such that if ϕ = ϕ1 + ϕ∞ satisfies supt∈[a,b] ∥ϕ∥L∞

n−1
≤ δ0, then there uniquely exists

w1 ∈ C([a, b];Y (1)) ∩H1(a, b;Y (1)) that satisfies

w1 = m1 − P1(ϕ(w1 + w∞)), (2.3.10)

where ϕ = ϕ1 + ϕ∞. Furthermore, there hold the estimates

∥w1∥C([a,b];Y (1))
≤ C(∥m1∥C([a,b];Y (1))

+ ∥w∞∥C([a,b];L2)), (2.3.11)∫ a

b

∥∂tw1(τ)∥2Y (1)
dτ ≤ C((∥∂t∇ϕ1∥2C([a,b];L2

1)
+ ∥∂tϕ∞∥2C([a,b];L2

1)
)∥w1∥2C([a,b];L∞

n−2)

+∥∂tϕ∥2C([a,b];L2)∥w1∥2C([a,b];Y (1),L∞ )
)

+

∫ a

b

C
(
∥∂tm1(τ)∥2Y (1)

+ ∥∂tϕ∥2(C[a,b];L2)∥w∞(τ)∥2Hs
n−1

+∥∂tw∞(τ)∥2L2

)
dτ . (2.3.12)

(ii) Let s be an integer satisfying s ≥
[
n
2

]
+ 1 and let u1,m = ⊤(ϕ1,m1) and u∞ =

⊤(ϕ∞, w∞) satisfy {u1,m, u∞} ∈ Xs(a, b). Assume that ϕ = ϕ1+ϕ∞ satisfies supt∈[a,b] ∥ϕ∥L∞
n−1

≤
δ0 and {u1,m, u∞} satisfies

∂tu1,m + Au1,m = F1,m(u1 + u∞, g),

w1 = m1 − P1(ϕw),

∂tu∞ + Au∞ + P∞(B[u1 + u∞]u∞) = F∞(u1 + u∞, g).

Here w = w1 + w∞ with w1 defined by (2.3.10). Then {u1, u∞} with u1 = ⊤(ϕ1, w1)
satisfies (2.3.1)-(2.3.2).

Proof. (i) Let u1,m = ⊤(ϕ1,m1) and u∞ = ⊤(ϕ∞, w∞) satisfy {u1,m, u∞} ∈ Xs(a, b). For
F1 ∈ Y (1), we set P [ϕ]F1 := P1(ϕF1). By Lemma 2.3.2 and Lemma 2.3.3, we see that
P [ϕ]F1 ∈ Y (1) and

∥P [ϕ]F1∥Y (1)
≤ Cδ0{∥F1∥L∞ + ∥∇F1∥L2}.

Hence, if δ0 ≤ C
2
, then (I+P [ϕ]) is boundary invertible on Y (1) and (I+P [ϕ])−1 satisfies

∥(I + P [ϕ])−1F1∥Y (1)
≤ C∥F1∥Y (1)

. (2.3.13)
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By Lemma 1.1.1 and Lemma 2.3.2, we see that m1 − P1(ϕw∞) ∈ Y (1) and

∥m1 − P1(ϕw∞)∥Y (1)
≤ C(∥m1∥Y (1)

+ ∥w∞∥L2). (2.3.14)

We define w1 by
w1 := (I + P [ϕ])−1[m1 − P1(ϕw∞)].

Then, by (2.3.13) and (2.3.14), w1 ∈ Y (1) satisfies (2.3.10) and

∥w1∥Y (1)
≤ C(∥m1∥Y (1)

+ ∥w∞∥L2). (2.3.15)

It directly follows from (2.3.15) that w1 ∈ C([a, b];Y (1)) and w1 satisfies (2.3.11).
We next show that ∂tw1 ∈ L2(a, b;Y (1)) and ∂tw1 satisfies (2.3.12). We set K1 :=

m1−P1(ϕw∞). By Lemma 1.1.1 and Lemma 2.3.2, we see that −P [∂tϕ]w1+∂tK1 ∈ Y (1)

and

∥ − P [∂tϕ]w1 + ∂tK1∥Y (1)
≤ C

{
∥∂tm1∥Y (1)

+ ∥∂tϕ∥L2∥w1∥Y (1),L∞

+(∥∂t∇ϕ1∥L2
1
+ ∥∂tϕ∞∥L2

1
)∥w1∥L∞

n−2

+∥∂tϕ∥L2∥w∞∥Hs
n−1

+ ∥∂tw∞∥L2

}
.

Therefore,
(I + P [ϕ])∂tw1 = −P [∂tϕ]w1 + ∂tK1

and hence, ∂tw1 = (I + P [ϕ])−1[−P [∂tϕ]w1 + ∂tK1] ∈ L2(a, b;Y (1)) and ∂tw1 satisfies
(2.3.12).

(ii) We see from (i) that there uniquely exists w1 ∈ C([a, b];Y (1)) ∩ H1(a, b;Y (1))
satisfying (2.3.10). Then substituting (2.3.10) into (2.3.7), we see that

∂tϕ1 + γw1 = −γP1(div (ϕw)). (2.3.16)

On the other hand, by (2.3.2)1, we have

∂tϕ∞ + γw∞ = −γP∞(div (ϕw)). (2.3.17)

Hence, by adding (2.3.16) to (2.3.17), we see that

∂tϕ+ γdiv ((1 + ϕ)w) = 0, (2.3.18)

where ϕ = ϕ1 + ϕ∞ and w = w1 + w∞. Substituting (2.3.10) into (2.3.7), and by using
a similar computation as (2.3.9) based on (2.3.18), we see that u1 = ⊤(ϕ1, w1) satisfies
(2.3.1). This completes the proof. □

By Lemma 2.3.5, if we show the existence of a pair of functions {u1,m, u∞} ∈ Xs(a, b)
satisfying (2.3.2), (2.3.7) and (2.3.10), then we obtain a solution {u1, u∞} ∈ Xs(a, b)
satisfying (2.3.1)-(2.3.2). Therefore, we will consider (2.3.2), (2.3.7) and (2.3.10) instead
of (2.3.1)-(2.3.2).
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We look for a time periodic solution u for the system (2.3.2), (2.3.7) and (2.3.10). To
solve the time periodic problem for (2.3.2), (2.3.7) and (2.3.10), we introduce solution
operators for the following linear problems:{

∂tu1,m + Au1,m = F1,m,
u1,m|t=0 = u01,m,

(2.3.19)

and {
∂tu∞ + Au∞ + P∞(B[ũ]u∞) = F∞,
u∞|t=0 = u0∞,

(2.3.20)

where ũ = ⊤(ϕ̃, w̃), u01,m, u0∞, F1,m and F∞ are given functions.

To formulate the time periodic problem, we denote by S1(t) the solution operator for
(2.3.19) with F1,m = 0, and by S 1(t) the solution operator for (2.3.19) with u01,m = 0.
We also denote by S∞,ũ(t) the solution operator for (2.3.20) with F∞ = 0 and by S ∞,ũ(t)
the solution operator for (2.3.20) with u0∞ = 0. (The precise definition of these operators
will be given later.)

As in Chapter 1, we will look for {u1,m, u∞} satisfying{
u1,m(t) = S1(t)u01,m + S 1(t)[F1,m(u, g)],
u∞(t) = S∞,u(t)u0∞ + S ∞,u(t)[F∞(u, g)],

(2.3.21)

where {
u01,m = (I − S1(T ))

−1S 1(T )[F1,m(u, g)],
u0∞ = (I − S∞,u(T ))

−1S ∞,u(T )[F∞(u, g)],
(2.3.22)

u = ⊤(ϕ,w) is a function given by u1,m = ⊤(ϕ1,m1) and u∞ = ⊤(ϕ∞, w∞) through the
relation

ϕ = ϕ1 + ϕ∞, w = w1 + w∞, w1 = m1 − P1(ϕw).

Let us explain the relation between (2.3.21)-(2.3.22) and the time periodic problem
(2.3.2), (2.3.7) and (2.3.10) for the reader’s convenience.

If {u1,m, u∞} satisfies (2.3.2), (2.3.7) and (2.3.10), then u1,m(t) and u∞(t) satisfy
(2.3.21). Suppose that {u1,m, u∞} is a T -time periodic solution of (2.3.21). Then, since
u1,m(T ) = u1,m(0) and u∞(T ) = u∞(0), we see that{

(I − S1(T ))u1,m(0) = S 1(T )[F1,m(u, g)],
(I − S∞,u(T )u∞(0))S∞,u(T )[F∞(u, g)],

where u = ⊤(ϕ,w) is a function given by u1,m = ⊤(ϕ1,m1) and u∞ = ⊤(ϕ∞, w∞) through
the relation

ϕ = ϕ1 + ϕ∞, w = w1 + w∞, w1 = m1 − P1(ϕw).

Therefore if (I − S1(T )) and (I − S∞,u(T )) are invertible in a suitable sense, then one
obtains (2.3.21)-(2.3.22). So, to obtain a T -time periodic solution of (2.3.2), (2.3.7) and
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(2.3.10), we look for a pair of functions {u1,m, u∞} satisfying (2.3.21)-(2.3.22). We will in-
vestigate the solution operators S1(t) and S 1(t) in section 5; and we state some properties
of S∞,u(t) and S∞,u(t) in section 6.

In the remaining of this section we introduce some lemmas which will be used in the
proof of Theorem 2.2.1.

For the analysis of the low frequency part, we will use the following well-known in-
equalities.

Lemma 2.3.6. Let α and β be positive numbers satisfying n < α + β. Then there holds
the following estimate.

∫
Rn

(1 + |x− y|)−α(1 + |y|2)−
β
2 dy ≤ C


(1 + |x|)n−(α+β) (max{α, β} < n),

(1 + |x|)−min{α,β} log |x| (max{α, β} = n),

(1 + |x|)−min{α,β} (max{α, β} > n)

for x ∈ Rn.

The following lemma is related to the estimates for the integral kernels which will
appear in the analysis of the low frequency part.

Lemma 2.3.7. Let ℓ be a nonnegative integer and let E(x) = F −1Φ̂ℓ (x ∈ Rn), where
Φ̂ℓ ∈ C∞(Rn − {0}) is a function satisfying

∂α
ξ Φ̂ℓ ∈ L1 (|α| ≤ n− 3 + ℓ),

|∂β
ξ Φ̂ℓ| ≤ C|ξ|−2−|β|+ℓ (ξ ̸= 0, |β| ≥ 0).

Then the following estimate holds for x ̸= 0.

|E(x)| ≤ C|x|−(n−2+ℓ).

Lemma 2.3.7 easily follows from a direct application of [31, Theorem 2.3]; and we omit
the proof.

We will also use the following lemma for the analysis of the low frequency part.

Lemma 2.3.8. (i) Let E(x) (x ∈ Rn) be a scalar function satisfying

|∂α
xE(x)| ≤ C

(1 + |x|)|α|+n−2
(|α| = 0, 1, 2). (2.3.23)

Assume that f is a scalar function satisfying ∥f∥L∞
n ∩L1 < ∞. Then there holds the

following estimate for |α| = 0, 1.

|[∂α
xE ∗ f ](x)| ≤ C

(1 + |x|)|α|+n−2
∥f∥L∞

n ∩L1 .
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(ii) Let E(x) (x ∈ Rn) be a scalar function satisfying (2.3.23). Assume that f is
a scalar function of the form: f = ∂xj

f1 for some 1 ≤ j ≤ n satisfying ∥∂xj
f1∥L∞

n
+

∥f1∥L∞
n−1

< ∞. Then there holds the following estimate for |α| = 0, 1.

|[∂α
xE ∗ f ](x)| ≤ C

(1 + |x|)|α|+n−2
(∥∂xj

f1∥L∞
n
+ ∥f1∥L∞

n−1
).

(iii) Let E(x) (x ∈ Rn) be a scalar function satisfying

|∂α
xE(x)| ≤ C

(1 + |x|)|α|+n−1
(|α| = 0, 1).

Assume that f is a scalar function satisfying ∥f∥L∞
n
< ∞. Then there holds the following

estimate for |α| = 0, 1.

|[∂α
xE ∗ f ](x)| ≤ C log |x|

(1 + |x|)|α|+n−1
∥f∥L∞

n
.

Lemma 2.3.8 (i) and (ii) is given in [32, Lemma 2.5] for n = 3 and the case n ≥ 4 can
be proved similarly; the assertion (iii) can be proved by a direct computation based on
Lemma 2.3.6; and so the details are omitted here.

The following inequalities will be used to estimate the low frequency part of nonlinear
terms.

Lemma 2.3.9. (i) Let ℓ be a nonnegative integer satisfying ℓ ≥ n − 1 and E(x) be a
scaler function satisfying

|E(x)| ≤ C

(1 + |x|)ℓ
for x ∈ Rn.

Then for f ∈ L2
n−1, it holds that

∥E ∗ f∥L∞
n−1

≤ C{∥(1 + |y|)−ℓ∥L2∥f∥L2
n−1

+ ∥f∥L2
n−1

}.

(ii) Let E(x) be a scaler function satisfying

|E(x)| ≤ C

(1 + |x|)n−2
for x ∈ Rn.

Then for f ∈ L1
n−1, it holds that

∥E ∗ f∥L∞
n−1

≤ C∥f∥L1
n−1

.

Lemma 2.3.9 easily follows from direct computations; and we omit the proof.

The following lemma is related to the weighted L∞ estimate for the low frequency
part.
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Lemma 2.3.10.
∥F1∥Y (1),L∞

≤ C∥F1∥L2
(1),n−1

.

for F1 ∈ L2
(1),n−1.

Proof. We see that F̃1 = χ0 ∗ F1, where χ0 = F−1χ̂0, χ̂0 is the cut-off function defined
by (2.3.3). Since χ̂0 belongs to the Schwartz space on Rn, we find that

|∂α
xχ0(x)| ≤ C(1 + |x|)−(n+|α|) for |α| ≥ 0. (2.3.24)

Therefore, applying Lemma 2.3.2 and Lemma 2.3.9, we obtain the desired estimate. This
completes the proof. □

As for the high frequency part, we have the following inequality.

Lemma 2.3.11. Let ℓ ∈ N. Then there exists a positive constant C depending only on ℓ
such that

∥P∞f∥L2
ℓ
≤ C∥∇f∥L2

ℓ
.

Lemma 2.3.11 follows from the inequalities

∥|x|k∇f∞∥2L2 ≥
r21
2
∥|x|kf∞∥2L2 − C∥|x|k−1f∞∥2L2 (k = 1, · · · , ℓ)

for f∞ ∈ H1
(∞),ℓ which are proved in Lemma 1.3.6 by using the Plancherel theorem.

To estimate nonlinear and inhomogeneous terms, we need to estimate w
(1)
1 − w

(2)
1 in

terms of ϕ
(1)
1 − ϕ

(2)
1 , ϕ

(1)
∞ − ϕ

(2)
∞ , m

(1)
1 −m

(2)
1 and w

(1)
∞ − w

(2)
∞ .

Let s be an integer satisfying s ≥ [n
2
] + 1. Let u

(k)
1,m = ⊤(ϕ

(k)
1 ,m

(k)
1 ) and u

(k)
∞ =

⊤(ϕ
(k)
∞ , w

(k)
∞ ) satisfy {u(k)

1,m, u
(k)
∞ } ∈ Xs(a, b). Assume that ϕ(k) = ϕ

(k)
1 + ϕ

(k)
∞ satisfies

supt∈[a,b] ∥ϕ(k)∥L∞
n−1

≤ δ0, where δ0 is the one used in Lemma 2.3.5 for (k = 1, 2). Then by

Lemma 2.3.5 (i), there uniquely exist w
(k)
1 ∈ C([a, b];Y (1)) ∩H1(a, b;Y (1)) satisfying

w
(k)
1 = m

(k)
1 + P1(ϕ

(k)w(k)),

where w(k) = w
(k)
1 + w

(k)
∞ for k = 1, 2 . Then w

(1)
1 − w

(2)
1 satisfies

w
(1)
1 − w

(2)
1

= m
(1)
1 −m

(2)
1 − P1(ϕ

(1)(w(1) − w(2)))− P1(w
(2)(ϕ(1) − ϕ(2))). (2.3.25)

We obtain the following estimate for w
(1)
1 − w

(2)
1 .
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Lemma 2.3.12. It holds that

∥w(1)
1 − w

(2)
1 ∥

C([a,b];Y (1))∩H1(a,b;Y (1))

≤ C

(
1 +

2∑
k=1

∥{u(k)
1,m, u

(k)
∞ }∥Xs(a,b)

)
∥{u(1)

1,m − u
(2)
1,m, u

(1)
∞ − u(2)

∞ }∥Xs−1(a,b).

Lemma 2.3.12 directly follows from Lemma 1.1.1, Lemma 1.1.2, Lemma 2.3.2, Lemma
2.3.10 and (2.3.25); and we omit the proof.

2.4 Properties of S1(t) and S 1(t)

In this section we investigate S1(t) and S 1(t) and establish estimates for a solution u1 of

∂tu1 + Au1 = F1 (2.4.1)

satisfying u1(0) = u1(T ) where F1 =
⊤(0, F̃1).

We denote by A1 the restriction of A on X (1) × Y (1).

Proposition 2.4.1. (i) A1 is a bounded linear operator on X (1)×Y (1) and S1(t) = e−tA1

is a uniformly continuous semigroup on X (1) × Y (1). Furthermore, S1(t) satisfies

S1(t)u1 ∈ C1([0, T ′];X (1) × Y (1)), ∂tS1(·)u1 ∈ C([0, T ′];L2)

for each u ∈ X (1) × Y (1) and all T ′ > 0,

∂tS1(t)u1 = −A1S1(t)u1 (= −AS1(t)u1), S1(0)u1 = u1 for u1 ∈ X (1) × Y (1),

∥∂k
t S1(·)u1∥C([0,T ′];X (1),L∞×Y (1),L∞ )

≤ C∥u1∥X (1),L∞×Y (1),L∞
,

∥∂k
t S1(·)u1∥C([0,T ′];X (1),L2×Y (1),L2 )

≤ C∥u1∥X (1),L2×Y (1),L2

for u1 ∈ X (1) × Y (1), k = 0, 1,

∥∂tS1(t)u1∥C([0,T ′];L2) ≤ C∥u1∥X (1)×Y (1)
,

and
∥∂t∇S1(t)u1∥C([0,T ′];L2

1)
≤ C∥u1∥X (1)×Y (1)

for u1 ∈ X (1) × Y (1), where T ′ > 0 is any given positive number and C is a positive
constant depending on T ′.

(ii) Let the operator S 1(t) be defined by

S 1(t)F1 =

∫ t

0

S1(t− τ)F1(τ) dτ
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for F1 ∈ C([0, T ];X (1))× L2(0, T ;Y (1)). Then

S 1(·)F1 ∈ C1([0, T ];X (1))× [C([0, T ];Y (1))×H1(0, T ;Y (1))]

for each F1 ∈ C([0, T ];X (1))× L2(0, T ;Y (1)) and

∂tS 1(t)F1 + A1S 1(t)F1 = F1(t), S 1(0)F1 = 0,

∥S 1(·)F1∥C([0,T ];X (1),Lp×Y (1),Lp )
≤ C∥F1∥C([0,T ];X (1),Lp )×L2(0,T ;Y (1),L

p)
,

∥∂tS 1(·)F1∥C([0,T ];X (1),Lp )×L2(0,T ;Y (1),Lp )
≤ C∥F1∥C([0,T ];X (1),Lp )×L2(0,T ;Y (1),L

p)
,

for p = 2,∞, where C is a positive constant depending on T . If, in addition, F1 ∈
C([0, T ];L2

1), then ∂tS 1(·)F1 ∈ C([0, T ];L2), ∂t∇S 1(·)F1 ∈ C([0, T ];L2
1),

∥∂tS 1(·)F1∥C([0,T ];L2) ≤ C∥F1∥C([0,T ];L2),

and
∥∂t∇S 1(·)F1∥C([0,T ];L2

1)
≤ C∥F1∥C([0,T ];L2

1)
,

where C is a positive constant depending on T .

(iii) It holds that
S1(t)S 1(t

′)F1 = S 1(t
′)[S1(t)F1]

for any t ≥ 0, t′ ∈ [0, T ] and F1 ∈ C([0, T ];X (1))× L2(0, T ;Y (1)).

Proof of Proposition 2.4.1. Let

Âξ =

(
0 iγ⊤ξ
iγξ ν|ξ|2In + ν̃ξ⊤ξ

)
(ξ ∈ Rn).

Then, F(Au1) = Âξû1. Hence, if supp û1 ⊂ {ξ; |ξ| ≤ r∞}, then supp Âξû1 ⊂ {ξ; |ξ| ≤ r∞}.
Furthermore, we see from Lemma 2.3.2 that

∥Au1∥X (1),Lp×Y (1),Lp
≤ C∥u1∥X (1),Lp×Y (1),Lp

for p = 2,∞. Therefore, A1 is a bounded linear operator on X (1) × Y (1). It then follows
that −A1 generates a uniformly continuous semigroup S1(t) = e−tA1 that is given by

S1(t)u1 = F−1(e−tÂξFu1) (u1 ∈ X (1) × Y (1)).

Furthermore, S1(t) satisfies S1(·)u1 ∈ C1([0, T ′];X (1) × Y (1)) for each u ∈ X (1) × Y (1) ,
and

∂tS1(t)u1 = −A1S1(t)u1 (= −AS1(t)u1), S1(0)u1 = u1 for u1 ∈ X (1) × Y (1).

It easily follows from the definition of S1(t) that

∥S1(·)u1∥C([0,T ′];X (1),Lp×Y (1),Lp )
≤ C∥u1∥X (1),Lp×Y (1),Lp

(p = 2,∞) for u1 ∈ X (1) × Y (1),
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and hence, by the relation ∂tS1(t)u1 = −A1S1(t)u1 and Lemma 2.3.2,

∥∂tS1(·)u1∥C([0,T ′];X (1),Lp×Y (1),Lp )
≤ C∥u1∥X (1),Lp×Y (1),Lp

(p = 2,∞) for u1 ∈ X (1) × Y (1),

where T ′ > 0 is any given positive number and C is a positive constant depending on T ′. In
addition, we see from the relation ∂tS1(t)u1 = −A1S1(t)u1 that ∂tS1(·)u1 ∈ C([0, T ′];L2),
∂t∇S1(·)u1 ∈ C([0, T ′];L2

1),

∥∂tS1(·)u1∥C([0,T ′];L2) ≤ C∥u1∥X (1)×Y (1)

and
∥∂t∇S1(·)u1∥C([0,T ′];L2

1)
≤ C∥u1∥X (1)×Y (1)

.

The assertion (ii) follows from Lemma 2.3.2, the assertion (i) and the relation ∂tS 1(t)[F1] =
−A1S 1(t)[F1] + F1(t). The assertion (iii) easily follows from the definitions of S1(t) and
S 1(t). This completes the proof. □

We next investigate invertibility of I − S1(T ).

Proposition 2.4.2. If F1 satisfies the conditions given in either (i)-(iii), then there
uniquely exists u ∈ X (1) × Y (1) that satisfies (I − S1(T ))u = F1 and u satisfies the
estimates in (i)-(iii), respectively.

(i) F1 ∈ L2
(1),1 ∩ L∞ ∩ L1;

∥u∥X (1),L∞×Y (1),L∞
≤ C{∥F1∥L∞

n
+ ∥F1∥L1}, (2.4.2)

∥u∥X (1),L2×Y (1),L2
≤ C(∥F1∥L1 + ∥F1∥L2

1
). (2.4.3)

(ii) F1 = ∂α
xF

(1)
1 ∈ L∞

n ∩ L2
(1),1 with F

(1)
1 ∈ L2

(1) ∩ L∞
n−1 for some α satisfying |α| = 1;

∥u∥X (1),L∞×Y (1),L∞
≤ C{∥F1∥L∞

n
+ ∥F (1)

1 ∥L∞
n−1

},

∥u∥X (1),L2×Y (1),L2
≤ C(∥F (1)

1 ∥L2 + ∥F1∥L2
1
).

(iii) F1 = ∂α
xF

(1)
1 ∈ L2

(1) with F
(1)
1 ∈ L2

(1),1 ∩ L∞
n for some α satisfying |α| ≥ 1;

∥u∥X (1),L∞×Y (1),L∞
≤ C∥F (1)

1 ∥L∞
n
, (2.4.4)

∥u∥X (1),L2×Y (1),L2
≤ C∥F (1)

1 ∥L2
1
. (2.4.5)

To prove Proposition 2.4.2, we prepare some lemmas. Recall that we have the following
lemmas related to the linearized semigroup in Chapter 1.
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Lemma 2.4.3. ([26]) (i) The set of all eigenvalues of −Âξ consists of λj(ξ) (j = 1,±),
where {

λ1(ξ) = −ν|ξ|2,
λ±(ξ) = −1

2
(ν + ν̃)|ξ|2 ± 1

2

√
(ν + ν̃)2|ξ|4 − 4γ2|ξ|2.

If |ξ| < 2γ
ν+ν̃

, then

Reλ± = −1

2
(ν + ν̃)|ξ|2, Imλ± = ±γ|ξ|

√
1− (ν + ν̃)2

4γ2
|ξ|2.

(ii) For |ξ| < 2γ
ν+ν̃

, e−tÂξ has the spectral resolution

e−tÂξ =
∑
j=1,±

etλj(ξ)Πj(ξ),

where Πj(ξ) are eigenprojections for λj(ξ) (j = 1,±), and Πj(ξ) (j = 1,±) satisfy

Π1(ξ) =

(
0 0

0 In − ξ⊤ξ
|ξ|2

)
,

Π±(ξ) = ± 1

λ+ − λ−

(
−λ∓ −iγ⊤ξ

−iγξ λ±
ξ⊤ξ
|ξ|2

)
.

Furthermore, if 0 < r∞ < 2γ
ν+ν̃

, then there exists a constant C > 0 such that the estimates

∥Πj(ξ)∥ ≤ C (j = 1,±) (2.4.6)

hold for |ξ| ≤ r∞.

Hereafter we fix 0 < r1 < r∞ < 2γ
ν+ν̃

so that (2.4.6) in Lemma 2.4.3 holds for |ξ| ≤ r∞.

Lemma 2.4.4. Let α be a multi-index. Then the following estimates hold true uniformly
for ξ with |ξ| ≤ r∞ and t ∈ [0, T ].

(i) |∂α
ξ λ1| ≤ C|ξ|2−|α|, |∂α

ξ λ±| ≤ C|ξ|1−|α| (|α| ≥ 0).

(ii) |(∂α
ξ Π1)F̂1| ≤ C|ξ|−|α|| ˆ̃F1|, |(∂α

ξ Π±)F̂1| ≤ C|ξ|−|α||F̂1| (|α| ≥ 0), where F1 =
⊤(F 0

1 , F̃1).

(iii) |∂α
ξ (e

λ1t)| ≤ C|ξ|2−|α| (|α| ≥ 1).

(iv) |∂α
ξ (e

λ±t)| ≤ C|ξ|1−|α| (|α| ≥ 1).

(v) |(∂α
ξ e

−tÂξ)F̂1| ≤ C(|ξ|1−|α||F̂ 0
1 |+ |ξ|−|α|| ˆ̃F1|) (|α| ≥ 1), where F1 =

⊤(F 0
1 , F̃1).

(vi) |∂α
ξ (I − eλ1t)−1| ≤ C|ξ|−2−|α| (|α| ≥ 0).
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(vii) |∂α
ξ (I − eλ±t)−1| ≤ C|ξ|−1−|α| (|α| ≥ 0).

Lemma 2.4.5. Set

E1,j(x) := F−1(χ̂0(I − eλjT )−1Πj) (j = 1,±) (x ∈ Rn),

where χ0 is the cut-off function defined by (2.3.3). Let α be a multi-index satisfying
|α| ≥ 0. Then the following estimates hold true uniformly for x ∈ Rn.

(i) |∂α
xE1,1(x)| ≤ C(1 + |x|)−(n−2+|α|).

(ii) |∂α
xE1,±(x)| ≤ C(1 + |x|)−(n−1+|α|).

Proof. It follows from Lemma 2.4.4 that∑
j

|∂α
xE1,j(x)| ≤ C

∫
|ξ|≤2r∞

|ξ|−2dξ (x ∈ Rn).

Since
∫
|ξ|≤r∞

|ξ|−2dξ < ∞ for n ≥ 3, we see that∑
j

|∂α
xE1,j(x)| ≤ C (x ∈ Rn), (2.4.7)

where C > 0 is a constant depending on α, T and n. By Lemma 2.4.4, we have

|∂β
ξ ((iξ)

αχ̂0(I − eλ1T )−1Π1)| ≤ C|ξ|−2+|α|−|β| for |β| ≥ 0,

|∂β
ξ ((iξ)

αχ̂0(I − eλ±T )−1Π±)| ≤ C|ξ|−1+|α|−|β| for |β| ≥ 0.

It then follows from Lemma 2.3.7 that

|∂α
xE1,1(x)| ≤ C|x|−(n−2+|α|) and |∂α

xE1,±(x)| ≤ C|x|−(n−1+|α|). (2.4.8)

From (2.4.7) and (2.4.8), we obtain the desired estimates. This completes the proof. □

Let us now prove Proposition 2.4.2.

Proof of Proposition 2.4.2. We define a function u by

u = F−1{(I − e−TÂξ)−1F̂1}.

(i) By using Lemma 2.4.4, one can easily obtain (2.4.3). As for (2.4.2), note that

u = F−1((I − e−TÂξ)−1F̂1) =
∑
j

E1,j ∗ F1,
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where E1,j are the ones defined in Lemma 2.4.5. Then by Lemma 2.4.5, we see that∑
j E1,j satisfies

|∂α
x

∑
j

E1,j(x)| ≤ C(1 + |x|)−(n−2+|α|) (|α| ≥ 0).

Therefore, applying Lemma 2.3.8 (i), we obtain (2.4.2).

The assertion (ii) follows similarly from Lemma 2.3.8 (ii), Lemma 2.4.4 and Lemma
2.4.5.

(iii) By using Lemma 2.4.4, one can easily obtain (2.4.5). As for (2.4.4), if there exists

a function F
(1)
1 ∈ L2

(1) ∩ L∞
n satisfying F1 = ∂α

xF
(1)
1 for some α satisfying |α| ≥ 1, then

u =

(∑
j

∂α
xE1,j

)
∗ F (1)

1 .

Lemma 2.4.5 yields

|
∑
j

∂α+β
x E1,j(x)| ≤ C(1 + |x|)−(n−1+|β|)

for x ∈ Rn, |α| ≥ 1 and |β| ≥ 0. It then follows from Lemma 2.3.8 (iii) that

∥u∥X (1),L∞×Y (1),L∞
≤ C∥F (1)

1 ∥L∞
n
.

This completes the proof. □

In view of Proposition 2.4.2 (i), I −S1(T ) has bounded inverse (I −S1(T ))
−1: L2

(1),1 ∩
L∞ ∩ L1 → X (1) × Y (1) and it holds that

∥(I − S1(T ))
−1F1∥X (1),L∞×Y (1),L∞

≤ C{∥F1∥L∞
n
+ ∥F1∥L1},

∥(I − S1(T ))
−1F1∥X (1),L2×Y (1),L2

≤ C(∥F1∥L1 + ∥F1∥L2
1
).

If F1 = ∂α
xF

(1)
1 ∈ L∞

n ∩ L2
(1),1 with F

(1)
1 ∈ L2

(1) ∩ L∞
n−1 for some α satisfying |α| = 1,

then (I − S1(T ))
−1F1 ∈ X (1) × Y (1) and

∥(I − S1(T ))
−1F1∥X (1),L∞×Y (1),L∞

≤ C{∥F1∥L∞
n
+ ∥F (1)

1 ∥L∞
n−1

},

∥(I − S1(T ))
−1F1∥X (1),L2×Y (1),L2

≤ C(∥F (1)
1 ∥L2 + ∥F1∥L2

1
).

Furthermore, if F1 = ∂α
xF

(1)
1 ∈ L2

(1) with F
(1)
1 ∈ L2

(1),1 ∩ L∞
n for some α satisfying

|α| ≥ 1, then (I − S1(T ))
−1F1 ∈ X (1) × Y (1) and

∥(I − S1(T ))
−1F1∥X (1),L∞×Y (1),L∞

≤ C∥F (1)
1 ∥L∞

n
,
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∥(I − S1(T ))
−1F1∥X (1),L2×Y (1),L2

≤ C∥F (1)
1 ∥L2

1
.

We next estimate S1(t)S 1(T )(I −S1(T ))
−1F1 and S 1(t)F1. Let E1(t, σ) and E2(t, τ)

be defined by

E1(t, σ) = F−1{χ̂0e
−tÂξ(I − e−TÂξ)−1e−(T−σ)Âξ},

E2(t, τ) = F−1{χ̂0e
−(t−τ)Âξ}

for σ ∈ [0, T ], 0 ≤ τ ≤ t ≤ T , where χ̂0 is the cut-off function defined by (4.9). Then
S 1(t)F1 and S1(t)S 1(T )(I − S1(T ))

−1F1 are given by

S1(t)S 1(T )(I − S1(T ))
−1F1 =

∫ T

0

E1(t, σ) ∗ F1(σ)dσ, (2.4.9)

S 1(t)F1 =

∫ t

0

S1(t− τ)F1(τ)dτ =

∫ t

0

E2(t, τ) ∗ F1(τ)dτ . (2.4.10)

We have the following estimates for E1(t, σ) ∗ F1 and E2(t, τ) ∗ F1.

Lemma 2.4.6. If F1 satisfies the conditions given in either (i)-(iii), then E1(t, σ) ∗ F1 ∈
X (1)×Y (1), E2(t, τ)∗F1 ∈ X (1)×Y (1) (t, σ, τ ∈ [0, T ], j = 1, 2) and E1(t, σ)∗F1, E2(t, τ)∗
F1 satisfy the estimates in (i)-(iii), respectively.

(i) F1 ∈ L2
(1),1 ∩ L∞ ∩ L1;

∥E1(t, σ) ∗ F1∥X (1),L∞×Y (1),L∞
+ ∥E2(t, τ) ∗ F1∥X (1),L∞×Y (1),L∞

≤ C{∥F1∥L∞
n
+ ∥F1∥L1}

and

∥E1(t, σ) ∗ F1∥X (1),L2×Y (1),L2
+ ∥E2(t, τ) ∗ F1∥X (1),L2×Y (1),L2

≤ C(∥F1∥L1 + ∥F1∥L2
1
)

uniformly for σ ∈ [0, T ] and 0 ≤ τ ≤ t ≤ T .

(ii) F1 = ∂α
xF

(1)
1 ∈ L∞

n ∩ L2
(1),1 with F

(1)
1 ∈ L2

(1) ∩ L∞
n−1 for some α satisfying |α| = 1;

∥E1(t, σ)∗F1∥X (1),L∞×Y (1),L∞
+∥E2(t, τ)∗F1∥X (1),L∞×Y (1),L∞

≤ C{∥F1∥L∞
n
+∥F (1)

1 ∥L∞
n−1

}

and

∥E1(t, σ) ∗ F1∥X (1),L2×Y (1),L2
+ ∥E2(t, τ) ∗ F1∥X (1),L2×Y (1),L2

≤ C(∥F (1)
1 ∥L2 + ∥F1∥L2

1
)

uniformly for σ ∈ [0, T ] and 0 ≤ τ ≤ t ≤ T .

(iii) F1 = ∂α
xF

(1)
1 ∈ L2

(1) with F
(1)
1 ∈ L2

(1),1 ∩ L∞
n for some α satisfying |α| ≥ 1;

∥E1(t, σ) ∗ F1∥X (1),L∞×Y (1),L∞
+ ∥E2(t, τ) ∗ F1∥X (1),L∞×Y (1),L∞

≤ C∥F (1)
1 ∥L∞

n

and

∥E1(t, σ) ∗ F1∥X (1),L2×Y (1),L2
+ ∥E2(t, τ) ∗ F1∥X (1),L2×Y (1),L2

≤ C∥F (1)
1 ∥L2

1

uniformly for σ ∈ [0, T ] and 0 ≤ τ ≤ t ≤ T .
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Proof of Lemma 2.4.6. By Lemmas 2.4.3 and 2.4.4, we see that

|∂β
ξ (χ̂0(iξ)

αe−tÂξ(I − e−TÂξ)−1e−(T−σ)Âξ)| ≤ C|ξ|−2+|α|−|β|,

|∂β
ξ (χ̂0(iξ)

αe−(t−τ)Âξ)| ≤ C|ξ||α|−|β|

for σ ∈ [0, T ], 0 ≤ τ ≤ t ≤ T and |β| ≥ 0. It then follows from Lemma 2.3.7 that

|∂α
xE1(x)| ≤ C(1 + |x|)−(n−2+|α|), |∂α

xE2(x)| ≤ C(1 + |x|)−(n+|α|) (2.4.11)

for |α| ≥ 0. Therefore, in a similar manner to the proof of Proposition 2.4.2, we obtain
the desired estimate by using Lemma 2.3.8 and Lemma 2.4.5. This completes the proof.
□

We see from Proposition 2.4.1 (i), (ii) and Lemma 2.4.6 that the following estimates
hold for S1(t)S 1(T )(I − S1(T ))

−1 and S 1(t).

Proposition 2.4.7. Let Γ1 and Γ2 be defined by

Γ1[F̃1](t) = S1(t)S 1(T )(I − S1(T ))
−1

(
0

F̃1

)
, Γ2[F̃1](t) = S 1(t)

(
0

F̃1

)
. (2.4.12)

If F̃1 satisfies the conditions given in either (i)-(iii), then Γj[F̃1] ∈ C1([0, T ];X (1)) ×
[C([0, T ];Y (1)) ∩H1(0, T ;Y (1))] (j = 1, 2) and Γj[F̃1] satisfy the estimates in (i)-(iii) for
j = 1, 2, respectively.

(i) F̃1 ∈ L2(0, T ;L2
(1),1 ∩ L∞ ∩ L1 ∩ Y (1));

∥Γ1[F̃1]∥C([0,T ];X (1)×Y (1))
≤ C∥F̃1∥L2(0,T ;L∞

n ∩L1∩L2
1)
,

∥∂tΓ1[F̃1]∥C([0,T ];X (1))×L2(0,T ;Y (1))
≤ C∥F̃1∥L2(0,T ;L∞

n ∩L1∩L2
1)
,

and

∥Γ2[F̃1]∥C([0,T ];X (1)×Y (1))
≤ C∥F̃1∥L2(0,T ;L∞

n ∩L1∩L2
1)
,

∥∂tΓ2[F̃1]∥C([0,T ];X (1))×L2(0,T ;Y (1))
≤ C(∥F̃1∥L2(0,T ;L∞

n ∩L1∩L2
1)
+ ∥F̃1∥L2(0,T ;Y (1))

).

(ii) F̃1 = ∂α
xF

(1)
1 ∈ L2(0, T ;L∞

n ∩ L2
(1),1 ∩ Y (1)) with F

(1)
1 ∈ L2(0, T ;L2

(1) ∩ L∞
n−1) for

some α satisfying |α| = 1;

∥Γ1[F̃1]∥C([0,T ];X (1)×Y (1))
≤ C(∥F̃1∥L2(0,T ;L∞

n ∩L2
1)
+ ∥F (1)

1 ∥L2(0,T ;L∞
n−1∩L2)),

∥∂tΓ1[F̃1]∥C([0,T ];X (1))×L2(0,T ;Y (1))
≤ C(∥F̃1∥L2(0,T ;L∞

n ∩L2
1)
+ ∥F (1)

1 ∥L2(0,T ;L∞
n−1∩L2)),

and

∥Γ2[F̃1]∥C([0,T ];X (1)×Y (1))
≤ C(∥F̃1∥L2(0,T ;L∞

n ∩L2
1)
+ ∥F (1)

1 ∥L2(0,T ;L∞
n−1∩L2)),
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∥∂tΓ2[F̃1]∥C([0,T ];X (1))×L2(0,T ;Y (1))
≤ C(∥F̃1∥L2(0,T ;L∞

n ∩L2
1)
+ ∥F (1)

1 ∥L2(0,T ;L∞
n−1∩L2)

+∥F̃1∥L2(0,T ;Y (1))
).

(iii) F̃1 = ∂α
xF

(1)
1 ∈ L2(0, T ;L2

(1) ∩ Y (1)) with F
(1)
1 ∈ L2(0, T ;L2

(1),1 ∩ L∞
n ) for some α

satisfying |α| ≥ 1;

∥Γ1[F̃1]∥C([0,T ];X (1)×Y (1))
≤ C∥F (1)

1 ∥L2(0,T ;L∞
n ∩L2

1)
,

∥∂tΓ1[F̃1]∥C([0,T ];X (1))×L2(0,T ;Y (1))
≤ C∥F (1)

1 ∥L2(0,T ;L∞
n ∩L2

1)

and

∥Γ2[F̃1]∥C([0,T ];X (1)×Y (1))
≤ C∥F (1)

1 ∥L2(0,T ;L∞
n ∩L2

1)
,

∥∂tΓ2[F̃1]∥C([0,T ];X (1))×L2(0,T ;Y (1))
≤ C(∥F (1)

1 ∥L2(0,T ;L∞
n ∩L2

1)
+ ∥F̃1∥L2(0,T ;Y (1))

).

As for ∥F̃1∥L2(0,T ;Y (1),Lp )
(p = 2,∞), we have the following proposition.

Proposition 2.4.8. If F̃1 satisfies the conditions given in either (i)-(iii), then F̃1 ∈
L2(0, T ;Y (1)) and F̃1 satisfies the estimates in (i)-(iii), respectively.

(i) F̃1 ∈ L2(0, T ;L2
(1),1 ∩ L∞ ∩ L1);

∥F̃1∥L2(0,T ;Y (1),L∞ )
≤ C∥F̃1∥L2(0,T ;L∞

n ∩L1),

∥F̃1∥L2(0,T ;Y (1),L2 )
≤ C∥F̃1∥L2(0,T ;L1∩L2

1)
.

(ii) F̃1 = ∂α
xF

(1)
1 ∈ L2(0, T ;L∞

n ∩ L2
(1),1) with F

(1)
1 ∈ L2(0, T ;L2

(1) ∩ L∞
n−1) for some α

satisfying |α| = 1 ;

∥F̃1∥L2(0,T ;Y (1),L∞ )
≤ C(∥F̃1∥L2(0,T ;L∞

n ) + ∥F (1)
1 ∥L2(0,T ;L∞

n−1)
),

∥F̃1∥L2(0,T ;Y (1),L2 )
≤ C(∥F (1)

1 ∥L2(0,T ;L2) + ∥F̃1∥L2(0,T ;L2
1)
).

(iii) F̃1 = ∂α
xF

(1)
1 ∈ L2(0, T ;L2

(1)) with F
(1)
1 ∈ L2(0, T ;L2

(1),1∩L∞
n ) for some α satisfying

|α| ≥ 1;

∥F̃1∥L2(0,T ;Y (1),L∞ )
≤ C∥F (1)

1 ∥L2(0,T ;L∞
n ),

∥F̃1∥L2(0,T ;Y (1),L2 )
≤ C∥F (1)

1 ∥L2(0,T ;L2
1)
.

Proof of Proposition 2.4.8. We see that F̃1 = χ0 ∗ F̃1, where χ0 = F−1χ̂0, χ̂0 is the
cut-off function defined by (2.3.3) satisfying (2.3.24). Therefore, in a similar manner to
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the proof of Proposition 2.4.2, we obtain the desired estimates. This completes the proof.
□

We will also need another type of estimates for Γ1 and Γ2. We set

Γ0[F̃1] := (I − S1(T ))
−1

(
0

F̃1

)
.

Proposition 2.4.9. (i) Let α be a multi-index satisfying |α| ≥ 0. Suppose that F̃1 ∈
L1
n−1 ∩ L2

(1). Then Γ0[∂
α
x F̃1] ∈ X (1) × Y (1) and it holds that

∥Γ0[∂
α
x F̃1]∥X (1)×Y (1)

≤ C∥F̃1∥L1
n−1

.

If F̃1 ∈ L2(0, T ;L1
n−1 ∩ L2

(1)), then, for j = 1, 2, Γj[∂
α
x F̃1] ∈ Z (1)(0, T ) and it holds that

∥Γj[∂
α
x F̃1](t)∥Z (1)(0,T )

≤ C∥F̃1∥L2(0,T ;L1
n−1)

.

(ii) Let α be a multi-index satisfying |α| ≥ 1. Suppose that F̃1 ∈ L2
(1),n−1. Then

Γ0[∂
α
x F̃1] ∈ X (1) × Y (1) and it holds that

∥Γ0[∂
α
x F̃1]∥X (1)×Y (1)

≤ C∥F̃1∥L2
n−1

.

If F̃1 ∈ L2(0, T ;L2
(1),n−1), then, for j = 1, 2, Γj[∂

α
x F̃1] ∈ Z (1)(0, T ) and it holds that

∥Γj[∂
α
x F̃1](t)∥Z (1)(0,T )

≤ C∥F̃1∥L2(0,T ;L2
n−1)

.

Proof of Proposition 2.4.9. (i) We have already obtained the estimate for ∥Γ0[∂
α
x F̃1]∥X (1),L2×Y (1),L2

in (2.4.3). We see from Lemma 2.4.5 and Lemma 2.3.9 (ii) that

∥Γ0[∂
α
x F̃1]∥L∞

n−1
≤ C∥F̃1∥L1

n−1
.

Therefore, by Lemma 2.3.2, we find that

∥Γ0[∂
α
x F̃1]∥X (1),L∞×Y (1),L∞

≤ C∥F̃1∥L1
n−1

.

Similarly, the estimates of Γj (j = 1, 2) follow from (2.3.24), Lemma 2.3.9 (ii), Propo-
sition 2.4.1, (2.4.9), (2.4.10) and (2.4.11).

The assertion (ii) can be proved similarly from (2.3.24), Lemma 2.3.9 (i), Proposition
2.4.1, (2.4.9), (2.4.10) and (2.4.11). This completes the proof. □

We are now in a position to give estimates for a solution of (2.4.1) satisfying u1(0) =
u1(T ).
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For F1 =
⊤(0, F̃1) we set

Γ[F̃1] = S1(t)S 1(T )(I − S1(T ))
−1F1 + S 1(t)F1.

Then Γ[F̃1] is written as

Γ[F̃1](t) = Γ1[F̃1] + Γ2[F̃1], (2.4.13)

where Γ1 and Γ2 were defined by (2.4.12).

Proposition 2.4.10. If F̃1 satisfies the conditions given in either (i)-(v), then Γ[F̃1] is
a solution of (2.4.1) with F1 = ⊤(0, F̃1) in Z (1)(0, T ) satisfying Γ[F̃1](0) = Γ[F̃1](T ) and

Γ[F̃1] satisfies the estimate in (i)-(v), respectively.

(i) F̃1 ∈ L2(0, T ;L2
(1),1 ∩ L∞ ∩ L1);

∥Γ[F̃1]∥Z (1)(0,T )
≤ C∥F̃1∥L2(0,T ;L∞

n ∩L1∩L2
1)
. (2.4.14)

(ii) F̃1 = ∂α
xF

(1)
1 ∈ L2(0, T ;L∞

n ∩ L2
(1),1) with F

(1)
1 ∈ L2(0, T ;L2

(1) ∩ L∞
n−1) for some α

satisfying |α| = 1;

∥Γ[F̃1]∥Z (1)(0,T )
≤ C(∥F̃1∥L2(0,T ;L∞

n ∩L2
1)
+ ∥F (1)

1 ∥L2(0,T ;L∞
n−1∩L2)). (2.4.15)

(iii) F̃1 = ∂α
xF

(1)
1 ∈ L2(0, T ;L2

(1)) with F
(1)
1 ∈ L2(0, T ;L2

(1),1∩L∞
n ) for some α satisfying

|α| ≥ 1;

∥Γ[F̃1]∥Z (1)(0,T )
≤ C∥F (1)

1 ∥L2(0,T ;L∞
n ∩L2

1)
. (2.4.16)

(iv) F̃1 = ∂α
xF

(1)
1 ∈ L2(0, T ;L1

n−1 ∩ L2
(1)) for some α satisfying |α| ≥ 0;

∥Γ[F̃1]∥Z (1)(0,T )
≤ C∥F (1)

1 ∥L2(0,T ;L1
n−1)

. (2.4.17)

(v) F̃1 = ∂α
xF

(1)
1 ∈ L2(0, T ;L2

(1),n−1) for some α satisfying |α| ≥ 1;

∥Γ[F̃1]∥Z (1)(0,T )
≤ C∥F (1)

1 ∥L2(0,T ;L2
n−1)

. (2.4.18)

Proof. We find from Proposition 2.4.1 (iii), Proposition 2.4.2 and Proposition 2.4.9 that
Γ[F̃1] is a solution of (2.4.1) with F1 = ⊤(0, F̃1) satisfying Γ[F̃1](0) = Γ[F̃1](T ). The
estimates of Γ[F̃1] in (i)-(iii) follow from Proposition 2.4.7 and Proposition 2.4.8. We
obtain the estimates of Γ[F̃1] in (iv) and (v) by Proposition 2.4.9. This completes the
proof. □
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2.5 Properties of S∞,ũ(t) and S ∞,ũ(t)

In this section we state some properties of S∞,ũ(t) and S ∞,ũ(t) in weighted Sobolev spaces
which were obtained in Chapter 1.

Let us consider the initial value problem (2.3.20). Concerning the solvability of
(2.3.20), we have the following

Proposition 2.5.1. Let n ≥ 3 and let s be an integer satisfying s ≥ [n
2
]+1. Set k = s−1

or s. Assume that

∇w̃ ∈ C([0, T ′];Hs−1) ∩ L2(0, T ′;Hs),

u0∞ = ⊤(ϕ0∞, w0∞) ∈ Hk
(∞),

F∞ = ⊤(F 0
∞, F̃∞) ∈ L2(0, T ′;Hk

(∞) ×Hk−1
(∞) ).

Here T ′ is a given positive number. Then there exists a unique solution u∞ = ⊤(ϕ∞, w∞)
of (1.3.2) satisfying

ϕ∞ ∈ C([0, T ′];Hk
(∞)),

w∞ ∈ C([0, T ′];Hk
(∞)) ∩ L2(0, T ′;Hk+1

(∞) ) ∩H1(0, T ′;Hk−1
(∞) ).

Proposition 2.5.1 can be verified in a similar manner to the proof of Proposition 1.5.4.

Remark 2.5.2. Concerning the condition for w̃, it is assumed in Proposition 1.5.4 that
w̃ ∈ C([0, T ′];Hs)∩L2(0, T ′;Hs+1). However, by taking a look at the proof of Proposition
1.5.4, it can be replaced by the condition that ∇w̃ ∈ C([0, T ′];Hs−1) ∩ L2(0, T ′;Hs).

In view of Proposition 2.5.1, S∞,ũ(t) (t ≥ 0) and S ∞,ũ(t) (t ∈ [0, T ]) are defined as
follows.

We fix an integer s satisfying s ≥ [n
2
] + 1 and a function ũ = ⊤(ϕ̃, w̃) satisfying

ϕ̃ ∈ Cper(R;Hs), ∇w̃ ∈ Cper(R;Hs−1) ∩ L2
per(R;Hs). (2.5.1)

Let k = s− 1 or s. The operator S∞,ũ(t) : H
k
(∞) −→ Hk

(∞) (t ≥ 0) is defined by

u∞(t) = S∞,ũ(t)u0∞ for u0∞ = ⊤(ϕ0∞, w0∞) ∈ Hk
(∞),

where u∞(t) is the solution of (1.3.2) with F∞ = 0; and the operator S∞,ũ(t) : L
2(0, T ;Hk

(∞)×
Hk−1

(∞) ) −→ Hk
(∞) (t ∈ [0, T ]) is defined by

u∞(t) = S ∞,ũ(t)[F∞] for F∞ = ⊤(F 0
∞, F̃∞) ∈ L2(0, T ;Hk

(∞) ×Hk−1
(∞) ),

where u∞(t) is the solution of (1.3.2) with u0∞ = 0.

The operators S∞,ũ(t) and S ∞,ũ(t) have the following properties.
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Proposition 2.5.3. Let n ≥ 3 and let s be a nonnegative integer satisfying s ≥ [n
2
] + 1.

Let k = s − 1 or s and let ℓ be a nonnegative integer. Assume that ũ = ⊤(ϕ̃, w̃) satisfies
(2.5.1). Then there exists a constant δ > 0 such that the following assertions hold true if
∥∇w̃∥C([0,T ];Hs−1)∩L2(0,T ;Hs) ≤ δ.

(i) It holds that S∞,ũ(·)u0∞ ∈ C([0,∞);Hk
(∞),ℓ) for each u0∞ = ⊤(ϕ0∞, w0∞) ∈ Hk

(∞),ℓ

and there exist constants a > 0 and C > 0 such that S∞,ũ(t) satisfies the estimate

∥S∞,ũ(t)u0∞∥Hk
(∞),ℓ

≤ Ce−at∥u0∞∥Hk
(∞),ℓ

for all t ≥ 0 and u0∞ ∈ Hk
(∞),ℓ.

(ii) It holds that S ∞,ũ(·)F∞ ∈ C([0, T ];Hk
(∞),ℓ) for each F∞ = ⊤(F 0

∞, F̃∞) ∈ L2(0, T ;Hk
(∞),ℓ×

Hk−1
(∞),ℓ) and S∞,ũ(t) satisfies the estimate

∥S ∞,ũ(t)[F∞]∥Hk
(∞),ℓ

≤ C

{∫ t

0

e−a(t−τ)∥F∞∥2
Hk

(∞),ℓ
×Hk−1

(∞),ℓ

dτ

} 1
2

for t ∈ [0, T ] and F∞ ∈ L2(0, T ;Hk
(∞),ℓ ×Hk−1

(∞),ℓ) with a positive constant C depending on
T .

(iii) It holds that rHk
(∞),ℓ

(S∞,ũ(T )) < 1. Here rHk
(∞),ℓ

(S∞,ũ(T )) denotes the spectral

radius of S∞,ũ(T ) on Hk
(∞),ℓ.

(iv) I−S∞,ũ(T ) has a bounded inverse (I−S∞,ũ(T ))
−1 on Hk

(∞),ℓ and (I−S∞,ũ(T ))
−1

satisfies

∥(I − S∞,ũ(T ))
−1u∥Hk

(∞),ℓ
≤ C∥u∥Hk

(∞),ℓ
for u ∈ Hk

(∞),ℓ.

Proposition 2.5.3 can be verified in a similar manner to the proof of Proposition 1.5.6

Remark 2.5.4. In Proposition 1.5.6, it is assumed that

∥w̃∥C([0,T ];Hs)∩L2(0,T ;Hs+1) ≤ δ.

However, by taking a look at the proof of Proposition 1.5.6 and Proposition 1.6.1, it can
be replaced by the condition

∥∇w̃∥C([0,T ];Hs−1)∩L2(0,T ;Hs) ≤ δ.

Applying Proposition 2.5.3, we easily obtain the following estimate for a solution u∞
of (1.3.2) satisfying u∞(0) = u∞(T ).
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Proposition 2.5.5. Let n ≥ 3 and let s be a nonnegative integer satisfying s ≥ [n
2
] + 1.

Assume that
F∞ = ⊤(F 0

∞, F̃∞) ∈ L2(0, T ;Hk
(∞),n−1 ×Hk−1

(∞),n−1)

with k = s − 1 or s. Assume also that ũ = ⊤(ϕ̃, w̃) satisfies (2.5.1). Then there exists a
positive constant δ such that the following assertion holds true if

∥∇w̃∥C([0,T ];Hs−1)∩L2(0,T ;Hs) ≤ δ.

The function

u∞(t) := S∞,ũ(t)(I − S∞,ũ(T ))
−1S ∞,ũ(T )[F∞] + S∞,ũ(t)[F∞] (2.5.2)

is a solution of (1.3.2) in Z k
(∞),n−1(0, T ) satisfying u∞(0) = u∞(T ) and the estimate

∥u∞∥Z k

(∞),n−1(0,T )
≤ C∥F∞∥L2(0,T ;Hk

(∞),n−1
×Hk−1

(∞),n−1
).

2.6 Proof of Theorem 2.2.1

In this section we give a proof of Theorem 2.2.1.

We first establish the estimates for the nonlinear and inhomogeneous terms F1,m(u, g)
and F∞(u, g):

F1,m(u, g) =

(
0

F̃1,m(u, g)

)
,

F∞(u, g) = P∞

(
−γw · ∇ϕ1 + F 0(u)

F̃ (u, g)

)
=:

(
F 0
∞(u)

F̃∞(u, g)

)
,

where F̃1,m(u, g), F 0(u) and F̃ (u, g) were defined in (2.3.8), (0.0.19) and (0.0.20), re-
spectively, u = ⊤(ϕ,w) is the function given by u1,m = ⊤(ϕ1,m1) and u∞ = ⊤(ϕ∞, w∞)
through the relation

ϕ = ϕ1 + ϕ∞, w = w1 + w∞, w1 = m1 − P1(ϕw).

We first state the estimates for F1,m(u, g) and F∞(u, g).
For the estimates of the low frequency part, we recall that

Γ[F̃1](t) := S1(t)S 1(T )(I − S1(T ))
−1

(
0

F̃1

)
+ S 1(t)

(
0

F̃1

)
.

We first show the estimate of ∥Γ[F̃1,m(u, g)]∥Z (1)(0,T )
.
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Proposition 2.6.1. Let u1,m = ⊤(ϕ1,m1) and u∞ = ⊤(ϕ∞, w∞) satisfy

sup
0≤t≤T

∥u1,m(t)∥X (1)×Y (1)
+ sup

0≤t≤T
∥u∞(t)∥Hs

n−1
+ sup

0≤t≤T
∥ϕ(t)∥L∞ ≤ min{δ0,

1

2
},

where δ0 is the one in Lemma 2.3.5 (i) and ϕ = ϕ1 + ϕ∞. Then it holds that

∥Γ[F̃1,m(u, g)]∥Z (1)(0,T )
≤ C∥{u1,m, u∞}∥2Xs(0,T ) + C

(
1 + ∥{u1,m, u∞}∥Xs(0,T )

)
[g]s

uniformly for u1,m and u∞.

Proof. For u(j) = ⊤(ϕ(j), w(j)) (j = 1,∞), we set

G1(u
(1), u(2)) = −P1(γdivw

(1) ⊗ w(2)),

G2(u
(1), u(2)) = −P1(µ∆(ϕ(1)w(2)) + µ̃∇div (ϕ(1)w(2))),

G3(ϕ, u
(1), u(2)) = −P1

(
ρ∗
γ
∇(P (1)(ϕ)ϕ(1)ϕ(2)) + γdiv (ϕw(1) ⊗ w(2))

)
,

Hk(u
(1), u(2)) = Gk(u

(1), u(2)) +Gk(u
(2), u(1)), (k = 1, 2),

H3(ϕ, u
(1), u(2)) = G3(ϕ, u

(1), u(2)) +G3(ϕ, u
(2), u(1)).

Then, Γ[F̃1,m(u, g)] is written as

Γ[F̃1,m(u, g)] =
2∑

k=1

(Γ[Gk(u1, u1)] + Γ[Hk(u1, u∞)] + Γ[Gk(u∞, u∞)])

+Γ[G3(ϕ, u1, u1)] + Γ[H3(ϕ, u1, u∞)] + Γ[G3(ϕ, u∞, u∞)]

+Γ

[
1

γ
(1 + ϕ1)g

]
+ Γ

[
1

γ
ϕ∞g

]
.

Applying (2.4.15) to Γ[G1(u1, u1)], we have

∥Γ[G1(u1, u1)]∥Z (1)(0,T )
≤ C∥{u1, u∞}∥2Xs(0,T ).

As for Γ[G2(u1, u1)] and Γ[G3(ϕ, u1, u1)], we apply (2.4.16) with F
(1)
1 = ϕ1w1 (|α| = 2),

F
(1)
1 = P (1)(ϕ)ϕ2

1 (|α| = 1), and F
(1)
1 = ϕw1 ⊗ w1 (|α| = 1) to obtain

∥Γ[G2(u1, u1)]∥Z (1)(0,T )
≤ C∥{u1, u∞}∥2Xs(0,T ),

∥Γ[G3(ϕ, u1, u1)]∥Z (1)(0,T )
≤ C∥{u1, u∞}∥2Xs(0,T ).

By (2.4.17), we have

∥
2∑

k=1

Γ[Gk(u∞, u∞)]∥Z (1)(0,T )
≤ C∥{u1, u∞}∥2Xs(0,T ),
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∥Γ[G3(ϕ, u∞, u∞)]∥Z (1)(0,T )
≤ C∥{u1, u∞}∥2Xs(0,T ).

By (2.4.18), we also have

∥
2∑

k=1

Γ[Gk(u1, u∞)]∥Z (1)(0,T )
≤ C∥{u1, u∞}∥2Xs(0,T ),

∥Γ[G3(ϕ, u1, u∞)]∥Z (1)(0,T )
≤ C∥{u1, u∞}∥2Xs(0,T ).

Concerning Γ[(1 + ϕ1)g] and Γ[ϕ∞g], we see from (2.4.14) and (2.4.17) that

∥Γ[(1 + ϕ1)g]∥Z (1)(0,T )
+ ∥Γ[ϕ∞g]∥Z (1)(0,T )

≤ C(1 + ∥{u1, u∞}∥Xs(0,T ))[g]s.

Therefore, we find that

∥Γ[F̃1,m(u, g)]∥Z (1)(0,T )
≤ C∥{u1, u∞}∥2Xs(0,T ) + C

(
1 + ∥{u1, u∞}∥Xs(0,T )

)
[g]s.

Applying Lemma 2.3.5 (i), we obtain the desired estimate. This completes the proof. □

We next show the estimates for the nonlinear and inhomogeneous terms of the high
frequency part.

Proposition 2.6.2. Let u1,m = ⊤(ϕ1,m1) and u∞ = ⊤(ϕ∞, w∞) satisfy

sup
0≤t≤T

∥u1,m(t)∥X (1)×Y (1)
+ sup

0≤t≤T
∥u∞(t)∥Hs

n−1
+ sup

0≤t≤T
∥ϕ(t)∥L∞ ≤ min{δ0,

1

2
},

where δ0 is the one in Lemma 2.3.5 (i) and ϕ = ϕ1 + ϕ∞. Then it holds that

∥F∞(u, g)∥L2(0,T ;Hs
n−1×Hs−1

n−1)

≤ C∥{u1,m, u∞}∥2Xs(0,T ) + C
(
1 + ∥{u1,m, u∞}∥Xs(0,T )

)
[g]s

uniformly for u1,m and u∞.

Proof. We here estimate only P∞(w · ∇w), since the computation is not straightforward
due to the slow decay of w1 as |x| → ∞. By Lemma 2.3.11, we see that

∥P∞(w · ∇w)∥L2
n−1

≤ ∥∇(w · ∇w)∥L2
n−1

≤ C∥∇w · ∇w∥L2
n−1

+ ∥w · ∇2w∥L2
n−1

≤ C(∥(1 + |x|)n−1∇w∥L∞∥∇w∥L2

+∥(1 + |x|)n−2w∥L∞∥(1 + |x|)∇2w∥L2). (2.6.1)

For 1 ≤ |α| ≤ s − 1, by Lemma 1.1.1, Lemma 1.1.3 Lemma 1.3.4 and Lemma 2.3.2, we
see that

∥P∞∂α
x (w · ∇w)∥L2

n−1
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≤ ∥w · ∂α
x∇w∥L2

n−1
+ ∥[∂α

x , w] · ∇w∥L2
n−1

≤ C
{ 1∑

j=0

(∥(1 + |x|)n−2+j∇jw1∥L∞ + ∥w∞∥Hs
n−1

)
}

×
{ 2∑

j=1

(∥(1 + |x|)j−1∇jw1∥L2 + ∥w∞∥Hs
n−1

)
}
. (2.6.2)

It follows from (2.6.1) and (2.6.2) that

∥P∞(w · ∇w)∥Hs−1
n−1

≤ C
{ 1∑

j=0

∥(1 + |x|)n−2+j∇jw1∥L∞ + ∥w∞∥Hs
n−1

}
×
{ 2∑

j=1

∥(1 + |x|)j−1∇jw1∥L2 + ∥w∞∥Hs
n−1

)
}
.

Similarly to (2.6.2), the remaining terms can be estimated by a straightforward application
of Lemma 1.1.1, Lemma 1.1.3 Lemma 1.3.4 and Lemma 2.3.2. We thus arrive at

∥F 0
∞(u)∥Hs

n−1

≤ C{(∥(1 + |x|)n−1ϕ1∥L∞ + ∥∇ϕ1∥L2 + ∥ϕ∞∥Hs
n−1

)

×(∥(1 + |x|)n−1∇w1∥L∞ + ∥∇w1∥L2 + ∥w∞∥Hs+1
n−1

)

+(∥(1 + |x|)n−2w1∥L∞ + ∥∇w1∥L2 + ∥w∞∥Hs
n−1

)

×(∥(1 + |x|)n−1ϕ1∥L∞ + ∥(1 + |x|)∇ϕ1∥L2)},

and

∥F̃∞(u, g))∥Hs−1
n−1

≤ C
{( 1∑

j=0

∥(1 + |x|)n−2+j∇jw1∥L∞ + ∥w∞∥Hs
n−1

)
×
( 2∑

j=1

∥(1 + |x|)j−1∇jw1∥L2 + ∥w∞∥Hs
n−1

)
+(∥(1 + |x|)n−1ϕ1∥L∞ + ∥ϕ∞∥Hs

n−1
)(∥∇ϕ∥Hs−1 + ∥∂tw∥Hs−1 + ∥g∥Hs−1)

}
.

Integrating these inequalities on (0, T ) and applying Lemma 2.3.5 (i), we obtain the
desired estimate. This completes the proof. □

We next estimate F1,m(u
(1), g)− F1,m(u

(2), g).
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Proposition 2.6.3. Let u
(k)
1,m = ⊤(ϕ

(k)
1 ,m

(k)
1 ) and u

(k)
∞ = ⊤(ϕ

(k)
∞ , w

(k)
∞ ) satisfy

sup
0≤t≤T

∥u(k)
1,m(t)∥X (1)×Y (1)

+ sup
0≤t≤T

∥u(k)
∞ (t)∥Hs

n−1
+ sup

0≤t≤T
∥ϕ(k)(t)∥L∞ ≤ min{δ0,

1

2
},

where δ0 is the one in Lemma 2.3.5 (i) and ϕ(k) = ϕ
(k)
1 + ϕ

(k)
∞ (k = 1, 2). Then it holds

that

∥Γ[F̃1,m(u
(1), g)− F̃1,m(u

(2), g)]∥Z (1)(0,T )

≤ C

2∑
k=1

∥{u(k)
1,m, u

(k)
∞ }∥Xs(0,T )∥{u(1)

1,m − u
(2)
1,m, u

(1)
∞ − u(2)

∞ }∥Xs−1(0,T )

+C[g]s∥{u(1)
1,m − u

(2)
1,m, u

(1)
∞ − u(2)

∞ }∥Xs−1(0,T )

uniformly for u
(k)
1,m and u

(k)
∞ .

Proposition 2.6.3 can be proved in a similar manner to the proof of Proposition 2.6.1;
and we omit the proof.

We next estimate F∞(u(1), g)− F∞(u(2), g).

Proposition 2.6.4. Let u
(k)
1,m = ⊤(ϕ

(k)
1 ,m

(k)
1 ) and u

(k)
∞ = ⊤(ϕ

(k)
∞ , w

(k)
∞ ) satisfy

sup
0≤t≤T

∥u(k)
1,m(t)∥X (1)×Y (1)

+ sup
0≤t≤T

∥u(k)
∞ (t)∥Hs

n−1
+ sup

0≤t≤T
∥ϕ(k)(t)∥L∞ ≤ min{δ0,

1

2
},

where δ0 is the one in Lemma 2.3.5 (i) and ϕ(k) = ϕ
(k)
1 + ϕ

(k)
∞ (k = 1, 2). Then it holds

that

∥F∞(u(1), g)− F∞(u(2), g)]∥L2(0,T ;Hs−1
n−1×Hs−2

n−1)

≤ C
2∑

k=1

∥{u(k)
1,m, u

(k)
∞ }∥Xs(0,T )∥{u(1)

1,m − u
(2)
1,m, u

(1)
∞ − u(2)

∞ }∥Xs−1(0,T )

+C[g]s∥{u(1)
1,m − u

(2)
1,m, u

(1)
∞ − u(2)

∞ }∥Xs−1(0,T )

uniformly for u
(k)
1,m and u

(k)
∞ .

Proposition 2.6.4 directly follows from Lemmas 1.1.1–1.1.3, Lemma 1.3.4, Lemma 2.3.2
and Lemma 2.3.11 in a similar manner to the proof of Proposition 2.6.2.

We next show the following estimate which will be used in the proof of Proposition
2.6.6.
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Proposition 2.6.5. (i) Let u1,m = ⊤(ϕ1,m1) and u∞ = ⊤(ϕ∞, w∞) satisfy

sup
0≤t≤T

∥u1,m(t)∥X (1)×Y (1)
+ sup

0≤t≤T
∥u∞(t)∥Hs

n−1
+ sup

0≤t≤T
∥ϕ(t)∥L∞ ≤ min{δ0,

1

2
},

where δ0 is the one in Lemma 2.3.5 (i) and ϕ = ϕ1 + ϕ∞. Then it holds that

∥F1,m(u, g)∥C([0,T ];L2
1)
≤ C∥{u1,m, u∞}∥2Xs(0,T ) + C

(
1 + ∥{u1,m, u∞}∥Xs(0,T )

)
[g]s

uniformly for u1,m and u∞.

(ii) Let u
(k)
1,m = ⊤(ϕ

(k)
1 ,m

(k)
1 ) and u

(k)
∞ = ⊤(ϕ

(k)
∞ , w

(k)
∞ ) satisfy

sup
0≤t≤T

∥u(k)
1,m(t)∥X (1)×Y (1)

+ sup
0≤t≤T

∥u(k)
∞ (t)∥Hs

n−1
+ sup

0≤t≤T
∥ϕ(k)(t)∥L∞ ≤ min{δ0,

1

2
},

where δ0 is the one in Lemma 2.3.5 (i) and ϕ(k) = ϕ
(k)
1 + ϕ

(k)
∞ (k = 1, 2). Then it holds

that

∥F1,m(u
(1), g)− F1,m(u

(2), g)∥L2
1

≤ C
2∑

k=1

∥{u(k)
1,m, u

(k)
∞ }∥Xs(0,T )∥{u(1)

1,m − u
(2)
1,m, u

(1)
∞ − u(2)

∞ }∥Xs−1(0,T )

+C[g]s∥{u(1)
1,m − u

(2)
1,m, u

(1)
∞ − u(2)

∞ }∥Xs−1(0,T )

uniformly for u
(k)
1,m and u

(k)
∞ .

Proof. As for (i), since n ≥ 3, we see from the Hardy inequality that

∥ϕg∥L2
1
≤ C∥ ϕ

|x|
∥L2∥(1 + |x|)n−1g∥L∞ ≤ C∥∇ϕ∥L2∥(1 + |x|)n−1g∥L∞ .

Similarly, we can estimate the remaining terms by using Lemma 1.1.1, Lemma 2.3.2 and
the Hardy inequality to obtain

∥F1,m(u, g)∥L2
1

≤ C
{
(∥(1 + |x|)n−1ϕ∥L∞ + ∥(1 + |x|)w1∥L∞ + ∥w∞∥Hs

1
)(∥∇w1∥L2 + ∥∇w∞∥L2)

+∥∇ϕ∥L2(∥(1 + |x|)n−1ϕ1∥L∞ + ∥ϕ∞∥Hs
n−1

+ ∥(1 + |x|)n−1g∥L∞) + ∥g∥L2
1

}
.

Applying Lemma 2.3.5 (i), we obtain the desired estimate (i).
The desired estimate in (ii) can be similarly obtained by applying Lemma 1.1.1, Lemma

1.1.2, Lemma 2.3.2 and the Hardy inequality. This completes the proof. □

To prove Theorem 2.2.1, we next show the existence of a solution {u1,m, u∞} of (2.3.2),
(2.3.7) and (2.3.10) on [0, T ] satisfying u1,m(0) = u1,m(T ) and u∞(0) = u∞(T ) by an
iteration argument.
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For N = 0, we define u
(0)
1,m = ⊤(ϕ

(0)
1 ,m

(0)
1 ) and u

(0)
∞ = ⊤(ϕ

(0)
∞ , w

(0)
∞ ) by

u
(0)
1,m(t) = S1(t)S 1(T )[(I − S1(T ))

−1G1] + S 1(t)[G1],

w
(0)
1 = m

(1)
1 − P1(ϕ

(0)w(0)),

u
(0)
∞ (t) = S∞,0(t)(I − S∞,0(T ))

−1S ∞,0(T )[G∞] + S∞,0(t)[G∞],

(2.6.3)

where t ∈ [0, T ], G = ⊤(0, 1
γ
g(x, t)), G1 = P1G , G∞ = P∞G, ϕ(0) = ϕ

(0)
1 + ϕ

(0)
∞ and

w(0) = w
(0)
1 + w

(0)
∞ . Note that u

(0)
1,m(0) = u

(0)
1,m(T ) and u

(0)
∞ (0) = u

(0)
∞ (T ).

For N ≥ 1, we define u
(N)
1,m = ⊤(ϕ

(N)
1 ,m

(N)
1 ) and u

(N)
∞ = ⊤(ϕ

(N)
∞ , w

(N)
∞ ), inductively, by

u
(N)
1,m(t) = S1(t)S 1(T )[(I − S1(T ))

−1F1,m(u
(N−1), g)] + S 1(t)[F1,m(u

(N−1), g)],

w
(N)
1 = m

(N)
1 − P1(ϕ

(N)w(N)),

u
(N)
∞ (t) = S∞,u(N−1)(t)(I − S∞,u(N−1)(T ))−1S ∞,u(N−1)(T )[F∞(u(N−1), g)]

+S ∞,u(N−1)(t)[F∞(u(N−1), g)],

(2.6.4)

where t ∈ [0, T ], u(N−1) = u
(N−1)
1 +u

(N−1)
∞ , u

(N−1)
1 = ⊤(ϕ

(N−1)
1 , w

(N−1)
1 ), ϕ(N) = ϕ

(N)
1 +ϕ

(N)
∞

and w(N) = w
(N)
1 + w

(N)
∞ . Note that u

(N)
1,m(0) = u

(N)
1,m(T ) and u

(0)
∞ (0) = u

(0)
∞ (T ).

Proposition 2.6.6. There exists a constant δ1 > 0 such that if [g]s ≤ δ1, then there holds
the estimates

(i) ∥{u(N)
1,m, u

(N)
∞ }∥Xs(0,T ) ≤ C1[g]s

for all N ≥ 0, and

(ii)
∥{u(N+1)

1,m − u
(N)
1,m, u

(N+1)
∞ − u(N)

∞ }∥Xs−1(0,T )

≤ C1[g]s∥{u(N)
1,m − u

(N−1)
1,m , u

(N)
∞ − u

(N−1)
∞ }∥Xs−1(0,T )

for N ≥ 1. Here C1 is a constant independent of g and N .

Proof. If [g]s ≤ δ1 for sufficiently small δ1, the estimate (i) easily follows from Proposi-
tions 2.4.1, 2.5.5, 2.6.1, 2.6.2, and 2.6.5.

Let us consider the estimate of the difference {u(N+1)
1,m −u

(N)
1,m, u

(N+1)
∞ −u

(N)
∞ }. For N ≥ 0,

we set ϕ̄
(N)
j = ϕ

(N+1)
j −ϕ

(N)
j for j = 1,∞, m̄

(N)
1 = m

(N+1)
1 −m

(N)
1 , and w̄

(N)
∞ = w

(N+1)
∞ −w

(N)
∞ .

Then by using (2.6.3) and (2.6.4), we see that ϕ̄
(N)
j , m̄

(N)
1 and w̄

(N)
∞ (N ≥ 1) satisfy

∂tϕ̄
(N)
1 + γdivw̄

(N)
1 = 0,

∂tm̄
(N)
1 − ν∆m̄

(N)
1 − ν̃∇divm̄

(N)
1 + γ∇ϕ̄

(N)
1 = F1,m,2(ū

(N−1), g),

w̄
(N)
1 = m̄

(N)
1 − P1(ϕ

(N+1)w̄
(N)
1 )− P1(w

(N)ϕ̄(N)),

(2.6.5)
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{
∂tϕ̄

(N)
∞ + γP∞(w(N) · ∇ϕ̄

(N)
∞ ) + γdivw̄

(N)
∞ = F∞1(ū

(N−1)),

∂tw̄
(N)
∞ − ν∆w̄

(N)
∞ − ν̃∇divw̄

(N)
∞ + γ∇ϕ̄

(N)
∞ = F∞2(ū

(N−1), g),
(2.6.6)

where

F1,m,2(ū
(N−1), g) = F̃1,m(u

(N), g)− F̃1,m(u
(N−1), g),

F∞1(ū
(N−1)) = F 0

∞(u(N))− F 0
∞(u(N−1))− γP∞((w(N) − w(N−1)) · ∇ϕ(N)

∞ ),

F∞2(ū
(N−1), g) = F̃∞(u(N), g)− F̃∞(u(N−1), g).

The desired inequality (ii) can be obtained by applying Lemma 2.3.12, Propositions 2.4.1,
2.5.5, 2.6.3, 2.6.4, 2.6.5, and 2.6.6 (i). This completes the proof. □

Before going further, we introduce new notation. We denote by BXk(a,b)(r) the closed
unit ball in Xk(a, b) centered at 0 with radius r, i.e.,

BXk(a,b)(r) =
{
{u1,m, u∞} ∈ Xk(a, b); ∥{u1,m, u∞}∥Xk(a,b) ≤ r

}
.

Proposition 2.6.7. There exists a constant δ2 > 0 such that if [g]s ≤ δ2, then the system
(2.3.2), (2.3.7) and (2.3.10) has a unique solution {u1,m, u∞} on [0, T ] in BXs(0,T )(C1[g]s)
satisfying u1,m(0) = u1,m(T ) and u∞(0) = u∞(T ). The uniqueness of solutions of (2.3.2),
(2.3.7) and (2.3.10) on [0, T ] satisfying u1,m(0) = u1,m(T ) and u∞(0) = u∞(T ) holds in
BXs(0,T )(C1δ2).

Proof. Let δ2 = min{δ1, 1
2C1

} with δ1 given in Proposition 2.6.6. By Propositions 2.6.6,

we see that if [g]s ≤ δ2, then u
(N)
1,m = ⊤(ϕ

(N)
1 ,m

(N)
1 ) and u

(N)
∞ = ⊤(ϕ

(N)
∞ , w

(N)
∞ ) converge to

some u1,m = ⊤(ϕ1,m1) and u∞ = ⊤(ϕ∞, w∞), respectively, in the sense

{u(N)
1,m, u

(N)
∞ } → {u1,m, u∞} in Xs−1(0, T ),

u(N)
∞ = ⊤(ϕ(N)

∞ , w(N)
∞ ) → u∞ = ⊤(ϕ∞, w∞) ∗-weakly in L∞(0, T ;Hs

(∞),n−1),

w(N)
∞ → w∞ weakly in L2(0, T ;Hs+1

(∞),n−1) ∩H1(0, T ;Hs−1
(∞),n−1).

It is not difficult to see that {u1,m, u∞} is a solution of (2.3.2), (2.3.7) and (2.3.10) satis-
fying u1,m(0) = u1,m(T ) and u∞(0) = u∞(T ).

It remains to prove u∞ = ⊤(ϕ∞, w∞) ∈ C([0, T ];Hs
n−1), which implies {u1,m, u∞} ∈

BXs(0,T )(C1[g]s) with u1,m(0) = u1,m(T ) and u∞(0) = u∞(T ). But this can be shown in
the same way as in the proof of Proposition 1.7.4. This completes the proof. □

By Lemma 2.3.5 and Proposition 2.6.7, we can show the existence of the solution of
the system (2.3.1)-(2.3.2) satisfying uj(0) = uj(T ) (j = 1,∞) in terms of the velocity
field w1.
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Corollary 2.6.8. There exists a constant δ3 > 0 such that if [g]s ≤ δ3, then the sys-
tem (2.3.1)-(2.3.2) has a unique solution {u1, u∞} on [0, T ] in BXs(0,T )(C2[g]s) satisfying
uj(0) = uj(T ) (j = 1,∞) where uj =

⊤(ϕj, wj) (j = 1,∞) and C2 is a constant indepen-
dent of g. The uniqueness of solutions of (2.3.1)-(2.3.2) on [0, T ] satisfying uj(0) = uj(T )
(j = 1,∞) holds in BXs(0,T )(C2δ3).

Proof. Let [g]s ≤ δ2. By Proposition 2.6.7, we see that the system (2.3.2), (2.3.7) and
(2.3.10) has a unique solution {u1,m, u∞} on [0, T ] in BXs(0,T )(C1[g]s) satisfying u1,m(0) =
u1,m(T ) and u∞(0) = u∞(T ). The uniqueness of the solution holds in BXs(0,T )(C1δ2).
Therefore, by Lemma 2.3.5, the system (2.3.1)-(2.3.2) has a solution {u1, u∞} in Xs(0, T )
on [0, T ] satisfying

∥{u1, u∞}∥Xs(0,T ) ≤ C2[g]s

and uj(0) = uj(T ) (j = 1,∞).

We show the uniqueness of the solution. Let {u(k)
1 , u

(k)
∞ } (k = 1, 2) be solutions of the

system (2.3.1)-(2.3.2) in Xs(0, T ) on [0, T ] satisfying

∥{u(k)
1 , u(k)

∞ }∥Xs(0,T ) ≤ C2[g]s

and u
(k)
j (0) = u

(k)
j (T ) (j = 1,∞). We set u

(k)
1,m = ⊤(ϕ

(k)
1 ,m

(k)
1 ) where m

(k)
1 = w

(k)
1 −

P1(ϕ
(k)w(k)), ϕ(k) = ϕ

(k)
1 +ϕ

(k)
∞ and w(k) = w

(k)
1 +w

(k)
∞ (k = 1, 2). Then by Lemmas (1.1.1),

(2.3.2), (2.3.3) and (2.3.4), {u(k)
1,m, u

(k)
∞ } are solutions of the system (2.3.2), (2.3.7) and

(2.3.10) on [0, T ] in BXs(0,T )(CC2[g]s) satisfying u
(k)
1,m(0) = u

(k)
1,m(T ) and u

(k)
∞ (0) = u

(k)
∞ (T )

(k = 1, 2). If δ3 = min{ C1

CC2
δ2, δ2} and [g]s ≤ δ3, then {u(k)

1,m, u
(k)
∞ } ∈ BXs(0,T )(C1δ2)

(k = 1, 2). Therefore, by the uniqueness of the solution of (2.3.2), (2.3.7) and (2.3.10),

we see that u
(1)
1,m = u

(2)
1,m and u

(1)
∞ = u

(2)
∞ . It follows from Lemma 1.1.1 and Lemma 2.3.2

that m
(k)
1 − P1(ϕ

(k)w
(k)
∞ ) ∈ Y (1) (k = 1, 2), hence,

w
(1)
1 = (I − P [ϕ(1)])−1[m(1) − P1(ϕ

(1)w(1)
∞ )]

= (I − P [ϕ(2)])−1[m(2) − P1(ϕ
(2)w(2)

∞ )]

= w
(2)
1 ,

where P is the one in the proof of Lemma 2.3.5 (i). Therefore, we see that u
(1)
1 = u

(2)
1

and u
(1)
∞ = u

(2)
∞ . This completes the proof. □

We can now construct a time periodic solution of (2.3.1)-(2.3.2) by the same argument as
that in Chapter 1. As in Chapter 1, based on the estimates in sections 6-8, one can show
the following proposition on the unique existence of solutions of the initial value problem.

Proposition 2.6.9. Let h ∈ R and let U0 = U01 + U0∞ with U01 ∈ X (1) × Y (1) and
U0∞ ∈ Hs

(∞),n−1. Then there exist constants δ4 > 0 and C3 > 0 such that if

M(U01, U0∞, g) := ∥U01∥X (1)
×Y (1) + ∥U0∞∥Hs

(∞),n−1
+ [g]s ≤ δ4,

92



there exists a solution {U1, U∞} of the initial value problem for (2.3.1)-(2.3.2) on [h, h+T ]
in BXs(h,h+T )(C3M(U01, U0∞, g)) satisfying the initial condition Uj|t=h = U0j (j = 0,∞).
The uniqueness for this initial value problem holds in BXs(h,h+T )(C3δ4).

By using Corollary 2.6.8 and Proposition 2.6.9, one can extend {u1, u∞} periodically
on R as a time periodic solution of (2.3.1)-(2.3.2). Since the argument for extension is
the same as that given in Chapter, we omit the details here. Consequently, we obtain
Theorem 2.2.1. This completes the proof.
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Chapter 3

Existence and stability of time
periodic solution to the compressible
Navier-Stokes-Korteweg system on
R3

(0.0.3)-(0.0.5) is considered on R3. The existence of a time periodic solution is proved
for a sufficiently small time-periodic external force by using the time-T -map related to
the linearized problem around the motionless state with constant density and absolute
temperature. The spectral properties of the time-T -map is investigated by a potential
theoretic method and an energy method in some weighted spaces. The stability of the
time periodic solution is proved for sufficiently small initial perturbations. It is also shown
that the L∞ norm of the perturbation decays as time goes to infinity.

3.1 Preliminaries

In this section we use the following notations.
For a given Banach space X, the norm on X is denoted by ∥ · ∥X . We denote by Lp

the usual Lp space over R3. The inner product of L2 is denoted by (·, ·). The symbol Hk

stands for the usual L2-Sobolev space of order k. (As usual, H0 = L2.)
We also denote by Lp the set of all vector fields w = ⊤(w1, w2, w3) on R3 with wj ∈ Lp

(j = 1, 2, 3), i.e., (Lp)3, and the norm ∥ · ∥(Lp)3 is denoted by ∥ · ∥Lp , if no confusion
will occur. Similarly, for a function space X, we denote by X the set of all vector fields
w = ⊤(w1, w2, w3) on R3 with wj ∈ X (j = 1, 2, 3), i.e., X3; and the norm ∥ · ∥X3 on it is
denoted by ∥ · ∥X . (For example, (Hk)3 is simply denoted by Hk and the norm ∥ · ∥(Hk)3

is denoted by ∥ · ∥Hk .)
For u = ⊤(ϕ,w, ϑ) with ϕ ∈ Hk, w = ⊤(w1, w2, w3) ∈ Hm and ϑ ∈ Hj, we denote the

norm of u on Hk ×Hm ×Hj by ∥u∥Hk×Hm×Hj :

∥u∥Hk×Hm×Hj =
(
∥ϕ∥2Hk + ∥w∥2Hm + ∥ϑ∥2Hj

) 1
2 .
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When m = k = j, the space Hk × (Hk)3 × Hk is simply denoted by Hk, and, also, the
norm ∥u∥Hk×(Hk)3×Hk by ∥u∥Hk if no confusion will occur:

Hk := Hk × (Hk)3 ×Hk, ∥u∥Hk := ∥u∥Hk×(Hk)3×Hk (u = ⊤(ϕ,w, ϑ)).

Similarly, for u = ⊤(ϕ,w, ϑ) ∈ X × Y × Z with w = ⊤(w1, w2, w3) , we denote its norm
by ∥u∥X×Y×Z :

∥u∥X×Y×Z =
(
∥ϕ∥2X + ∥w∥2Y + ∥ϑ∥2Z

) 1
2 (u = ⊤(ϕ,w, ϑ)).

If X = Z and Y = X3, we simply denote X ×X3 ×X by X, and, its norm ∥u∥X×X3×X

by ∥u∥X :
X := X ×X3 ×X, ∥u∥X := ∥u∥X×X3×X (u = ⊤(ϕ,w, ϑ)).

Similar expressions are used for norms of u = ⊤(w, ϑ) ∈ Y × Z with w = ⊤(w1, w2, w3).
The Fourier transform of f is denoted by f̂ or F [f ]:

f̂(ξ) = F [f ](ξ) =

∫
R3

f(x)e−ix·ξdx (ξ ∈ R3).

The inverse Fourier transform of f is denoted by F−1[f ]:

F−1[f ](x) = (2π)−3

∫
R3

f(ξ)eiξ·xdξ (x ∈ R3).

For −∞ ≤ a < b ≤ ∞, the symbols Ck([a, b];X), Lp(a, b;X) and Hk(a, b;X) stand
for the set of all Ck functions on [a, b], the Bochner space on (a, b) and the L2-Bochner-
Sobolev space of order k on (a, b) with values in X, respectively.

We next introduce function spaces with spatial weights. For a nonnegative integer ℓ
and 1 ≤ p ≤ ∞, the symbol Lp

ℓ stands for the weighted Lp space defined by

Lp
ℓ = {u ∈ Lp; ∥u∥Lp

ℓ
:= ∥(1 + |x|)ℓu∥Lp < ∞}.

Let k and ℓ be nonnegative integers. The spaces Hk
ℓ is defined by

Hk
ℓ = {u ∈ Hk; ∥u∥Hk

ℓ
< +∞},

where

∥u∥Hk
ℓ
=

(
ℓ∑

j=0

|u|2Hk
j

) 1
2

,

|u|Hk
ℓ
=

∑
|α|≤k

∥ |x|ℓ∂α
xu ∥2L2

 1
2

.

We next introduce the weighted L∞ ∩ L2 space. We define X by

X = {w ∈ L∞
1 ,∇w ∈ H1; ∥w∥X < +∞},
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where

∥w∥X :=
1∑

j=0

∥(1 + |x|)1+j∇jw∥L∞ +
2∑

j=1

∥(1 + |x|)j−1∇jw∥L2 .

For a nonnegative integer s satisfying s ≥ 2 we also define X s by

X s = {w ∈ X ;∇w ∈ Hs}

and the norm is defined by

∥w∥X s = ∥w∥X + ∥∇w∥Hs .

Let ℓ be a nonnegative integer and let s be a nonnegative integer satisfying s ≥ 2. We
define the weighted L2-Sobolev space Y s

ℓ (a, b) by

Y s
ℓ (a, b) =

[
C([a, b];Hs+1

ℓ ) ∩ L2(a, b; ;Hs+2
ℓ )

]
×
[
C([a, b];Hs

ℓ ) ∩ L2(a, b;Hs+1
ℓ )

]
.

Recall that the following operators are introduced which decompose a function into its
low and high frequency parts in Chapter 1. The operators P1 and P∞ on L2 are defined
by

Pjf = F−1χ̂jF [f ] (f ∈ L2, j = 1,∞),

where χ̂j (j = 1,∞) are the cut-off functions defined by

χ̂j(ξ) ∈ C∞(R3) (j = 1,∞), 0 ≤ χ̂j ≤ 1 (j = 1,∞),

χ̂1(ξ) =

{
1 (|ξ| ≤ r1),
0 (|ξ| ≥ r∞),

χ̂∞(ξ) = 1− χ̂1(ξ)

for constants r1 and r∞ satisfying 0 < r1 < r∞. Clearly, it holds that

u = P1u+ P∞u.

We fix the constants r1 and r∞ in the definitions of P1 and P∞ in such a way that the
estimate (3.3.1) in Lemma 3.3.2 below holds for |ξ| ≤ r∞.

Let s be a nonnegative integer satisfying s ≥ 2. We define the space Z s(a, b) by

Z s(a, b) =
{
u; P1u ∈ C(a, b;X ), P∞u ∈ Y s

2(a, b)
}
,

and the norm is defined by

∥u∥Z s
(a,b)

=∥P1u∥C(a,b;X )
+ ∥P∞u∥Y s

2(a,b)
.
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We also introduce function spaces of time periodic functions in t with period T . The
symbol Cper(R;X) stands for the set of all time periodic continuous functions with values
in X with period T ; and the norm is defined by∥ ·∥C([0,T ];X). We denote by L2

per(R;X) the
set of all time periodic locally square integrable functions with values in X with period
T ; and the norm is defined by ∥ · ∥L2(0,T ;X). Similarly, H1

per(R;X), Xk
per(R), and so on, are

defined.
For a bounded linear operator L on a Banach space X, the spectral radius of L is

denoted by rX(L).
BZ(r) stands for the closed ball of a norm space Z centered at 0 with radius r, i.e.,

BZ(r) = {u ∈ Z; ∥u∥Z ≤ r} .

The commutator of L1 and L2 is denoted by [L1, L2]:

[L1, L2]f = L1(L2f)− L2(L1f).

3.2 Main results of Chapter 3

In this section, we state our results on the existence and stability of a time-periodic
solution for system (0.0.3)-(0.0.5). Our result on the existence of a time periodic solution
is stated as follows.

Theorem 3.2.1. Let s be an integer satisfying s ≥ 2. Assume that g(x, t) satisfies (0.0.7)
and g ∈ Cper(R;L1 ∩ L∞

3 ) ∩ L2
per(R;Hs−1

2 ). Set

[g]s = ∥g∥C([0,T ];L1∩L∞
3 ) + ∥g∥L2(0,T ;Hs−1

2 ).

Then there exist constants δ > 0 and C > 0 such that if [g]s ≤ δ, then the system
(0.0.3)-(0.0.5) has a time periodic solution ⊤(ρper − ρ∗,Mper, Eper − E∗) with period T
satisfying ⊤(ρper−ρ∗,Mper, Eper−E∗) ∈ BZ s

per(R)
(C[g]s). Furthermore, the uniqueness of

time periodic solutions of (0.0.3)-(0.0.5) holds in the class {⊤(ρ,M,E); ⊤(ρ− ρ∗,M,E −
E∗) ∈ BZ s

per(R)
(Cδ).}

Our next issue to study the stability of the time periodic solution obtained in Theorem
3.2.1. Let ⊤(ρper,Mper, Eper) be the time-periodic solution obtained in Theorem 3.2.1, let
the perturbation be denoted by ũ = ⊤(ρ̃, M̃ , Ẽ), where ρ̃ = ρ− ρper, M̃ = M −Mper, Ẽ =
E − Eper and let the initial perturbation be denoted by

ũ0 = ũ|t=0 =
⊤(ρ(0)− ρper(0),M(0)−Mper(0), E(0)− Eper(0)).

We have the following stability result of the time periodic solution.
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Theorem 3.2.2. Let s be an integer satisfying s ≥ 2. Assume that g(x, t) satisfies (0.0.7)
and g ∈ Cper(R;L1∩L∞

3 )∩L2
per(R;Hs

2). Let
⊤(ρper,Mper, Eper) be the time-periodic solution

obtained in Theorem 3.2.1 and let ũ0 ∈ Hs+1×Hs. Then there exist constants ϵ1 > 0 and
ϵ2 > 0 such that if

[g]s+1 ≤ ϵ1, ∥ũ0∥Hs+1×Hs ≤ ϵ2,

then ũ(t) exists globally in time and ũ(t) satisfies

ũ ∈ C([0,∞);Hs+1 ×Hs),

∥ũ(t)∥2Hs+1×Hs +

∫ t

0

∥∇ũ(τ)∥2Hs+1×Hsdτ ≤ C∥ũ0∥2Hs+1×Hs (t ∈ [0,∞)),

∥ũ(t)∥L∞ → 0 (t → ∞).

Theorem 3.2.2 is proved as follows. We write (0.0.3)-(0.0.5) into (0.0.8)-(0.0.10). Let
⊤(ρper,Mper, Eper) be the periodic solution given in Theorem 3.2.1. We set vper, θper and
Uper by

vper =
Mper

ρper
, θper =

1

Cv

(
Eper −

|Mper|2

2ρ2per

)
, Uper =

⊤(ρper, vper, θper).

It directly follows from Lemma 1.1.1 and Lemma 1.1.3 that Uper satisfies the estimate

∥⊤(vper, θper − θ∗)∥C([0,T ];X s
)
≤ C[g]s+1. (3.2.1)

Let the perturbation be denoted by U = ⊤(ϕ,w, ϑ), where ϕ = ρ− ρper, w = v− vper, ϑ =
θ − θper. Then the perturbation U = ⊤(ϕ,w, ϑ) is governed by

∂tϕ+ vper · ∇ϕ+ ϕdivvper + ρperdivw + w · ∇ρper = f 1,

∂tw − 1
ρper

{µ∆w + (µ+ µ′)∇divw}+B1(U,Uper)∇ϕ− κ∇∆ϕ+B2(U,Uper)∇ϑ = f 2,

∂tϑ− α̃B3(Uper)∆ϑ+B4(U,Uper)divw = f 3,

(3.2.2)

where

f 1 = −div(ϕw),

f 2 = −(vper · ∇)w − (w · ∇)(vper + w)− (B1(U,Uper)−B1(Uper))∇ρper

− (B2(U,Uper)−B2(Uper))∇θper −
ϕ

ρper(ρper + ϕ)

{
µ∆(vper + w) + (µ+ µ′)∇div (vper + w)

}
,

f 3 = −(vper · ∇)ϑ− (w · ∇)(θper + ϑ) + α̃(B3(U,Uper)−B3(Uper))∆(θper + ϑ)

+ (B3(U,Uper)−B3(Uper))(Ψ(vper) + Φ̃(ρper, vper))

+B3(U,Uper)
{
Ψ(v)−Ψ(vper) + Φ̃(ρ, v)− Φ̃(ρper, vper)

}
− (B4(U,Uper)−B4(Uper))div vper,
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B1(U,Uper) =
Pρ(ρper + ϕ, θper + θ)

ρper + ϕ
, B2(U,Uper) =

Pθ(ρper + ϕ, θper + θ)

ρper + ϕ
,

B3(U,Uper) =
1

Cv(ρper + ϕ)
, B4(U,Uper) =

(θper + θ)Pθ(ρper + ϕ, θper + θ)

Cv(ρper + ϕ)

with

B1(Uper) =
Pρ(ρper, θper)

ρper
, B2(Uper) =

Pθ(ρper, θper)

ρper
,

B3(Uper) =
1

Cvρper
, B4(Uper) =

θperPθ(ρper, θper)

Cvρper
.

We consider the initial value problem for (3.2.2) under the initial condition

U |t=0 = U0 =
⊤(ϕ0, w0, ϑ0).

One can show that if [g]s+1 and ∥U0∥Hs+1×Hs are sufficiently small, then U(t) exists globally
in time and U(t) satisfies

U ∈ C([0,∞);Hs+1 ×Hs),

∥U(t)∥2Hs+1×Hs +

∫ t

0

∥∇U(τ)∥2Hs+1×Hsdτ ≤ C∥U0∥2Hs+1×Hs (t ∈ [0,∞)),

∥U(t)∥L∞ → 0 (t → ∞).

These can be proved by similar methods as those in [4, 16], since the Hardy inequality
works well to deal with the linear terms including ⊤(ρper, vper, θper) due to the estimates
for ⊤(ρper, vper, θper) in Theorem 3.2.1 and (3.2.1). We thus omit the details.

To prove Theorem 3.2.1, we rewrite (0.0.3)-(0.0.5) as follows. Let

γ1 =
√

Pρ(ρ∗, θ∗), γ2 = γ1

√
CvP (ρ∗, θ∗)

Pθ(ρ∗, θ∗)
, γ3 =

Pθ(ρ∗, θ∗)γ2
γ1Cv

.

We define ϕ, m and ε by ϕ = ρ − ρ∗, m = M
γ1

and ε = (ρ∗ + ϕ)E−E∗
γ2

, respectively. Then

(0.0.3)-(0.0.5) is rewritten as
∂tu+ Au = F (u, g), (3.2.3)

where

u = ⊤(ϕ,m, ε), A =

 0 γ1div 0
γ1∇− κ0∇∆ −ν∆− ν̃∇div ζ∇

0 ζdiv −α0∆

 , (3.2.4)

ν =
µ

ρ∗
, ν̃ =

µ+ µ′

ρ∗
, ζ =

γ1P (ρ∗, θ∗)

γ2ρ∗
, κ0 =

κρ∗
γ1

, α0 =
α̃

Cvρ∗
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and

F (u, g) =

 0
F 2(u, g)
F 3(u)

 , (3.2.5)

F 2(u, g) = −
{ρ∗
γ1

div (m⊗m) + γ1div (P
(1)(ϕ)ϕm⊗m)

+ρ∗ν∆(P (1)(ϕ)ϕm) + ρ∗ν̃∇div (P (1)(ϕ)ϕm) + γ3∇(P (1)(ϕ)ϕε)

+
1

γ1
∇(P (2)(ϕ)ϕ2)− 1

γ1
∇
(
Pθ(ρ∗, θ∗)

γ2
1 |m|2

2Cv(ρ∗ + ϕ)2

)
+

1

C2
vγ1

∇
{
P (3)(θ)

(( γ2
1 |m|2

2(ρ∗ + ϕ)2

)2
− γ2

1γ2ε|m|2

(ρ∗ + ϕ)3
+

γ2
2ε

2

(ρ∗ + ϕ)2

)}
+

1

Cvγ1
∇
{
P (4)(θ)

( γ2ϕε

ρ∗ + ϕ
− γ2

1 |m|2ϕ
2(ρ∗ + ϕ)2

)}
− 1

γ1
divΦ(ϕ)− 1

γ1
(ρ∗ + ϕ)g

}
, (3.2.6)

θ =
1

Cv

(
E∗ +

γ2ε

ρ∗ + ϕ
− γ2

1

|m|2

2(ρ∗ + ϕ)2

)
,

P (1)(ϕ) =

∫ 1

0

f ′(ρ∗ + τϕ)dτ, f(τ) =
1

τ
(τ ∈ R),

P (2)(ϕ, θ) =

∫ 1

0

(1− τ)Pρρ

(
ρ∗ + τϕ, θ

)
dτ,

P (3)(θ) =

∫ 1

0

(1− τ)Pθθ

(
ρ∗, θ∗ + τ(θ − θ∗)

)
dτ,

P (4)(θ) =

∫ 1

0

Pρθ

(
ρ∗, θ∗ + τ(θ − θ∗)

)
dτ,

Φ(ϕ) = κ
{
ϕ∆ϕI + (∇ϕ) · (∇ϕ)I − |∇ϕ|2

2
I −∇ϕ⊗∇ϕ

}
,

F 3(u) = −
{γ1
ρ∗

div (εm) + γ1div (P
(1)(ϕ)ϕε)− α0ρ∗∆(P (1)(ϕ)ϕε),

+
α0

Cvγ2
∆
( γ2

1 |m|2

2(ρ∗ + ϕ)2

)
+

γ1
γ2

div (P (1)(ϕ)ϕmP (ρ∗ + ϕ, θ))

+
γ1
ρ∗γ2

div (mP (5)(ϕ, θ)ϕ)

+
γ1

Cvρ∗γ2
div
(
mP (6)(θ)

( γ2ε

(ρ∗ + ϕ)
− γ2

1 |m|2

2(ρ∗ + ϕ)2

))
−γ1
γ2

div
((

S( γ1m

ρ∗ + ϕ
) +K(ρ∗ + ϕ)

) m

ρ∗ + ϕ

)
− 1

γ2
mg
}
, (3.2.7)

P (5)(ϕ, θ) =

∫ 1

0

Pρ(ρ∗ + τϕ, θ)dτ,
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P (6)(θ) =

∫ 1

0

Pθ(ρ∗, θ∗ + τ(θ − θ∗))dτ.

Let us introduce a semigroup S(t) = e−tA generated by A;

S(t) = e−tA = F−1e−tÂξF ,

where

Âξ =

 0 iγ1
⊤ξ 0

iγ1ξ + iκ0|ξ|2ξ ν|ξ|2In + ν̃ξ⊤ξ iζξ
0 iζ⊤ξ α0|ξ|2

 (ξ ∈ R3).

Then S(t) has the following properties.

Proposition 3.2.3. Let s be a nonnegative integer satisfying s ≥ 2. Then S(t) = e−tA is
a contraction semigroup on Hs×Hs−1×Hs−1. In addition, for each u ∈ Hs×Hs−1×Hs−1

and all T ′ > 0, S(t) satisfies

S(·)u ∈ C([0, T ′];Hs ×Hs−1 ×Hs−1), S(0)u = u

and there hold the estimates

∥S(t)u∥Hs×Hs−1×Hs−1 ≤ ∥u∥Hs×Hs−1×Hs−1 (3.2.8)

for u ∈ Hs ×Hs−1 ×Hs−1 and t ≥ 0.

Proof. Let F = ⊤(F 1, F 2, F 3) ∈ Hs ×Hs−1 ×Hs−1. We consider the following resolvent
problem

λu+ Au = F, (3.2.9)

where λ ∈ C is a parameter. Here we regard A as an operator on Hs ×Hs−1 ×Hs−1 with
domain D(A) = Hs+2 ×Hs+1 ×Hs+1. Taking the Fourier transform of (3.2.9), we obtain

λû+ Âξû = F̂ . (3.2.10)

Then, by a similar manner to the proof of Proposition 3.4.4 below, one can see that

Reλ
s−1∑
|α|=0

(
|(iξ)αû|2 + κ0

γ1
|(iξ)α(iξ)ϕ̂|2

)

≤
s−1∑
|α|=0

{
|(iξ)αF̂ |2 + κ0

γ1
|(iξ)α(iξ)F̂ 1|2

}
, (3.2.11)

Reλ


s∑

|α|=0

(
κ1|(iξ)αû|2 +

κ1κ0

γ1
|(iξ)α(iξ)ϕ̂|2 + (iξ)αm̂ · (iξ)α(iξ)ϕ̂

)
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+ d1

( s∑
|α|=0

|(iξ)α(iξ) ⊤(m̂, ĥ)|2 +
s∑

|α|=0

|(iξ)α(iξ)(iξ)ϕ̂|2
)

≤ C
{ s∑

|α|=0

|(iξ)αF̂ 1|2 +
s−1∑
|α|=0

(|(iξ)αF̂ 2|2 + |(iξ)αF̂ 3|2)
}
, (3.2.12)

for ξ ∈ R3, where κ1 and d1 are the same ones in Proposition 3.4.4. Therefore, if Reλ > 0,
then (λ+ Âξ)

−1 exists for each ξ ∈ R3 and û is given by û = (λ+ Âξ)
−1F̂ . We define the

norm ||| · |||s on Hs ×Hs−1 ×Hs−1 by

|||u|||s =
( s−1∑

|α|=0

{
∥∂α

xu∥2L2 +
κ0

γ1
∥∂α

x∇ϕ∥2L2

}) 1
2

for u = ⊤(ϕ,m, ε). It follows from (3.2.11) and (3.2.12) that

Reλ|||u|||s ≤ |||F |||s

and if Reλ > 0, then it holds that

∥u∥Hs+2×Hs+1×Hs+1 ≤ C|||F |||s.

Hence
{λ; Reλ > 0} ⊂ ρ(−A),

where ρ(−A) denotes the resolvent set of −A and it holds that

|||(λ+ A)−1F |||s ≤
1

Reλ
|||F |||s.

This implies that S(t) = e−tA is a contraction semigroup on Hs ×Hs−1 ×Hs−1, and we
obtain (3.2.8). This completes the proof. □

We set an operator Γ using the time-T -map by

Γ[F ] = S(t)(I − S(T ))−1S (T )F + S (t)F (t ∈ [0, T ]), (3.2.13)

where

S (t)F :=

∫ t

0

S(t− τ)F (τ)dτ.

To solve the time periodic problem for (3.2.3), as in Chapter 1, we look for a fixed
point u of Γ[F (u, g)], i.e.,

u = Γ[F (u, g)] (t ∈ [0, T ]), (3.2.14)

where u = ⊤(ϕ,m, ε) and F (u, g) is given by (3.2.5)-(3.2.7). From (3.2.13) and (3.2.14), it
holds that u(T ) = u(0). Therefore, we will investigate properties of the map Γ. Observe
that

PjΓ[F (u, g)] = Γ[PjF (u, g)] (j = 1,∞)
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and
supp P̂1F (u, g) ⊂ {|ξ| ≤ r∞},

supp P̂∞F (u, g) ⊂ {|ξ| ≥ r1}.

So we will investigate the restriction of Γ to the space of functions whose Fourier trans-
forms have support in {|ξ| ≤ r∞} and will then establish estimates for ΓP1. Likewise, the
restriction of Γ to the high frequency part will be investigated to establish estimates for
ΓP∞ in section 5.

3.3 Estimates of Γ for the low frequency part

In this section we estimate Γ for the low frequency part. We begin with function spaces
for the low frequency part.

The symbol L2
(1) stands for the set of all u ∈ L2 satisfying supp f̂ ⊂ {|ξ| ≤ r∞}. For

any nonnegative integer k, we see that Hk ∩ L2
(1) = L2

(1). (Cf., Lemma 1.3.3 (ii).)
We define the spaces X (1) by

X (1) = X ∩ {f ∈ S ′(R3); supp f̂ ⊂ {|ξ| ≤ r∞},

where S ′(R3) denotes the set of all of distributions on S(R3), S(R3) denotes the Schwartz
space on R3.

We set operators S1(t) and S 1(t) by

S1(t) = S(t)|X (1)
, S 1(t)F1 =

∫ t

0

S1(t− τ)F1(τ) dτ.

Then we have the following

Proposition 3.3.1. (i) S1(t) is a uniformly continuous semigroup on X (1). In addition,
for each u1 ∈ X (1) and all T ′ > 0, S1(t) satisfies

S1(t)u1 ∈ C1([0, T ′];X (1)),

∂tS1(t)u1 = −A1S1(t)u1 (= −AS1(t)u1), S1(0)u1 = u1,

and there hold the estimates

∥∂k
t S1(·)u1∥C([0,T ′];X (1))

≤ C∥u1∥X (1)

for u1 ∈ X (1), k = 0, 1, where T ′ > 0 is any given positive number and C is a positive
constant depending on T ′.

(ii)
S 1(t) : L

2(0, T ;X (1)) → C([0, T ];X (1)) ∩H1(0, T ;X (1))
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is a bounded linear operator for t ∈ [0, T ] satisfying

∂tS 1(t)F1 + A1S 1(t)F1 = F1(t), S 1(0)F1 = 0,

∥S 1(·)F1∥C([0,T ];X (1))
≤ C∥F1∥L2(0,T ;X (1))

,

∥∂tS 1(·)F1∥L2(0,T ;X (1))
≤ C∥F1∥L2(0,T ;X (1))

.

for F1 ∈ L2(0, T ;X (1)), where C is a positive constant depending on T .

(iii) It holds that
S1(t)S 1(t

′)F1 = S 1(t
′)[S1(t)F1]

for any t ≥ 0, t′ ∈ [0, T ] and F1 ∈ L2(0, T ;X (1)).

Proposition 3.3.1 can be proved in a similar manner to the proof of Proposition 2.4.1;
and we omit the proof.

To investigate the invertibility of I − S1(T ), we prepare some lemmas. The following
lemma plays an important role to investigate the spatial decay properties of the time-T -
map.

Lemma 3.3.2. (i) Let

Âξ =

 0 iγ1
⊤ξ 0

iγ1ξ + iκ0|ξ|2ξ ν|ξ|2In + ν̃ξ⊤ξ iζξ
0 iζ⊤ξ α0|ξ|2

 (ξ ∈ R3).

Then there exists δ0 > 0 such that if 0 < r∞ ≤ δ0, the set of all eigenvalues of −Âξ

consists of λj(ξ) (j = 1, · · · 4), where
λ1(ξ) = −ν|ξ|2 +O(|ξ|3),
λ2(ξ) = − α0γ2

1

γ2
1+ζ2

|ξ|2 +O(|ξ|3),
λ3(ξ) = i

√
γ2
1 + ζ2|ξ| − ν+ν̃

2
|ξ|2 − α0ζ2

2(γ2
1+ζ2)

|ξ|2 +O(|ξ|3),
λ4(ξ) = λ̄3 (complex conjugate).

(ii) For |ξ| ≤ δ0, e
−tÂξ has the spectral resolution

e−tÂξ =
4∑

j=1

etλj(ξ)Πj(ξ),

where Πj(ξ) is eigenprojections for λj(ξ) (j = 1, · · · , 4), and Πj(ξ) (j = 1, · · · , 4) satisfy

Π1(ξ) =

0 0 0

0 I3 − ξ⊤ξ
|ξ|2 0

0 0 0

+O(|ξ|),
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Π2(ξ) =

1− γ2
1

γ2
1+ζ2

0 − γ1ζ
γ2
1+ζ2

0 0 0

− γ1ζ
γ2
1+ζ2

0 1− ζ2

γ2
1+ζ2

+O(|ξ|),

Π3(ξ) =
1

2


γ2
1

γ2
1+ζ2

− iγ1⊤ξ

i
√

γ2
1+ζ2|ξ|

γ1ζ
γ2
1+ζ2

− iγ1ξ

i
√

γ2
1+ζ2|ξ|

ξ⊤ξ
|ξ|2 − iζξ

i
√

γ2
1+ζ2|ξ|

γ1ζ
γ2
1+ζ2

− iζ⊤ξ

i
√

γ2
1+ζ2|ξ|

ζ2

γ2
1+ζ2

+O(|ξ|),

Π4(ξ) =
1

2


γ2
1

γ2
1+ζ2

iγ1⊤ξ

i
√

γ2
1+ζ2|ξ|

γ1ζ
γ2
1+ζ2

iγ1ξ

i
√

γ2
1+ζ2|ξ|

ξ⊤ξ
|ξ|2

iζξ

i
√

γ2
1+ζ2|ξ|

γ1ζ
γ2
1+ζ2

iζ⊤ξ

i
√

γ2
1+ζ2|ξ|

ζ2

γ2
1+ζ2

+O(|ξ|).

Furthermore, there exist a constant C > 0 such that the estimates

∥Πj(ξ)∥ ≤ C (j = 1, · · · , 4) (3.3.1)

hold for |ξ| ≤ r∞.

Lemma 3.3.2 is proved by the analytic perturbation theory ([21]). We set

ξ = |ξ|ω, ω =
ξ

|ξ|
, −Âξ = rÃξ, Ãξ = L1 + rL2 + r2L3,

where r = |ξ|,

L1 = −i

 0 γ1
⊤ω 0

γ1ω 0 ζω
0 ζ⊤ω 0

 , L2 = −

0 0 0
0 νI3 + ω⊤ω 0
0 0 α0


and

L3 = −

 0 0 0
iκ0ω 0 0
0 0 0

 .

Applying the reduction process ([21, Section II-2-3]), we can prove Lemma 3.3.2. See also
[26, Lemma 3.1].

Hereafter we fix 0 < r1 < r∞ ≤ δ0 so that (3.3.1) in Lemma 3.3.2 holds for |ξ| ≤ r∞.

Lemma 3.3.3. Let α be a multi-index. Then the following estimates hold true uniformly
for ξ with |ξ| ≤ r∞ and t ∈ [0, T ].

(i) |∂α
ξ λj| ≤ C|ξ|2−|α| ((|α| ≥ 0, j = 1, 2), |∂α

ξ λj| ≤ C|ξ|1−|α| ((|α| ≥ 0, j = 3, 4).

(ii) |(∂α
ξ Πj)F̂ | ≤ C|ξ|−|α||F̂ | (|α| ≥ 0).
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(iii) |∂α
ξ (e

λjt)| ≤ C|ξ|2−|α| (|α| ≥ 1, j = 1, 2).

(iv) |∂α
ξ (e

λjt)| ≤ C|ξ|1−|α| (|α| ≥ 1, j = 3, 4).

(v) |(∂α
ξ e

−tÂξ)F̂ | ≤ C|ξ|−|α||F̂ | (|α| ≥ 1).

(vi) |∂α
ξ (I − eλjt)−1| ≤ C|ξ|−2−|α| (|α| ≥ 0, j = 1, 2).

(vii) |∂α
ξ (I − eλjt)−1| ≤ C|ξ|−1−|α| (|α| ≥ 0, j = 3, 4).

Lemma 3.3.3 can be verified by direct computations based on Lemma 3.3.2.

Lemma 3.3.4. Set

E1,j(x) := F−1(χ̂0(I − eλjT )−1Πj) (j = 1, · · · , 4), (x ∈ R3)

where χ̂0 is the one defined by (2.3.3). Then the following estimates hold true uniformly
for x ∈ R3.

(i) |∂α
xE1,j(x)| ≤ C(1 + |x|)−(1+|α|) (j = 1, 2),

(ii) |∂α
xE1,j(x)| ≤ C(1 + |x|)−(2+|α|) (j = 3, 4).

In a similar manner to the proof of Lemma 2.4.5, Lemma 3.3.4 is proved by Lemma
2.3.7 and Lemma 3.3.3.

We are now in a position to investigate the invertibility of I−S(T ) for the low frequency
part. We consider the following equation

(I − S1(T ))u1 = F1 (3.3.2)

for a given F1. By using Lemma 2.3.8, Lemma 3.3.3, and Lemma 3.3.4, one can show the
following proposition in a similar manner to the proof of Proposition 2.4.2.

Proposition 3.3.5. (i) Assume that F1 ∈ L2
(1),1 ∩ L∞

3 ∩ L1. Then there uniquely exists

the solution u1 ∈ X (1) for (3.3.2) which satisfies

∥u1∥X (1)
≤ C(∥F1∥L∞

3
+ ∥F1∥L1 + ∥F1∥L2

1
).

(ii) Let F1 = ∂α
xF

(1)
1 ∈ L∞

3 ∩L2
(1),1 with F

(1)
1 ∈ L2

(1) ∩L∞
2 for some α satisfying |α| = 1.

Then (3.3.2) has a unique solution u1 ∈ X (1) satisfying

∥u1∥X (1)
≤ C(∥F1∥L∞

3
+ ∥F1∥L2

1
+ ∥F (1)

1 ∥L∞
2
+ ∥F (1)

1 ∥L2).

(iii) Suppose that F1 = ∂α
xF

(1)
1 ∈ L2

(1) with F
(1)
1 ∈ L2

(1),1 ∩ L∞
3 for some α satisfying

|α| ≥ 1. Then there uniquely exists the solution u1 ∈ X (1) for (3.3.2) satisfying

∥u1∥X (1)
≤ C(∥F (1)

1 ∥L∞
3
+ ∥F (1)

1 ∥L2
1
).
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Proposition 3.3.5 (i) implies that I − S1(T ) has a bounded inverse (I − S1(T ))
−1:

L2
(1),1 ∩ L∞

3 ∩ L1 → X (1) and it holds that

∥(I − S1(T ))
−1F1∥X (1)

≤ C(∥F1∥L∞
3
+ ∥F1∥L1 + ∥F1∥L2

1
).

In the case F1 = ∂α
xF

(1)
1 ∈ L∞

3 ∩ L2
(1),1 with F

(1)
1 ∈ L2

(1) ∩ L∞
2 for some α satisfying

|α| = 1, we have (I − S1(T ))
−1F1 ∈ X (1) and

∥(I − S1(T ))
−1F1∥X (1)

≤ C(∥F1∥L∞
3
+ ∥F1∥L2

1
+ ∥F (1)

1 ∥L∞
2
+ ∥F (1)

1 ∥L2).

We also see that for F1 = ∂α
xF

(1)
1 ∈ L2

(1) with F
(1)
1 ∈ L2

(1),1∩L∞
3 with some α satisfying

|α| ≥ 1, there hold (I − S1(T ))
−1F1 ∈ X (1) and

∥(I − S1(T ))
−1F1∥X (1)

≤ C(∥F (1)
1 ∥L∞

3
+ ∥F (1)

1 ∥L2
1
).

By the above argument, Γ[P1F ] makes sense and satisfies the following estimates. We
set

Γ1[P1F ](t) = S(t)S (T )(I − S(T ))−1(P1F ), Γ2[P1F ](t) = S (t)(P1F ), (3.3.3)

for given F . By Proposition 3.3.1 (i), (ii) and Proposition 3.3.5, we have the following
estimates for Γj[P1F ] (j = 1, 2).

Proposition 3.3.6. (i) Assume that F ∈ L2(0, T ;L2
1 ∩ L∞

3 ∩ L1). Then Γj[P1F ] ∈
C([0, T ];X (1)) (j = 1, 2) and Γj[P1F ] satisfy the estimates

∥Γj[P1F ]∥
C([0,T ];X )

≤ C∥F∥L2(0,T ;L∞
3 ∩L1∩L2

1)
(j = 1, 2).

(ii) For each F ∈ L2(0, T ;L∞
3 ∩L2

1) satisfying F = ∂α
xF

(1) with F (1) ∈ L2(0, T ;L2∩L∞
2 )

for some α satisfying |α| = 1, Γj[P1F ] ∈ C([0, T ];X (1)) (j = 1, 2) and Γj[P1F ] satisfy
the estimates

∥Γj[P1F ]∥
C([0,T ];X )

≤ C(∥F∥L2(0,T ;L∞
3 ∩L2

1)
+ ∥F (1)∥L2(0,T ;L∞

2 ∩L2)) (j = 1, 2).

(iii) Γj[P1F ] ∈ C([0, T ];X (1)) (j = 1, 2) for F = ∂α
xF

(1) ∈ L2(0, T ;L2) with F (1) ∈
L2(0, T ;L2

1 ∩ L∞
3 ) for some α satisfying |α| ≥ 1 and Γj[P1F ] satisfy the estimates

∥Γj[P1F ]∥
C([0,T ];X )

≤ C∥F (1)∥L2(0,T ;L∞
3 ∩L2

1)
(j = 1, 2).

We have the following another type of estimates for Γj[P1F ] (j = 1, 2).
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Proposition 3.3.7. (i) In the case F = ∂α
xF

(1) ∈ L2(0, T ;L2) with F (1) ∈ L2(0, T ;L1
2)

for some α satisfying |α| ≥ 0, Γj[P1F ] ∈ C([0, T ];X (1)) (j = 1, 2) and Γj[P1F ] satisfy
the estimates

∥Γj[P1F ]∥
C([0,T ];X )

≤ C∥F (1)∥L2(0,T ;L1
2)
.

(ii) Let F ∈ L2(0, T ;L2) and let F = ∂α
xF

(1) with F (1) ∈ L2(0, T ;L2
2) for some α

satisfying |α| ≥ 1. Then Γj[P1F ] ∈ C([0, T ];X (1)) (j = 1, 2) and Γj[P1F ] satisfy the
estimates

∥Γj[P1F ]∥
C([0,T ];X )

≤ C∥F (1)∥L2(0,T ;L2
2)
.

Proposition 3.3.7 can be easily verified by Lemma 2.3.7, Lemma 2.3.9, Lemma 3.3.3
and Lemma 3.3.4.

We recall that
Γ[F ] = S(t)S (T )(I − S(T ))−1F + S (t)F

for F = ⊤(0, F2, F3). The following estimates for Γ[P1F ] directly follow from Proposition
3.3.6 and Proposition 3.3.7.

Proposition 3.3.8. (i) Assume that F ∈ L2(0, T ;L2
1 ∩ L∞

3 ∩ L1). Then Γ[P1F ] satisfies
the estimate

∥Γ[P1F1]∥C([0,T ];X )
≤ C∥F∥L2(0,T ;L∞

3 ∩L1∩L2
1)
. (3.3.4)

(ii) For each F ∈ L2(0, T ;L∞
3 ∩L2

1) satisfying F = ∂α
xF

(1) with F (1) ∈ L2(0, T ;L2∩L∞
2 )

for some α satisfying |α| = 1, it holds that

∥Γ[P1F ]∥
C([0,T ];X )

≤ C(∥F∥L2(0,T ;L∞
3 ∩L2

1)
+ ∥F (1)∥L2(0,T ;L∞

2 ∩L2)). (3.3.5)

(iii) Let F = ∂α
xF

(1) ∈ L2(0, T ;L2) with F (1) ∈ L2(0, T ;L2
1∩L∞

3 ) for some α satisfying
|α| ≥ 1. Then Γ[P1F ] satisfies the estimate

∥Γ[P1F ]∥
C([0,T ];X )

≤ C∥F (1)∥L2(0,T ;L∞
3 ∩L2

1)
. (3.3.6)

(iv) In the case F = ∂α
xF

(1) ∈ L2(0, T ;L2) with F (1) ∈ L2(0, T ;L1
2) for some α satis-

fying |α| ≥ 0, Γ[P1F ] satisfies the estimate

∥Γ[P1F ]∥
C([0,T ];X )

≤ C∥F (1)∥L2(0,T ;L1
2)
. (3.3.7)

(v) Let F ∈ L2(0, T ;L2) and let F = ∂α
xF

(1) with F (1) ∈ L2(0, T ;L2
2) for some α

satisfying |α| ≥ 1. Then it holds that

∥Γ[P1F ]∥
C([0,T ];X )

≤ C∥F (1)∥L2(0,T ;L2
2)
. (3.3.8)
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3.4 Estimates of Γ for the high frequency part

In this section we establish estimates Γ for the high frequency part. We begin with to
introduce function spaces for the high frequency part.

Let k and ℓ be nonnegative integers. The symbol Hk
(∞) stands for the set of all u ∈ Hk

satisfying supp û ⊂ {|ξ| ≥ r1} and the space Hk
(∞),ℓ is defined by

Hk
(∞),ℓ = {u ∈ Hk

(∞); ∥u∥Hk
ℓ
< +∞}.

Let s be a nonnegative integer satisfying s ≥ 2. By Proposition 3.2.3, for u∞ ∈
Hs+1

(∞) ×Hs
(∞) and F∞ ∈ L2(0, T ;Hs

(∞) ×Hs−1
(∞)), the operators

S∞(t) : Hs+1
(∞) ×Hs

(∞) −→ Hs+1
(∞) ×Hs

(∞) (t ≥ 0)

and
S∞(t) : L2(0, T ;Hs

(∞) ×Hs−1
(∞)) −→ Hs+1

(∞) ×Hs
(∞) (t ∈ [0, T ])

are defined by S∞(t)u∞ = S(t)u∞ and

S∞(t)F∞ =

∫ t

0

S∞(t− τ)F∞(τ) dτ.

The operators S∞(t) and S ∞(t) have the following properties in weighted L2-Sobolev
spaces.

Proposition 3.4.1. (i) It holds that S∞(·)u0∞ ∈ C([0,∞);Hs+1
(∞),2 × Hs

(∞),2) for each

u0∞ = ⊤(ϕ0∞,m0∞, ε0∞) ∈ Hs+1
(∞),2 × Hs

(∞),2 and there exist constants a > 0 and C > 0

such that S∞(t) satisfies the estimate

∥S∞(t)u0∞∥Hs+1
(∞),2

×Hs
(∞),2

≤ Ce−at∥u0∞∥Hs+1
(∞),2

×Hs
(∞),2

for all t ≥ 0 and u0∞ ∈ Hs+1
(∞),2×Hs

(∞),2. Furthermore, rHs
(∞),2

(S∞(T )) < 1; and I−S∞(T )

has a bounded inverse (I − S∞(T ))−1 on Hs+1
(∞),2 ×Hs

(∞),2 and (I − S∞(T ))−1 satisfies

∥(I − S∞(T ))−1u∥Hs+1
(∞),2

×Hs
(∞),2

≤ C∥u∥Hs+1
(∞),2

×Hs
(∞),2

for u ∈ Hs+1
(∞),2 ×Hs

(∞),2.

(ii) It holds that S ∞(·)F∞ ∈ C([0, T ];Hs+1
(∞),2×Hs

(∞),2) for each F∞ = ⊤(F 1
∞, F 2

∞, F 3
∞) ∈

L2(0, T ;Hs
(∞),2 ×Hs−1

(∞),2) and S∞(t) satisfies the estimate

∥S∞(t)[F∞]∥Hs+1
(∞),2

×Hs
(∞),2

≤ C

{∫ t

0

e−a(t−τ)∥F∞∥2
Hs

(∞),2
×Hs−1

(∞),2

dτ

} 1
2

for t ∈ [0, T ] and F∞ ∈ L2(0, T ;Hs
(∞),2 ×Hs−1

(∞),2) with a positive constant C depending on
T .
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Proposition 3.4.1 can be proved by the weighted energy method. In fact, Proposition
3.4.1 is an immediate consequence of the following proposition.

Proposition 3.4.2. Let s be a nonnegative integer satisfying s ≥ 2. Assume that

u0∞ = ⊤(ϕ0∞,m0∞, ε0∞) ∈ Hs+1
(∞),2 ×Hs

(∞),2,

F∞ = ⊤(F 1
∞, F 2

∞, F 3
∞) ∈ L2(0, T ′;Hs

(∞),2 ×Hs−1
(∞),2)

for all T ′ > 0. Assume also that u∞ = ⊤(ϕ∞,m∞, ε∞) satisfies{
∂tu∞ + Au∞ = F∞,
u∞|t=0 = u0∞.

(3.4.1)

and

ϕ∞ ∈ C([0, T ′];Hs+1
(∞)) ∩ L2(0, T ′;Hs+2

(∞)),
⊤(m∞, ε∞) ∈ C([0, T ′];Hs

(∞)) ∩ L2(0, T ′;Hs+1
(∞))

Then u∞ satisfies

ϕ∞ ∈ C([0, T ′];Hs+1
(∞),2) ∩ L2(0, T ′;Hs+2

(∞),2),
⊤(m∞, ε∞) ∈ C([0, T ′];Hs

(∞),2) ∩ L2(0, T ′;Hs+1
(∞),2)

for all T ′ > 0 and there exists an energy functional Es[u∞] such that there holds the
estimate

d

dt
Es[u∞](t) + d(∥ϕ∞(t)∥2

Hs+2
2

+ ∥m∞(t)∥2
Hs+1

2
+ ∥ε∞(t)∥2

Hs+1
2

)

≤ C∥F∞(t)∥2
Hs

2×Hs−1
2

(3.4.2)

on (0, T ′) for all T ′ > 0. Here d is a positive constant; C is a positive constant depending
on T but not on T ′; Es[u∞] is equivalent to ∥u∞∥2

Hs+1
2 ×Hs

2

, i.e,

C−1∥u∞∥2
Hs+1

2 ×Hs
2
≤ Es[u∞] ≤ C∥u∞∥2

Hs+1
2 ×Hs

2
;

and Es[u∞](t) is absolutely continuous in t ∈ [0, T ′] for all T ′ > 0.

We prove Proposition 3.4.2 by a weighted energy method. We introduce some nota-
tions. We define the energy functional Es

j [u∞] by

Es
j [u∞] = (κ1|u∞|2Hs

j
+

κ0κ1

γ1
|∇ϕ∞|2Hs

j
) +

∑
|α|≤s

(∂α
xm∞, |x|2j∇∂α

xϕ∞).

Here κ1 is a positive constant to be determined later.
Note that there exists a constant κ2 > 0 such that if κ1 ≥ κ2, then Es

j [u∞] is equivalent
to |u∞|2

Hs+1
j ×Hs

j

, i.e.,

C−1|u∞|2
Hs+1

j ×Hs
j
≤ Es

j [u∞] ≤ C|u∞|2
Hs+1

j ×Hs
j
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for some constant C > 0.
We also define Ds

j [u∞] by

Ds
j [u∞] = |∇u∞|2Hs

j
+ |∇2ϕ∞|2Hs

j
.

We begin with the estimate for Es
0[u∞] and Ds

0[u∞].

Proposition 3.4.3. Let s be a nonnegative integer satisfying s ≥ 2. Assume that

u0∞ ∈ Hs+1 ×Hs, F∞ ∈ L2(0, T ′;Hs ×Hs−1).

Here T ′ is a given positive number. Assume also that u∞ = ⊤(ϕ∞,m∞, ε∞) is the solu-
tion of (3.4.1). Then u∞ = ⊤(ϕ∞,m∞, ε∞) satisfies that u∞ ∈ C([0, T ′];Hs+1 × Hs) ∩
L2(0, T ′;Hs+2 × Hs) and that Es

0[u∞](t) is absolutely continuous in t ∈ [0, T ′] and there
exist positive constants κ3 ≥ κ2 and d0 > 0 such that the estimate

d

dt
Es

0[u∞] + d0D
s
0[u∞] ≤ C

{
ϵ∥u∞∥22 +

(
1 +

1

ϵ

)
∥F∞∥2Hs×Hs−1

}
holds on (0, T ′) for any κ1 ≥ κ3, where κ1 is the constant in the definition of Es

0[u∞]; κ2

is the constant in p.24; ϵ is any positive number; and C is a positive constant independent
of T ′ and ϵ.

Proposition 3.4.3 can be proved by the energy method as in [2, 13]. (In fact, the
estimate in Proposition 3.4.3 can be obtained by setting ℓ = 0 in the proof of Proposition
3.4.4 bellow.)

We next derive the estimate for Es
ℓ [u∞] and Ds

ℓ [u∞] for ℓ = 1, 2. We show the following

Proposition 3.4.4. Let s be a nonnegative integer satisfying s ≥ 2 and let ℓ = 1, 2.
Assume that

u0∞ = ⊤(ϕ0∞,m0∞, ε0∞) ∈ Hs+1
ℓ ×Hs

ℓ ,

F∞ = ⊤(F 1
∞, F 2

∞, F 3
∞) ∈ L2(0, T ′;Hs

ℓ ×Hs−1
ℓ ).

Here T ′ is a given positive number. Assume also that u∞ = ⊤(ϕ∞,m∞, ε∞) is the solution
of (3.4.1) and that

ϕ∞ ∈ C([0, T ′];Hs+1) ∩ L2(0, T ′;Hs+2), ⊤(m∞, ε∞) ∈ C([0, T ′];Hs) ∩ L2(0, T ′;Hs+1).

Then u∞ = ⊤(ϕ∞,m∞, ε∞) satisfies

ϕ∞ ∈ C([0, T ′];Hs+1
ℓ ) ∩ L2(0, T ′;Hs+2

ℓ ), ⊤(m∞, ε∞) ∈ C([0, T ′];Hs
ℓ ) ∩ L2(0, T ′;Hs+1

ℓ ).

Furthermore, Es
ℓ [u∞](t) are absolutely continuous in t ∈ [0, T ′] and there exist positive

constants κ4 ≥ κ2 and d1 > 0 such that the estimate

d

dt
Es

ℓ [u∞] + d1D
s
ℓ [u∞] ≤ C

{
ϵ|u∞|2L2

ℓ
+
(
1 +

1

ϵ

)
|F∞|2

Hs
ℓ×Hs−1

ℓ
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+ℓ2
(
1 +

1

ϵ

)
(|u∞|2Hs

ℓ−1
+ |∇ϕ∞|2Hs

ℓ−1
)
}

(3.4.3)

holds on (0, T ′) for any κ1 ≥ κ4. Here κ1 is the constant in the definition of Es
ℓ [u∞]; κ2

is the constant in p.24; ϵ is any positive number; C is a positive constant independent of
T ′, ϵ.

Proof. For a multi-index α satisfying |α| ≤ s, we take the inner product of ∂α
x (3.4.1)1

with |x|2ℓ∂α
xϕ∞ to obtain

1

2

d

dt
∥|x|ℓ∂α

xϕ∞∥2L2 + γ1(∂
α
xdivm∞, |x|2ℓ∂α

xϕ∞) = I
(1)
α,ℓ , (3.4.4)

where

I
(1)
α,ℓ = (∂α

xF
1
∞, |x|2ℓ∂α

xϕ∞).

We take the inner product of ∂α
x (3.4.1)2 with |x|2ℓ∂α

xm∞ and integrate by parts to obtain

1

2

d

dt
∥|x|ℓ∂α

xm∞∥2L2 − κ0(∂
α
x∇∆ϕ∞, |x|2∂α

xm∞)

+ν∥|x|ℓ∇∂α
xm∞∥2L2 + ν̃∥|x|ℓdiv∂α

xm∞∥2L2

−γ1(∂
α
xϕ∞, |x|2ℓ∂α

xdivm∞)− ζ(∂α
x ε∞, |x|2ℓ∂α

xdivm∞)

= I
(2)
α,ℓ + P (1)

α,ℓ[u∞],

(3.4.5)

where

I
(2)
α,ℓ =

{
(F 2

∞, |x|2ℓm∞) (α = 0),
−(∂α−1

x F 2
∞, |x|2ℓ∂α+1

x m∞) (|α| ≥ 1),

P (1)
α,ℓ[u∞]

= (−ν∂α
x∇m∞ − ν̃∂α

xdivm∞ + γ1∂
α
xϕ∞ + ζ∂α

x ε∞,∇(|x|2ℓ)∂α
xm∞)

−(∂α−1
x F 2

∞, ∂x(|x|2ℓ)∂α
xm∞).

As for the second term on the left-hand side, we have

(∂α
x∇∆ϕ∞, |x|2ℓ∂α

xm∞)

= −(∂α
x∆ϕ∞, |x|2ℓ∂α

xdivm∞)− (∂α
x∆ϕ∞,∇(|x|2ℓ)∂α

xm∞). (3.4.6)

By (3.4.1), we have

γ1divm∞ = −∂tϕ∞ + F 1
∞.

Substituting this into (3.4.6), we obtain

(∂α
x∇∆ϕ∞, |x|2ℓ∂α

xm∞)

=
1

γ1
(∂α

x∆ϕ∞, |x|2ℓ∂α
x∂tϕ∞)− 1

γ1
(∂α

x∆ϕ∞, |x|2ℓ∂α
xF

1
∞)
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−(∂α
x∆ϕ∞,∇(|x|2ℓ)∂α

xm∞)

= − 1

2γ1

d

dt
∥∂α

x∇ϕ∞∥2L2 −
1

γ1
(∂α

x∆ϕ∞, |x|2ℓ∂α
xF

1
∞)

−(∂α
x∆ϕ∞,∇(|x|2ℓ)∂α

xm∞).

This, together with (3.4.5), we obtain

1

2

d

dt
∥|x|ℓ∂α

xm∞∥2L2 +
κ0

2γ1

d

dt
∥|x|ℓ∂α

x∇ϕ∞∥2L2

+ν∥|x|ℓ∇∂α
xm∞∥2L2 + ν̃∥|x|ℓdiv∂α

xm∞∥2L2

−γ1(∂
α
xϕ∞, |x|2ℓ∂α

xdivm∞)− ζ(∂α
x ε∞, |x|2ℓ∂α

xdivm∞)

=
3∑

j=2

I
(j)
α,ℓ + P (2)

α,ℓ[u∞],

(3.4.7)

where
I
(3)
α,ℓ = −κ0

γ1
(∂α

x∆ϕ∞, |x|2ℓ∂α
xF

1
∞),

P (2)
α,ℓ[u∞] = (−ν∂α

x∇m∞ − ν̃∂α
xdivm∞ + γ1∂

α
xϕ∞

−κ0∂
α
x∆ϕ∞ + ζ∂α

x ε∞),∇(|x|2ℓ)∂α
xm∞)

−(∂α−1
x F 2

∞, ∂x(|x|2ℓ)∂α
xm∞).

We take the inner product of ∂α
x (3.4.1)3 with |x|2ℓ∂α

x ε∞ and integrate by parts to
obtain

1

2

d

dt
∥|x|ℓ∂α

x ε∞∥2L2 + α0∥|x|ℓ∇∂α
x ε∞∥2L2 + ζ(∂α

x ε∞, |x|2ℓ∂α
xdivm∞)

= I
(4)
α,ℓ + P (2)

α,ℓ[u∞],

(3.4.8)

where

I
(4)
α,ℓ =

{
(F 3

∞, |x|2ℓε∞) (α = 0),
−(∂α−1

x F 3
∞, |x|2ℓ∂α+1

x ε∞) (|α| ≥ 1),

P (2)
α,ℓ[u∞] = −α0(∂

α
x∇ε∞,∇(|x|2ℓ)∂α

x ε∞)− (∂α−1
x F 3

∞, ∂x(|x|2ℓ)∂α
x ε∞).

By adding (3.4.4) and (3.4.7) to (3.4.8), we see that

1

2

d

dt

{
∥|x|ℓ∂α

xϕ∞∥2L2 +
κ0

γ1
∥|x|ℓ∂α

x∇ϕ∞∥2L2

+∥|x|ℓ∂α
xm∞∥2L2 + ∥|x|ℓ∂α

x ε∞∥2L2

}
+ν∥|x|ℓ∇∂α

xm∞∥2L2 + ν̃∥|x|ℓdiv∂α
xm∞∥2L2 + α0∥|x|ℓ∇∂α

x ε∞∥2L2

=
4∑

j=1

I
(j)
α,ℓ + P (2)

α,ℓ[u∞] + P (3)
α,ℓ[u∞]. (3.4.9)
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By using Lemma 1.1.2 and the Hölder inequality, we obtain

|
∑
|α|≤s

4∑
j=1

I
(j)
α,ℓ| ≤ ϵ|u∞|2L2

ℓ
+ ϵ1(|∇ϕ∞|2

Hs−1
ℓ

+ |∆ϕ∞|2Hs
ℓ
)

+ϵ2|∇m∞|2Hs
ℓ
+ ϵ3|∇ε∞|2Hs

ℓ

+C
(1
ϵ
+

1

ϵ1
+

1

ϵ2
+

1

ϵ3

)
|F∞|2

Hs
ℓ×Hs−1

ℓ
,

|
∑
|α|≤s

3∑
j=2

P (j)
α,ℓ[u∞]| ≤ ϵ|u∞|2L2

ℓ
+ ϵ1(|∇ϕ∞|2

Hs−1
ℓ

+ |∆ϕ∞|2Hs
ℓ
)

+ϵ2|∇m∞|2Hs
ℓ
+ ϵ3|∇ε∞|2Hs

ℓ

+Cℓ2
(
1 +

1

ϵ
+

1

ϵ1
+

1

ϵ2
+

1

ϵ3

)
|m∞|2Hs

ℓ−1

+Cℓ2|F∞|2
Hs

ℓ×Hs−1
ℓ

.

Taking ϵ2 > 0 and ϵ3 > 0 suitably small, we have

1

2

d

dt
|u∞|2Hs

ℓ
+

κ0

2γ1

d

dt
|∇ϕ∞|2Hs

ℓ
+

ν

2
|∇m∞|2Hs

ℓ
+

ν̃

2
|divm∞|2Hs

ℓ
+

α0

2
|∇ε∞|2Hs

ℓ

≤ ϵ|u∞|2L2
1
+ ϵ1(|∇ϕ∞|2

Hs−1
ℓ

+ |∇2ϕ∞|2Hs
ℓ
) + C

(
1 +

1

ϵ
+

1

ϵ1

)
|F∞|2

Hs
ℓ×Hs−1

ℓ

+C
(
1 +

1

ϵ
+

1

ϵ1

)
∥u∞∥2Hs

ℓ−1
. (3.4.10)

We next estimate ∥|x|2ℓ∇∂α
xϕ∞∥2L2 + ∥|x|2ℓ∆∂α

xϕ∞∥2L2 for α with |α| ≤ s. For a multi-
index α satisfying |α| ≤ s, we take the inner product of ∂α

x (3.4.1)2 with |x|2ℓ∇∂α
xϕ∞ to

obtain

(∂t∂
α
xm∞, |x|2ℓ∇∂α

xϕ∞) + γ1|∇∂α
xϕ∞|2L2

ℓ
+ κ0|∂α

x∆ϕ∞|2L2
ℓ
=

4∑
i=1

J
(i)
α,ℓ + P (4)

α,ℓ[u∞],(3.4.11)

where

J
(1)
α,ℓ = −ν(∂α

x∇m∞, |x|2ℓ∇2∂α
xϕ∞),

J
(2)
α,ℓ = −ν̃(∂α

xdivm∞, |x|2ℓ∆∂α
xϕ∞),

J
(3)
α,ℓ =

{
−(∂α−1

x F 2
∞, |x|2ℓ∇∂α+1

x ϕ∞) (α ≥ 1),
(F 2

∞, |x|2ℓ∇ϕ∞) (|α| = 0),

J
(4)
α,ℓ = −ζ(∂α

x∇ε∞, |x|2ℓ∇∂α
xϕ∞),

P (4)
α,ℓ[u∞] = −κ0(∂

α
x∆ϕ∞,∇(|x|2ℓ)∇∂α

xϕ∞)− ν(∂α
x∇m∞,∇(|x|2ℓ)∇∂α

xϕ∞)
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−ν̃(∂α
xdivm∞,∇(|x|2ℓ)∇∂α

xϕ∞)− (∂α−1
x F 2

∞, ∂x(|x|2ℓ)∇∂α
xϕ∞).

As for the first term on the left-hand side, we have

(∂t∂
α
xm∞, |x|2ℓ∇∂α

xϕ∞)

=
d

dt
(∂α

xm∞, |x|2ℓ∂α
x∇ϕ∞) + (∂α

xm∞,∇(|x|2ℓ)∂α
x∂tϕ∞)

+(∂α
xdivm∞, |x|2ℓ∂α

x∂tϕ∞). (3.4.12)

By (3.4.1), we have

∂tϕ∞ = −γ1divm∞ + F 1
∞.

Substituting this into (3.4.12), we obtain

(∂t∂
α
xm∞, |x|2ℓ∇∂α

xϕ∞) =
d

dt
(∂α

xm∞, |x|2ℓ∂α
x∇ϕ∞)−

5∑
i=4

J
(i)
α,ℓ − P (5)

α,ℓ[u∞],

where

J
(5)
α,ℓ = γ1(∂

α
xdivm∞, |x|2ℓ∂α

xdivm∞),

J
(6)
α,ℓ = −(∂α

xdivm∞, |x|2ℓ∂α
xF

1
∞),

and

P (5)
α,ℓ[u∞] = γ1(∂

α
xm∞,∇(|x|2ℓ)∂α

xdivm∞)− (∂α
xm∞,∇(|x|2ℓ)∂α

xF
1
∞).

This, together with (3.4.11), gives

d

dt
(∂α

xm∞, |x|2ℓ∂α
x∇ϕ∞) + γ1|∇∂α

xϕ∞|2L2
ℓ
+ κ0|∂α

x∆ϕ∞|2L2
ℓ

=
6∑

i=1

J
(i)
α,ℓ +

5∑
i=4

P (i)
α,ℓ[u∞]. (3.4.13)

By Lemma 1.1.2 and the Hölder inequality, we obtain

|
∑
|α|≤s

6∑
i=1

J
(i)
α,ℓ| ≤ κ0

6
|∇2ϕ∞|Hs

ℓ
+

γ1
4
|∇ϕ∞|2Hs

ℓ

+C
(
γ1 +

1

κ0

)
|∇m∞|2Hs

ℓ
+

C

γ1
|∇ε∞|2Hs

ℓ

+C
( 1

κ0

+
1

γ1

)
|F∞|2

Hs
ℓ×Hs−1

ℓ
,

|
∑
|α|≤s

P (4)
α,ℓ[u∞]| ≤ γ1

4
|∇ϕ∞|2Hs

ℓ
+

κ0

6
|∇2ϕ∞|2Hs

ℓ
+ ϵ̃ℓ|∇m∞|2Hs

ℓ
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+C
(ℓ
ϵ̃
+

ℓ2

γ1
+

ℓ2

κ0

)
(|∇ϕ∞|2Hs

ℓ−1
+ |F 2

∞|2
Hs−1

ℓ
),

|
∑
|α|≤s

P (5)
α,ℓ[u∞]| ≤ ϵ̃ℓ|m∞|2L2

ℓ
+ ϵ̃ℓ|∇m∞|2Hs

ℓ

+
Cℓ

ϵ̃
|m∞|2Hs

ℓ−1
+ Cℓ|F 1

∞|2Hs
ℓ

for any ϵ̃ > 0 with C > 0 independent of ϵ̃.
By integration by parts, we see that

|∇2∂α
xϕ∞|L2

ℓ
= |∆∂α

xϕ∞|L2
ℓ
+ P (6)

α,ℓ[u∞],

where

P (6)
α,ℓ[u∞] =

3∑
i,j=1

(∂xi
∂α
xϕ∞, ∂xi

(|x|2ℓ)∂xj
∂xj

∂α
xϕ∞)

−
3∑

i,j=1

(∂xi
∂α
xϕ∞, ∂xj

(|x|2ℓ)∂xi
∂xj

∂α
xϕ∞)

≤ κ0

6
|∇2ϕ∞|2Hs

ℓ
+

C

κ0

ℓ2|∇ϕ∞|2Hs
ℓ−1

.

Combining these estimates with (3.4.11) and (3.4.13), we see that

d

dt

∑
|α|≤s

(∂α
xm∞, |x|2ℓ∂α

x∇ϕ∞) +
γ1
2
|∇ϕ∞|2Hs

ℓ
+

κ0

2
|∇2ϕ∞|2Hs

ℓ

≤ ϵ̃ℓ|m∞|2L2
ℓ
+ C

{
|∇m∞|2Hs

ℓ
+ |∇ε∞|2Hs

ℓ
+ |F∞|2

Hs
ℓ×Hs−1

ℓ

}
+C
(
ℓ2 +

ℓ

ϵ̃

){
|m∞|2Hs

ℓ−1
+ |∇ϕ∞|2Hs

ℓ−1

}
(3.4.14)

for any ϵ̃ > 0 with C > 0 independent of ϵ̃.
Consider now κ1×(3.4.10)+(3.4.14) with a constant κ1 > 0. We take κ4 ≥ κ2 so large

that if κ1 satisfies κ1 ≥ κ4, then |∇m∞|2Hs
ℓ
+ |∇ε∞|2Hs

ℓ
on the right-hand side is absorbed

into the left-hand side. Setting ϵ1 = min
{

γ1
4κ1

, κ0

4κ1

}
and ϵ̃ = ℓ−1ϵ, we arrive at

d

dt
Es

ℓ [u∞](t) + dDs
ℓ [u∞]

≤ ϵ|u∞|2L2
ℓ
+ C

(
1 +

1

ϵ

)
|F∞|2

Hs
ℓ×Hs−1

ℓ

+Cℓ2
(
1 +

1

ϵ

)
(|u∞|2Hs

ℓ−1
+ |∇ϕ∞|2Hs

ℓ−1
)

for anyϵ > 0 with C > 0 independent of ϵ. The computation above is formal, but it can
be justified by using the cut-off argument as in Chapter 1. This completes the proof. □
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By Proposition 3.4.4 and Lemma 1.3.4, and Lemma 2.3.11, we obtain Proposition
3.4.2 in a similar argument to that in Proposition 1.5.8.

Proposition 3.4.1 yields the following estimate for Γ.

Proposition 3.4.5. Let s be a nonnegative integer satisfying s ≥ 2. Then for

F = ⊤(0, F 2, F 3) ∈ L2(0, T ;Hs−1
2 )

Γ[P∞F ] satisfies the estimate

∥Γ[P∞F ]∥Y s

2 (0,T )
≤ C∥P∞F∥L2(0,T ;Hs−1

2 ).

3.5 Proof of Theorem 3.2.1

In this section we give a proof of Theorem 3.2.1.

We first establish the estimates for the nonlinear and inhomogeneous terms P1F (u, g)
and P∞F (u, g). where F 2(u, g), F 3(u) are the same ones defined in (3.2.6), (3.2.7),
respectively.

For the estimates of the low frequency part, we recall that

Γ[P1F ](t) := S(t)S (T )(I − S(T ))−1(P1F ) + S (t)(P1F ).

We first show the estimate of ∥Γ[P1F (u, g)]∥
C([0,T ];X )

.

Proposition 3.5.1. Suppose that u = ⊤(ϕ,m, ε) ∈ Z s(0, T ) satisfies

sup
0≤t≤T

∥P1u(t)∥X + sup
0≤t≤T

∥P∞u(t)∥Hs+1
2 ×Hs

2
+ sup

0≤t≤T
∥ϕ(t)∥L∞ ≤ 1

2
.

Then there holds

∥Γ[P1F (u, g)]∥
C([0,T ];X )

≤ C∥u∥2Z s
(0,T )

+ C
(
1 + ∥u∥Z s

(0,T )

)
[g]s

uniformly for u.

Proof. For u(j) = ⊤(ϕ(j),m(j), ε(j)) (j = 1, 2) we set

G1(u
(1), u(2)) = −

 0
G1,1(u

(1), u(2))
G1,2(u

(1), u(2))

 ,

G2(ϕ,m, ε, u(1), u(2)) = −

 0
G2,1(ϕ,m, ε, u(1), u(2))
G2,2(ϕ,m, ε, u(1), u(2))

 ,
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G3(u
(1), u(2)) = −

 0
G3,1(u

(1), u(2))
0

 ,

G4(ϕ,m, ε, u(1), u(2)) = −

 0
G4,1(ϕ,m, ε, u(1), u(2))
G4,2(ϕ,m, ε, u(1), u(2))

 ,

G5(ϕ,m, g) =

 0
1
γ1
(1 + ϕ)g
1
γ2
mg

 ,

Hk(u
(1), u(2)) = Gk(u

(1), u(2)) +Gk(u
(2), u(1)), (k = 1, 2),

Hk(ϕ,m, ε, u(1), u(2)) = Gk(ϕ,m, ε, u(1), u(2)) +Gk(ϕ,m, ε, u(2), u(1)) (k = 3, 4),

where

G1,1(u
(1), u(2)) =

γ1
ρ∗

div (m(1) ⊗m(2)),

G1,2(u
(1), u(2)) =

γ1
ρ∗

div (ε(1) ⊗m(2)),

G2,1(ϕ,m, ε, u(1), u(2)) = ρ∗ν∆(P (1)(ϕ)ϕ(1)m(2)) + ρ∗ν̃∇div (P (1)(ϕ)ϕ(1)m(2))

+γ3∇(P (1)(ϕ)ϕ(1)ε(1)) +
1

γ1
∇(P (2)(ϕ)ϕ(1)ϕ(2))

+
1

γ1C2
v

∇
(
P (3)(θ)

γ2
2ε

(1)ε(2)

(ρ∗ + ϕ)2

)
+

γ2
γ1Cv

∇
(
P (4)(θ)

ϕ(1)ε(2)

(ρ∗ + ϕ)

)
−Pθ(ρ∗, θ∗)

γ1
∇
(γ2

1 |m(1)||m(2)|
2Cv(ρ∗ + ϕ)2

)
,

G2,2(ϕ,m, ε, u(1), u(2)) = γ1div (P
(1)(ϕ)ϕ(1)ε(2))− α0ρ∗∆(P (1)(ϕ)ϕ(1)ε(2))

+
α0

Cvγ2
∆
(γ2

1 |m(1)||m(2)|
2(ρ∗ + ϕ)2

)
+

γ1
γ2

div (P (1)(ϕ)ϕ(1)m(2)P (ρ∗ + ϕ, θ))

+
γ1
ρ∗γ2

div (m(1)P (5)(ϕ, θ)ϕ(2)) +
γ1

Cvρ∗γ2
div
(
m(1)P (6)(θ)

γ2ε
(2)

ρ∗ + ϕ

)
−γ1
γ2

div
(
S
(γ1m(1)

ρ∗ + ϕ

) m(2)

ρ∗ + ϕ

)
,

G3,1(u
(1), u(2)) = − 1

γ1
divΦ(ϕ(1), ϕ(2)),

G4,1(ϕ,m, ε, u(1), u(2)) = γ1div (P
(1)(ϕ)ϕm(1) ⊗m(2))

+
1

C2
vγ1

∇
{
P (3)(θ)

(γ4
1 |m(1)||m(2)||m|2

4(ρ∗ + ϕ)4
− γ2

1γ2ε|m(1)||m(2)|
(ρ∗ + ϕ)3

)}
− 1

Cvγ1
∇
(
P (4)(θ)

γ2
1ϕ|m(1)||m(2)|
2(ρ∗ + ϕ)2

)
,

G4,2(ϕ,m, ε, u(1), u(2)) = −γ1
γ2

div
(
K(ϕ(1), ϕ(2))

m

ρ∗ + ϕ

)
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− γ1
Cvρ∗γ2

div
(
m(1)P (6)(θ)

(γ2
1 |m(2)||m|
2(ρ∗ + ϕ)2

))
,

θ =
1

Cv

(
E∗ +

γ2ε

ρ∗ + ϕ
− γ2

1

m2

2(ρ∗ + ϕ)2

)
,

Φ(ϕ(1), ϕ(2)) = κ
{
ϕ(1)∆ϕ(2)I + (∇ϕ(1)) · (∇ϕ(1))I

−|∇ϕ(1)||∇ϕ(2)|
2

I −∇ϕ(1) ⊗∇ϕ(2)
}
,

K(ϕ(1), ϕ(2)) =
κ

2
(∆{(ρ∗ + ϕ(1))(ρ∗ + ϕ(2))} − |∇ϕ(1)||∇ϕ(2)|)I − κ∇ϕ(1) ⊗∇ϕ(2).

Then, Γ[P1F (u, g)] is written as

Γ[P1F (u, g)] =
∑

k∈{1,3}

{
Γ[P1Gk(P1u, P1u)] + Γ[P1Hk(P1u, P∞u)] + Γ[P1Gk(P∞u, P∞u)]

}
+
∑

k∈{2,4}

{
Γ[P1Gk(ϕ,m, ε, P1u, P1u)] + Γ[P1Hk(ϕ,m, ϵ, P1u, P∞u)]

+Γ[Gk(ϕ,m, ϵ, P∞u, P∞u)]
}
+ Γ [P1G5(ϕ,m, g)] .

Applying (3.3.5) to Γ[P1G1(P1u, P1u)], we have

∥Γ[P1G1(P1u, P1u)]∥C([0,T ];X )
≤ C∥u∥2Z s

(0,T )
.

As for Γ[P1G2(ϕ,m, ε, P1u, P1u)], we apply (3.3.5) with F (1) = P (1)(ϕ)P1ϕP1ε, F
(1) =

P (2)(ϕ)(P1ϕ)
2, F (1) =

γ2
1 |P1m|2

2Cv(ρ∗+ϕ)2
, = P (1)(ϕ)P1ϕP1mP (ρ∗ + ϕ, θ), F (1) = P (3)(θ) (P1ε)2

ρ∗+ϕ
,

F (1) = P (4)(θ)P1ϕP1ε
ρ∗+ϕ

, F (1) = P1mP (5)(ϕ, θ)P1ϕ, F
(1) = P1mP (6)(θ)P1ε, F

(1) = S
(

γ1P1m
ρ∗+ϕ

)
P1m
ρ∗+ϕ

and we also apply (3.3.6) with F (1) = ∇(P (1)(ϕ)P1ϕP1m) (|α| = 1), F (1) = div (P (1)(ϕ)P1ϕP1m)

(|α| = 1), F (1) = ∇(P (1)(ϕ)P1ϕP1ε) (|α| = 1), F (1) = ∇
(

γ2
1 |P1m|2

2Cv(ρ∗+ϕ)2

)
(|α| = 1) to obtain

∥Γ[P1G2(ϕ,m, ε, P1u, P1u)]∥C([0,T ];X )
≤ C∥u∥2Z s

(0,T )
.

As for Γ[G3(P1u, P1u)], using (3.3.6) with F (1) = Φ(P1ϕ, P1ϕ) (|α| = 1), we have

∥Γ[G3(P1u, P1u)]∥C([0,T ];X )
≤ C∥u∥2Z s

(0,T )
.

As for Γ[P1G4(ϕ,m, ε, P1u, P1u)], we apply (3.3.6) with F (1) = P (1)(ϕ)ϕP1m⊗P1m (|α| =
1), F (1) = P (3)(θ)

γ4
1 |P1m|2|m|2
4C2

v(ρ∗+ϕ)4
(|α| = 1), F (1) = ε|P1m|2

(ρ∗+ϕ)3
(|α| = 1), F (1) = P (4)(θ)ϕ|P1m|2

(ρ∗+ϕ)2

(|α| = 1), F (1) = K(P1ϕ, P1ϕ)
m

ρ∗+ϕ
(|α| = 1), F (1) = P1mP (6)(θ)

(
γ2
1 |P1m||m|
2(ρ∗+ϕ)2

)
(|α| = 1) to

obtain

∥Γ[P1G2(ϕ,m, ε, P1u, P1u)]∥C([0,T ];X )
≤ C∥u∥2Z s

(0,T )
.
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By (3.3.7), we have

∥
∑

k∈{1,3}

Γ[Gk(P∞u, P∞u)]∥
C([0,T ];X )

≤ C∥u∥2Z s
(0,T )

,

∥
∑

k∈{2,4}

Γ[Gk(ϕ,m, ε, P∞u, P∞u)]∥
C([0,T ];X )

≤ C∥u∥2Z s
(0,T )

.

By (3.3.8), we also have

∥
∑

k∈{1,3}

Γ[Hk(P1u, P∞u)]∥
C([0,T ];X )

≤ C∥u∥2Z s
(0,T )

,

∥
∑

k∈{2,4}

Γ[Hk(ϕ,m, ε, P1u, P∞u)]∥
C([0,T ];X )

≤ C∥u∥2Z s
(0,T )

.

Concerning Γ[P1G5(ϕ,m, g)], we see from (3.3.4) and (3.3.7) that

∥Γ[P1G5(ϕ,m, g)]∥
C([0,T ];X )

≤ C(1 + ∥u∥Z s
(0,T )

)[g]s.

Therefore, we find that

∥Γ[P1F (u, g)]∥
C([0,T ];X )

≤ C∥u∥2Z s
(0,T )

+ C
(
1 + ∥u∥Z s

(0,T )

)
[g]s.

This completes the proof. □

We next show the estimates for the nonlinear and inhomogeneous terms of the high
frequency part.

Proposition 3.5.2. Assume that u = ⊤(ϕ,m, ε) ∈ Z s(0, T ) satisfies

sup
0≤t≤T

∥P1u(t)∥X + sup
0≤t≤T

∥P∞u(t)∥Hs+1
2 ×Hs

2
+ sup

0≤t≤T
∥ϕ(t)∥L∞ ≤ 1

2
.

Then there holds

∥P∞F (u, g)∥L2(0,T ;Hs
2×Hs−1

2 )

≤ C∥u∥2Z s
(0,T )

+ C
(
1 + ∥u∥Z s

(0,T )

)
[g]s

uniformly for u.

Proposition 3.5.2 directly follows from Lemma 1.1.1, Lemma 1.1.3, Lemma 1.3.4 (i)
and Lemma 2.3.2 (C.f., the proof of Proposition 2.6.2).

For the estimates PjF (u(1), g)− PjF (u(2), g) (j = 1,∞), we have
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Proposition 3.5.3. Suppose that u(k) = ⊤(ϕ(k),m(k), ε(k)) ∈ Z s(0, T ) (k = 1, 2) satisfy

sup
0≤t≤T

∥P1u
(k)(t)∥X + sup

0≤t≤T
∥P∞u(k)(t)∥Hs+1

2 ×Hs
2
+ sup

0≤t≤T
∥ϕ(k)(t)∥L∞ ≤ 1

2
.

Then there hold

∥Γ[P1F (u(1), g)− P1F (u(2), g)]∥
C([0,T ];X )

≤ C
2∑

k=1

∥u(k)∥Xs(0,T )∥u(1) − u(2)∥Z s
(0,T )

+C[g]s∥u(1) − u(2)∥Z s
(0,T )

and

∥P∞F (u(1), g)− P∞F (u(2), g)]∥L2(0,T ;Hs
2×Hs−1

2 )

≤ C
2∑

k=1

∥u(k)∥Z s
(0,T )

∥u(1) − u(2)∥Z s
(0,T )

+C[g]s∥u(1) − u(2)∥Z s
(0,T )

uniformly for u(k).

Proposition 3.5.3 directly follows from Lemma 1.1.1, Lemma 1.1.3, Lemma 1.3.4 (i).
Lemma 2.3.2 and Proposition 3.3.8.

Applying Lemma 1.1.1, propositions 3.4.5 and 3.5.1-3.5.3, we obtain the following
estimate for Γ in Z s(0, T ).

Corollary 3.5.4. (i) Assume that u = ⊤(ϕ,m, ε) ∈ BZ s
(0,T )

(c0), where c0 = min{1
2
, 1
2C0

},
C0 is the same one in Lemma 1.1.1. Then there holds

∥Γ[F (u, g)]∥Z s
(0,T )

≤ C1∥u∥2Z s
(0,T )

+ C1

(
1 + ∥u∥Z s

(0,T )

)
[g]s

uniformly for u. Here C1 is a constant independent of g.
(ii) Suppose that u(k) = ⊤(ϕ(k),m(k), ε(k)) ∈ BZ s

(0,T )
(c0) (k = 1, 2). Then there holds

∥Γ[F (u(1), g)− F (u(2), g)]∥Z s
(0,T )

≤ C1

2∑
k=1

∥u(k)∥Z s
(0,T )

∥u(1) − u(2)∥Z s
(0,T )

+C1[g]s∥u(1) − u(2)∥Z s
(0,T )

uniformly for u(k).
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By Corollary 3.5.4, one can show the following proposition for the existence of a
solution u of (3.2.3) on [0, T ] satisfying u(0) = u(T ).

Proposition 3.5.5. There exists a constant δ1 > 0 such that if [g]s ≤ δ1, then the
system (3.2.3) has a unique solution u on [0, T ] in BZ s

(0,T )
(3
2
C1[g]s) satisfying u(0) =

u(T ). The uniqueness of solutions of (3.2.3) on [0, T ] satisfying u(0) = u(T ) holds in
BZ s

(0,T )
(3
2
C1δ1).

Proof. If g satisfies

[g]s ≤ min
{ 2c0
3C1

,
1

2C1(3C1 + 2)

}
,

then by Corollary 3.5.4, one can see that Γ is a map on BZ s
(0,T )

(3
2
C1[g]s) and Γ satisfies

the estimate

∥Γ[F (u(1), g)− F (u(2), g)]∥Z s
(0,T )

≤ 1

2
∥u(1) − u(2)∥Z s

(0,T )
.

Therefore, by the contraction mapping principle, we obtain Proposition 3.5.5. This com-
pletes the proof. □

We are now in a position to construct a time periodic solution of (0.0.3)-(0.0.5). By
using Proposition 3.5.5, we are able to extend u periodically on R as a time periodic
solution of (0.0.3)-(0.0.5) by the same way as that given in Chapter 1. Consequently, we
obtain Theorem 3.2.1. This completes the proof.
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Chapter 4

Time periodic problem for the
compressible Navier-Stokes equation
on R2 with antisymmetry

We show the existence of a time periodic solution of (0.0.1) on R⊭ for sufficiently small
time periodic external force. We prove the result by using the time-T -map associated
with the linearized problem around the motionless state with constant density. In some
weighted L∞ and Sobolev spaces we investigate the spectral properties of the time-T -map
by a potential theoretic method and an energy method.
　

4.1 Preliminaries

In this chapter we use the following notations Furthermore, we introduce a lemma which
will be useful in the proof of the main results.

We define the norm on X by ∥ · ∥X for a given Banach space X.
Let 1 ≦ p ≦ ∞. Lp stands for the usual Lp space on R2. We define the inner product

of L2 by (·, ·). Let k be a nonnegative integer. Hk denotes the usual L2 Sobolev space of
order k. (As usual, we define that H0 = L2.)

For simplicity, Lp stands for the set of all vector fields w = ⊤(w1, w2) on R2 with
wj ∈ Lp (j = 1, 2), and we define by ∥ · ∥Lp the norm ∥ · ∥(Lp)2 if no confusion will occur.
Similarly, we denote by a function space X the set of all vector fields w = ⊤(w1, w2) on
R2 with wj ∈ X (j = 1, 2); and we define the norm ∥ · ∥X2 on it by ∥ · ∥X if no confusion
will occur.

We take u = ⊤(ϕ,w) with ϕ ∈ Hk and w = ⊤(w1, w2) ∈ Hm. Then the norm of u on
Hk ×Hm is denoted by ∥u∥Hk×Hm , that is, we define

∥u∥Hk×Hm :=
(
∥ϕ∥2Hk + ∥w∥2Hm

) 1
2 .

When m = k, we simply denote Hk × (Hk)2 by Hk. We also simply denote the norm

123



∥u∥Hk×(Hk)2 by ∥u∥Hk , i.e., we define that

Hk := Hk × (Hk)2, ∥u∥Hk := ∥u∥Hk×(Hk)2 (u = ⊤(ϕ,w)).

Similarly, for u = ⊤(ϕ,w) ∈ X × Y with w = ⊤(w1, w2) , the norm ∥u∥X×Y stands for:

∥u∥X×Y =
(
∥ϕ∥2X + ∥w∥2Y

) 1
2 (u = ⊤(ϕ,w)).

If Y = X2, the symbolX stands forX×X2 for simplicity, and we define its norm ∥u∥X×X2

by ∥u∥X ;
X := X ×X2, ∥u∥X := ∥u∥X×X2 (u = ⊤(ϕ,w)).

A function space with spatial weight is defined as follows. For a nonnegative integer
ℓ and 1 ≤ p ≤ ∞, the symbol Lp

ℓ denotes the weighted Lp space which is defined by

Lp
ℓ = {u ∈ Lp; ∥u∥Lp

ℓ
:= ∥(1 + |x|)ℓu∥Lp < ∞}.

The notations f̂ and F [f ] denotes the Fourier transform of f :

f̂(ξ) = F [f ](ξ) =

∫
R2

f(x)e−ix·ξdx (ξ ∈ R2),

In addition, we denote the inverse Fourier transform of f by F−1[f ]:

F−1[f ](x) = (2π)−2

∫
R2

f(ξ)eiξ·xdξ (x ∈ R2).

Let k be a nonnegative integer and let r1 and r∞ be positive constants satisfying
r1 < r∞. The symbol Hk

(∞) stands for the set of all u ∈ Hk satisfying supp û ⊂ {|ξ| ≥ r1},
and the symbol L2

(1) stands for the set of all u ∈ L2 satisfying supp û ⊂ {|ξ| ≤ r∞}. It

follows from Lemma 1.3.3 (ii) that Hk ∩ L2
(1) = L2

(1) for any nonnegative integer k.

Let k and ℓ be nonnegative integers. The weighted L2 Sobolev space Hk
ℓ is defined by

Hk
ℓ = {u ∈ Hk; ∥u∥Hk

ℓ
< +∞},

where

∥u∥Hk
ℓ

=

(
ℓ∑

j=0

|u|2Hk
j

) 1
2

,

|u|Hk
ℓ

=

∑
|α|≤k

∥ |x|ℓ∂α
xu ∥2L2

 1
2

.

Moreover, Hk
(∞),ℓ denotes the weighted L2 Sobolev space for the high frequency part

defined by

Hk
(∞),ℓ = {u ∈ Hk

(∞); ∥u∥Hk
ℓ
< +∞}.
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Let ℓ be a nonnegative integer. The symbol L2
(1),ℓ stands for the weighted L2 space for

the low frequency part defined by

L2
(1),ℓ = {f ∈ L2

ℓ ; f ∈ L2
(1)}.

For −∞ ≤ a < b ≤ ∞, the symbol Ck([a, b];X) denotes the set of all Ck functions
on [a, b] with values in X. Similarly, Lp(a, b;X) and Hk(a, b;X) denote the Lp-Bochner
space on (a, b) and the L2-Bochner-Sobolev space of order k respectively.

The time periodic problem is considered in function spaces with the following anti-
symmetry. Γj (j = 1, 2, 3) are defined by

(Γ1u)(x) =
⊤(ϕ(−x),−w1(−x), w2(−x)), (Γ2u)(x) =

⊤(ϕ(−x), w1(−x),−w2(−x)),

(Γ3u)(x1, x2) =
⊤(ϕ(x2, x1), w2(x2, x1), w1(x2, x1))

for u(x) = ⊤(ϕ(x), w1(x), w2(x)), x ∈ R2. For a function space X on R2, X3 denotes the
set of all f ∈ X satisfying

f(−x1, x2) = f(x1, x2), f(x1,−x2) = f(x1, x2),

f(x2, x1) = f(x1, x2).

The subscript ·# denotes function spaces satisfying the antisymmetric condition. Exactly,
X# denotes the set of all f = ⊤(f1, f2) ∈ X satisfying

f1(−x1, x2) = −f1(x1, x2), f1(x1,−x2) = f1(x1, x2),

f2(−x1, x2) = f2(x1, x2), f2(x1,−x2) = −f2(x1, x2),

f1(x2, x1) = f2(x1, x2), f2(x2, x1) = f1(x1, x2).

The spaceXsym denotes the set of all u = ⊤(ϕ,w1, w2) ∈ X satisfying Γju = u (j = 1, 2, 3).
The space X (1) is defined by

X (1) = {ϕ ∈ L∞
1 ∩ L2; supp ϕ̂ ⊂ {|ξ| ≤ r∞}, ∥ϕ∥X (1)

< +∞},

where the norm is defined by

∥ϕ∥X (1)
:= ∥ϕ∥X (1),L∞

+ ∥ϕ∥X (1),L2
,

∥ϕ∥X (1),L∞
:=

1∑
k=0

∥∇kϕ∥L∞
k+1

, ∥ϕ∥X (1),L2
:=

1∑
k=0

∥∇kϕ∥L2
k
.

On the other hand, Y (1) is defined by

Y (1) = {w ∈ L∞
1 ,∇w ∈ H1; supp ŵ ⊂ {|ξ| ≤ r∞}, ∥w∥Y (1)

< +∞},

where

∥w∥Y (1)
:= ∥w∥X (1),L∞

+ ∥w∥Y (1),L2
,
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∥w∥Y (1),L2
:=

2∑
j=1

∥(1 + |x|)j−1∇jw∥L2 .

We define a weighted space for the low frequency part Z (1)(a, b) by

Z (1)(a, b) = C1([a, b];X (1))×
[
C([a, b];Y (1)) ∩H1(a, b;Y (1))

]
.

Let s be a nonnegative integer satisfying s ≥ 3. We denote by the space Z k
(∞),1(a, b)

(k = s− 1, s) the weighted space for the high frequency part defined by

Z k
(∞),1(a, b) =

[
C([a, b];Hk

(∞),2) ∩ C1([a, b];L2
2)
]

×
[
L2(a, b; ;Hk+1

(∞),2) ∩ C([a, b];Hk
(∞),2) ∩H1(a, b;Hk−1

(∞),2)
]
.

Let s be a nonnegative integer satisfying s ≥ 3 and let k = s− 1, s. We define a space
Xk(a, b) by

Xk(a, b)

=
{
{u1, u∞};u1 ∈ Z (1)(a, b), u∞ ∈ Z k

(∞),2(a, b),

∂tϕ∞ ∈ C([a, b];L2
1), uj =

⊤(ϕj, wj) (j = 1,∞)
}
,

and we define the norm by

∥{u1, u∞}∥Xk(a,b) :=∥u1∥Z (1)(a,b)
+ ∥u∞∥Z k

(∞),2(a,b)

+ ∥∂tϕ∞∥C([a,b];L2
1)
+ ∥∂tu1∥C([a,b];L2) + ∥∂t∇u1∥C([a,b];L2

1)
.

Function spaces of time periodic functions with period T are introduced as follows.
Cper(R;X) stands for the set of all time periodic continuous functions with values in X
and period T whose the norm is defined by ∥ ·∥C([0,T ];X); Similarly, L2

per(R;X) denotes the
set of all time periodic locally square integrable functions with values in X and period T
whose the norm is defined by ∥ · ∥L2(0,T ;X). Similarly, H1

per(R;X) and Xk
per(R), and so on,

are defined.
For operators L1 and L2, we denote by [L1, L2] the commutator of L1 and L2 i.e.,

[L1, L2]f := L1(L2f)− L2(L1f).

We next state a lemma which will be used in the proof of the main result. The
following Hardy inequality is known for a function satisfying the oddness conditions in
(0.0.30) on R2.

Lemma 4.1.1. Let u ∈ H1 and we assume that u satisfies

u(−x1, x2) = −u(x1, x2) or u(x1,−x2) = −u(x1, x2) (4.1.1)

for x = ⊤(x1, x2). Then there holds the inequality∥∥∥ u

|x|

∥∥∥ ≤ C∥∇u∥L2 .
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See, e.g., [9] for the proof of Lemma 4.1.1.

4.2 Main result of Chapter 4

In this section, we state our main result on the existence of a time periodic solution for
(0.0.1).

To state our result, Recall that the following operators are introduced which decompose
a function into its low and high frequency parts respectively in Chapter 1. The operators
P1 and P∞ on L2 are defined by

Pjf = F−1(χ̂jF [f ]) (f ∈ L2, j = 1,∞),

where

χ̂j(ξ) ∈ C∞(R2) (j = 1,∞), 0 ≤ χ̂j ≤ 1 (j = 1,∞),

χ̂1(ξ) =

{
1 (|ξ| ≤ r1),
0 (|ξ| ≥ r∞),

χ̂∞(ξ) = 1− χ̂1(ξ),

0 < r1 < r∞.

r1 and r∞ are positive constants satisfying 0 < r1 < r∞ < 2γ
ν+ν̃

in such a way that the
estimate (4.4.7) in Lemma 4.4.3 below holds for |ξ| ≤ r∞.

We are in a position to state our result on the existence of a time periodic solution.

Theorem 4.2.1. Let s be an integer satisfying s ≥ 3. Assume that g(x, t) satisfies (0.0.2),
(0.0.30) and g ∈ Cper(R;L1

1 ∩ L∞
3 ) ∩ L2

per(R;Hs−1
2 ). We define the norm of g by

[g]s = ∥g∥C([0,T ];L1
1∩L∞

3 ) + ∥g∥L2(0,T ;Hs−1
2 ).

Then there exist constants δ > 0 and C > 0 such that if [g]s ≤ δ, then the system
(0.0.15) has a time periodic solution u = u1 + u∞ satisfying {u1, u∞} ∈ Xs

sym,per(R)
with ∥{u1, u∞}∥Xs(0,T ) ≤ C[g]s. Furthermore, the uniqueness of time periodic solutions of
(0.0.15) holds in the class {u = ⊤(ϕ,w);u = u1+u∞, {u1, u∞} ∈ Xs

sym,per(R), ∥{u1, u∞}∥Xs(0,T ) ≤
Cδ}.

4.3 Reformulation of the problem

In this section, we reformulate (0.0.15). we begin with to decompose u into a low frequency
part u1 and a high frequency part u∞, and then, we rewrite (0.0.15) into equations for u1

and u∞ as in Chapter 1.
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Similarly to Chapter 1, we define

u1 = P1u, u∞ = P∞u.

Applying the operators P1 and P∞ to (0.0.15), we see

∂tu1 + Au1 = F1(u1 + u∞, g), (4.3.1)

∂tu∞ + Au∞ + P∞(B[u1 + u∞]u∞) = F∞(u1 + u∞, g). (4.3.2)

Here

F1(u1 + u∞, g) = P1[−B[u1 + u∞](u1 + u∞) +G(u1 + u∞, g)],

F∞(u1 + u∞, g) = P∞[−B[u1 + u∞]u1 +G(u1 + u∞, g)].

On the other hand, if some functions u1 and u∞ satisfy (4.3.1) and (4.3.2), then adding
(4.3.1) to (4.3.2), we derive that

∂t(u1 + u∞) + A(u1 + u∞) = −P∞(B[u1 + u∞]u∞) + (F1 + F∞)(u1 + u∞, g)

= −B[u1 + u∞](u1 + u∞) +G(u1 + u∞, g).

Defining u = u1 + u∞, we get

∂tu+ Au+B[u]u = G(u, g).

Therefore, to obtain a solution u of (0.0.15), we look for a solution {u1, u∞} satisfying
(4.3.1)-(4.3.2).

Concerning antisymmetry of (0.0.15) and (4.3.1)-(4.3.2), We state the following lem-
mas. Recall that Γj (j = 1, 2, 3) is defined by

(Γ1u)(x) =
⊤(ϕ(−x),−w1(−x), w2(−x)), (Γ2u)(x) =

⊤(ϕ(−x), w1(−x),−w2(−x)),

(Γ3u)(x1, x2) =
⊤(ϕ(x2, x1), w2(x2, x1), w1(x2, x1))

for u(x) = ⊤(ϕ(x), w1(x), w2(x)), x ∈ R2.

Lemma 4.3.1. We define g(x, t) = ⊤(0, g(x, t)) and let g satisfy (Γjg)(x, t) = g(x, t) (x ∈
R2, t ∈ R, j = 1, 2, 3).

(i) Γju (j = 1, 2, 3) is a solution of (0.0.15) if u = ⊤(ϕ,w) is a solution of (0.0.15).

(ii) {Γju1,Γju∞} (j = 1, 2, 3) is a solution of (4.3.1)-(4.3.2) if {u1, u∞} is a solution
of (4.3.1)-(4.3.2).
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Lemma 4.3.2. Let g satisfy (Γjg)(x, t) = g(x, t) (x ∈ R2, t ∈ R, j = 1, 2, 3).

(i) There holds

[Γj(∂tu+ Au+B[u]u−G(u, g))](x, t) = [∂tu+ Au+B[u]u−G(u, g)](x, t)

for x ∈ R2, t ∈ R, j = 1, 2, 3 if (Γju)(x, t) = u(x, t) (x ∈ R2, t ∈ R, j = 1, 2, 3).

(ii) There hold

[Γj(∂tu1 + Au1 − F1(u1 + u∞, g))](x, t) = [∂tu1 + Au1 − F1(u1 + u∞, g)](x, t)

and

[Γj(∂tu∞ + Au∞ + P∞(B[u1 + u∞]u∞)− F∞(u1 + u∞, g))](x, t)

= [∂tu∞ + Au∞ + P∞(B[u1 + u∞]u∞)− F∞(u1 + u∞, g)](x, t)

for x ∈ Rn, t ∈ R, j = 1, 2, 3 if {Γju1(x, t),Γju∞(x, t)} = {u1(x, t), u∞(x, t)} (x ∈ R2, t ∈
R, j = 1, 2, 3).

Direct computations verify Lemma 4.3.1 (i) and Lemma 4.3.2 (i). As for Lemma 4.3.1
(ii) and Lemma 4.3.2 (ii), since it holds that FΓj = −ΓjF (j = 1, 2), FΓ3 = Γ3F ,
χj(−ξ1, ξ2) = χj(ξ1,−ξ2) = χj(ξ2, ξ1) = χj(ξ1, ξ2) (j = 1,∞), we find that ΓkPj = PjΓk

(k = 1, 2, 3, j = 1,∞). Hence Lemma 4.3.1 (ii) and Lemma 4.3.2 (ii) follow from the
above relation by a direct computation.

Therefore, we consider (4.3.1)-(4.3.2) in space of functions satisfying {Γju1,Γju∞} =
{u1, u∞} (j = 1, 2, 3) by Lemma 4.3.1 and Lemma 4.3.2.

To prove the existence of time periodic solution on R2, we use the momentum formu-
lation for the low frequency part due to the slow decay of the low frequency part u1 in a
weighted L∞ space. Applying the momentum formulation was used in Chapter 2 for the
low frequency part.

To state the momentum formulation, the following inequality holds for the weighted
L2 norm of the low frequency part.

Lemma 4.3.3. Let ϕ ∈ X (1) and w1 ∈ Y (1). Then, it holds that

∥P1(ϕw1)∥Y (1),L2
≤ C(∥ϕ∥L∞

1
+ ∥∇ϕ∥L2

1
)(∥w∥L∞

1
+ ∥∇w1∥L2)

uniformly for ϕ and w.

Lemma 4.3.3 follows directly from Lemma 2.3.2.

We are in a position to reformulate the system (4.3.1)-(4.3.2) by using the momentum
for the low frequency part as in Chapter 2.
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We introduce m1 and u1,m by

m1 = w1 + P1(ϕw), u1,m = ⊤(ϕ1,m1), (4.3.3)

where ϕ = ϕ1 + ϕ∞ and w = w1 + w∞. Here we write the vector w with values in R2 as
w = ⊤(w1, w2). We directly obtain the following Lemma from Lemma 2.3.4.

Lemma 4.3.4. Assume that {u1, u∞} satisfies the system (4.3.1)-(4.3.2). Then {u1,m, u∞}
satisfies the following system:

∂tu1,m + Au1,m = F1,m(u1 + u∞, g), (4.3.4)

∂tu∞ + Au∞ + P∞(B[u1 + u∞]u∞) = F∞(u1 + u∞, g).

Here

F1,m(u1 + u∞, g) = ⊤(0, F̃1,m(u1 + u∞, g)),

F̃1,m(u1 + u∞, g) = −P1{µ∆(ϕw) + µ̃∇div (ϕw) +
ρ∗
γ
∇(p(1)(ϕ)ϕ2)

+γdiv (ϕw ⊗ w)− 1

γ
((1 + ϕ)g)

+γ∂x2

(
w1w2

(w2)2 − (w1)2

)
+ γ∂x1

(
0

w2w1

)
+ γ∇(w1)2}.(4.3.5)

Remark 4.3.5. Here we rewrite the convection term div (w ⊗ w) by using the relation

div (w ⊗ w) = ∂x2

(
w1w2

(w2)2 − (w1)2

)
+ ∂x1

(
0

w2w1

)
+∇(w1)2

to estimate with the antisymmetry. See Proposition 7.1.

Similarly to Lemma 4.3.2, the following lemma follows from direct computations which
implies that the antisymmetry of (4.3.4) holds.

Lemma 4.3.6. (i) Γju1,m (j = 1, 2, 3) is a solution of (4.3.4) if u1,m = ⊤(ϕ1,m1) is a
solution of (4.3.4).

(ii) Let g satisfy (Γjg)(x, t) = g(x, t) (x ∈ R2, t ∈ R, j = 1, 2, 3). Then there hold

[Γj(∂tu1,m + Au1,m − F1,m(u1,m + u∞, g))](x, t) = [∂tu1,m + Au1,m − F1,m(u1,m + u∞, g)](x, t)

for x ∈ Rn, t ∈ R, j = 1, 2, 3 if {Γju1,m(x, t),Γju∞(x, t)} = {u1,m(x, t), u∞(x, t)} (x ∈
R2, t ∈ R, j = 1, 2, 3).

If ϕ = ϕ1 + ϕ∞ is sufficiently small, we obtain the solution {u1, u∞} of (4.3.1)-(4.3.2)
from the solution of (4.3.2), (4.3.3) and (4.3.4), i.e., we have the following.

130



Lemma 4.3.7. (i) Let s be an integer satisfying s ≥ 3 and We choose u1,m = ⊤(ϕ1,m1)
and u∞ = ⊤(ϕ∞, w∞) satisfying {u1,m, u∞} ∈ Xs

sym(a, b). Then there exists a positive
constant δ0 such that there uniquely exists w1 ∈ C([a, b];Y (1),#) ∩H1(a, b;Y (1),#) and w1

satisfies the following inequality if ϕ = ϕ1 + ϕ∞ satisfies supt∈[a,b](∥ϕ∥L∞
2
+ ∥∇ϕ∥L2) ≤ δ0.

w1 = m1 − P1(ϕ(w1 + w∞)), (4.3.6)

where ϕ = ϕ1 + ϕ∞. Furthermore, we have the estimates

∥w1∥C([a,b];Y (1))
≤ C(∥m1∥C([a,b];Y (1))

+ ∥w∞∥C([a,b];L2
1)
), (4.3.7)∫ a

b

∥∂tw1(τ)∥2Y (1)
dτ ≤ C((∥∂t∇ϕ1∥2C([a,b];L2

1)
+ ∥∂tϕ∞∥2C([a,b];L2

1)
)∥w1∥2C([a,b];L∞

1 )

+∥∂tϕ∥2C([a,b];L2)∥w1∥2C([a,b];X (1),L∞ )
)

+

∫ a

b

C
(
∥∂tm1(τ)∥2Y (1)

+ ∥∂tϕ∥2C([a,b];L2)∥w∞(τ)∥2Hs
2

+∥∂tw∞(τ)∥2L2
1

)
dτ . (4.3.8)

(ii) Let s be an integer satisfying s ≥ 3 and We choose u1,m = ⊤(ϕ1,m1) and u∞ =
⊤(ϕ∞, w∞) satisfying {u1,m, u∞} ∈ Xs

sym(a, b). We suppose that ϕ = ϕ1 + ϕ∞ satisfies
supt∈[a,b](∥ϕ∥L∞

1
+ ∥∇ϕ∥L2) ≤ δ0 and {u1,m, u∞} satisfies

∂tu1,m + Au1,m = F1,m(u1 + u∞, g),

w1 = m1 − P1(ϕw),

∂tu∞ + Au∞ + P∞(B[u1 + u∞]u∞) = F∞(u1 + u∞, g).

Here w = w1 +w∞ and w1 defined by (4.3.6). Then {u1, u∞} satisfies (4.3.1)-(4.3.2) with
u1 =

⊤(ϕ1, w1).

Lemma 4.3.7 can be proved by the same way as the proof of Lemma 2.3.5 using Lemma
1.1.1 and Lemma 2.3.2 and we omit the details.

Therefore, we consider (4.3.2), (4.3.4) and (4.3.6) because if we show the existence of
a solution {u1,m, u∞} ∈ Xs

sym(a, b) satisfying (4.3.2), (4.3.4) and (4.3.6), then by Lemma
4.3.7, we obtain a solution {u1, u∞} ∈ Xs

sym(a, b) satisfying (4.3.1)-(4.3.2).

As in Chapter 2, we formulate (4.3.2), (4.3.4) and (4.3.6) by using time-T-mapping to
solve the time periodic problem. We consider the following linear problems for the low
frequency part and the high frequency part respectively:{

∂tu1,m + Au1,m = F1,m,
u1,m|t=0 = u01,m,

(4.3.9)

and {
∂tu∞ + Au∞ + P∞(B[ũ]u∞) = F∞,
u∞|t=0 = u0∞,

(4.3.10)
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where ũ = ⊤(ϕ̃, w̃), u01,m, u0∞, F1,m and F∞ are given functions.

The solution operators are introduced as follows. (The precise definition of these
operators will be given later.) S1(t) stands for the solution operator for (4.3.9) with
F1,m = 0, and S 1(t) stands for the solution operator for (4.3.9) with u01,m = 0. On the
other hand, S∞,ũ(t) stands for the solution operator for (4.3.10) with F∞ = 0 and S ∞,ũ(t)
stands for the solution operator for (4.3.10) with u0∞ = 0.

As in Chapter 2, we will look for {u1,m, u∞} satisfying{
u1,m(t) = S1(t)u01,m + S 1(t)[F1,m(u, g)],
u∞(t) = S∞,u(t)u0∞ + S ∞,u(t)[F∞(u, g)],

(4.3.11)

where {
u01,m = (I − S1(T ))

−1S 1(T )[F1,m(u, g)],
u0∞ = (I − S∞,u(T ))

−1S ∞,u(T )[F∞(u, g)],
(4.3.12)

u = ⊤(ϕ,w) is a function given by u1,m = ⊤(ϕ1,m1) and u∞ = ⊤(ϕ∞, w∞) through the
relation

ϕ = ϕ1 + ϕ∞, w = w1 + w∞, w1 = m1 − P1(ϕw).

From (4.3.11) and (4.3.12), it holds that u1,m(T ) = u1,m(0), u∞(T ) = u∞(0). Hence we
look for a pair of functions {u1,m, u∞} satisfying (4.3.11)-(4.3.12). The solution operators
S1(t) and S 1(t) are investigated and we state the estimate of a solution for the low
frequency part in section 5; Some properties of S∞,u(t) and S ∞,u(t) will be stated and
we estimate a solution for the high frequency part in section 6.

In the remaining of this section some lemmas are stated which will be used in the proof
of Theorem 4.2.1. The following lemma prays important roles to estimate a convolution
with antisymmetry for the low frequency part.

Lemma 4.3.8. Let E(x) (x ∈ R2) be a scalar function satisfying

|∂α
xE(x)| ≤ C

(1 + |x|)|α|+1
(|α| ≥ 0) (4.3.13)

and let f be a scalar function satisfying f ∈ L∞
2 . We assume that f satisfies

f(−x1, x2) = −f(x1, x2) or f(x1,−x2) = −f(x1, x2) or f(x2, x1) = −f(x1, x2)(4.3.14)

Then there holds the following estimate.

|E ∗ f(x)| ≤
C∥f∥L∞

2

(1 + |x|)
. (4.3.15)

Proof. We first assume |x| ≥ 1. We set R = |x|
2
. Then we see that

E ∗ f(x) =

∫
R2

E(x− y)f(y)dy
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=

∫
|x−y|≥R, |y|≥R

E(x− y)f(y)dy

+

∫
|x−y|≤R

E(x− y)f(y)dy +

∫
|y|≤R

E(x− y)f(y)dy

=: I1 + I2 + I3,

where,

I1 =

∫
|x−y|≥R, |y|≥R

E(x−y)f(y)dy, I2 =

∫
|x−y|≤R

E(x−y)f(y)dy, I3 =

∫
|y|≤R

E(x−y)f(y)dy.

Concerning the estimate for I1, since |y| ≤ |x|+ |x− y| ≤ 3|x− y| if |x− y| ≥ R and
|y| ≥ R, it follows from (4.3.13) that

|I1| ≤ C∥f∥L∞
2

∫
|y|≥R

1

(1 + |y|)3
dy ≤

C∥f∥L∞
2

1 + |x|
.

We next derive the estimate of I2. Because it holds that |y| ≥ |x| − |x − y| ≥ R if
|x− y| ≤ R, we obtain from (4.3.13) that

|I2| ≤
C∥f∥L∞

2

R2

∫
|x−y|≥R

1

(1 + |x− y|)
dy ≤

C∥f∥L∞
2

1 + |x|
.

As for the estimate of I3, we consider the case such that f satisfies f1(−x1, x2) =
−f1(x1, x2). We define ỹ = ⊤(−y1, y2) for y = ⊤(y1, y2) on R2 satisfying y1 ≥ 0. Note that
f(ỹ) = −f(y) due to (4.3.14). This implies that

I3 =

∫
|y|≤R, y1≥0

E(x− y)f(y)dy +

∫
|y|≤R, y1≥0

E(x− ỹ)f(ỹ)dy

=

∫
|y|≤R, y1≥0

{E(x− y)− E(x− ỹ)}f(y)dy.

In addition, we see from (4.3.13) that

|E(x− y)− E(x− ỹ)| ≤ C|y|
1 + |x− y|2

≤ C|y|
1 +R2

(4.3.16)

for |y| ≤ R. Hence we arrive at

|I3| ≤
C∥f∥L∞

2

(1 +R)2

∫
|y|≥R

1

1 + |y|
dy ≤

C∥f∥L∞
2

1 + |x|
.

Similarly, we obtain (4.3.15) in the case such that f satisfies f(x1,−x2) = −f(x1, x2). If
f satisfies f(x2, x1) = −f(x1, x2), by setting ỹ = ⊤(y2, y1) for y = ⊤(y1, y2) on R2, |I3| is
written as

|I3| =

∣∣∣∣∫
|y|≤R, y2≥y1

E(x− y)f(y)dy +

∫
|y|≤R, y2≥y1

E(x− ỹ)f(ỹ)dy

∣∣∣∣
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=

∣∣∣∣∫
|y|≤R, y2≥y1

{E(x− y)− E(x− ỹ)}f(y)dy
∣∣∣∣ .

This together with (4.3.16) yields the required estimate (4.3.15). By using the estimates
for Ij (j = 1, 2, 3), we get the required estimate (4.3.15) for |x| ≥ 1.

As for the case |x| ≤ 1, the required estimate (4.3.15) can be verified by direct com-
putations, hence we omit the details. This completes the proof. □

By Lemma 4.3.8, we have the following assertion which is useful for the estimate of a
convolution with external force.

Lemma 4.3.9. Let f ∈ S ′(Rn) satisfying that supp f̂ ⊂ {|ξ| ≤ r∞} and ∇f ∈ L∞
2 , where

S ′(Rn) denotes a set of all tempered distributions on Rn. We assume that for j = 1 or
2, ∂xj

f satisfies

∂xj
f(−x1, x2) = −∂xj

f(x1, x2) or ∂xj
f(x1,−x2) = −∂xj

f(x1, x2) (4.3.17)

Then f ∈ L∞
1 and it holds that

∥f∥L∞
1
≤ C∥∇f∥L∞

2
.

Proof. We assume that ∂x1f satisfies (4.3.17). We see that

f = F−1
{(χ0

iξ1

)
(iξ1)f̂

}
= F−1

(χ0

iξ1

)
∗ ∂x1f,

where χ0 is a cut-off function defined by χ0 = F−1χ̂0 and χ̂0 is the one defined by (2.3.3).
Note that ∣∣∣F−1

(χ0

iξ1

)∣∣∣ ≤ C

where C > 0 is a positive constant. This together with Lemma 2.3.7 implies that∣∣∣∂α
xF−1

(χ0

iξ1

)∣∣∣ ≤ C

(1 + |x|)1+|α|

for |α| ≥ 0. Therefore, we derive from Lemma 4.3.8 that

∥f∥L∞
1
≤ C∥∇f∥L∞

2
.

If ∂x2f satisfies (4.3.17), we obtain the required estimate similarly to the proof for ∂x1f .
This completes the proof. □

We use the following another type estimates for a convolution with antisymmetry.
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Lemma 4.3.10. (i) Let E(x) (x ∈ R2) be a scalar function satisfying (4.3.13). Assume
that f is a scalar function satisfying ∥f∥L∞

3
+∥f∥L1

1
< ∞. We also assume that f satisfies

(4.3.14). Then there holds the following estimate.

|E ∗ f(x)| ≤ C

(1 + |x|)2
(∥f∥L∞

3
+ ∥f∥L1

1
).

(ii) Let E(x) (x ∈ R2) be a scalar function satisfying (4.3.13) and let f be a scalar
function which is written as f = ∂xj

f1 for j = 1 or 2 and satisfy ∥∂xj
f1∥L∞

3
+∥f1∥L∞

2
< ∞.

We assume that f1 satisfies (4.3.14). Then the following estimate is true.

|E ∗ f(x)| ≤ C

(1 + |x|)2
(∥∂xj

f1∥L∞
3
+ ∥f1∥L∞

2
).

(iii) Let E(x) (x ∈ R2) be a scalar function satisfying (4.3.13) and let f be a scalar
function of the form: f = ∂xj

f1 for j = 1 or 2 and it holds that ∥∂xj
f1∥L∞

3
+∥f1∥L∞

2
< ∞.

Then we have the following estimate.

|∂α
xE ∗ f(x)| ≤ C

(1 + |x|)1+|α| (∥∂xj
f1∥L∞

3
+ ∥f1∥L∞

2
).

Lemma 4.3.10 yields in a similar manner to the proof of Lemma 4.3.8 and we omit the
proofs.

The following L2 estimates holds for the external force in the low frequency part.

Lemma 4.3.11. (i) Let E(ξ) (ξ ∈ R2) be a scalar function satisfying suppE ⊂ {|ξ| ≤ r∞}
and

|E(ξ)| ≤ C

|ξ|2
for |ξ| ≤ r∞, |ξ| ̸= 0.

Let f belong to L2
(1),1 ∩ L1

1 and we assume that the following case (1) or (2) hold ;

(1) f(−x1, x2) = −f(x1, x2), f(x1,−x2) = f(x1, x2),

(2) f(−x1, x2) = f(x1, x2), f(x1,−x2) = −f(x1, x2).

Then we have the estimate

∥F−1(Ef̂)∥Y (1),L2
≤ C∥f∥L2

1∩L1
1
.

(ii) We suppose that E(ξ) (ξ ∈ R2) is a scalar function satisfying suppE ⊂ {|ξ| ≤ r∞}
and

|E(ξ)| ≤ C

|ξ|
for |ξ| ≤ r∞, |ξ| ̸= 0.
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and f belongs to L2
(1),1 ∩ L1

1 which satisfies the following case (1) or (2);

(1) f(−x1, x2) = −f(x1, x2), f(x1,−x2) = f(x1, x2),

(2) f(−x1, x2) = f(x1, x2), f(x1,−x2) = −f(x1, x2).

Then there hols the estimate

∥F−1(Ef̂)∥X (1),L2
≤ C∥f∥L2

1∩L1
1
.

Proof. (i) We assume that f satisfies (1) without loss of generality. Since f̂(ξ1,−ξ2) =
−f̂(ξ1, ξ2), we see that

∥∇{F−1(Ef̂)}∥L2 ≤ C
∥∥∥ 1

|ξ|
f̂
∥∥∥
L2

≤ C
∥∥∥ξ2 1

|ξ|

∥∥∥
L2(|ξ|≤r∞)

∥∥∥∫ 1

0

∂ξ2 f̂(ξ1, τξ2)dτ
∥∥∥
L2(|ξ|≤r∞)

≤ C∥xf∥L1 .

Similarly, we obtain the estimate

∥∇2{F−1(Ef̂)}∥L2
1
≤ C∥f∥L1

1∩L2
1
.

The assertion (ii) can be proved by the same way as that for (i). This completes the
proof. □

We find the following estimate for the nonlinear term on the low frequency part in
weighted L2 spaces.

Lemma 4.3.12. (i) Let w1 ∈ Y (1),#. Then, it holds that

∥(w1)
2∥L2 + ∥w1∂xj

w1∥L2
1
≤ C∥w1∥2Y (1)

(j = 1, 2).

(ii) Let ϕ ∈ X (1) and w1 ∈ Y (1),#. Then, there holds the estimate

∥ϕw1∥L2 + ∥∂xj
(ϕw1)∥L2

1
≤ C∥ϕ∥X (1)

∥w1∥Y (1)
(j = 1, 2).

Proof. Concerning the assertion (i), applying Lemma 4.1.1, we see that

∥(w1)
2∥L2 ≤ C∥w1∥L∞

1

∥∥∥w1

|x|

∥∥∥
L2

≤ C∥w1∥L∞
1
∥∇w1∥L2 .

Similarly we derive that
∥w1∂xj

w1∥L2
1
≤ C∥w1∥2Y (1)

.

The assertion (ii) yields similarly to the proof of the estimate for (i). This completes the
proof. □
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4.4 Estimates for solution on the low frequency part

In this section we estimate a solution u1 satisfying u1(0) = u1(T ) and

∂tu1 + Au1 = F1, (4.4.1)

where F1 =
⊤(0, F̃1).

We define A1 by the restriction of A on X (1) × Y (1). The symbol S1 and S 1(t) are
defined by S1(t) = e−tA1 and

S 1(t)F1 =

∫ t

0

S1(t− τ)F1(τ) dτ.

Recall that Γj (j = 1, 2, 3) are defined by

(Γ1u)(x) =
⊤(ϕ(−x),−w1(−x), w2(−x)), (Γ2u)(x) =

⊤(ϕ(−x), w1(−x),−w2(−x)),

(Γ3u)(x1, x2) =
⊤(ϕ(x2, x1), w2(x2, x1), w1(x2, x1))

for u(x) = ⊤(ϕ(x), w1(x), w2(x)), x ∈ R2. We have the following.

Proposition 4.4.1. (i) A1 is a bounded linear operator on X (1) ×Y (1). Moreover, S1(t)
is a uniformly continuous semigroup on X (1) × Y (1). and S1(t) satisfies the following
estimates for all T ′ > 0;

S1(t)u1 ∈ C1([0, T ′];X (1) × Y (1)), ∂tS1(·)u1 ∈ C([0, T ′];L2),

∂tS1(t)u1 = −A1S1(t)u1 (= −AS1(t)u1), S1(0)u1 = u1 for u1 ∈ X (1) × Y (1),

∥∂k
t S1(·)u1∥C([0,T ′];X (1)×Y (1))

≤ C∥u1∥X (1),L∞×Y (1),L∞
,

for u1 ∈ X (1) × Y (1), k = 0, 1

∥∂tS1(t)u1∥C([0,T ′];L2) ≤ C∥u1∥X (1)×Y (1)
,

and
∥∂t∇S1(t)u1∥C([0,T ′];L2

1)
≤ C∥u1∥X (1)×Y (1)

,

for u1 ∈ X (1) × Y (1), where C is a positive constant depending on T ′.

(ii) It holds for each F1 ∈ C([0, T ];X (1))× L2(0, T ;Y (1)) that

S 1(·)F1 ∈ C1([0, T ];X (1))× [C([0, T ];Y (1))×H1(0, T ;Y (1))],

and
∂tS 1(t)F1 + A1S 1(t)F1 = F1(t), S 1(0)F1 = 0,

∥S 1(·)F1∥C([0,T ];X (1)×Y (1))
≤ C∥F1∥C([0,T ];X (1))×L2(0,T ;Y (1))

,

∥∂tS 1(·)F1∥C([0,T ];X (1))×L2(0,T ;Y (1))
≤ C∥F1∥C([0,T ];X (1))×L2(0,T ;Y (1))

,
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where C is a positive constant depending on T . In addition, ∂tS 1(·)F1 ∈ C([0, T ];L2),
∂t∇S 1(·)F1 ∈ C([0, T ];L2

1) for F1 ∈ C([0, T ];L2
1) and we have

∥∂tS 1(·)F1∥C([0,T ];L2) ≤ C∥F1∥C([0,T ];L2),

and
∥∂t∇S 1(·)F1∥C([0,T ];L2

1)
≤ C∥∇F1∥C([0,T ];L2

1)
,

where C is a positive constant depending on T .

(iii) There holds the following relation between S1 and S 1.

S1(t)S 1(t
′)F1 = S 1(t

′)[S1(t)F1]

for any t ≥ 0, t′ ∈ [0, T ] and F1 ∈ C([0, T ];X (1))× L2(0, T ;Y (1)).

(iv) ΓjS1(t) = S1(t)Γj and ΓjS 1(t) = S 1(t)Γj for j = 1, 2, 3. Therefore the assertions
(i)–(iii) above hold with function spaces X (1) and Y (1) replaced by (X (1))3 and (Y (1))#,
respectively.

The assertion (i)–(iii) follows by the same way as that in Proposition 2.4.1. The
assertion (iv) is verified by the fact ΓA1 = A1Γ, which derive that ΓS1(t) = S1(t)Γ and
we omit the details.

We next investigate invertibility of I − S1(T ).

Proposition 4.4.2. There uniquely exists u ∈ (X (1) × Y (1))sym that satisfies (I −
S1(T ))u = F1 and u satisfies the estimate in each (i)-(iv) for F1 satisfying the condi-
tions given in either (i)-(iv), respectively.

(i) F1 ∈ L2
(1) ∩ L∞

3,sym ∩ L1
1;

∥u∥X (1)×Y (1)
≤ C{∥F1∥L∞

3
+ ∥F1∥L1

1
}. (4.4.2)

(ii) F1 = ∂α
xF

(1)
1 ∈ L∞

3,sym ∩ L2
(1),1 with F

(1)
1 ∈ L2

(1) ∩ L∞
2 for some α satisfying |α| = 1

and F
(1)
1 satisfies the following condition

F
(1)
1 (−x1, x2) = −F

(1)
1 (x1, x2) or F

(1)
1 (x1,−x2) = −F

(1)
1 (x1, x2)

or F
(1)
1 (x2, x1) = −F

(1)
1 (x1, x2); (4.4.3)

∥u∥X (1)×Y (1)
≤ C{∥F1∥L∞

3
+ ∥F (1)

1 ∥L∞
2
+ ∥F (1)

1 ∥L2 + ∥F1∥L2
1
}. (4.4.4)

(iii) F1 =
⊤(0,∇F

(1)
1 ) ∈ L∞

3,sym ∩ L2
(1),1 with F

(1)
1 ∈ L2

(1) ∩ L∞
2 ;

∥u∥X (1)×Y (1)
≤ C{∥F1∥L∞

3
+ ∥F (1)

1 ∥L∞
2
+ ∥F (1)

1 ∥L2 + ∥F1∥L2
1
}. (4.4.5)
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(iv) F1 = ∂α
xF

(1)
1 ∈ L∞

3,sym ∩ L2
(1),1 with F

(1)
1 ∈ L2

(1) ∩ L∞
2 for some α satisfying |α| ≥ 2;

∥u∥X (1)×Y (1)
≤ C{∥F1∥L∞

3
+ ∥F (1)

1 ∥L∞
2
+ ∥F (1)

1 ∥L2 + ∥F1∥L2
1
}. (4.4.6)

To prove Proposition 4.4.2, we use the following lemmas. Similarly to Lemmas 2.4.3
and 2.4.4, we have the following lemmas related to the linearized semigroup in two space-
dimensional case.

Lemma 4.4.3. ([26]) (i) The set of all eigenvalues of −Âξ consists of λj(ξ) (j = 1,±),
where {

λ1(ξ) = −ν|ξ|2,
λ±(ξ) = −1

2
(ν + ν̃)|ξ|2 ± 1

2

√
(ν + ν̃)2|ξ|4 − 4γ2|ξ|2.

If |ξ| < 2γ
ν+ν̃

, then

Reλ± = −1

2
(ν + ν̃)|ξ|2, Imλ± = ±γ|ξ|

√
1− (ν + ν̃)2

4γ2
|ξ|2.

(ii) For |ξ| < 2γ
ν+ν̃

, e−tÂξ has the spectral resolution

e−tÂξ =
∑
j=1,±

etλj(ξ)Πj(ξ),

where Πj(ξ) are eigenprojections for λj(ξ) (j = 1,±), and Πj(ξ) (j = 1,±) satisfy

Π1(ξ) =

(
0 0

0 I2 − ξ⊤ξ
|ξ|2

)
,

Π±(ξ) = ± 1

λ+ − λ−

(
−λ∓ −iγ⊤ξ

−iγξ λ±
ξ⊤ξ
|ξ|2

)
.

Furthermore, if 0 < r∞ < 2γ
ν+ν̃

, then there exists a constant C > 0 such that the estimates

∥Πj(ξ)∥ ≤ C (j = 1,±), (4.4.7)

hold for |ξ| ≤ r∞.

Hereafter we fix 0 < r1 < r∞ < 2γ
ν+ν̃

so that (4.4.7) in Lemma 4.4.3 holds for |ξ| ≤ r∞.

Lemma 4.4.4. Let α be a multi-index. Then the following estimates hold true uniformly
for ξ with |ξ| ≤ r∞ and t ∈ [0, T ].

(i) |∂α
ξ λ1| ≤ C|ξ|2−|α|, |∂α

ξ λ±| ≤ C|ξ|1−|α| (|α| ≥ 0).
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(ii) |(∂α
ξ Π1)F̂1| ≤ C|ξ|−|α|| ˆ̃F1|, |(∂α

ξ Π±)F̂1| ≤ C|ξ|−|α||F̂1| (|α| ≥ 0), where F1 =
⊤(F 0

1 , F̃1).

(iii) |∂α
ξ (e

λ1t)| ≤ C|ξ|2−|α| (|α| ≥ 1).

(iv) |∂α
ξ (e

λ±t)| ≤ C|ξ|1−|α| (|α| ≥ 1).

(v) |(∂α
ξ e

−tÂξ)F̂1| ≤ C(|ξ|1−|α||F̂ 0
1 |+ |ξ|−|α|| ˆ̃F1|) (|α| ≥ 1), where F1 =

⊤(F 0
1 , F̃1).

(vi) |∂α
ξ (I − eλ1t)−1| ≤ C|ξ|−2−|α| (|α| ≥ 0).

(vii) |∂α
ξ (I − eλ±t)−1| ≤ C|ξ|−1−|α| (|α| ≥ 0).

We define

E1,j(x) := F−1(χ̂0(I − eλjT )−1Πj) (j = 1,±) (x ∈ R2), (4.4.8)

where χ0 is the cut-off function defined by (2.3.3). We have the following estimates for
E1,j.

Lemma 4.4.5. There hold

|∂α
xE1,1(x)| ≤ C(1 + |x|)−(1+|α|)

for |α| ≥ 1, x ∈ R2 and
|∂α

xE1,±(x)| ≤ C(1 + |x|)−(1+|α|)

for |α| ≥ 0, x ∈ R2.

By using Lemma 2.3.7 and Lemma 4.4.4, Lemma 4.4.5 can be proved in a similar
manner to the proof of Lemma 2.4.5 and we omit the details.

We derive the following property for Π1 from direct computations.

Lemma 4.4.6. It holds that

Π1(ξ)∇̂F (ξ) = 0 (ξ ̸= 0, |ξ| ≤ r∞),

where F is a scalar function in H1.

We are now in a position to prove Proposition 2.4.2.

Proof of Proposition 4.4.2. (i) We define a function ũ = ⊤(ϕ̃, w̃1, w̃2) by

ũ = F−1((iξ2)(I − e−TÂξ)−1F̂1).

ũ can be rewrite as

ũ = F−1((iξ2)(I − e−TÂξ)−1F̂1) = E ∗ F1,
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where

E = F−1{(iξ2
∑
j

Ê1,j)}, (4.4.9)

E1,j are the ones defined in (4.4.8). We obtain from Lemma 4.4.5 that

|∂α
xE(x)| ≤ C(1 + |x|)−(1+|α|) (4.4.10)

for |α| ≥ 0, x ∈ R2. Hence, It follows from Lemma 2.3.2, Lemma 4.3.10 (i) and Lemma
4.4.4 that there uniquely exists ũ ∈ X (1) × Y (1) that satisfies (I − S1(T ))ũ = ∂x2F1 and
ũ satisfies the estimates

∥ũ∥X (1)×Y (1)
≤ C{∥F1∥L∞

3
+ ∥F1∥L1

1
} (4.4.11)

and

∥ũ∥L∞
2
≤ C{∥F1∥L∞

3
+ ∥F1∥L1

1
}. (4.4.12)

Note that ∂x2F1 satisfies Γ1(∂x2F1) = ∂x2F1. Therefore, by Proposition ?? (i) and (iii) we
obtain that Γ1ũ = ũ, especially,

w̃1(−x1, x2) = −w̃1(x1, x2) for x ∈ R2. (4.4.13)

We set u = ⊤(ϕ,w1, w2) by

u = F−1((I − e−TÂξ)−1F̂1).

Since ũ = ∂x2u, we see from Lemma 4.3.9, (4.4.12) and (4.4.13) that w1 ∈ L∞
1 , ∂x2w

1 ∈
L∞
2 , w̃1 = ∂x2w

1 and w1 satisfies the estimate

∥w1∥L∞
1
≤ C∥∂x2w

1∥L∞
2
≤ C{∥F1∥L∞

3
+ ∥F1∥L1

1
}. (4.4.14)

Replacing ũ to

ũ = F−1((iξ1)(I − e−TÂξ)−1F̂1),

in a similar manner to the estimate for w1, we derive that w2 ∈ L∞
1 , ∂x1w

2 ∈ L∞
2 ,

∥w2∥L∞
1
≤ C∥∂x1w

2∥L∞
2
≤ C{∥F1∥L∞

3
+ ∥F1∥L1

1
} (4.4.15)

and

∥∂x1u∥L∞
2
≤ C{∥F1∥L∞

3
+ ∥F1∥L1

1
}. (4.4.16)

Concerning the estimate for ϕ, We also obtain from Lemma 2.3.2, Lemma 4.3.10 (i) and
Lemma 4.4.5 that

∥ϕ∥X (1),L∞
≤ C{∥F1∥L∞

3
+ ∥F1∥L1

1
}.
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This together with Lemma 4.3.11, (4.4.12), (4.4.14), (4.4.15) and (4.4.16), we get that
u ∈ X (1)×Y (1), (I−S1(T ))u = F1 and u satisfies the estimate (4.4.2). By the assumption
of F1 and Proposition 4.4.1 (i) and (iii) we see that Γju = u (j = 1, 2, 3), i.e., u ∈
(X (1) × Y (1))sym.

(ii) We suppose that F1 = ∂x2F
(1)
1 without loss of generality. We define u = ⊤(ϕ,w1, w2)

by

u = F−1((I − e−TÂξ)−1F̂1)

= F−1((iξ2)(I − e−TÂξ)−1F̂
(1)
1 ) = E ∗ F (1)

1 ,

where E(x) is the same one used in (4.4.9). Therefore, by Lemma 4.3.8, Lemma 4.3.10
(ii), Lemma 4.4.4 and (4.4.10), we find the assertion (ii).

(iii) By Lemma 4.4.6, we derive that

u = F−1((I − e−TÂξ)−1F̂1) = F−1{
∑
j∈{±}

Ê1,jF̂1}

for F1 =
⊤(0,∇F

(1)
1 ) ∈ L∞

3,sym ∩ L2
(1),1 with F

(1)
1 ∈ L2

(1) ∩ L∞
2 . It then follows from Lemma

4.3.10 (iii), Proposition 4.4.1, Lemma 4.4.4 and Lemma 4.4.5 that u ∈ (X (1) × Y (1))sym,
(I − S1(T ))u = F1 and u satisfies the estimate

∥u∥X (1)×Y (1)
≤ C{∥F1∥L∞

3
+ ∥F (1)

1 ∥L∞
2
+ ∥F (1)

1 ∥L2 + ∥F1∥L2
1
}.

We arrive at the assertion (iv) from Lemma 4.3.10 (iii), Lemma 4.4.4 and Lemma 4.4.5
similarly to the assertion (iii). This completes the proof. □.

In view of Proposition 4.4.2, if F1 satisfies the each condition (i)-(iv) bellow, the
I − S1(T ) has bounded inverse (I − S1(T ))

−1 in (X (1) ×Y (1))sym satisfying the estimate
in (i)-(iv) respectively;

(i) F1 ∈ L2
(1) ∩ L∞

3,sym ∩ L1
1;

∥(I − S1(T ))
−1F1∥X (1)×Y (1)

≤ C{∥F1∥L∞
3
+ ∥F1∥L1

1
}.

(ii) F1 = ∂α
xF

(1)
1 ∈ L∞

3,sym ∩ L2
(1),1 with F

(1)
1 ∈ L2

(1) ∩ L∞
2 for some α satisfying |α| = 1

and F
(1)
1 satisfies (4.4.3);

∥(I − S1(T ))
−1F1∥X (1)×Y (1)

≤ C{∥F1∥L∞
3
+ ∥F (1)

1 ∥L∞
2
+ ∥F (1)

1 ∥L2 + ∥F1∥L2
1
}.

(iii) F1 =
⊤(0,∇F

(1)
1 ) ∈ L∞

3,sym ∩ L2
(1),1 with F

(1)
1 ∈ L2

(1) ∩ L∞
2 ;

∥(I − S1(T ))
−1F1∥X (1)×Y (1)

≤ C{∥F1∥L∞
3
+ ∥F (1)

1 ∥L∞
2
+ ∥F (1)

1 ∥L2 + ∥F1∥L2
1
}.
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(iv) F1 = ∂α
xF

(1)
1 ∈ L∞

3,sym ∩ L2
(1),1 with F

(1)
1 ∈ L2

(1) ∩ L∞
2 for some α satisfying |α| ≥ 2;

∥(I − S1(T ))
−1F1∥X (1)×Y (1)

≤ C{∥F1∥L∞
3
+ ∥F (1)

1 ∥L∞
2
+ ∥F (1)

1 ∥L2 + ∥F1∥L2
1
}.

We can write S 1(t)F1 and S1(t)S 1(T )(I − S1(T ))
−1F1 as

S1(t)S 1(T )(I − S1(T ))
−1F1 =

∫ T

0

E1(t, σ) ∗ F1(σ)dσ, (4.4.17)

S 1(t)F1 =

∫ t

0

S1(t− τ)F1(τ)dτ =

∫ t

0

E2(t, τ) ∗ F1(τ)dτ , (4.4.18)

where E1(t, σ) and E2(t, τ) are defined by

E1(t, σ) = F−1{χ̂0e
−tÂξ(I − e−TÂξ)−1e−(T−σ)Âξ},

E2(t, τ) = F−1{χ̂0e
−(t−τ)Âξ}

for σ ∈ [0, T ], 0 ≤ τ ≤ t ≤ T , χ̂0 is the cut-off function defined by (2.3.3). Then
E1(t, σ) ∗ F1 and E2(t, τ) ∗ F1 are estimated as follows.

Lemma 4.4.7. Ej(t, σ) ∗ F1 ∈ (X (1) × Y (1))sym (t, σ, τ ∈ [0, T ], j = 1, 2) if F1 satisfies
the conditions given in either (i)-(iv) and E1(t, σ) ∗ F1, E2(t, τ) ∗ F1 satisfy the following
estimate in each (i)-(iv).

(i) F1 ∈ L2
(1) ∩ L∞

3,sym ∩ L1
1;∑

j

∥Ej(t, σ) ∗ F1∥X (1)×Y (1)
≤ C{∥F1∥L∞

3
+ ∥F1∥L1

1
}

uniformly for σ ∈ [0, T ] and 0 ≤ τ ≤ t ≤ T .

(ii) F1 = ∂α
xF

(1)
1 ∈ L∞

3,sym ∩ L2
(1),1 with F

(1)
1 ∈ L2

(1) ∩ L∞
2 for some α satisfying |α| = 1

and F
(1)
1 satisfies (4.4.3);∑

j

∥Ej(t, σ) ∗ F1∥X (1)×Y (1)
≤ C{∥F1∥L∞

3
+ ∥F (1)

1 ∥L∞
2
+ ∥F (1)

1 ∥L2 + ∥F1∥L2
1
}

uniformly for σ ∈ [0, T ] and 0 ≤ τ ≤ t ≤ T .

(iii) F1 =
⊤(0,∇F

(1)
1 ) ∈ L∞

3,sym ∩ L2
(1),1 with F

(1)
1 ∈ L2

(1) ∩ L∞
2 ;∑

j

∥Ej(t, σ) ∗ F1∥X (1)×Y (1)
≤ C{∥F1∥L∞

3
+ ∥F (1)

1 ∥L∞
2
+ ∥F (1)

1 ∥L2 + ∥F1∥L2
1
}

uniformly for σ ∈ [0, T ] and 0 ≤ τ ≤ t ≤ T .

(iv) F1 = ∂α
xF

(1)
1 ∈ L∞

3,sym ∩L2
(1),1 with F

(1)
1 ∈ L2

(1) ∩L∞
2 for some α satisfying |α| ≥ 2;∑

j

∥Ej(t, σ) ∗ F1∥X (1)×Y (1)
≤ C{∥F1∥L∞

3
+ ∥F (1)

1 ∥L∞
2
+ ∥F (1)

1 ∥L2 + ∥F1∥L2
1
}

uniformly for σ ∈ [0, T ] and 0 ≤ τ ≤ t ≤ T .
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Proof of Lemma 4.4.7. It follows from Lemmas 4.4.3 and 4.4.4 that

|∂β
ξ (χ̂0(iξ)

αe−tÂξ(I − e−TÂξ)−1e−(T−σ)Âξ)| ≤ C|ξ|−2+|α|−|β|,

|∂β
ξ (χ̂0(iξ)

αe−(t−τ)Âξ)| ≤ C|ξ||α|−|β|,

for σ ∈ [0, T ], 0 ≤ τ ≤ t ≤ T and |α|, |β| ≥ 0. Hence by Lemma 2.3.7 we see that

|∂α
xE1(x)| ≤ C(1 + |x|)−|α| (|α| ≥ 1), (4.4.19)

|∂α
xE2(x)| ≤ C(1 + |x|)−(2+|α|) (|α| ≥ 0). (4.4.20)

This together with Lemma 4.3.8, Lemma 4.3.9 and Lemma 4.3.10 we obtain the desired
estimate in a similar manner to the proof of Proposition 4.4.2. This completes the proof.
□

The symbol Ψ1 and Ψ2 stand for

Ψ1[F̃1](t) = S1(t)S 1(T )(I − S1(T ))
−1

(
0

F̃1

)
, Ψ2[F̃1](t) = S 1(t)

(
0

F̃1

)
. (4.4.21)

For Ψ1 and Ψ2 we derive the following estimates.

Proposition 4.4.8. (i) For F̃1 ∈ L2(0, T ;L2
(1) ∩ L∞

3,# ∩ L1
1) it holds that

Ψj[F̃1] ∈ C1([0, T ];X (1),3)× [C([0, T ];Y (1),#) ∩H1(0, T ;Y (1),#)]

for j = 1, 2 and Ψj[F̃1] satisfy the following.

∥∂k
t Ψj[F̃1]∥C([0,T ];X (1))×L2(0,T ;Y (1))

≤ C∥F̃1∥L2(0,T ;L∞
3 ∩L1

1)

for k = 0, 1 and j = 1, 2.

(ii) If F̃1 satisfies F̃1 = ∂α
xF

(1)
1 ∈ L2(0, T ;L∞

3,# ∩ L2
(1),1) with F

(1)
1 ∈ L2(0, T ;L2

(1) ∩ L∞
2 )

for some α satisfying |α| = 1 and F
(1)
1 satisfies (4.4.3), then Ψj[F̃1] ∈ C1([0, T ];X (1),3)×

[C([0, T ];Y (1),#) ∩H1(0, T ;Y (1),#)] (j = 1, 2) and Ψj[F̃1] satisfy the following estimates.

∥∂k
t Ψj[F̃1]∥C([0,T ];X (1))×L2(0,T ;Y (1))

≤ C(∥F̃1∥L2(0,T ;L∞
3 ∩L2

1)
+ ∥F (1)

1 ∥L2(0,T ;L∞
2 ∩L2))

for k = 0, 1 and j = 1, 2.

(iii) We have that Ψj[F̃1] ∈ C1([0, T ];X (1),3) × [C([0, T ];Y (1),#) ∩ H1(0, T ;Y (1),#)]

(j = 1, 2) for F̃1 = ∇F
(1)
1 ∈ L2(0, T ;L∞

3,# ∩ L2
(1),1) with F

(1)
1 ∈ L2(0, T ;L2

(1) ∩ L∞
2 ) and

Ψj[F̃1] satisfy the estimates

∥∂k
t Ψj[F̃1]∥C([0,T ];X (1))×L2(0,T ;Y (1))

≤ C(∥F̃1∥L2(0,T ;L∞
3 ∩L2

1)
+ ∥F (1)

1 ∥L2(0,T ;L∞
2 ∩L2))

for k = 0, 1 and j = 1, 2.
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(iv) Let F̃1 = ∂α
xF

(1)
1 ∈ L2(0, T ;L∞

3,#∩L2
(1),1) with F

(1)
1 ∈ L2(0, T ;L2

(1)∩L∞
2 ) for some α

satisfying |α| ≥ 2. Then Ψj[F̃1] ∈ C1([0, T ];X (1),3)× [C([0, T ];Y (1),#)∩H1(0, T ;Y (1),#)]

(j = 1, 2) and Ψj[F̃1] satisfy the estimates

∥∂k
t Ψj[F̃1]∥C([0,T ];X (1))×L2(0,T ;Y (1))

≤ C(∥F̃1∥L2(0,T ;L∞
3 ∩L2

1)
+ ∥F (1)

1 ∥L2(0,T ;L∞
2 ∩L2))

for k = 0, 1 and j = 1, 2.

Proof. As for the assertion (i), it follows from Proposition 4.4.1 (i), (ii) and Lemma 4.4.7
that

∥Ψj[F̃1]∥C([0,T ];X (1))×L2(0,T ;Y (1))
≤ C∥F̃1∥L2(0,T ;L∞

3 ∩L1
1)

for j = 1, 2,
∥∂tΨ1[F̃1]∥C([0,T ];X (1))×L2(0,T ;Y (1))

≤ C∥F̃1∥L2(0,T ;L∞
3 ∩L1

1)
,

and

∥∂tΨ2[F̃1]∥C([0,T ];X (1))×L2(0,T ;Y (1))
≤ C∥F̃1∥L2(0,T ;L∞

3 ∩L1
1)
+ ∥F̃1∥L2(0,T ;Y (1))

).

Note that F̃1 = χ0 ∗ F̃1, where χ0 = F−1χ̂0, χ̂0 is the cut-off function defined by (2.3.3).
Since χ̂0 belongs to the Schwartz space on R2, we get that

|∂α
xχ0(x)| ≤ C(1 + |x|)−(2+|α|) for |α| ≥ 0.

Therefore, we derive the following estimate for ∥F̃1∥L2(0,T ;Y (1))
in a similar manner to the

proof of Proposition 4.4.2.

∥F̃1∥L2(0,T ;Y (1))
≤ C∥F̃1∥L2(0,T ;L∞

3 ∩L1
1)
.

Consequently, we obtain the desired estimate in (i). Similarly, we can verify the assertion
(ii)-(iv). This completes the proof. □

By using Proposition 4.4.8, we give estimates for a solution of (4.4.1) satisfying u1(0) =
u1(T ).

Proposition 4.4.9. Set

Ψ[F̃1](t) = Ψ1[F̃1] + Ψ2[F̃1], (4.4.22)

for F1 = ⊤(0, F̃1), where Ψ1 and Ψ2 were defined by (4.4.21). If F̃1 satisfies the condi-
tions given in either (i)-(iv), then Ψ[F̃1] is a solution of (4.4.1) with F1 = ⊤(0, F̃1) in
Z (1),sym(0, T ) satisfying Ψ[F̃1](0) = Ψ[F̃1](T ) and Ψ[F̃1] satisfies the estimate in each
(i)-(iv), respectively.

(i) F̃1 ∈ L2(0, T ;L2
(1) ∩ L∞

3,# ∩ L1
1);

∥Ψ[F̃1]∥Z (1)(0,T )
≤ C∥F̃1∥L2(0,T ;L∞

3 ∩L1
1)
. (4.4.23)
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(ii) F̃1 = ∂α
xF

(1)
1 ∈ L2(0, T ;L∞

3,# ∩ L2
(1),1) with F

(1)
1 ∈ L2(0, T ;L2

(1) ∩ L∞
2 ) for some α

satisfying |α| = 1 and F
(1)
1 satisfies (4.4.3);

∥Ψ[F̃1]∥Z (1)(0,T )
≤ C(∥F̃1∥L2(0,T ;L∞

3 ∩L2
1)
+ ∥F (1)

1 ∥L2(0,T ;L∞
2 ∩L2)). (4.4.24)

(iii) F̃1 = ∇F
(1)
1 ∈ L2(0, T ;L∞

3,# ∩ L2
(1),1) with F

(1)
1 ∈ L2(0, T ;L2

(1) ∩ L∞
2 );

∥Ψ[F̃1]∥Z (1)(0,T )
≤ C(∥F̃1∥L2(0,T ;L∞

3 ∩L2
1)
+ ∥F (1)

1 ∥L2(0,T ;L∞
2 ∩L2)). (4.4.25)

(iv) F̃1 = ∂α
xF

(1)
1 ∈ L2(0, T ;L∞

3,# ∩ L2
(1),1) with F

(1)
1 ∈ L2(0, T ;L2

(1) ∩ L∞
2 ) for some α

satisfying |α| ≥ 2;

∥Ψ[F̃1]∥Z (1)(0,T )
≤ C(∥F̃1∥L2(0,T ;L∞

3 ∩L2
1)
+ ∥F (1)

1 ∥L2(0,T ;L∞
2 ∩L2)). (4.4.26)

Proof. By Proposition 4.4.1 (iii) and Proposition 4.4.2 we see that Ψ[F̃1] is a solution
of (4.4.1) with F1 = ⊤(0, F̃1) and satisfies Ψ[F̃1](0) = Ψ[F̃1](T ). The estimates and
antisymmetry of Ψ[F̃1] in (i)-(iv) are verified by Proposition 4.4.8. This completes the
proof. □

4.5 Estimates for solution on the high frequency part

In this section we estimate a solution for the high frequency part. We begin with some
properties of S∞,ũ(t) and S∞,ũ(t).

As for the solvability of (4.3.10), we state the following proposition.

Proposition 4.5.1. Let s be an integer satisfying s ≥ 3. Set k = s−1 or s. Assume that

∇w̃ ∈ C([0, T ′];Hs−1) ∩ L2(0, T ′;Hs),

u0∞ = ⊤(ϕ0∞, w0∞) ∈ Hk
(∞),

F∞ = ⊤(F 0
∞, F̃∞) ∈ L2(0, T ′;Hk

(∞) ×Hk−1
(∞) ).

Here T ′ is a given positive number. Then there exists a unique solution u∞ = ⊤(ϕ∞, w∞)
of (1.3.2) satisfying

ϕ∞ ∈ C([0, T ′];Hk
(∞)),

w∞ ∈ C([0, T ′];Hk
(∞)) ∩ L2(0, T ′;Hk+1

(∞) ) ∩H1(0, T ′;Hk−1
(∞) ).

One can verify Proposition 4.5.1 in a similar manner to the proof of Proposition 1.5.4
and we omit the details.
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Remark 4.5.2. Concerning the space dimension n, in Proposition 1.5.4 we assume that
n ≥ 3. But we can replace the space dimension to n = 2 by taking a look at the fact that
[16, Theorem 4.1] holds for the space dimension n = 2 and the proof of Proposition 1.5.4.
See also Remark 2.5.2 for the condition of w̃.

Therefore, it follows from Proposition 4.5.1 that we can define S∞,ũ(t) (t ≥ 0) and
S ∞,ũ(t) (t ∈ [0, T ]) as follows.

Let an integer s satisfy s ≥ 3 and a function ũ = ⊤(ϕ̃, w̃) satisfy

ϕ̃ ∈ Cper(R;Hs), ∇w̃ ∈ Cper(R;Hs−1) ∩ L2
per(R;Hs). (4.5.1)

Let k = s− 1 or s. We define and operator S∞,ũ(t) : H
k
(∞) −→ Hk

(∞) (t ≥ 0) by

u∞(t) = S∞,ũ(t)u0∞ for u0∞ = ⊤(ϕ0∞, w0∞) ∈ Hk
(∞),

where u∞(t) is the solution of (1.3.2) with F∞ = 0. Moreover, we define an operator
S ∞,ũ(t) : L

2(0, T ;Hk
(∞) ×Hk−1

(∞) ) −→ Hk
(∞) (t ∈ [0, T ]) by

u∞(t) = S ∞,ũ(t)[F∞] for F∞ = ⊤(F 0
∞, F̃∞) ∈ L2(0, T ;Hk

(∞) ×Hk−1
(∞) ),

where u∞(t) is the solution of (1.3.2) with u0∞ = 0.

We have the following properties for S∞,ũ(t) and S ∞,ũ(t) in the weighted L2 Sobolev
spaces.

Proposition 4.5.3. Let s be a nonnegative integer satisfying s ≥ 3 and let k = s− 1 or
s. We suppose that ũ = ⊤(ϕ̃, w̃) satisfies (4.5.1). Then there exists a constant δ > 0 such
that if ∥∇w̃∥C([0,T ];Hs−1)∩L2(0,T ;Hs) ≤ δ, then the following assertions hold true.

(i) For u0∞ = ⊤(ϕ0∞, w0∞) ∈ Hk
(∞),2, there holds S∞,ũ(·)u0∞ ∈ C([0,∞);Hk

(∞),2) and

there exist constants a > 0 and C > 0 such that S∞,ũ(t) satisfies the following estimate
for all t ≥ 0 and u0∞ ∈ Hk

(∞),2.

∥S∞,ũ(t)u0∞∥Hk
(∞),2

≤ Ce−at∥u0∞∥Hk
(∞),2

.

(ii) For F∞ = ⊤(F 0
∞, F̃∞) ∈ L2(0, T ;Hk

(∞),2 × Hk−1
(∞),2), there holds S∞,ũ(·)F∞ ∈

C([0, T ];Hk
(∞),2) and S∞,ũ(t) satisfies the following estimate for t ∈ [0, T ] and F∞ ∈

L2(0, T ;Hk
(∞),2 ×Hk−1

(∞),2) with a positive constant C depending on T .

∥S ∞,ũ(t)[F∞]∥Hk
(∞),2

≤ C

{∫ t

0

e−a(t−τ)∥F∞∥2
Hk

(∞),2
×Hk−1

(∞),2

dτ

} 1
2

.
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(iii) We define rHk
(∞),2

(S∞,ũ(T )) by the spectral radius of S∞,ũ(T ) on Hk
(∞),2. Then it

holds that rHk
(∞),2

(S∞,ũ(T )) < 1.

(iv) I − S∞,ũ(T ) has a bounded inverse (I − S∞,ũ(T ))
−1 on Hk

(∞),2 satisfying

∥(I − S∞,ũ(T ))
−1u∥Hk

(∞),2
≤ C∥u∥Hk

(∞),2
for u ∈ Hk

(∞),2.

(v) Suppose that Γjũ = ũ for j = 1, 2, 3. Then it holds that ΓjS∞,ũ(t) = S∞,ũ(t)Γj

and ΓjS ∞,ũ(t) = S ∞,ũ(t)Γj. Accordingly, the assertions (i)–(iv) hold true in function
spaces Hk

∞,2 and Hk
∞,2 ×Hk−1

∞,2 replaced by (Hk
∞,2)sym and (Hk

∞,2 ×Hk−1
∞,2 )sym, respectively

if Γjũ = ũ (j = 1, 2, 3).

We can verify Proposition 4.5.3 in a similar manner to the proof of Proposition 1.5.6
and we omit the proof.

Remark 4.5.4. As for the space dimension n, in Proposition 1.5.6 it is assumed that
n ≥ 3. But it is replaced by n = 2 due to taking a look at the proof of Proposition 1.5.6.
See also Remark 2.5.4 for the condition of w̃.

We are now in a position to give the following estimate for a solution u∞ of (4.3.10)
satisfying u∞(0) = u∞(T ).

Proposition 4.5.5. Let s be a nonnegative integer satisfying s ≥ 3. We suppose that

F∞ = ⊤(F 0
∞, F̃∞) ∈ L2(0, T ; (Hk

(∞),2 ×Hk−1
(∞),2)sym),

with k = s− 1 or s. We also assume that ũ = ⊤(ϕ̃, w̃) satisfies (4.5.1). Then there exists
a positive constant δ such that if

∥∇w̃∥C([0,T ];Hs−1)∩L2(0,T ;Hs) ≤ δ,

then the following assertion holds true.
The function

u∞(t) := S∞,ũ(t)(I − S∞,ũ(T ))
−1S ∞,ũ(T )[F∞] + S∞,ũ(t)[F∞] (4.5.2)

is a solution of (1.3.2) in Z k
(∞),2,sym(0, T ) satisfying u∞(0) = u∞(T ) and the estimate

∥u∞∥Z k

(∞),2(0,T )
≤ C∥F∞∥L2(0,T ;Hk

(∞),2
×Hk−1

(∞),2
).

Proposition 4.5.5 is directly derived by Proposition 4.5.3.
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4.6 Proof of Theorem 4.2.1

In this section we prove Theorem 4.2.1.

The estimates for the nonlinear and inhomogeneous terms are established here. We
set F1,m(u, g) and F∞(u, g) by

F1,m(u, g) =

(
0

F̃1,m(u, g)

)
,

F∞(u, g) = P∞

(
−γw · ∇ϕ1 + F 0(u)

F̃ (u, g)

)
=:

(
F 0
∞(u)

F̃∞(u, g)

)
,

where u = ⊤(ϕ,w) is given by u1,m = ⊤(ϕ1,m1) and u∞ = ⊤(ϕ∞, w∞) through the relation

ϕ = ϕ1 + ϕ∞, w = w1 + w∞, w1 = m1 − P1(ϕw),

F̃1,m(u, g), F
0(u) and F̃ (u, g) were given in (4.3.5), (0.0.19) and (0.0.20), respectively,

As for the estimate F1,m(u, g), we use the notation Ψ introduced in section 5, i.e.,

Ψ[F̃1](t) := S1(t)S 1(T )(I − S1(T ))
−1

(
0

F̃1

)
+ S 1(t)

(
0

F̃1

)
.

We have the following estimate for Ψ[F̃1,m(u, g)] in Z (1),sym(0, T ).

Proposition 4.6.1. Let u1,m = ⊤(ϕ1,m1) ∈ (X (1) × Y (1))sym and u∞ = ⊤(ϕ∞, w∞) ∈
Hs

2,sym satisfying

sup
0≤t≤T

∥u1,m(t)∥X (1)×Y (1)
+ sup

0≤t≤T
∥u∞(t)∥Hs

2

+ sup
0≤t≤T

∥ϕ(t)∥L∞ + sup
0≤t≤T

∥∇ϕ(t)∥L2
1
≤ min{δ0,

1

2
},

where δ0 is the one in Lemma 4.3.7 (i) and ϕ = ϕ1 + ϕ∞. Then we obtain the following
estimate

∥Ψ[F̃1,m(u, g)]∥Z (1)(0,T )
≤ C∥{u1,m, u∞}∥2Xs(0,T ) + C

(
1 + ∥{u1,m, u∞}∥Xs(0,T )

)
[g]s,

uniformly for u1,m and u∞.

Proof. Let u(j) = ⊤(ϕ(j), w(j)) (j = 1,∞), w(j) = ⊤(w(j),1, w(j),2) and we define

G1(u
(1), u(2)) = −P1

{
γ∂x2

(
w(1),1w(2),2

w(1),2w(2),2 − w(1),1w(2),1

)
+ γ∂x1

(
0

w(1),1w(2),2

)}
,

G2(u
(1), u(2)) = −P1(γ∇(w(1),1w(2),1))
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G3(u
(1), u(2)) = −P1(µ∆(ϕ(1)w(2)) + µ̃∇div (ϕ(1)w(2))),

G4(ϕ, u
(1), u(2)) = −P1

(
ρ∗
γ
∇(p(1)(ϕ)ϕ(1)ϕ(2))

)
,

G5(ϕ, u
(1), u(2)) = −P1(γdiv (ϕw

(1) ⊗ w(2))),

Hk(u
(1), u(2)) = Gk(u

(1), u(2)) +Gk(u
(2), u(1)), (k = 1, 2, 3),

Hk(ϕ, u
(1), u(2)) = Gk(ϕ, u

(1), u(2)) +Gk(ϕ, u
(2), u(1)), (k = 4, 5).

and we then write Ψ[F̃1,m(u, g)] as

Ψ[F̃1,m(u, g)] =
3∑

k=1

(Ψ[Gk(u1, u1)] + Ψ[Hk(u1, u∞)] + Ψ[Gk(u∞, u∞)])

+
5∑

k=4

Ψ[Gk(ϕ, u1, u1)] + Ψ[Hk(ϕ, u1, u∞)] + Ψ[Gk(ϕ, u∞, u∞)]

+Ψ

[
1

γ
(1 + ϕ1)g

]
+Ψ

[
1

γ
ϕ∞g

]
.

Using Lemma 4.3.12 and (4.4.24) we have the following estimate for Ψ[G1(u1, u1)].

∥Ψ[G1(u1, u1)]∥Z (1)(0,T )
≤ C∥{u1, u∞}∥2Xs(0,T ).

Concerning the estimates Ψ[G2(u1, u1)] and Ψ[G4(ϕ, u1, u1)], applying Lemma 4.3.12 and

(4.4.25) with F
(1)
1 = (w1

1)
2 and F

(1)
1 = p(1)(ϕ)ϕ2

1 we obtain the estimates

∥Ψ[G2(u1, u1)]∥Z (1)(0,T )
≤ C∥{u1, u∞}∥2Xs(0,T ),

∥Ψ[G4(ϕ, u1, u1)]∥Z (1)(0,T )
≤ C∥{u1, u∞}∥2Xs(0,T ).

By using Lemma 4.3.12 and (4.4.26) we arrive at the following estimate for Ψ[G3(u1, u1)].

∥Ψ[G3(u1, u1)]∥Z (1)(0,T )
≤ C∥{u1, u∞}∥2Xs(0,T ).

It follows from Lemma 2.3.2, Lemma 4.3.12 and (4.4.24) that we get

∥Ψ[G1(u1, u∞)]∥Z (1)(0,T )
≤ C∥{u1, u∞}∥2Xs(0,T ),

∥Ψ[G1(u∞, u∞)]∥Z (1)(0,T )
≤ C∥{u1, u∞}∥2Xs(0,T ).

Similarly, by Lemma 2.3.2, Lemma 4.3.12 and (4.4.25) we obtain for k = 2, 3 that

∥Ψ[Gk(u1, u∞)]∥Z (1)(0,T )
+ ∥Ψ[G4(ϕ, u1, u∞)]∥Z (1)(0,T )

+∥Ψ[Gk(u∞, u∞)]∥Z (1)(0,T )
∥Ψ[G4(ϕ, u∞, u∞)]∥Z (1)(0,T )

≤ C∥{u1, u∞}∥2Xs(0,T ).
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G5(ϕ, u, u) is estimated by same way as that in the estimate for Ψ[G1(u1, u1)] and we see
that

∥Ψ[G5(ϕ, u, u)]∥Z (1)(0,T )
≤ C∥{u1, u∞}∥2Xs(0,T ).

As for the estimates for Ψ[(1 + ϕ1)g] and Ψ[ϕ∞g], it holds from (4.4.23) that

∥Ψ[(1 + ϕ1)g]∥Z (1)(0,T )
+ ∥Ψ[ϕ∞g]∥Z (1)(0,T )

≤ C(1 + ∥{u1, u∞}∥Xs(0,T ))[g]s.

Therefore, we find that

∥Ψ[F̃1,m(u, g)]∥Z (1)(0,T )
≤ C∥{u1, u∞}∥2Xs(0,T ) + C

(
1 + ∥{u1, u∞}∥Xs(0,T )

)
[g]s.

Consequently, we obtain the desired estimate by applying Lemma 4.3.7 (i). This completes
the proof. □

We state the estimates for the nonlinear and inhomogeneous terms of the high fre-
quency part.

Proposition 4.6.2. Let u1,m = ⊤(ϕ1,m1) ∈ (X (1) × Y (1))sym and u∞ = ⊤(ϕ∞, w∞) ∈
Hs

2,sym satisfying

sup
0≤t≤T

∥u1,m(t)∥X (1)×Y (1)
+ sup

0≤t≤T
∥u∞(t)∥Hs

2

+ sup
0≤t≤T

∥ϕ(t)∥L∞ + sup
0≤t≤T

∥∇ϕ(t)∥L2
1
≤ min{δ0,

1

2
},

where δ0 is the one in Lemma 4.3.7 (i) and ϕ = ϕ1 + ϕ∞. Then we have the estimate

∥F∞(u, g)∥L2(0,T ;Hs
2×Hs−1

2 )

≤ C∥{u1,m, u∞}∥2Xs(0,T ) + C
(
1 + ∥{u1,m, u∞}∥Xs(0,T )

)
[g]s,

uniformly for u1,m and u∞.

Proposition 4.6.2 follows in a similar manner to the proof of Proposition 2.6.2 and we
omit the details.

By the same way as that in the proof of Proposition 4.6.1, we have the following
estimate for F1,m(u

(1), g)− F1,m(u
(2), g).

Proposition 4.6.3. Let u
(k)
1,m = ⊤(ϕ

(k)
1 ,m

(k)
1 ) ∈ (X (1)×Y (1))sym and u

(k)
∞ = ⊤(ϕ

(k)
∞ , w

(k)
∞ ) ∈

Hs
2 satisfying

sup
0≤t≤T

∥u(k)
1,m(t)∥X (1)×Y (1)

+ sup
0≤t≤T

∥u(k)
∞ (t)∥Hs

2

+ sup
0≤t≤T

∥ϕ(k)(t)∥L∞ + sup
0≤t≤T

∥∇ϕ(k)(t)∥L2
1
≤ min{δ0,

1

2
},
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where δ0 is the one in Lemma 4.3.7 (i) and ϕ(k) = ϕ
(k)
1 + ϕ

(k)
∞ (k = 1, 2). Then it holds

that

∥Ψ[F̃1,m(u
(1), g)− F̃1,m(u

(2), g)]∥Z (1)(0,T )

≤ C

2∑
k=1

∥{u(k)
1,m, u

(k)
∞ }∥Xs(0,T )∥{u(1)

1,m − u
(2)
1,m, u

(1)
∞ − u(2)

∞ }∥Xs−1(0,T )

+C[g]s∥{u(1)
1,m − u

(2)
1,m, u

(1)
∞ − u(2)

∞ }∥Xs−1(0,T ),

uniformly for u
(k)
1,m and u

(k)
∞ .

We next estimate F∞(u(1), g)− F∞(u(2), g).

Proposition 4.6.4. Let u
(k)
1,m = ⊤(ϕ

(k)
1 ,m

(k)
1 ) ∈ (X (1)×Y (1))sym and u

(k)
∞ = ⊤(ϕ

(k)
∞ , w

(k)
∞ ) ∈

Hs
2 satisfying

sup
0≤t≤T

∥u(k)
1,m(t)∥X (1)×Y (1)

+ sup
0≤t≤T

∥u(k)
∞ (t)∥Hs

2

+ sup
0≤t≤T

∥ϕ(k)(t)∥L∞ + sup
0≤t≤T

∥∇ϕ(k)(t)∥L2
1
≤ min{δ0,

1

2
},

where δ0 is the one in Lemma 4.3.7 (i) and ϕ(k) = ϕ
(k)
1 + ϕ

(k)
∞ (k = 1, 2). Then it holds

that

∥F∞(u(1), g)− F∞(u(2), g)]∥L2(0,T ;Hs−1
2 ×Hs−2

2

≤ C

2∑
k=1

∥{u(k)
1,m, u

(k)
∞ }∥Xs(0,T )∥{u(1)

1,m − u
(2)
1,m, u

(1)
∞ − u(2)

∞ }∥Xs−1(0,T )

+C[g]s∥{u(1)
1,m − u

(2)
1,m, u

(1)
∞ − u(2)

∞ }∥Xs−1(0,T ),

uniformly for u
(k)
1,m and u

(k)
∞ .

Proposition 4.6.4 easily follows from Lemmas 1.1.1–1.1.3, Lemma 1.3.4, Lemma 2.3.2,
and Lemma 2.3.11 in a similar manner to the proof of Proposition 4.6.2.

The following estimate is concerned with to state Proposition 4.6.6.

Proposition 4.6.5. (i) Let u1,m = ⊤(ϕ1,m1) ∈ (X (1) ×Y (1))sym and u∞ = ⊤(ϕ∞, w∞) ∈
Hs

2,sym satisfying

sup
0≤t≤T

∥u1,m(t)∥X (1)×Y (1)
+ sup

0≤t≤T
∥u∞(t)∥Hs

2

+ sup
0≤t≤T

∥ϕ(t)∥L∞ + sup
0≤t≤T

∥∇ϕ(t)∥L2
1
≤ min{δ0,

1

2
},
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where δ0 is the one in Lemma 4.3.7 (i) and ϕ = ϕ1 + ϕ∞. Then it holds that

∥F1,m(u, g)∥C([0,T ];L2) + ∥∇F1,m(u, g)∥C([0,T ];L2
1)

≤ C∥{u1,m, u∞}∥2Xs(0,T ) + C
(
1 + ∥{u1,m, u∞}∥Xs(0,T )

)
[g]s,

uniformly for u1,m and u∞.

(ii) Let u
(k)
1,m = ⊤(ϕ

(k)
1 ,m

(k)
1 ) ∈ (X (1)×Y (1))sym and u

(k)
∞ = ⊤(ϕ

(k)
∞ , w

(k)
∞ ) ∈ Hs

2 satisfying

sup
0≤t≤T

∥u1,m(t)∥X (1)×Y (1)
+ sup

0≤t≤T
∥u∞(t)∥Hs

2

+ sup
0≤t≤T

∥ϕ(t)∥L∞ + sup
0≤t≤T

∥∇ϕ(t)∥L2
1
≤ min{δ0,

1

2
},

where δ0 is the one in Lemma 4.3.7 (i) and ϕ(k) = ϕ
(k)
1 + ϕ

(k)
∞ (k = 1, 2). Then it holds

that

∥F1,m(u
(1), g)− F1,m(u

(2), g)∥L2 + ∥∇F1,m(u
(1), g)− F1,m(u

(2), g)∥L2
1

≤ C

2∑
k=1

∥{u(k)
1,m, u

(k)
∞ }∥Xs(0,T )∥{u(1)

1,m − u
(2)
1,m, u

(1)
∞ − u(2)

∞ }∥Xs−1(0,T )

+C[g]s∥{u(1)
1,m − u

(2)
1,m, u

(1)
∞ − u(2)

∞ }∥Xs−1(0,T ),

uniformly for u
(k)
1,m and u

(k)
∞ .

Proposition 4.6.5 follows from direct computations based on Lemma 4.3.12.

We obtain the existence of a solution {u1,m, u∞} of (4.3.2), (4.3.4) and (4.3.6) on [0, T ]
satisfying u1,m(0) = u1,m(T ) and u∞(0) = u∞(T ) by similar iteration argument to that in
[28].

u
(0)
1,m = ⊤(ϕ

(0)
1 ,m

(0)
1 ) and u

(0)
∞ = ⊤(ϕ

(0)
∞ , w

(0)
∞ ) are defined by

u
(0)
1,m(t) = S1(t)S 1(T )[(I − S1(T ))

−1G1] + S 1(t)[G1],

w
(0)
1 = m

(1)
1 − P1(ϕ

(0)w(0)),

u
(0)
∞ (t) = S∞,0(t)(I − S∞,0(T ))

−1S ∞,0(T )[G∞] + S∞,0(t)[G∞],

(4.6.1)

where t ∈ [0, T ], G = ⊤(0, 1
γ
g(x, t)), G1 = P1G , G∞ = P∞G, ϕ(0) = ϕ

(0)
1 + ϕ

(0)
∞ and

w(0) = w
(0)
1 + w

(0)
∞ . Note that u

(0)
1,m(0) = u

(0)
1,m(T ) and u

(0)
∞ (0) = u

(0)
∞ (T ).

u
(N)
1,m = ⊤(ϕ

(N)
1 ,m

(N)
1 ) and u

(N)
∞ = ⊤(ϕ

(N)
∞ , w

(N)
∞ ) are defined, inductively for N ≥ 1, by

u
(N)
1,m(t) = S1(t)S 1(T )[(I − S1(T ))

−1F1,m(u
(N−1), g)] + S 1(t)[F1,m(u

(N−1), g)],

w
(N)
1 = m

(N)
1 − P1(ϕ

(N)w(N)),

u
(N)
∞ (t) = S∞,u(N−1)(t)(I − S∞,u(N−1)(T ))−1S ∞,u(N−1)(T )[F∞(u(N−1), g)]

+S ∞,u(N−1)(t)[F∞(u(N−1), g)],

(4.6.2)
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where t ∈ [0, T ], u(N−1) = u
(N−1)
1 +u

(N−1)
∞ , u

(N−1)
1 = ⊤(ϕ

(N−1)
1 , w

(N−1)
1 ), ϕ(N) = ϕ

(N)
1 +ϕ

(N)
∞

and w(N) = w
(N)
1 + w

(N)
∞ . Note that u

(N)
1,m(0) = u

(N)
1,m(T ) and u

(0)
∞ (0) = u

(0)
∞ (T ).

The symbol BXk
sym(a,b)(r) stands for the closed unit ball in Xk

sym(a, b) centered at 0
with radius r, i.e.,

BXk
sym(a,b)(r) =

{
{u1,m, u∞} ∈ Xk

sym(a, b); ∥{u1,m, u∞}∥Xk(a,b) ≤ r
}
.

We have the following proposition from Propositions 4.4.1, 4.5.5, 4.6.1, 4.6.2, and 4.6.5
by the same argument as that in Chapter 2.

Proposition 4.6.6. There exists a constant δ1 > 0 such that if [g]s ≤ δ1, then it holds
that

(i) ∥{u(N)
1,m, u

(N)
∞ }∥Xs(0,T ) ≤ C1[g]s,

for all N ≥ 0, and

(ii)
∥{u(N+1)

1,m − u
(N)
1,m, u

(N+1)
∞ − u(N)

∞ }∥Xs−1(0,T )

≤ C1[g]s∥{u(N)
1,m − u

(N−1)
1,m , u

(N)
∞ − u

(N−1)
∞ }∥Xs−1(0,T ),

for N ≥ 1. Here C1 is a constant independent of g and N .

Concerning the existence of a solution {u1,m, u∞} of (4.3.2), (4.3.4) and (4.3.6) on
[0, T ] satisfying u1,m(0) = u1,m(T ) and u∞(0) = u∞(T ), we state the following

Proposition 4.6.7. There exists a constant δ2 > 0 such that if [g]s ≤ δ2, then the system
(4.3.2), (4.3.4) and (4.3.6) has a unique solution {u1,m, u∞} on [0, T ] in BXs

sym(0,T )(C1[g]s)
satisfying u1,m(0) = u1,m(T ) and u∞(0) = u∞(T ). The uniqueness of solutions of (4.3.2),
(4.3.4) and (4.3.6) on [0, T ] satisfying u1,m(0) = u1,m(T ) and u∞(0) = u∞(T ) holds in
BXs

sym(0,T )(C1δ2).

Corollary 4.6.8. There exists a constant δ3 > 0 such that if [g]s ≤ δ3, then the system
(4.3.1)-(4.3.2) has a unique solution {u1, u∞} on [0, T ] in BXs

sym(0,T )(C2[g]s) satisfying

uj(0) = uj(T ) (j = 1,∞) where uj =
⊤(ϕj, wj) (j = 1,∞) and C2 is a constant indepen-

dent of g. The uniqueness of solutions of (4.3.1)-(4.3.2) on [0, T ] satisfying uj(0) = uj(T )
(j = 1,∞) holds in BXs

sym(0,T )(C2δ3).

Proposition 4.6.7 and Corollary 4.6.8 follows from Lemma 4.3.7 (i) and Proposition
4.6.7 by the same way as that in Chapter 2 and we omit the proofs.

As for the unique existence of solutions of the initial value problem, (4.3.1)-(4.3.2),
the following proposition can be proved from the estimates in sections 6-8, as in chapters
1 and 2.
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Proposition 4.6.9. Let h ∈ R and let U0 = U01 + U0∞ with U01 ∈ X (1),sym × Y (1),syn

and U0∞ ∈ Hs
(∞),2. Then there exist constants δ4 > 0 and C3 > 0 such that if

M(U01, U0∞, g) := ∥U01∥(X (1)×Y (1))sym
+ ∥U0∞∥Hs

(∞),2
+ [g]s ≤ δ4,

there exists a solution {U1, U∞} of the initial value problem for (4.3.1)-(4.3.2) on [h, h+T ]
in BXs

sym(h,h+T )(C3M(U01, U0∞, g)) satisfying the initial condition Uj|t=h = U0j (j = 0,∞).
The uniqueness for this initial value problem holds in BXs

sym(h,h+T )(C3δ4).

Therefore, we can extend {u1, u∞} periodically on R as a time periodic solution of
(4.3.1)-(4.3.2) by using Corollary 4.6.8 and Proposition 4.6.9 in the same argument as
that given in Chapter 1. Consequently, we obtain Theorem 4.2.1. This completes the
proof.
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