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Abstract collision systems on groups

Takahiro Ito

Abstract. We discuss about abstract collision systems(ACS) on groups which is an extension of
ACS [5, 6]. The ACS is a kind of frameworks of unconventional computing which includes collision
based computing, cellular automata (CA), chemical reaction systems and so on. In this paper, we
define ACS on groups. When a group G and its subset is given, we create a set of collisions and a
local transition function of an ACS from the group G and its operation. First, we describe definitions
of components of ACS. Next, we introduce ACS on groups. Finally, we investigate properties of
operations of ACS, union, division and composition.

Keywords. collision based computing, cellular automata.

1. INTRODUCTION

Recently, there are many investigations about unconven-
tional computing based on the frameworks of the collision-
based computing [1], which include cellular automata (CA)
and reaction-diffusion systems. Our purpose is to construct
computational models and to investigate computational ca-
pabilities of those models.

Conway introduced 'The Game of Life’ which is one of
two dimensional cellular automata [2]. On ’The Game
of Life’, there are some special patterns called “gliders”.
He showed that it can simulate any logical circuit by us-
ing collisions of gliders. Wolfram and Cook [11, 3] found
glider patterns in the one dimensional elementary cellular
automaton CA110. Cook introduced cyclic tag systems
(CTS) as Turing universal systems. He proved that CTS
was simulated by CA110 by using collisions of gliders in
CA110. Recently, Martinez et. al. investigated glider phe-
nomena from the view point of regular language [7]. Morita
[8] introduced a reversible one dimensional CA which sim-
ulated CTS.

We introduced the notion of abstract collision systems
(ACS) as tools to discuss about collision phenomena in-
cluding the phenomena of glider collisions in "The Game of
Life’ and "CA110’. We proved that it is universal for com-
putation [5]. Moreover, we investigated about simulations
of ACS by CA. We found some conditions of ACS to be
simulated by CA [6].

Notion of automata on groups was first treated as spe-
cial cases for automata on graphs named Cayley graphs
which represent groups [10, 9, 12]. Fujio [4] introduced the
composition of CA on groups in order to reduce a com-
plex behaved dynamics into simpler ones. As an example,
he showed the rule 90 (3 neighborhood) CA is factorized
into the composition of double XORs, which are rule 6 (2
neighborhood) CA.

In this paper, we define ACS on groups, and we inves-
tigate properties about this extended systems. Generally,
the set of collisions, which is domain of local transition
function, is very large set. However, in notion of ACS on
groups, we use small set V' and a function [ named “base
function”. By using V' and [, we induce the set of collisions
C and local transition function f;.

Next, we consider operation of ACS such as “union”,
“division” and “composition”. We showed one of sufficient
conditions that ACS on a group is dividable. Furthermore,
we proved that the operation “composition” is right dis-
tributive over “union”. The operation “composition” is
not left distributive. We give a counter-example about this
left distributive laws. In addition, we re-formalize CA on
groups by using ACS on groups.

This paper consists of the following sections. In Section
2, we introduce abstract collision systems. Let S be a non-
empty set. First, we define a set of collisions C on S. The
set C specifies all combinations of elements which cause
collisions. Moreover, we define an abstract collision system.

In Section 3, we define ACS on groups. Let G be a group,
and G operates to S. When only V C G and a map from
2V to 29 is given, we construct a set of collisions C on S
and a local transition function f : C — 29 by using the
operation of G. Moreover, we investigate behavior of the
global transition function of such an ACS.

In Section 4, we define new operations “union” and “di-
vision” of ACS. Moreover, we prove that a sufficient con-
dition to divide an ACS on a group.

In Section 5, we discuss about composition of ACS on
groups. We define composition of ACS on groups by an
operation of base functions of two ACS and we prove that
the definition induce the composition of local (resp. global)
transition functions.

In Section 6, we prove that composition is right distribu-
tive over union. But they are not left distributive. We give



a counter-example.

2.  ABSTRACT COLLISION SYSTEMS

In this section, we define an abstract collision system. Let
S be a non-empty set. First, we define a set of collisions
on S.

Definition 1 (Set of collisions). A set C C 29 is called a
set of collisions on S iff it satisfies

(SC1) {s} eCforallse S,
(SC2) For all X C C, (UX) € C if (NX) # 6,
where NX = N{X | X € X} and UX = U{X | X € X},

respectively.

Proposition 1. Let € be a family of sets of collisions on

S. Then a set
Ne=c¢
cec

is a set of collisions on S.

Proof. We check conditions (SC1) and (SC2).

We prove (SC1). We have {s} € C for all s € S and
C € €. Therefore we have {s} € (NC).

We prove (SC2). For all X C (N€), and C € €, we
assume that (NX) # ¢. The set C satisfies the assumption
of (SC2), i.e.,

X c(ng)cc,

(NX) £ 6.
Therefore we have (UX) € C from (SC2). Hence we have
(UX) € (NC). O

Definition 2. For a subset C of 29 we put
(1) €)= ﬂ {C | C is a set of collisions on S,C C C} .

From the above proposition, this set is a set of collisions on
S, and it includes the set C. Moreover, this set is a smallest
set in all of sets of collisions on S which includes C.

Next, we define abstract collision systems. To define a
global transition function, we divide a configuration into
elements of C.

For all A € 2% and p € A, we define

(2) ¢ = J{X|XeCpeX X CA}

Proposition 2. Let C be a set of collisions on S. For all
A€ 2% and p,q € A, we have the following:

(1) [plE # ¢.
(2) ¢ €€

(3) If [ple N g # o, then [plg = [q]¢.
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Proof. First, we prove (1). Since {p} € C, p € {p} and

{p} C A, we have {p} C [p]&. Hence [p|Z # ¢.
Next we prove (2). Let

X={X|XeCpeX XCA}.

Since p € (NX), we have (NX) # ¢. Therefore [p|d =
(UX) € C by (SC2).

Finally, we prove (3). Since [p]4 € C, [¢]¢
[pl& N [q]d # ¢, we see that

[plc Uldle €c.

Moreover since p € A and [p]2 U [q]& C A, we have [p]d U
[g]& C [p]&. Hence we have

€ C and

Similarly, we have [p]fU[q]4 = [¢]&. Hence [p|4 = [q]5. O

Definition 1 is different from the definition of [5]. The
original definition is Definition 3. However, from Lemma
1, The statements of these definitions are equivalent. Since
Definition 1 is more simple than Definition 3, we use Defi-
nition 1 as a definition of the set of collisions in this paper.
Definition 3. A set C C 25 is called a set of collisions
on S iff it follows that;

(8C1) {s}eCforalses.
(SC’2) For all X; and X € C, X,UX; € C if X;N X5 # ¢.
(SC’3) [p]¢ €C for all A€ 2 and p € A.

Lemma 1. The statements of Definition 1 and Definition
8 are equivalent, i.e.,

(SC2) & ((SC'2) A (SC'3)).

Proof. First, We prove (SC’2) from (SC2). Suppose that
X1, X5 € C, X1 NXs # qb Let X = {Xl,Xg} C C. Since
(OX) = X1 OXQ 7é ¢, we have X1 UX2 = (UX) ecC by
(SC2). Therefore we have(SC’2).
Next, we see (SC’3) from (SC2) by (2) of Proposition 2.
Finally, we prove (SC2) from (SC’2). For all X C C, we
assume that (NX) # ¢. Let 2o € (NX) and

(3) A=J~x.
Since zg € A, we have
(4) [zol¢ € C

from (SC’3). We see that [70]Z C A from the definition of
[20]&. On the other hand, for all X € X, since X € X CC,
we have X € C. Moreover, since 29 € (NX) and A = (UX),
we have rg € X and X C A. Hence we have

Therefore we have

(5) A= [zole.
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Hence we have

(UX) =A= [(Eo}é‘ S C7
by (3), (4) and (5). Therefore we have (SC2). O

Definition 4 (An abstract collision system). Let S be
a non-empty set and C be a set of collisions on S. Let
f :C — 25 We define an abstract collision system
M by M = (S,C, f). We call the function f and the set
29 a local transition function and a configuration of
M, respectively. We define a global transition function
Fu 25 — 25 of M by

Fy(A) = U (f([P]g))
pEA

The following of this paper, for each abstract collision
system M, we denote the global transition function of M
by FM.

Lemma 2. Let Fy; be the global transition function of an
abstract collision system M = (S,C, f). If A € C, we have

Fy (A) = f(4).

Proof. Since A € C, we see that [p]§ = A for any p € A.
Therefore we have

U (f(pld)) =

peEA

Fy(A) =

Definition 5. Let M; = (S5,Cy, f1) and My = (S,Ca, f2)
be abstract collision systems. Let Fjs, and Fjs, be global
transition functions of M; and My, respectively. We say
that My and M are equivalent if they satisfy

Fup, (A) = Far, (A)
for all A € 2°. When M; and M, are equivalent, we write
M1 = MQ.

Lemma 3. Let My and M5 be abstract collision systems
M1 = (S7clafl)7M2 = (S3023f2)-

Suppose that Cy = Co. Moreover, we assume that f1 = fa.
Then we have My = M.

Proof. Let C = C; = Co. Let Fyy, and Fjz, be global
transition functions of M7 and Ms, respectively. Suppose
that A € 29, Then we see that

FM1 (A)

= U A (e

pEA

= U f2 ([p]é)

pEA
= Fu, (4).

Therefore we have M; = M. O

3. ABSTRACT COLLISION SYSTEMS ON
GROUPS

In this section, we consider an operation of a group. Let G
be a group, and S be a non-empty set.
A map from G x S to G,

(6) GxS—S ((g,8) — g9)

is called an operation of G to S, iff it satisfies:
(1) (gh)s=g(hs) (g.h€G,s€S)
(2) es=s

(e is an identity element of G).

Then we say that the group G operates the set S.

When a group G operates a set S, we define an operation
of G to 2% by
(7) gX ={gz|re X} (geG,X ec25).

We have the following proposition about this operation.
Proposition 3. For all g € G and X,Y C S, we have:

(8) If X CY, then (9X) C (gY).
9) 9(XUY) = (gX) U (gY)
(10) g(XNY) = (9X)N(gY)

Proof. (8) is clear.
Next prove (9). Since X, Y € X UY, we have gX C
g(XUY) and gY C g(X UY). Therefore we have

(gX)u(gY) Cg(XUY).

On the other hand, for all z € g(X UY), there exists w €
X UY such that z = gw. Then w satisfiesw € X orw € Y.
If we X (resp. w€Y), we have z € gX (resp. z € gY).
Therefore z € (¢X) U (gY). Hence we have

g(XUY)C (gX)U(gY).

Finally, we prove (10). Since X NY C X,Y, we have
g(XNY) C (¢9X) and g(X NY) C (gY). Therefore we
have

9(XNY) C (gX)N(gY).

On the other hand, for all z € (¢X) N (gY), there exists

z € X and y € Y such that z = gz and z = gy. Since

g 'z=1x =y, we have x = y € X NY, which implies

z=gr=gy €g(XNY).
Hence we have
(9X)N(gY) Cg(XNY).
All claims of Proposition 3 are proved. O

Definition 6. Let S be a non-empty set, V' be a non-
empty subset of S, G be a group, [ : 2¥ — 2% and the
group G operates to the set S. Then let

(11) Cv=1{gX|geG Xe2"}
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and C be a set of collisions on S which includes CN\/. Then
we define a local transition function f; : C — 2° by

[(X) = gllg™' X)n V).

geG

(12)

We call an abstract collision system M = (S,C, f;) an ab-
stract collision system on G made by V and [. More-
over, we call the function [ a base function of M. In
addition, we call f; a induced local transition function
by V and ! on G, and denoted by f; = Ind(G, V,1).

Definition 7. Let V' C V. We call the set V' essential
domain of [ iff it satisfies

I(X)=1(XNV")

for all X € 2¥. We denote the essential domain V'’ by
V' =ess .

We investigate the behavior of the global transition func-
tion of the abstract collision system on G. We prove a
theorem with respect to the global transition function of
an abstract collision system on a group. We prepare the
following lemmas.

Lemma 4. Let Ac 2% and g € G. If
g lenV=9¢
for all p € A, then we have
g ANV = 6.

Proof. We show by indirect proof. We assume that g1 AN
V # ¢. Then there exists € g 'ANV. Let p = gz. Since
p=gr € Aand x € V, we have

r=g 'pegpldnV.

Hence we have g_l[p]é # ¢, this contradicts the assump-
tion of the lemma. O

Lemma 5. Let Ac2%, pc Aand gcG. If

gl NV # ¢,

then we have
g\l NV =g"tANV.

Proof. From the definition of [p]Z, it is clear that [p]d C A
Hence we have

g Pl NV Cg AN
Let z € g7* ANV and q € [p]d NgV. We show
zeg 'l nV.

Since q € [p|& N [q)& # ¢, we have [p]& = [¢]¢ by Proposi-
tion 2. Let
X1 [q]é‘

(13) Xo = ([g)¢ NgV) U {ga}.
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Then it is clear that X; € C by (2) of Proposition 2. Since
[@)¢ NgV CgV, gzeAngV CgV,
we have X5 C gV. Hence we have
X1, X, €Cy CC.

Since ¢ € [¢]8 and g € gV, we have ¢ € X; and ¢ € Xo.
Hence X7 N Xy # ¢. Therefore we have X; U Xo € C by
(SC2). Moreover, since x € g~ANV, we have gr € A,
ie., {gx} C A. Since

X1UXo€l, qeX1UXo, X1UX2QA,

we have [¢]4 2 X; U Xz by (2). Hence gz € [q]#, which
implies z € g~1[g]&. Moreover, since x € g"*ANV, it is
clear that « € V. Therefore we have

zeg e NV =gpldnV.
0

Lemma 6. For all g € G, A € 2%, p,q € A, we assume
that

(G'PIENV) £ 6, (g dd N V) # 6.

Then we have

Proof. By Lemma 5, we see that

(g'lenV) = (g e NV) = (97" ANV).

[¢]

Hence for all z € (g7 *[p]d N'V), since gz € [p|d, [g]&, w
have [p]& N [q]& # ¢. Therefore we have [p]d = [¢]& by
Proposition 2. O

By these lemmas, we see the following, immediately.

Lemma 7. Forallg € G and A € 25, suppose that A ¢ C.
Then we have

Ugl (' plénVv) =g (g AnV)UL(9))

peA

(14)

Proof. Suppose that g~ [p]d NV = ¢ for all p € A. Then
we have g 'ANV = ¢ by Lemma 4. Hence the left hand
side of (14) equals to

U 9i(¢) = gi(¢) = g(l(6) UL($)) = g(U(g~ AN V) UI(9)).

peEA

This equals to the right hand side.
Next, we assume that there exists p; € A such that
g mlE NV # ¢ Let

A ={peAlg'PlénV #¢},
A'={peAlg'plEnV =2¢.}.

Then we have p; € A’; which implies A’ # ¢. Since A ¢ C,
there exists q; € A such that [p;]4 # [¢1]#. Hence we have
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g1 € A” by Lemma 6. This implies A” # ¢. Therefore the
left hand side of (14) equals

U gt (g7 plé nV)

peEA
= glg ' wenviu | g pld nVv)
peEA’ pEA”
= U gl(g7"AnV)U U gl (¢) (by Lemma 5)
peA! peA’
=gl (gilA NV)Ugl(e).
This equals the right hand side of (14). O

This lemma induces the following theorem.

Theorem 1. Let M = (S,C, f;) be an abstract collision
system on G made by V' and l. Let F; be the global transi-
tion function of M. If A € C, then F| satisfies

(15) FA) =gl (g 'AnV).
geG

If A¢C, then

(16) F(A)=|Jg(l(g'AnV)Ul(9)).

geG

Proof. First, suppose that A € C. (15) is clear by Lemma
2 and (12). Next, suppose that A ¢ C. By Lemma 7, we
have

F(4) = |J (Apd))

pEA

=J U @ 'pénv))

pEA geG

=J U @' ménv))

geGpeA

=Jogl(g AnV)ui(9)).

geG

Hence the theorem follows. O

Corollary 1. FEspecially, if l($) = ¢, then we have

U gl (gflA N V)

geG

Fi(4) =

for all A € 25.

Corollary 2. We assume that (¢) = ¢. Let C1 and Cy be

sets of collisions on S. Suppose that Cyy C C; and Cy C Cs.
We make abstract collision systems My = (S,Cq, fi) and
My = (S,Ca, f1). Then we have

M1 = MQ.

Proof. Let Fyy, and Fiy, be global transition functions of
My and Ms, respectively. By Corollary 2,

Fu, (A) = Fa,(A) = J gl (97" AN V)
geG

for all A € 2°. Hence the corollary follows. O

In the following of this paper, we suppose that [(¢) = ¢.
Let M = (S,C, fi) be an abstract collision system on G
made by V and l. From Theorem 1, the abstract collision
system M is determined by only G, S, V and [, i.e., M does
not depend on the set of collisions C. Therefore we denote
the abstract collision system M by M = GACS(G, S,V,1)

Then from Corollary 2, we have the following proposi-
tion.

Proposition 4. We have
GACS(G,S,V1,l1) = GACS(G, S, Vs, la)

ZfVl = V2 and ll = lg.

By Definition 7 and Theorem 1, we show the following
proposition.

Proposition 5. Let V' = ess I. Suppose that l(¢) = ¢.
Then we have

GACS(G,S,V,l) = GACS(G, S, V', I'),
where I’ is restriction of | onto 2V’
Proof. Let M and M’ be abstract collision systems on G,
M = GACS(G,S,V,l), M =GACS(G,S,V,l'),

respectively. Let Fj; and Fj; be global transition func-
tions of M and M’, respectively. By Definition 7 and The-
orem 1, we see that

Fy(A)=|Jgl(g'ANV)
geG
=Jgl (g7 AnV)nV)
geG
= U gl (gflA N V') ,
geG
Fyr(A) =gl (97'AnV)
geG
for all A € 25. O

In the following of this section, we will discuss about
cellular automata by using an abstract collision system on
a group.

Definition 8. Let GG be a group, V be a subset of G and
[ be a map from 2" to 2¢. We assume that

1(X) C 2t}
l¢)=¢

Then we call GACS(G, G, V,1) a cellular automaton on
the group G.

Let Q = {0,1} and fca : Q"™ — Q. Suppose that
fea(0,...,0) = 0. We consider the following one-to-one
mapping:

(for all X € 2Y),

(0, ..., xn) = {1 €V |x;=1}.



We denote a map [ by
l{i eV |z=1}) =1(zg,...,2n),

for example [({0,1,3}) = (1,1,0,1,0,...,0).
we denote ¢ by 0 and {0} by 1, i.e,

Moreover,

(17) I (zoy...hxn) =0 I({ieV]x=1})=9¢
I (zo,...,xn)=1 1{i eV |z;=1})={0}
Example 1. Let G =7, V = {0,1}. We define [ by
1({0,1}) = ¢, 1({0}) = {0},
1({1}) ={0}, i(¢) =¢.
By using notation of (17), we denote this function by
I(1,1) =0, I(1,0)=1,
10,1) =1, 1(0,0) =0,

i.e., I(zo,21) = 2o ® x1. Then an abstract collision system
M = GACS(Z,7,{0,1},1) is a 1 dimensional, 2 state, 2
neighborhood cellular automaton rule 6.

Example 2. Similarly, we can construct other 1 dimen-

sional, 2 states, n neighborhood cellular automata. Let
Q=1{0,1} and f, ca_k : Q" — Q. Suppose that
foa(0,...,0) = 0.
Let G=Z and V ={0,1,...,n—1}.
We define l,(gn) 12V — 2% by
_ iy Tp_1) =0
l(n) (5507...,17 _1): ¢ fn CA k(x()v y Tn 1)
y " {0} fonca—k(zo,...,2n1) =1
for all (zg,...,zn_1) € Q™.
By using notation of (17), we denote l,gn) by
n 0 n — ooy Tp—1) =0
ll(c )(330,...71‘”71): f cA k(xo x 1)
L fooak(To, - sTn_1) =1
= fn CA—k(QEo, ce axn—1)~

Then an abstract collision system on group
M, ca_r = GACS(Z,Z,V, 1)
is a 1 dimensional 2 states n neighborhood cellular automa-

ton rule number k.

In the above definition and example, we can construct
only 2-state cellular automata. We describe how to make
other general cellular automata.

Example 3. Let @) be a non-empty set, G = Z and S =
Z x Q. We define

z1(22,q) = (21 + 22, 9)

for all z; € G and (z2,q) € S. We choose a subset H C Z.
and define V = H x ). Suppose that

I(X)C{0} xQ

Abstract collision systems on groups

for all X € 2V and I(¢) = ¢. Then an abstract collision
system

M =GACS(Z,Z x Q,H x Q,1)
is a 1 dimensional, @ state, H neighborhood cellular au-
tomaton.

Since [(¢) = ¢, we note that we can construct any cellu-
lar automata which has the rule fc4(0,0,...,0) = 1.

If I(¢) # &, we can not construct cellular automata on
groups. By Theorem 1, the behavior of the global transi-
tion function depends on configurations.

First of all, we describe a theorem with respect to the set
€(Cy). From this theorem, we can evaluate the set €(Cy ).

For all subsets X,Y C G, we define

XY '={zy 'lzeXyeY}.
We define a set Cy by

for all Y7 and Y5 C X,
VeV hHnY,@V 1) #£¢
ile%gb,Yg%annleUYQ:X.

Then, we can show the following two lemmas.

(18) Cy =4 X

Lemma 8. Cy s a set of collisions on G.

Proof. We check the condition (SC1). For all s € S, let
X = {s}. For all Y1,Y; C X, we assume that Y7 # ¢,
Yo # ¢, and Y1 UY; = X. Then, since Y7 = Y5 = {s} = X,
we have

VeV HnYoV =XV !+

Hence {s} € Cy.

We check the condition (SC2). Let X C Cy. We assume
that (NX) # ¢. We show that (UX) € Cy by indirect
proof. We assume that

VeV HnY.eV ™! =q¢.

Then, since (NX) # ¢, there exists so € (NX). We can
assume that sp € Y7 without loss of generality.
Since (UX) =Y, UY3 and Ys # ¢, we have

(Ux)nre=miuv)ny, =% # 0.

Hence there exists X € X such that Yo N X # ¢.
Since X € X C Cy, we have

(19) X eCy.
Since sp € (NX) C X, 59 € Y7, we have
(20) so €Y1 NX # ¢

Let Y/ =Y1 N X, Yy =YoN X. Then we have Y1 N X # ¢,
Yo N X # ¢. Moreover, we see that

Y/ UY,
=1uYy)NnX
=(UX)NX =X,

YoV HnyyeV)
CrieVHnYaeV™)
=¢.
Hence X ¢ Cy, this contradict (19). O
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Lemma 9. The set Cy includes the set 5V, i.e.,
Cv CCy

Proof. For all g € G and X € 2V, we show that gX € Cy.
If X = ¢ or #X = 1, then we can see easily. We assume
that #X > 2. Let Y7 and Y3 be subsets of gX. Suppose
that

Yl 7é ¢1 Y2 7& d)?
For all y; € Y7, we have

ViUYs = gX.

y1 €Y1 CgX CgV.

Therefore there exists hy € V such that y; = ghy. Hence
we have
qg= ylhlil cY] ® VL.

Similarly, we have g € Yo ® V~!. Therefore we have
ViV HnoV™) #¢.
Hence gX € Cy. Therefore we have 5\/ CCy. O

From these two lemmas, we can prove the following propo-
sition, immediately.

Proposition 6. We have
&(V) CCy.

Let V = {0,1,2}, I(¢) # ¢, Let M be an abstract col-
lision system M = (S,¢(Cy), f;) made by V and I. Let
F; be the global transition function of M. For example, a
configuration ¢; = {0} is an element of €(Cy ). Therefore
by Theorem 1, we see that

Fi(e1) = fi(er).

However, we consider another configuration cs = {0, 3}.

By Proposition 6, we can see ¢y ¢ €(Cy). Therefore by
Theorem 1, we see that

Fi(co) = |J g{0} = 2.

gEZ

4. TUNION AND DIVISION OF ABSTRACT
COLLISION SYSTEMS

In this section, we discuss about union and division of ab-
stract collision systems.

Definition 9 (Union). Let M; and My be abstract colli-
sion systems Ml = (Sl,Cl,fl) and M2 = (SQ,CQ,fQ). We
define f; U f5 by

(fiU f2) (X) = Far, (X N2%1) U Fay, (X N2%2),

where Fyy, and Fyy, are global transition functions of M;
and M, respectively. We define union of M; and My,
which is denoted by M; U Ms, by

(21)  MyUM,; = (S1US2,€(CLUCs), LU fa).

Definition 10 (Division). Let M be an abstract collision
system M = (S,C, f). We say that M is dividable iff
there exists two abstract collision systems M; # M and
Mg 7& M such that M = M1 U MQ.

Proposition 7.
GACS(G,S,V,l1) UGACS(G, S, V,15)
=GACS(G,S,V,11 Uly),
where
(L Ul) (X) =
for all X € 2V.

L (X)Ulx (X)

Proof. We choose arbitrary set of collisions C; and C; in-
cludes Cy. Let
fr = d(G, V,),
fl2 = Ind(G7 ‘/7 l?)a
frou, =Ind(G,V, 11 Uls).

Let My = (S,Cy, f1,) and My = (S,Co, f1,). Forall X € 2V,
we see that

fl1Ul2 (X)

= U g (ll U lg) (gilX n V)
geG

=lJg{h (e XnV)Ul(9'XNnV)}
geq

= U gly (g_lX N V) U U glo (g_lX ﬂV)
geG geqG

=F, (XNS)UF, (XNS)
=(fu, U fi.) (X).
Therefore we have
My U My
=(5,€(C1UCa), fi, U f1,)
=(S5,€(Cr UCa), fi,utn)-

Moreover, since Cy C C1,Co, we have 5V C ¢(C; UCy).
Hence we have

(S, Q:(Cl U CQ)) fllUlz)
=GACS(G, S, V,1; Uly)

Therefore we have

Ml U M2 = GACS(G, S, ‘/,ll U lg)

Corollary 3. Let
M, = GACS(G,S,V,l1), My;=GACS(G,S,V,ls).

Let Fur,, Fu, and Faun, be global transition functions
of My, My and My U Ms, respectively. Then we have

Fayum, (A) = Fry (A) U P, (A)
for all A € 25



Proof. Let A € 25. From Proposition 7, we have
M, UMy = GACS(G, S, V11 Uls).
Therefore we see that

FM1UM2 (A)

= U g(lhUl) (g7t ANY)
geG

~Uau (g anv)u gl (9'ANY)

9€qG geG
:FMl (A) U FM2 (A)

by Theorem 1. O
Corollary 4. Let

M; = GACS(G, S, V, 1),
M, = GACS(G, S, V, 1),
Ms = GACS(G, S, V, 13).

We have
Ml U Mg = MQ @] M3

ZfM1 = MQ.

Proof. Let Fur,, Faryy, Farg Faryunm, and Fiar o, be global
transition functions of My, Ma, Ms, Far,um, and Far,un,
respectively. Then we have Fy, = Fy,. For all A € 25
we see that

Frums (A)
=F, (A) U Fy, (A)
=F, (A) U Fiy, (A)
=Far,ums (A)

from Corollary 3. Hence we have My UMz = My UM3. O

Next, we consider that divide the set C into some parti-
tions.

Proposition 8. Let C be a set of collisions on S. The
following three conditions are equivalent.

(a) There exists two sets of collisions on S C1 and Cy which

satisfies:
(22) C=CLUCy,
(23) fOT‘ all X1 € C1, X5 € Ca,

Zf#Xl 2 2 and #Xg Z 2,
then X1 n X2 == ¢

(b) There exists subsets Cy and Cs of 2% which satisfy

C:éVlUév?v
X4 €a7X2€52:X1ﬂX2:¢.

(24)
(25)
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(c) There exists S1 and Sy which satisfy

(26) S1USy =38,
(27) S1NSy =g,
(28) Ccn2’Hyu(Ccn2%) =c.

Proof. We prove (c¢) < (a) and (c) < (b).

(c) = (b) Let

Ci=Cn2%5.
Then we have
CLUCy = (CN2°M) U (C,n2%) =,

by (28). Hence we have (24).
Moreover, for all X1 € C1, X5 € C», since

X, €29, X, €2%
and (27) of (c), we have
X1NXy €S NSy =¢.

Hence we have (25).
(b) = (c) Let

Si=Jc.
We prove (26), i.e., S1 U Sy = S. It is clear that S; NSy C

S. On the other hand, for all s € S, we have {s} € C.
Therefore we have

s € (UC1) U (UCy) = Sy U So,

by (24). This implies S C S US,. Therefore we have (26).

Next, we prove (27), i.e., S; N Se = ¢. We suppose that
S1 NSy # ¢. Then, there exists s € S; N Sy. Therefore,
there exists X; € C; and X5 € Cy such that s € X1, 5 € Xo.
This implies s € X1NX5 # ¢. This contradicts (25). Hence
we have (27). Finally, we prove (28). It is clear that

(Ccn29)yu(Cn2%) Cc.

On the other hand, since S; = (UC; ), we have X C (UCy) =
S, for all X € C;. This implies X € 2%1. Therefore C; C
251, Hence we have

Ciccn2.
Similarly, we have Cy C C N 252, Therefore we have
C=CUC C(CN2%)U(Cn2%).

Hence we have (28).
(¢) = (a) Let
(29)  Ci=(Cn2%)u{{s}|s€ S5}, (i=1,2).

For all X; € C; and X5 € Cy, suppose that #X; > 2 and
#Xo > 2. Since

X; ¢ {{s}|s€ S5},
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we have X; € (CN2%). By (27), we have (23) as following:
leXQ §51ﬂ32:¢.
Moreover, we have (22) as following:

ClUC = (CNn29)u(Cn2)u{{s}|seS}
=CU{{s}|se S}
=C.

Finally, we show that C; and Cy are sets of collisions on
S. By (29), it is easy to show that C; satisfies the condition
(SC1). We check the condition (SC2). We assume X C C;
without loss of generality. Suppose that (NX) # ¢.

We suppose that #X = 1. Then there exists X € C;
such that X = {X}. Therefore (UX) = X € C;.

We suppose that #X > 2. We assume that there exists
X € X such that X ¢ C N 251, Then there exists sy € Sy
such that X = {sy}. Therefore (NX) 2 {s2}. However, by
(29), we have

XGCl,X#{SQ}:>SQ¢X.

Therefore, (NX) = ¢. This contradicts (NX) # ¢. Hence
we have X € CN 2% for all X € X. This implies X C
CN2%:. Since C is a set of collisions on S, we have (UX) € C
from X C C and (NX) # ¢. Moreover, we have (UX) € 2%
from X C 291, Therefore, (UX) € C N 25, Hence the set
C; satisfies the condition (SC2).

(a) = (c) We assume there exists s € S such that

XelseX=X={s}

Then we can easily prove (c), by putting S; = {s} and
Sy = S\ S;. In fact, it is clear that S; U Sy = S and
S1NSy=¢. Let X € C. If s € X then X = {s} C 5;.
If s ¢ X then X C S;. This implies that X € 251y 252,
Therefore we have

X ecn (29 u2%) = (Cn2%)u(Cn2%).

Hence we have (C N 2°) N (CN2%2) =C.
In the following, suppose that for all s € .S, there exists
X € C such that

(30) seX, #X>2.
Let
(31) Si=J{X|XeC,#X>2}, (i=1,2).

First, it is clear that S; # ¢ and S; U Sy C S. We show
that S U Sy D S. For all s € S, there exists X € C
such that s € X, #X > 2. Since C = C; Uy, we have
Xelor X el If X €C (resp. C2), we have X C 5
(resp. X C S3) by #X > 2. Therefore we can conclude
that s € X C S; USy. Next, we prove (27). We assume
that S1 NSy # ¢. There exist X; € C1(#X; > 2) and
Xs € Co(#X3 > 2) such that s € X7, s € X3. This implies
X1NXs # ¢. This contradicts (23). Finally, we prove (28).

Let X € C. Suppose that #X = 1. Since S = S; U S,, we
have X C S; or X C S5. Therefore X € 251 U252, We
suppose that #X > 2. Then we have X C S; or X C S5
by (31). This implies X € 251 U 2%. Therefore we have

X ecn (29 u2%) = (Cn2%)u(Cn2%).
Hence we see that
CC(Cn29)u(Ccn2).
On the other hand, it is clear that
(Ccn29)yu(Ccn2%) Cc.
Hence we have (28). O

Definition 11. Let C be a set of collisions on S. We call
the set C is dividable iff it satisfies conditions of Proposi-
tion 8.

Proposition 9. Let M = (S,C, f) be an abstract collision
system. If the set C is dividable, then M is dividable.

Proof. Since the set C is dividable, it satisfies the condition
(¢). Therefore, there exists S; and Sy such that

(32) S1US, =S, S1NSy=¢, (CN251)U(CN2%2) =C.
Let
(33)

M12(517cm2513f1)7 M22(52u602527f2)7

where f; and f, is restriction of f onto CN2% and CN2%,
respectively. Since C is a set of collision on S, we have

€(C1UCy) = €(C) =C.

Therefore for all X € C, we have X € (CN2%) or X €
(C N292). We suppose that X € (CN251). Since X C Sy,
we have X N Sy = ¢. Hence we have

(f1U f)(X) = fi(X)U ¢ = fi(X) = f(X).

We can also prove (34) in the same way for X € (CN2%).
Hence we have

(34)

My UMy = (51U 82, €(C1UC), f1U f2) = (5,C, f1 U f2).
Therefore we have M;UMs = M by Lemma 3 and (34). O

The converse of Proposition 9 does not hold. We show
that there exists an abstract collision system M = (S,C, f)
such that C is not dividable but M is dividable.

Proposition 10. Let G be a cyclic group and its generator
be an element a, i.e.,

G=<a>={a"|ne€li}

We assume that V 2 {a®,a'}. Then any set of collisions
C which includes Cy is not dividable.
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Proof. First we prove that
X, = {ao,al, .. .,a"}

is an element of C for all n € N. We prove this by using
mathematical induction. When n = 1, since

X, = {ao,al} € 2V,

we have X; € 5\/ C C. Let £ > 1 and we assume that
X, € C. Since {ao,al} € 2V and a* € G, we have

Xjq ={d" d""} =d"{d"a'} € Cy CC.
Therefore we have
Xp €C, X}y €C. XN X[y ={d"} # 0.
Hence we have
X UX]/chl = Xk+1 eC,
by (SC2).
Next, we show that C is not dividable. We assume that
C is dividable. Then there exist two set S; and Sy such
that they satisfy 3 conditions of (c) in Proposition 8.
We assume a® € S; without loss of generality. Since

So # ¢, we can take an element a™ € Ss.
Then the set

— —In 0 n
Yn—{a | ‘,...,a RN }

is an element of C. Since a® € Sy, a™ € Sy and S1 NSy # ¢,
we have
Y, ¢ 251 U2,

This implies
(Cn2%)yu(Cn2%) £C.
This contradicts (28). Hence C is not dividable. O

Example 4. We consider a 1 dimensional, 2 states, 2
neighborhood cellular automaton rule number 6:

foas(zo, 1) = To & T7.
We note that
Zo DSx = (xo A _L’El) V (—\:L'O AN {El)‘

Let G = Z. We define I{? by

12({0,1}) = ¢, 12 ({0}) = {0},
Py ={0}, 1) =9¢

By using notation of (17), we denote l((f) by

@1 =0, 1291,0=1,
12(0,1) =1, 187(0,0) =0,

Abstract collision systems on groups

ie., léQ) (xo,21) =20 P x1. Let V =ess l((f) = {0,1}. Then
we see that the set of collisions €(Cy) is not dividable from
Proposition 10.

Moreover, we define two functions l§2) and lf) by

2,1 =0, 12(1,0)=0,
1200,1) =1, 1£2(0,0) =0,
P, =0, 11,0 =1,
190,1)=0, 1£2(0,0)=0,
ie.,
152) (1'0,1'1) = X9 Vv xI1,
1512) (1‘0,{,171) =29V 2.
Let
Mycas = GACS(Z,Z,V,i),
Myca—s = GACS(Z,Z,V,I),
Moca—a = GACS(Z,Z,V,1Y).

Then have Maca—¢ = Maca—2 U Moca_a.

The results of 1 dimensional 2 states 2 neighborhood
cellular automata are listed in Table 1. From this table,
we see that cellular automata which is dividable are rule 6,
10, 12 and 14.

Example 5. We consider a 1 dimensional 2 state 3 neigh-
borhood cellular automaton CA 222, i.e.,

vV =1{0,1,2},
153)2(5007%,1152) = (o B x2) V 21,
Msca—200 = GACS(Z,Z,V, lé‘??)

Then we see that ess lgé = {0,1,2} and C is not dividable.
On the other hand, we define two functions

lé%)(xo,whﬂh) = x9 D T2,
lé?))zl(anxlva) =x1.

We make abstract collision systems

Msca—s0 = GACS(Z,Z,{0,2}, 1),
Msca—z01 = GACS(Z, Z, {1}, 153)).
Then we can easily prove that
Msca—220 = Mzca—90 U M3ca—204.
Finally, we show a sufficient condition with which ACS

is dividable.

Theorem 2. Let G be a group. We consider an abstract
collision system on G, GACS(G,G,V,l). We assume that
there exists a normal subgroup H of G and d € G such that
H # G and dV C H. Then the set €(Cy) is dividable.

Proof. Without loss of generality, we can assume that d = e
(e is the identity element of G), and the index #(G/H) is
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Table 1: union of two 2 neighborhood CA

(L\a o] 2[4]6[8[10]12]14]
0 Jo[2]4]6[8J10]12]14
2 [[2]2]6 |6 |10[10[14]14
4 46 ]4]6[12]14a]12]14
6 [6]6]6]6|14a]14]14][14
8 [[8[10]12]14[ 8101214
10 J10[10[14][14][10[10 [ 14|14
12 [12[14[12[14][12][14][12] 14
4 [14[14[14[14]14]14]14] 14

2. In other cases, we can prove similarly. We prove (c) of
Proposition 8.

Let h € G\ H, and
S, =H, S,=hH.

It is clear that S = S1 U Sy and 51 N S3 = ¢.
Next, we prove that €(C) C 2 U 2", To prove above,
we show that 27 U 2"H is a set of collisions on S and

(35) Cv={9X|geG Xe2V} @yt

It is clear that 27 UNQhH is a set of collisions on S. We
prove (35). Let Y € Cy. There exists g € G, X € 2V such
that Y = gX. Since V C H, we have X € 27 ie., X C H.

Hence Y = gX C gH. Since gH equals to H or hH, 297
equals to 27 or 2", Therefore we have

Y € 298 C oH yohHl

Hence we have Y € (27 U2"H) for all Y € Cy. This implies

(35). Let C1 = €(C) N2 and Cy = €(C) N 2" . Then we
see that

C1UC, = (€(C)n2f) U (e(C) n2M)

Hence we have (28). O

Example 6. We consider a 1 dimensional 2 state 3 neigh-
borhood cellular automata CA 90. Let l.g?)) be

lg()?(’))(xmxhl?) =1x0 D T2.

First,it seems to be able to divide cells into cells which
position are even and odd. We see intuitively that this
division is able if the number of cells is infinite or even.
We describe this facts by using Theorem 2.

First, we suppose that the number of cells is infinite, i.e.,
G =7Z. Let V. =1{0,1,2}, then we can see that

ess lé%) = {0, 2}.

Therefore we choose H = 27, we see that ess lé%) C H.

Hence the abstract collision system GACS(Z,Z, ess lé%)) is

dividable.
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Next, we suppose that the number of cells is finite and
even i.e., G = Z/(2n)Z. Similarly, we choose H = {2n |
n € G}. Then H is a normal subgroup and we have H # G

and ess lé%) CH.

5. COMPOSITION OF ABSTRACT COLLISION
SYSTEMS ON GROUPS

In this section, we discuss composition of abstract collision
systems.

Definition 12. Let [ : 2V — 2°. The range of I, which is
denoted by Range [, is defined by

Range | = | J{l(X)| X €2} C S

Let S =G.

Definition 13 (Composition). Let V; C G, Vo C G, 11 :
2V — 29 and [y : 2¥2 — 29, We define a set V,(I1) by

{v2 € G | (v2(Range 11)) NVa # 6},
if Range I # ¢
if Range l; = ¢.

(36) Va(lh) =

Va,

Moreover, we define a set V5(l1) ® V1 and a function 150! :
2V2(l1)®V1 N 2S by

(37) Vg(ll) X ‘/1 = {Ugl)l ‘ Vo € VQ(ll),’Ul S Vl},

(38) LOL(X)=lL| |J oh('X)nV)nV

veVa(ly)

Lemma 10. The two sets in the Definition 13 satisfy

Va(li) # ¢, Va(li) @ Vi # 6.

Proof. We prove Va(ly) # ¢. If Range l; = ¢, we have
V(ly) = Vo # ¢ from (36). Suppose that Range l; # ¢.
For all x € Range l; and y € Vi, let vo = yz~!. Then
y = vox. Since vax € vo(Range 1) and y € Vs, we have

y € (vo(Range l1)) N Va.

This implies
(v2(Range 11)) N'Va # ¢.

Hence vy € V5(l1). Therefore we have Va(ly) # ¢. O
Lemma 11. For all vy € Va(l1), we have
Vi C oy (Va(lh) @ VA).
Especially, we have
(39) (va ' (Va(l)) @ V1)) NVA = 7.

Proof. Let vy € V. We have v; = vy~ !(vavy1). Since vy €
Va(l1), we have

(vav1) € Va(lh) ® V1.
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Therefore we have

v = (Ug)_l(vg’l}1> S Uz_l(VQ(ll) ® V1>

Hence we have

i C Ugil(‘/g(ll) ® Vl)

Lemma 12. Let h € G. For all g € G\ h(Va(ly)) and
X C Vi, we have

(40) (h gl (X)) NV = 6.

Proof. Suppose that Range {1 = ¢. Since [3(X) = ¢ for all
X C Vi, our claim is clear. Suppose that Range l; # ¢.
We show by indirect proof. We assume that

(41) (R gl (X)) N Vo # ¢.

Since 1;(X) C Range [;, we have

(h™'gli(X)) NVa C (k™ g(Range 1)) N V.

Therefore we have

(h~'g(Range 1)) NV, # ¢

from (41). Hence we can conclude that h=1g € V5(l;). This
implies g € hV5(l1). This contradicts g € G\ (hV2(l1)). O

Theorem 3. Let fi,, fi, and fi,01, be induced local tran-
sition functions by Vi and 1y, Va and la, Vao(l1) ® Vi and
1201y, respectively, i.e.,

fll = IHd(G, V17 ll)a
fl2 = Ind(G7 V27 l2)7
fizo1, = Ind(G, Va(lh) @ V1, 12001).

Then we have
(42)

S0t = fi. 0 fi,-

Proof. First, we assume that Range l; # ¢. For all X €

Abstract collision systems on groups
2V2(1)®V1 e compute fi,¢;, and fi, o fi,.

f12<>11 (X)
= U g2 (12011) (92

g2€G
= U 9212< U v
veVa(ly)

g2€G

XN (Va(l) ® V1))

L (v e ' XN (Va(li) @ Vi) NVi) N V2>

~Yon( U

g2€G veVa(ly)

l1 ((ggv)ilX n Uﬁl(VTQ(ll) X Vl) N Vl) N Vé)

- U o

U g2 QQU
92€G ’UEVQ(ll)
(43) L ((g20) ' X N VA) N V2>,
and
fl2 © fll (X)
= U g2l (927" fi, (X) N Va)
g2€G
= U g2l (92_1
g2€G
( U g1l (11X N Vl)) N V2>
g1€G
(44) = U galo U (92 g1l (' X NVA)) NV,

g2€G g1 €G

To show that they are equal, we prove that

ng

vEVa(lh)

= U 92 'aily (¢

g1€G

- U

g1€92Va(l1)

(920)11 ((g20) ' X N V1) N Va
“1Xn Vl)

92 gl (X N V)

(45) U U 92 tgil (' X N V)
91€G\g2Va(l1)
for all go € G. Since we have
U g2t (gle N Vl) =¢

91€G\g2V2(l1)
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by Lemma 12, we show

U g2 (g2v)l1 ((g2v) 7' X NVA) NV,
’U€V2(l1)

o) = U

g1€92Va(l1)

g toilh (' X NV

instead of (45).

However, v € V5(l1) and ¢1 € g2(Va(l2)) is one-to-one
with g1 = gov. Hence we have (46).

Next, we assume that Range I, = ¢. For all X € 2V2®"1,
(38) becomes
(47) 0I(X) = l2(0).

On the other hand, f;, satisfies f;,(Y) = ¢ for all Y € 25.
Therefore we have

fioofi, Y) = fi, (¢).

Hence for all Y € 2¥2@V1 | we have

foon (V) = | 90L((¢7'Y) n (e @ 1))
geG

= U gl2(¢)

geG

= [J gla((g7'¢) N 1R)

geG
:flz((b)
- f12 Ofll (Y)

That’s our claim. O

Definition 14. Let

M, = GACS(G,G,V1,1h),
M, = GACS(G, G, V3, 15).

We define an abstract collision system MO M; by
MxOMy = GACS(G, G, Va(l1) @ Vi, 1200).
Theorem 4. Let

M; = GACS(G,G, Vi, 11),
M, = GACS(G, G, Va, ).

Let Fur,, Fyv, and Fa,on, be global transition functions
of My, My and Mo My, respectively. Then we have

Fanyonr, (A) = Fa, o Fur, (A)

for all A € 2.
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Proof. We see that

Far,om, (A)

= | 92 (1200) (92 AN (Valla) @ W)
92€G

th o F‘]w1 (A)

= U galo <921

g2€G

( U gili (1 7'X N Vl)) N V2>

g1€G

from Theorem 1. The right hand sides of these formulae
are appeared in (43) and (44) in the proof of Theorem 3,
and we proved they are equal. Hence we have

FMzQMl (A) = FM2 OFMl (A)

Corollary 5. Let

M; = GACS(G, G, V, 1),
M, = GACS(G, G, V, 1),
M; = GACS(G,G, V', 13).

Then we have

M3OMy = M3O Mo,
M OMsz = MyOMs3

ZfM1 = MQ.

P?”OOf. Let Fjvjl, ijjz, FJWS FM3<>M1 and FM3<>M2 be global
transition functions of My, My, M3, M3OM, and M3 Mo,
respectively. Then we have Fy;, = Fy,. Therefore for all
A € 25 we have

from Theorem 4. Hence we have M3QM; = M3OMs,. Sim-
ilarly, we have M1 QM3 = MyOMs;. O

Example 7. Let Maca—i, Maca—; and Mzca—p be cellu-
lar automata on groups

Moca—i = GACS(Z,Z,{0,1},1)),
Maca—; = GACS(Z,2,{0,1},1)),
Mszca—r = GACS(Z,Z,{0, 1,2}, 11(93))-
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Table 2: The composition of 2 neighborhood CA, ;0.

[N\G o[ 2] 4] 6 [ 8 [10]12] 14|
0 JoJoJoJoJoJoJoTJ]o
2 JJo[34]68 66 [ 8 |34 ] 12] 2
4 Jof[12] 48 [ 24 [ 64 | 68 | 48] 16
6 [[o]46 116 90 | 72 [102] 60 | 18
8 o] o] o [36|128]136 192 | 236
10 [[0[34] 68 | 102 [ 136 | 170 | 204 | 238
12 o[ 12] 48 [ 60 | 192 | 204 [ 240 [ 252
14 [0 ]46 [ 116 | 126 | 200 | 238 [ 252 | 254

Then we have
(2) _
V(l_] ) & V - {Ov 1a 2}7
101D (@, 21, w2) = 17 (1) (w0, 1), 17 (@1, 2))

by Theorem 3. This means that we can construct a 3 neigh-
borhood cellular automaton by composing two 2 neighbor-
hood cellular automata.

The result of compositions of 2 neighborhood cellular
automata are listed in Table 2. For example,

Msca—6OMaca—6 = Msca—go,
Moca—gOMaca—s = M3zca—o-
Since
léQ) (1’0, 1’1) =T &b xy,
lg(;%)(x07$1,$2) = z0 ® 72,
the farmer example shows
(xo ® 1) @ (21 D x2)
:léQ) (léQ) (fﬂo, xl), l((;2) (CL’l, ZL’Q))

:lé%) (w0, 21, x2)

=g D x2.
Similarly, the latter example shows
(IEO A _|$1) A (931 A _|502)
=18 (12 wo,00), 1 (21, 22) )

:l(()S) (w0, x1,x2)
=0.

We assumed that S = G in order to simplify the discus-
sion. The following of this section, we extend the definition
of composition in the case of S # G.

In Definition 13, we would like to reset V;,Vo C G by
V1,Vo C S. However, since the set S has no operation,
(37) is not well-defined. We would like to define (37) by
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using the operation of G to S. First, let V' C S and H C G,
we define

(48) HV ={hw|he HveV}.

Next, we take Hy, Hy C G. We replace V; and V5 by H1V
and H,V, respectively.

Definition 15. Let V.C S, H; C G, Hy C G, 1; : 21V —
25 and I : 22V — 29 We define a set Hy(l1) by

{h € G | (h(Range 1)) N HoV # ¢},
if Range l; # ¢
if Range I; = ¢

(49) Ha(l) =
H2a

Moreover, we define a sets Hy(l;)®H; and a function l50l; :
2H2(l1)®H1V _ 25’ by

Hy(l1) ® Hy
(50) ={hgh1 | ho € Ha(l1),h1 € H1},
1,00 (X)
61) =L |J Au(('X)NHV)NHV

heH> (1)

Theorem 5. Let fi,, fi, and fi,o1, be induced local tran-
sition function by H1V and ly HV andly, (Ha(l1)®@ Hp)V
and l501,, respectively, i.e.,

fll = IHd(G, H1V, ll),
fi, = Ind(G, H2V, 1),
Jizon, = Ind(G, (Ha (1) ® H1)V,13011).

Then we have

(52) flz<>11 = le © fll'

Example 8. Let H = {0,1} Let M; and M> be 1 dimen-
sional @ state, H neighborhood cellular automata, defined
by Example 3. Then we have

(53) 12001 (z0, 1, 72) = l2 (I1 (%0, 21), l1 (21, 72))

by composing M7 and Ma.

6. DISTRIBUTIVE LAwW

In this section, we consider that two operations, union and
composition of abstract collision systems on groups, and
check the distribution law. We consider the most easy case,
cellular automata on groups.

Example 9. Let Msca—; and Msca—; be cellular au-
tomata on groups

Msca—; = GACS(Za Z7 {Oa 1}3 lz(2))7

Msca-; = GACS(Z,7,{0,1,2},1%),

J
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respectively. From Table 1 and Table 2, we have Msca_oU
Msca—4 = Maca—s and Maca_60Maca—6 = Mzca—go-
Moreover, we have

Maca—60Maca—2 = M3zca—ss,
Msca—60Maca—a = Msca—116,
Myca—20Moca—6 = Msca—ce,
Maca—4OMaca—6 = Mzca—24

from Table 2. Furthermore, we can compute easily

Mszca—a6 U Mzca—116 = Mzca—126,
M3zca—66 U M3ca—24 = M3ca—og0-

Therefore we see that

Maca—60(Maca—2U Maca—g)
= (Maca—2UMca—4) OMaca—s
=Maca—60Maca—s
=M3ca-90,

(Maca—60Maca—2) U (Maca—60Maca—a)
=M3ca—46 U M3ca—116
=M3ca-126,

(Maca—20Maca—6) U (Maca—aOMaca—g)
=Mszca-66 U Msca—24
=M3cAa-90-

Hence we have

Mica—60 (Maca—2U Maca—4)

# (Maca—60Maca—2) U (Maca—¢OMaca—4),
(Maca—2UMaca—a) OMaca—¢

= (Maca—20Maca—6) U (Maca—aOMaca—s) -

Similarly, we can prove that

Moca—k0 (Maca—i U Maca—;)

# (Maca—kOMaca—i) U (Maca—OMaca—j),
(Maca—j U Maca—k) OMaca—i

= (Maca—;OMaca—i) U (Maca—rOMaca—i)

for all rule number i, j and k.

Theorem 6. Let

M, = GACS(G, G, V,1,),
M, = GACS(G, G, V, 1),
M; = GACS(G, G, V', 13).

Then we have

(54) (My U M) OMz = (M OM3) U (MaOMs3) .
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Proof. We see that

(M; U My) OM;
= GACS(G,G,V,l, UlL)OGACS(G, G, Vs, 13)

(by Cor. 5 )
= GACS(G,G,V(i5) ® Vs, (I, Ul) Ols)  (by Def. 14),
(M1OM3) U (M20Ms3)
= GACS(G,G,Vs(l3) ® V,110l3)
U GACS(G, G, V3(l3) @ V,15013) (by Cor. 4)

= GACS(G, G, ‘/.3(13) ®V, (l1<>l3) U (12013)) (by Prop. 7).

Moreover, we see that

(ll U lg) Qls (X)
= (Wul) | | vs(@'XnW)nVv
veV(l3)
= ll U Ulg (U71X N Vg) nv
veV(l3)

@] ZQ U Ul3 (’U_lX N Vg) nv

veV(l3)
— 1,013 (X) UlaOls (X)

for all X € 2V ()25 Hence we have (54). O

This theorem says that the operation ¢ is right dis-
tributive over U, but ¢ is not left distributive over U.

7. (CONCLUSION

We defined abstract collision systems on groups, and inves-
tigated their properties. First, we see the behavior of the
global transition functions of ACS on groups. Second, we
consider union and division of ACS. In the case of ACS on
groups, we proved a sufficient condition that ACS is divid-
able. Finally, by using operations of groups, we discussed
a composition of ACS on groups.

The union of cellular automata on groups is to take “log-
ical or” of local transition rules. The composition of cellu-
lar automata with ACS matches the composition of local
transition rules of cellular automata in Fujio’s work [4].
Then the operations “composition” and “logical or” of lo-
cal transition rules of cellular automata satisfy the right
distribution law, but they do not satisfy the left distribu-
tion law.

As future works, we would like to show the necessary
condition of division. Moreover, we would like to consider
division there are no operations on groups.
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