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Load Distribution at Arch Crowns of
Curved Debris Dams*

Masanori SuyAaMA

Arch dams differ from gravity masonry dams principally in that they
transmit the water load to the sides rather than to the bottom of the canyon.
The stability of arch dams depends, therefore, on the crushing strength of
‘the material, rather than on the weight as in gravity dams. In general, it
is surmised that a suitable site for an arch dam then must have canyon
walls capable of resisting the arch thrust and sufficiently close together to
insure arch action, but shapes of the natural valley are very variable.

In cace of designing of arch dams by the “ Crown-Cantilever Method ”
supposing that the load carried by horizontal arch element is uniformly dist-
ributed over the entire surface of the each arches, it is said that the method
will be suitable for a changeless valley or a “U-shaped ” canyon. But, up to
date, the precise limit of application is not exactly known yet.

In this paper, to find out the relation between the shape of the valley and
the partition of -the load by this method, supporsing that various valley sec-
tions, some tables were furnished.

1. Analysis of arch elements,

The arch rings, used in this paper, are assumed to be symmetrically
water loaded, considered as fixed with relation to abutments, and to have a
constant vertical thickness from abutment to abutment and from upstream
to downstream face of dam. The theory of the strength of materials is ap-
plicable only to thin beams of small curvature, whose ratio, e/r, of height to
the radius of curvature is small, if we wish to remain within the limits of
application of the two basic hypothesis, that is to say, Hooke's Law, which
states that stresses are proportional to strains, and Bernouilli’s Hypothesis
which assumes that plane sections remain plane after deformation. The sym-
metrical arch with symmetrical loads requires the analysis of only one half
of the arch, the analysis of the other half being identical. For convenience,
the right side of the arch is the one analyzed.

From the assumed conditions, it is obvious that the arch rings are stati-
cal indeterminateness of order three, but the analysis of stresses in them
may be approached through the epuations of Bresse.

The displacements, # and vy, of the point, 4, under investigation on an
arch ring are given by the equations of Bresse, Group I:

__ [(M(y—r-cosa) ., (N-cosa _ (T-sina _ _[(M,(y—r-cos a)
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* A part of this paper was presented at the 21st Annual Meeting of the Kyushu Distri-
ct Branch of the Japanese Forestry Society,
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Fig. 1. Direction of positive loads, forces, moments,
and movements of arch,

1

y = rJ’M(x—-g[sm ) o +rJ&L%I}§ dc{_rJT-cosa da+rJMt(x_r—-' SINC) gy

N,sin« T.cosa .
-+ rf--r-t—Eww— do — FJJAGAS_— do—1 Atrjsm do (2)

in which we have the following values:
=—Qr-cos «
{ N=R+Q-cos«
T=Q-sin «
M,=—Qr-cos«
{ N,=Q,cos «
T,==Q,sin «
[ moment, thrust, and shear, respectively,
: hyperstatic pressure,
: reaction of the supports.
: radius to center line of arch.
: modulus of elasticity in direct stress.
: modulus of elasticity in shear stress.
: moment of inertia of a radial arch cross-section.
: area of a radial arch section.
: coefficient of thermal expansion.
: variation in the mean temperature.
x, y: co-ordinates of the point A.
a: variable of integration,
and initial subscript ¢ represents a quantity due to temperature change.
If we take, as the origin of co-ordinates, the point O instead of elastic
centre C, then M and M, are rewritten
M=—Q(r-cos a—r-sin ¢/¢)
M,=—Q,(r-cosa—r-sin ¢/¢)
The integration is carried out from A, to A, that is from —¢ toa.

where M, N,

§5Jo:.~canh>ocoq

.
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The calculations, which are lengthy but not complicated, lead to the fol-
lowing results:

s .
u =(Q—Q[)[ 2,1 <%+Sm42a——sina cosa+

asingcosa _singasina)
@ %

r. [{oa  sin 2« r [a sin 2« r’.-sina .
pr (@ sinzay r (a sina)] rsing g @

1 cos2a cos2¢ asingsina singcosa

r
v=0-0| g (555 ¢ ¢
+singpcosgo>+ r (COSZC(_COSZgD)_ r (cosZa__cos 2@)}
@ ES 4 4 GS 4 4
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In this paper, horizontal arch elements are assumed to be unit high and
have a horizontal thickness e.
Taking into account that S=e, I=¢e/12; B =r/e; S/I =128%/r* we write
QO in the form
_ —R  —gr
C=CpiGT aE G

with

12 (5077 sin 2¢_sin2<q)
T sing\ 2 4 @

1 79 E\ sin 2¢ E
G = giw[‘z*(“‘ o)t 7*(1“6 ﬂ
Also we write Q,, due to temperature change, in the form

0- ESdt
- CpH+C,

At the crown, for a=0, E/G=3, v represents the deflection which we shall
write in the form

1

— " (1 cos2¢ sing singcosg r(1 COSZga)]
f—(Q—Qf>[EI<4_ i e T o ) (

2
—~~Er—5,~ (1—cos @) +2dtr(1—cos ¢) ()

which is introduced particularly in the method of crown cantilever.

2. Analysis of cantilever elements.

Having application in the ordinary theory of beams, we represent the
equation for the deflection curve of the beam in the following differential
equation

d’y E,

dx*~ T EIL ©

in which the quantity EI, is called the flexural rigidity around the Z axis. It
is seen that the deflection curve is obtained by integrating Eq. (6).
Here, if the cantilever beam is considered as a beam of rectangular cross
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section which has a depth of e and a length of unit distance, then geometri-
cal moment of inertia at point A is obtained

e/2 3
IZ=[ y2ds=2j 1.y2dy =& @
S 0 12 .

Substituting e=B—mx, we can represent this expression in the following
form

.

I=— %Z(B—mx)ﬁ" 8

where I, is represented by a dimension of order four in length.

For load conditions, we will consider to be represented by system of unit
radial loads. The unit radial loads are used in applying radial forces carried
by crown cantilever. The unit loads are triangular in shape and vary the .
unit pressure at one arch elevation to zero pressure at the sample arches
directly above and below, see Fig. (2). With these loads it is possible to ap-
ply any horizontal force that varies as a straight line between successive
elevations of sample arches. Shears and bending moments are computed for
each unit load, and radial deflections due to each load are determined by the
ordinary theory of flexure of beam with contributions from transverse shears
included.

Calculations of deflection equations will be carried out in the following
manner for each type of triangular loadings.

a) Deflection due to triangular load type I acting on abutment.

Reaction of the supporting point: R,=e/2.
Shearing force:
0<x<e: O=(e—x)*/2e.
e<x<! : 0=0.
Bending moment :
0<x<e: M,=—(e—x)?%/6c.
e<x<! : M,=0.

Fig. 2. Typical unit cantilever loads.

I Il 11
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Tig. 3. Horizontal cross-section of cantilever,
y
LT T T 1\C/.}'
€ e —
G
)
Deflection:

LAy 2 (e—x)°

D g B (Bmx) ©)
Using the boundary conditions x=0, dy/dx=0; x=0, y=0, we obtain by in-

tegration the Eq. (9).
1

y= E‘nﬁg\iﬁ(lg—ms) (ZB—me—mx) ]-Oge<

0

IA

N

X e

B )7(3— me)® mie’x

B—mx B—mx B

—ﬁ‘sz—(:}?ﬁ)— +6(B—me) (B—mx) —5B(B-+mx) + 3me(B+me) +m2x(x+9€)]

10)

4y _g (11)

dx =

Using the boundary conditions at A, we obtain by integration the Eq. (11).

e<x<1:

_ 1
Y= Eme

4.3 3.2
[6(3——1’”8) (23—~ms—mx)loge< B )_m e’x m’e (3x+e)

B—me B B
+6mlex— 12me(B——me)} (12)

b) Deflection due to triangular load type II acting between on abutment
and on crown,
Reaction of the supporting point: R, ,=e.
Shearing force:
0<x<a—e: Q=¢

e (a—x)(x—a+2e)
__2_+ €

a—-e<x<a:Q= %

(eta—x)*

a<x<ate: Q= %

at+e<x<1:0=0
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Bending moment :
0<x<a—¢c: M,=—e(a—x)

(a—x)*(3e—a-+x)+e*(e+3a—3x)

a—ec<x<a: M,=— 6o

Deflection:

. dy 12e  a—x
Osxsa—e: To="5 (B-mx)

Approximating the boundary conditions dy/dx=0, y=0 at the abutment,
we obtain by differential equation (13).

13

6e B B—ma m(B-+ma) ma
Y= Em 5[1+2 10ge< B—mx ) B—mx B * _"FJ 14
L dy 2 (x—b)*+6e*(a—x)
a—e<x=<a: sz “Ee (B—mx)? (15)

Approximating the boundary conditions at A, we obtain by differential
equation (15).

B—mx . B
y= Em5 [G(B mb) (2B—mb—mx) loge<—_—b>+ 12m?e loge( B~mx)
(B—mb)*?  6m’*(B—ma) 6m’’x(B+ma) 4+ 6m?e*( B—ma)
B—mx B—mx B’ B
+2m’bx —5Bmb—m’(x+2b) (x —2b) — (B—mb) (B+5mb— llmx)J (16)
LAy 2 (e—x)?
agxg a+te : d)? EE Zmﬁ’a (17)

Approximating the boundary conditions at point B, we obtain by differen-
tial equation (17).
1
Y= Eme
—6(B—mc) (2B—~mc—mx)log,(B—mx)—6(B—mb)(2B—mb)log,(B—mb)
+12(B—ma) (2B—ma—mx)log.(B—ma) +10m(a—x) (B—ma) —5(B—mx)?
+16m?e® +-6m*a* + m®x* —8m?*ca+10me (B—ma) +6 (B—mx) (B—mc)

[6mx(B mb)log.(B—mx+me) +12m?e*log, B

. (B—mc)® bmPe*x(B+ma) 6miela
2mex-+5mx(B—mb) —5Bmb—>"p— o — e -~z ] (18
d’y
at+e < x<I[: dx2=0 19

Approximating the boundary conditions at point C, we obtain by differen-
tial equation (19).

y= Em5 [6m(B mc)x-log,(B—mc) —12m(B—ma)x-log.(B—ma)
+6m(B—mb)x-log,(B—mb) +12(B—ma) (2B—ma) -log.(B—ma) +12m?e*
log,B—6(B—mb)(2B—mb)-log.(B—mb)
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—~12(B—mc)4og (B~mc) —6m(B—mc) (a-l-¢) -log.(B—mc)

_ 6m*¢(Btma)  6m’cla

—5me(B—mc) +14m*e? +5Bme 4 5m*b* —10m*a? }

BZ
(20)
¢) Deflection due to triangular load type IIl acting on crown.
Reaction of the supporting point: R,=e/2.
Shearing force:
0<x=<a—e: Q=1
e a: oo (@) (2e—atx)
a—e<<x<<a: Q= 9%
Bending moment:
0<x<a—ec: M,= _“Ae(?)a%e_-—ix)
2. —
d—e<x<a: M—— (a—x)* (Be—a+x)
6¢
Deflection:
P . dy  2¢ 3a—e—3x
0 =~ xg a—e . ’dx’z—— E'*(B—_‘__m‘ (21)

Approximating the boundary conditions dy/dx=0, y=0 at the abutment, we
obtain by differential equation (21).
B _ 3B—3ma+me  m’x(e—3a) m(3x+3a—e) ]
B—mx ) B—_mx B o B

y=—E,EI‘7‘1‘3"[3"l”6' loge(

(22)

Ay 2 (a-x)"(Be—a+x)
A—e S XS4 o= " (B—mx)?® (23)

Approximating the boundary conditions at point A, we obtain by differen-
tial equation (23).

1 [M(B—ma)tkBrne(B—ma)2 _ 3mie’x  m'e’(3a—e) x_l”fﬂi”‘ijﬁ?)
Y= Emse B—mx B B B

— m?x*—6(B—mb) (B—mx) +2m*hx-+5m(B—mb) x-+5(B—mb) (B—2mb)
—m?(a?—2ea—2¢*) —6(B—mb) (2B—mb—mx) -log (B—mb) + {128’ +18 Bme

+6m2a(a+ x) —6m?e(2a+x) —6Bm(3a+x))log,(B—mx) +6m’e’ logeB] (24)

3. Dimensions of curved debris dam,

In this paper we shall consider the curved debris dam with constant
radius and symmetrical single-centered thin arch rings of uniform thickness.

Height above foundation h

Center angle at top 120°
Upstream radius r
Upstream slopes straight
Downstream slopes 10 per cent
Arch thickness at top 0.07 h

Arch thickness at bottom 0.17 4
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Width of river at crest 21
Unit weight of water w=1,0ton/m?
Modulus of elasticity of concrete
in direct stress E=2.1x10ton/m?
in shear stress E/3

4. Cross section of gorge.

Let us now denote the approximate cross sectionnal shapes of gorge by
the equation of parabola,

P =k (k:%) (25)

where the value //h is determined by the ratio r/e of radius r to thickness e
of arch ring.

Since in practice §>5, we may now express the value of /A for every
0.1 from 0.8 to 1.2,

While the value of N may be also expressed for every 0.25 from 0, i.e.
rectangular section, to 2.0, i.e. triangular section. Accordingly combining the
value of I/h with that of N, forty five kinds of gorges are estimated.

5. Distribution of lead.

The method of cantilever arches resolves the curved dam into a double
series of horizontal parallel arches fixed with the sides of the gorge and of
vertical cantilevers embedded at the base.

On the other hand, the crown-cantilever method referred to as the adjust-
ment of the crown, is derived from the preceding by the reduction of the
system of cantilevers to a single central cantilever.

In this method, we resolve the effect of the pressure on the upstream
face into two forces, one acting on the crown cantilever, and the other acting
on the arch. The points on the crown cantilever will be subjected to the
same deformations whether they are considered as being points on the crown
cantilever or on the arches,

The calculation of the cantilever will be simplified by a consideration of
elementary laws of triangular loading, such as those represented in the Fig,
(2) by the typical unit cantilever loads,

Here, the number of calculation points on the crown cantilever selected
for calculation is twenty.

As a result, we calculate A4, the coefficients of influence of the displce-
ments due to each law, when the calculation points are designated by m and
the loading points by n, then y,,, the radial displacement due to the law of
loading P, will be given by the expression.

ycm=Am1 c1+Am2 e +Amzo 20 ’ (26)

When we calculate B,, the coefficients of influence of the deflections due
to the uniform unit load, the radial deflections, y,, are then written as fol-
lows.

Yan=B,Ps, (27)

The adjustment at the crown is derived from a solution of the system
of equations y.,—y,, and

AmIPcl+Am2Pcz+ """ +Am20P620:Bm (Pm—Pcm> (28}
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where P, represents the total water pressure on the point m.
Finally, if we convert the variables into the followings

hb, .

hamn. _
- s Bm— E 3

Amn - E

Pcm:Exm (29)

we get

P,
E

Since the constants a,, and b, are dimensionless having no connection
with # and the right-hand side of Eq. (30) may be expressed by f(m)wh/E,
if the solution of the simultaneous equations for A=1 is expressed by x’,, we
finally obtain the equation x,=hx",. From this expression for the deflection,
the divided loads are readily obtained.

A X1+ Ay Xg o oeeees + (amn + bm) Xy teeeee + QX = bm * (30)

Each value of load, as shown in next tables, is in unit of %-x’n.

For example:
When A=20m, /=36 m, N=0, then [/h=0.8.
Therefore, from Table 1,

Horizontal water load at 509 of height

=2.380952x0.21x20=10.0 (ton/m?)
Cantilever load at 509 of height

=0.700420x0. 21 x20=2. 941764 (ton/m?)
Arch load at 50% of height

=10.0—2. 941764=7. 058236 (ton/m?*)

When N > 1.25, this method seems unsuitable for determining load parti-
tion within desired accuracy. However, there remains the possibility of adopt-
ing the general methods of cantilever arches to solve this problem.
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