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Résumé

The present study aims at theoretical clarification and experimental proof
of the relationship between the growths in sectional volume and sectional
weight of stem and the relationship between the volume growth of individual

trees. The summary is presented in the following in the order of development
of the theory.

I. Growth Formulas

BRUCE, SCHUMACHER’s empirical formula of the total growth

log GZ=a+b1/x)
was adopted as the basic total growth formula for the present study, and it
was first made clear by the study of the signs of the constants and factors that

. GZ: Total growth
GZ=10"""V=

x : Age in years
satisfied the general characteristics of the total growth curve.
Since the current annual growth is generally expressed by the derived

function of the first order of the total growth formula regarding x, the
characteristics of

_ b1ovm Z: Current annual growth
(log e) »* log e=0.43429448

obtained by differentiating the total growth formula, were checked by the use
of the derived function of the second order of GZ regarding x and the limiting
values, and it was proved that the formula satisfied the general characteristics
of the current annual growth curve, and it reached the maximum

_ 4(log e) 107732

Zmax‘ -
b
at xzz(l—(;)gf—), and also that the total growth curve had an inflection point at
= b
2(loge)

The total mean annual growth is generally expressed by the total growth
divided by x, and the characteristics of the formula

10a-’)(1/9@)

DZ= e DZ: Total mean annual gfowth
x

was checked by the same method as above, and it was proved that the formula

had the general characteristics of the total mean annual growth curve and
reached the maximum

a@— (log e)
DZmaX. - (]'Og e) ]éo

_ b

(loge) -
Comparison of the current annual growth formula and the total mean
annual growth formula revealed that the latter reached the maximum at two

at x
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times the age at which the current annual growth reached the maximum value
of the former was 1.47 times that of the latter. This agrees with the fact that
the total mean annual growth changes more gradually than the current annual
growth.

Thus it was theoretically proved that BRUCE, SCHUMACHER’s empirical
formula represented the total growth when b<0, and the derived function of
the first order of the formula regarding the age represented the current annual
growth, and the formula divided by age the total mean annual growth.

II. Growth in Radius

The results clarified in the foregoing section were applied to the growth in
radius, and in consideration of the denominator of the total mean annual
growth formula, the disk at the foot of stem and disks at the other parts of
stem were treated separately.

The total growth, the current annual growth and the total mean annual
growth in radius of the disk at the foot of stem are expressed by the following
formulas respectively,

GZ, =107

b 1081/
" (ogo) @
and

a—0(1/x)
pz.— 10

x
And the current annual growth reaches the maximum

4(log ) 10*720e "

Zrmax =
' b

at xzé(ilgéé) , and the total mean annual growth reaches the maximum

Dz, — (oge)10° 0o
b

b
at k”([Tgé}“

The growth in radius of disks at the other parts than the foot of stem is
expressed in two ways by the selection of the independent variable in the
growth formula, in which either the age or the number of annual rings is used
to suit the case better.

When the age is adopted as the independent variable, the formulas for the
total growth and the current annual growth are similar to those for the disk at
the foot of stem. The total mean annual growth is expressed by the total
growth divided by the number of annual rings

X=x—m
where m is the number of years required for the tree height to reach the
height of the disk. Namely,
1072/ )

P2=ammy



and when b*—4bm(log ¢)=0, it reaches the maximum at

_ b+ y/6*—4bm(log e)
2(log e)

When 6°—4bm(loge)<<0, however, the total mean annual growth never reaches
the maximum. Thus, there are cases, depending on the height of disks, where
the total mean annual growth in radius never attains the maxirmum.

When the number of annual rings are adopted as the independent variable,
the total growth, the current annual growth and the total mean annual growth
are expressed by the following formulas respectively,

GZ, =10V

bl 10(1’——?;'(1/7;—771)

and

100/ =1 (1/s—m)
pz= VT ,

And the current annual growth reaches the maximum
4(10g 6) 10@’—2(10g °)

Lz, =

bl
at x:m+»2(1—g§—é—)—, and the total mean annual growth reaches the maximum
a’—(log e)
DZ,-maX. = (log e) 1(/) T
b
I
at x=m+ (loge)

Thus, the growths in radius of disks at the other parts than the foot of
stem, when the number of annual rings is used as the independent variable,
can be expressed by similar formulas to those for the growths in radius of the
disk at the foot of stem, by inserting the number of annual rings as the
independent variable in the latter formulas.

III. Growth in Basal Area

The growth in basal area of the disk at the foot of stem and that at the
other parts were treated separately from similar con31derat1ons to those in the
case of the growth in radius.

From the formula for the total growth in radius, the total growth in bhasal
area of the disk at the foot of stem is expressed by GZ,=nx10%a-00/2),

The derived function of the first order of this formula regarding x

272, b 102[{17 h(L/®)]
J,.:

(loge)x*
has the general characteristics of the current annual growth curve, and reaches
the maximum

2(a— (log )]
meax. = ;gn(loge)iéo R ]
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And the total growth divided by x

T 102 [a—d(1/=))

DZ;= T~
x

has the general characteristics of the total mean annual growth curve, and
reaches the maximum

\ 1120~ (log &)
Dmeax‘ = n(log e)21£

at xz»»—zlz—.
(loge)

When the current annual growth are compared, the former reaches the
maximum at half the age of the latter reaching the maximum, and the
maximum value of the former is 1.47 times that of the latter. These relation-
ships are the same as those of the growths in radius.

And the current annual growth and the total mean annual growth in basal
area reach their maximums at twice the ages at which the growths in radius
reach their maximums.

The growths in basal area of disks at the other parts than the foot of stem
were treated separately according as the independent variable was the number
of annual rings.

When the age is taken as the independent variable, the total growth and
the current annual growth are expressed by similar formulas to those for the
disk at the foot of stem, and the total mean annual growth is given by the
total growth divided by the number of annual rings, or

102(@~0C/)
DZ.= T
7 (x—m)
This formula has the general characteristics of the total mean annual growth
curve and reaches the maximum at

(loge)
if p2—2bm(log €)=0.

In case the number of annual rings is taken as the independent variable,
the total growth, the current annual growth and the total mean annual growth
are expressed by the following formulas respectively,

GZf::’/T 102[&'—1)'(1/3;—'911)]
27Eb/ 102[@’—?}’(1/7@—771)]
= log e —my
and

a(a’ — b (1/s—m))
7 10
DZf: - -

 (x—m)
In this case, the current annual growth reaches the maximum

27 (log €) 10% ~os )
mezLX. = g b/ T

at x=m+—(——b4-————— and the total mean annual growth reaches the maximum

loge) ’



_ n(log e) 10°'~¢os”

DZ s
Tmax. 2%

_ 20
at x_m+_-(loge) .

IV. Growth in Sectional Volume

When the sectional volume is computed by HUBER’s formula, the total
growth, the current annual growth and the total mean annual growth are
expressed by the respective growth formulas in basal area multiplied by the
length of section L, and consequently, the maximum values are those of the
basal area multiplied by L and occur at the same ages as those of the basal
area.

V. Bulk Density of Annual Ring

For the consideration of the influence of the bulk density of annual ring on
the weight growth, the constant summer-wood percentage is expressed by

s=A s: Summer-wood percentage

and the summer-wood percentage expressed by a linear function of the width
of annual ring is expressed by

s=A+BZ Zr: Current annual growth in radius

The bulk density of an annual ring composed of a spring-wood and a
summer-wood is

Ro=7%;0+5(*so—77). HRo: Bulk density of Unit annual ring

Consequently, the bulk density of annual ring for the above two cases are
expressed by
Rozyfo’!‘A(rso‘Vfo)
and
Ro - 7'f0+ (A -+ BZr)(Vso_ 7/3‘0).

VI. Growth in Sectional Weight

The formulas for the growths in sectional weight are obtained in the order
of the current annual growth formula obtained by the current annual growth
in sectional volume multiplied by the bulk density of the unit annual ring, the
total growth formula obtained by integrating the current annual growth up to
the age or the number of annual rings, and the total mean annual growth
formula obtained by dividing the total growth by the age or the number of
annual rings.

The growth in sectional weight at the foot of stem and at the other parts
were treated separately for the case of constant summer-wood percentage and
for the case of summer-wood percentage being a linear function of the width
of annual ring, respectively, and the following results were obtained.

1) Growth in Weight at the Foot of Stem

When the summer-wood percentage is constant, the total growth, the current
annual growth and the total mean annual growth are expressed respectively by
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GZw - [rfo -+ A(Vso - 7]”0)] T 102[@*7)(1/95)] L

2 b 102[11.——7)(1/@)]
2=t A= 120] o gy

and
20— b(1/x)]
DZw = [Vfo -+ A(”so - 7)'0)] Elo

The ages at which the current annual growth and the total mean annual
growth reach their maximums are, respectively

e 0
(loge)
and
4{:: 7*2b7,,
“ (loge)

and they agree with those for the volume growths. Therefore, they can be
expressed by the same curves by adopting suitable scales.

When the summer-wood percentage is expressed by a linear function of the
width of annual ring, the total growth, the current annual growth and the total
mean annual growth are expressed by

GCZy=r0+ Alrso—77,) I 1070700/ [
2(log e)* x*>+ 6b(log e)x+9bj ta—b
EESRATIL T vt - S G AT 211 a-b(1/x))
27b(log e) x* 7 10 L
b 10 PW/=] 2 h? 1030~ WY/)
5] L+ B(rso_ VYro) ~——pro 93
(loge) «* ) ((loge) x**

+ B(r5o—7750)

Zw = [yfo + A(”so - 71‘0)]

and

200 —0(1/%)]
DR,,= [71”0 + A7 — 7’]’0)] 7 10 )

2(log e)? x*+6b(log e) x +9b° ] S b1 Ay~
+ B(re—77, 1( cNYerl o L ETMYe I YT sla=npQ/a1t
(7e0=750) L 27b(log e) x° 7 10 L

The ages at which the current annual growth and the total mean annual

growth reach their maximums are different from x= - b and x= 20
(loge (loge)
for the growths in sectional volume, and are smaller than those ages if

3b o 1.3226 1
ilog &) and x= (log ¢) respectively,
and if B(rss—75)<0, the ages are larger than those for the growths in sectional

volume.

2) Growth in Sectional Weight at Other Parts than the Foot if Stem

The growths in sectional weight at other parts than the foot of stem were
treated separately by the independent variables in the growth formula.

i) When the age is taken as the independent variable

When the summer-wood percentage is constant, the total growth and the
current annual growth formulas are of the same form as the growth formulas
for the foot of stem, and the total mean annual growth 1s expressed by the
total growth divided by the number of annual rings, namely

B(#so—77)>0, but never amaller than x=
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DZ =77+ A(rso—7;,)] T L

and reaches the maximum at

_ b+ 0*—2bm(log e)
B (loge)
agreeing with the growth in volume.

When the summer-wood percentage is expressed by a linear function of the
width of annual ring, also, the total growth and the current annual growth are
expressed by the formulas of the same form as those for the foot of stem, and
the total mean annual growth is expressed by '

X

102[a—h(1/.7-‘)]
DZ,=(rpot Alryy=r7)] "7 o

(x—m)
2(log e)® x>+ 6b(log e) x + 9b2J Sla—b(1/2))
+B so 0 - 2 1 * .
0= 750 [ 27h(log ¢) * (x—m) 710 L
The ages at which the current annual growth and the total mean annual
growth reach their maximums are different from x= /—(—16%-8—-)— and

_b+1/0*—2bm (log e)
x_ - A
(loge)
for the the growths in volume, and are samaller than those if B(#y%—7;0)>0,
and larger if B(rsw—750)<0.

il) When the number of annual rings are taken as the independent variable

When the summer-wood percentage is constant, the total growth, the current
annual growth and the total mean annual growth are expressed respectively by

GZu=[rso+ Alrey—rzo))m 10° VW) |

27be 102[0&’—1}’(1/:»-—717)]
(loge) (x—m)*

Zw = [Vfo -+ A(Vso - 7’)’0)]

and

ala” — b/ (1/x2—m)]
DZw = [Vfr) + A(VSO - Vfo)] ’77{”10 e L
(x—m)

And the current annual growth and the total mean annual growth reach their

7 ’

maximums at x=m+—iw and x=wm-+ ——72———@'—7\— respectively as in the case of
(loge) (loge)

growths in volume. Therefore, the progress of the weight growths agrees with
that of the volume growths.

When the summer-wood percentage is expressed by a linear function of the
width of annual ring, the total growth, the current annual growth and the total
mean annual growth are expressed respectively by

GZw :[Vfo + A(?’so - 7']‘0)] T 102[(1/~7)’(1/n:~m)] L
2(log e)’ (x—m)* +6b’ (log e)(x — m) + 95" ] 3Car —b7 (1/5-m))
275/ (log ¢) (x —m)" 2r 10 i

an/ 102[&’—1)’(1/:1:—7)7)]
Zw=7rF+ Arso— 77, e L
[ (o= 750)] (log ) (x —m)*

+ B(#50—77,) [
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277,'bl2 103[af—h'(1/a=—m)]

+B so~ Tro OSD
(rio=770) ((log &) (x—m)*

and
P 102[0/—7)'(1/3:——77!)]

DZw=[7f0+ A(Vso_rfo)] (x__m)

2(log e)* (x—m)*+6b" (log e) (x—m)+ 9b'21 o 1080~V ss=m) [

+ B(#50— 770) [ 270" (Jog e) (x —m)?

The ages at which the current annual growth and the total mean
annual growth reach their maximums are different from x=m-+ E(l'(%)ﬁ and

x=m-+ ﬁgz;e)w for the volume growths, and are smaller than those for the
volume growths if B(#wo—77)>0, but are never smaller than x=m+ Aﬁ%bg/—éj
and x=m-+ %1%%25): respectively, and are larger if B(#s—77)<0.

To sum up, in case the summer-wood percentage is constant, the progess
of growths in sectional weight agrees with the progress of growths in sectional
volume, irrespective of the weight of the foot part of stem or the sectional
weight at the other parts than the foot of stem, and irrespective of whether the
age or the number of annual rings is taken as the independent variable.

In case the summer-wood percentage is expressed by a linear function of
the width of annual ring, both progresses do not agree, and the relationship
between the ages at which the weight growths reach their maximums and the
ages at which the volume growths reach their maximums is determined by the
mode of change of the summer-wood percentage according to the width of
annual ring and the bulk densities of the spring-wood and the summer-wood.
Namely, it was theoretically clarified that if B(ro—#5)>0, the ages at which
the current annual growth and the total mean annual growth in sectional
weight reach their maximums are smaller than those for the growths in

sectional volume, and vice versa.

VII. Growth in Weight of Stem

When the age at which the current annual growth or the total mean
annual growth in volume of stem reaches the maximum is expressed by

V1, U2...Un: Sectional volume
X1, Xe...%n: Age at which sectional vo-
DXyt Vg + e oK, lume reaches maximum
- v - ) V: Volume of stem
xs: Age at which volume rea-
ches maximum

Xy =

the age x, at which the growth in weight of stem reaches the maximum is
expressed by
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w; (x,+0) + w, (x+0)F -+ +w, (x,+0)
K=
w
w1, we...wn: Sectional weight
W:. Weight of stem

in the case where the summer-wood percentage is constant. This is the
weighted mean of the ages at which the sectional volumes reach their max-
imums, weighted with their respective sectioral weights. Therefore, if there is
no variation in the bulk density of unit annual ring by the height of the cross-
section, the age at which the weight growth of stem reaches the maximum
agrees with that for the volume growth, but if there is any variation, it does
not.

In case the summer-wood percentage is expressed by a linear function of
the width of annual ring, the age at which the growth in weight of stem
reaches the maximum is expressed by

W, (x1+d1)+w2 (x‘z_‘"dz)‘}' ceresetw, (x,+ d,)
w_ —_ - -
w
di, dz...d,. Difference between ages at which
sectional volume and sectional

weight reach their maximums

Consequently, if the bulk densities of the spring-wood and the summer-wood,
and the mode of change of the summer-wood percentage with respect to the
width of annual ring, are determined by the species of trees, the sign of the
product B(#so—7;) in the sectional weight growth formula is determined, and
then the signs of di, ds...ds, the differences between the ages at which the
sectional volume and the sectional weight reach their maximums are determined.
Therefore, the progress of volume growth does not agree with the progress of
weight growth.

VIII. Applications

The results of the theoretical studies described in the foregoing were applied
to 88-year-old SUGI trees and their validity was confirmed.

The volume or the weight of stem is the summation of the sectional
volume or the sectional weight, and the results of application of the theory to
the disks at the foot of stem, at the breast height and at 11.2 m above the
ground are summarized in the following.

1) The total growth in radius for the disk at the foot of stem is expressed
by
G Z,. = 1(L-679—27.888(1/.x)

On the other hand, with the disks at the other parts than at the foot of stem,
the formulas with the age as the independent variable agreed in most cases
better with the measurements than the ones with the number of annual rings
as the independent variable. The total growths in radius of disks at 1.2 m and
11.2 m above the ground are expressed respectively by

GZ,.=1(1-603-27.452(1/2)
and

GZ — 101‘521-32.152(1/,2)‘
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The ages at which the total mean annual growth in radius reach the
maximum are 64 and 60 years for the disks at the foot of stem and at the
breast height, and the maximum is not reached with the disk at 11.2 m above
the ground.

2) The formula of the total growth in sectional volume is the product of
the formula of the total growth in basal area and the length of section L.
Therefore, the total growths in sectional volume based on the formula of the
total growth in radius are expressed in the order from the foot of stem up by

GZ» =g 103.358-55.776(1/.‘6) % 0.2
GZU =1 103.206—54.934(1/@ X 2.0

and
GZ7 = 103.042—-64-.301(1/30) % 2.0.

On the other hand, the total growth formulas in the form of GZ,=10%"-?"1/"
are calculated from the measurements as follows.

G Z, = 1(3162-56.195(1/2)

G 7, = 1(005-51.946(1/)
and

GZ., = 103841-64385(1/2)
And the formulas of the total growths in sectional volume based on the total
growth formulas in radius are transformed respectively into

GZZ’: 103.157—55.778(1/x)

GZ”: 104.004—54.904(1./x)
and

G 7= 1()3-849~62.303(1/)
The above two sets of formulas are almost equal, attesting the compatibility of
the formulas of the total growths in sectional volme based on the formulas of
total growths in radius.

The ages at which the current annual growths in sectional volume reach
the maximums are 64, 63 and 74 years in the order from the foot of stem up,
and it is estimated that the total mean annual growths will reach their
maximums at the ages of 129, 112 and 118 years, respectively.

3) As regards the relationship between the width of annual ring and the
summer-wood percentage, it was observed that there existed a linear relation
between them and the following formulas were obtained in the order from the
foot of stem up.

$=29.02—2.68 Z,

$=31.81—5.85 Z.
“and

$=42.46—8.22 Z..
And the bulk density of the summer-wood was larger than that of the spring-
wood in each disk, and there was a highly significant difference between the
heart-wood and the sap-wood, the bulk density of the former being larger than
that of the latter.

As regards the relationship between the bulk density of the unit annual
ring and the summer-wood percentage, there existed a linear relation between
them, both with the sap-wood and the heart-wood.
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The above results were inserted in the formulas of weight growths and the
ages at which the maximums were reached were compared with those of the
volume growths, and it was made clear that there were time lags of one to
two years.

The study clarifies that when the summer-wood percentage is constant and
the bulk density of the unit annual ring is not affected by the height, the
progresses of growth in volume and weight of stem agree with each other, but
they do not agree if the bulk density changes by height. On the other hand,
when the summer-wood percentage is expressed by a linear function of the
width of annual ring, the volume and the weight of stem do not agree in the
progress of growth. Namely, 1) when the summer-wood percentage changes
with the width of annual ring and the bulk density of the summer-wood is
larger than that of the spring-wood, and when the summer-wood percentage
changes inversely with the change of the width of annual ring and the bulk
density of the spring-wood is larger than that of the summer-wood, the weight
growth of stem reaches the maximum earlier than the volume growth, but 2)
when the summer-wood percentage changes with the width of annual ring and
the bulk density of the spring-wood is larger than that of the summer-wood,
and when the summer-wood percentage changes inversely with the width of
annual ring and the bulk density of the summer-wood is larger than that of
the spring-wood, the weight growth reaches the maximum later than the
volume growth. Thus, these two factors may be considered as indexes for
estimating the relation between the volume growth and the weight growth of
stem of different species.

If the relationship between the volume growth and the weight growth of
stem is thus made clear, it may become possible to make adjustments of the
density of annual rings and the summer-wood percentage by the working
method such as fertilization and adjustment of stand density. And together
with the studies of the stand composition, the changes of the standard bulk
density by diameter class, etc., the present study will make clear the relation-
ship between the volume growth and the weight growth of a stand and further
make it possible to determine the felling ages for the maximum volume yields
or the maximum weight yields.



