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INTRODUCTION

Many kinds of functions have so far been reported 
for the growth analysis of the individual animal or plant.  
Among them, several particular functions composed of 
exponential function are often used, and their common 
root is in Bertalanffy function based on the anabolism 
and catabolism (Bertalanffy, 1949, 1957; Richards, 1959; 
Osumi and Ishikawa,1983).  This was reconfirmed by a 
subsequent study (Shimojo et al., 2012) that suggested 
a mathematical structure common to those particular 
functions. 

By the way, there is an interesting study (Tegmark, 
2014) that our baby universe based on the inflation the-
ory grew much like a human baby.  Exponential function 
describes the inflationary universe (Starobinsky, 1980; 
Kazanas, 1980; Sato, 1981; Guth, 1981; Linde, 1982; 
Albrecht and Steinhardt, 1982), and may also describe 
the reaccelerating universe that began several billion 
years ago (Riess et al., 1998; Perlmutter et al., 1999).  
Shimojo (2014, 2015a, 2015b) interpreted Bondi K–factor 
(Bondi, 1964) as a toy model for the space expansion 
study, using a relationship between Bondi K–factor and 
exponential function.  

The present study was designed to investigate the 
mathematical structure common to animal growth analy-
sis and space expansion analysis, by adding a few pieces 
of information to previous studies (Shimojo et al., 2012; 
Shimojo, 2014, 2015a, 2015b). 

ANIMAL GROWTH ANALYSIS 

Six particular functions
Shimojo et al. (2012) investigated six particular func-

tions (1) ~ (6) by citing some preceding studies (Brody, 
1945; Bertalanffy, 1949, 1957; Richards, 1959; Osumi 
and Ishikawa, 1983); Bertalanffy (WV), Richards (WR), 
Mitscherlich (WM), logistic (WL), Gompertz (WG) and 
basic growth (WB) functions, 

 
WV = (α/β– (α/β– W0

1–m)exp(–β(1–m)t))1/(1–m),	(1)
 
 WR = A(1–bexp(–kt))1/(1–m),			   (2)

 WM = A(1–bexp(–kt)),			   (3)

 WL =                          ,			   (4)

 WG = Aexp(–bexp(–kt)),			   (5)

 WB = W0 exp(rt),				    (6)
 

where α= anabolic constant, β= catabolic constant, W = 
weight, t = time, A, b, k and m are constants, W0

1–m =  
weight at t = 0, W0 = weight at t = 0, r = relative growth 
rate. 

A mathematical structure common to six functions
Shimojo et al. (2012) suggested a mathematical struc-

ture (7) common to six functions, 
 
                            .				    (7)
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Thus, applying (7) to six functions gives, 
 
 
 
 
 
=                                                                             ,

(1–1)
 
		         =            	                 ,          (2–1)

		         =            	          ,                 (3–1)

		         =            	          ,                 (4–1)

		         =            	          ,                 (5–1)

		         = 1.                                           (6–1)

The mathematical structure common to the left–hand 
side of six expressions (1–1) ~ (6–1) gives mathematical 
features (i) ~ (iv) to the right–hand side of them.  (i) The 
mathematical structure (7) gives a unified viewpoint, 
from which six functions are classified into theree cate-
gories by operating parameters; category–1 (Bertalanffy, 
Richards), category–2 (Mitscherlich, logistic, Gompertz), 
and category–3 (basic growth).  Functions (1) ~ (5) in 
categories 1 and 2 have inflection points, but function (6) 
does not have.  (ii) Expression (6–1) gives ‘1’, a symme-
try that basic growth function (6) without an inflection 
point shows about the differential calculation.  (iii) 
Expressions (1–1) ~ (5–1) give complexities of five func-
tions (1) ~ (5), as differences from the symmetry (6–1) 
that basic growth function (6) shows.  Those differences 
regulate the exponential increase to give the aymptotic 
growth that the individual animal actually shows.  (iv) 
Expressions (3–1) ~ (5–1) give a common structure hid-
den at the back of three functions (3) ~ (5) that are dif-
ferent in the position of the inflection point. 

SPACE EXPANSION ANALYSIS (I)

Deceleration parameter in the standard model of 
the cosmic expansion

The standard model of the cosmic expansion is given 
by expressions (8) and (9), 

 
H2 = (       ·         )

2

 

    =             ρ –          +        ,			   (8)

       ·         = –             ( ρ+ 3p) +        ,	 (9)

where H = Hubble parameter (cosmic expansion rate), a 
= cosmic scale factor, t = time, π = circular constant, G = 
gravitational constant, c = speed of light in vacuum, ρ = 
energy density, K = curvature of space, Λ = cosmologi-
cal constant, p = pressure. 

The deceleration parameter (q) of this standard cos-
mic model is defined by, 

q = –                           .   		               (10)

When the deceleration parameter takes negative values, 
the universe expands. 

ANIMAL GROWTH ANALYSIS AND SPACE 
EXPANSION ANALYSIS

Mathematical structures common to animal growth 
analysis and space expansion analysis

The comparison will be made between expression 
(7) for the animal growth analysis and expression (10) 
for the space expansion analysis, 

 

		      ,  (7)      q = –                           ,   (10)    

where W = weight of the individual animal, a = cosmic 
scale factor. 
Expressions (7) and (10) suggest the same mathemati-
cal structure, except for the reciprocal form and the 
negative sign in the cosmic deceleration parameter (q).  
This might suggest a mathematical hypothesis that the 
symmetry that exponential function shows about the dif-
ferential calculation is hidden at the back of both analy-
ses. 

In addition, there are inflection points both in five 
particular functions for the animal growth analysis 
(Bertalanffy, 1949, 1957; Richards, 1959; Osumi and 
Ishikawa,1983) and in the cosmic expansion history 
(Riess et al., 1998; Perlmutter et al., 1999). 

SPACE EXPANSION ANALYSIS (II)

Relationship between cosmological redshift and 
relativistic Doppler redshift 

This issue is taken up again in this study, because 
there are problems in previous studies (Shimojo, 2014, 
2015a, 2015b). 

The redshift (Z) is given by the relative difference 
between the observed wavelength (λO) and the emitted 
wavelength (λE) of an object,  
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Z =           –1.				                (11)

The cosmological redshift (ZC) is due to the increase 
of the cosmic scale factor (a) in the whole period from 
the emission to the absorption of light (Weinberg, 2008) 
under the general relativity (FLRW metric), 

 
ZC =               –1.			                (12)

However, the relativistic Doppler redshift (ZR) is due 
to the light emitted from an object receding from an 
observer under the special relativity (Minkowski metric), 

ZR =                          –1 =                –1,  	              (13)

 
where v = recessional velocity of an object, c = speed of 
light in vacuum.
The term given by ‘ZR + 1’ in (13) is often called Bondi 
K–factor (Bondi, 1964).  

The redshift (Z) is interpreted as the cosmological 
redshift (ZC) under the general relativity or as the rela-
tivistic Doppler redshift (ZR) under the special relativity.  
Thus, relating expressions (11) ~ (13) gives expressions 
(14) and (15), 

 
          =              , (14)	                   =               .     (15)

Although the left–hand side is equal between (14) and 
(15), there is a conceptual difference between the right–
hand sides (namely ZC versus ZR), as already reported by 
studies (for example; Bedran, 2001; Davis and Lineweaver, 
2004; Lineweaver and Davis, 2005; Weinberg, 2008). 

However, if tO shows the present time, then a(tO) = 1 
(the relative size of the present universe) by normaliza-
tion and expression (14) becomes (16),

          =               . 			                (16)	

In addition, expression (15) is transformed into, 

          =               . 			                (17)	

Comparing the right–hand side of (16) with that of (17) 
might suggest hypotheses (A) and (B).  (A) The scale 
factor a(tE) in (16) shows the relative size of the uni-
verse when the light is emitted.  If the numerator of 
(17), ‘1’, is interpreted as the relative size of the present 
space, then the denominator of (17) is related to the rel-
ative size of the space when the light is emitted.  (B) 
Thus, there is a one–to–one correspondence between the 
value of t under the general relativity and the value of v 
under the special relativity, a dual interpretation (18) 
that the scale factor is related to the object recession, 

            =               .			                (18)
 

The space under the FLRW metric is dynamic but the 
space under the Minkowski metric is static, though both 
spaces are flat. 

Shimojo (2014, 2015a, 2015b) suggested hypotheti-
cal interpretations; expression (19) as a toy model of the 
space, expression (20) as a toy model of the energy den-
sity, and expression (21) as a toy model of the invariant 
that controls the relationship between the space size and 
the energy density, 

 
              ,  (19)       	               = ZR + 1 =        . (20)

 
              ·                 =                ·  (ZR + 1) 

                                 =               ·          = 1,           (21)

   
where c ＞＿ v ＞＿ 0, f = frequency of light. 
Expressions (19) ~ (21) might suggest a hypothetical 
space expansion (a) ~ (f), using the dimensionless rela-
tive size and relative energy density.  (a) The expansion 
history of the toy space model is as follows; singularity, 
early rapid expansion, decelerated expansion, inflection 
point, and accelerated expansion.  (b) If the reduction of 
the energy density under the invariant is a natural prin-
ciple, then the space is born and expands when v begins 
to decrease from c.  At the singularity [v = c, ZR = ∞, size 
= 0, energy density (ZR + 1) = ∞, 0·∞ = 1], the space is 
born from the quantum phenomenon through something 
like a renormalization of infinities [(0·∞ = 1) → (–∞ + ∞ 
= 2nπi), i = imaginary unit].  (c) The energy in the space 
causes the space to expand.  At the stage right after the 
birth of the space, there is a very high expansion rate of 
the space and this is accompanied by a very high reduc-
tion rate of the energy density.  (d) The rapid and large 
reduction of the energy density is associated with the 
rapid and large formation of the dark matter and the 
baryonic matter.  This gives the very strong attractive 
force, causing the decelerated expansion of the space.  
(e) However, the reduction rate of the energy density 
shows a slowdown with the decrease of v.  This is associ-
ated with the slowdown of the formation rate of the dark 
matter and baryonic matter (namely, the attractive force).  
(f) There is an inflection point at the halfway point [v = 
c/2, ZR = 0.732, size = 0.577, energy density (ZR + 1) = 
1.732] between the birth point [v = c, ZR = ∞, size = 0, 
energy density (ZR + 1) = ∞] and the present point [v = 
0, ZR = 0, size = 1, energy density (ZR + 1) = 1].  Thus, at 
this halfway point, the decelerated expansion by the 
attractive force (dark matter and baryonic matter) is 
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changed into the accelerated expansion by the repulsive 
force (dark energy).  This accelerated expansion is last-
ing even at the present.  However, the energy density [= 
1] at the present is much lower than the energy density 
[≈ ∞] causing a very rapid expansion at the stage right 
after the birth of the space.  

The above hypothetical phenomena (a) ~ (f) obtained 
from the toy space model based on the special relativity 
might be similar to the observational phenomena reported 
already by some studies based on the general relativity 
(Perlmutter et al., 1999; Barrow, 2011; Perlmutter, 2011, 
2015).  This similarity might be due to the dual relation-
ship between the scale factor and the toy space model. 

Chodorowski (2006) investigated, using a relativistic 
Doppler shift, an empty universe as a particular Friedman 
model.  There are preceding studies that may allow the 
use of the relativistic Doppler redshift, as well as the cos-
mological redshift (for example; Bunn and Hogg, 2009; 
Davis, 2010a, 2010b; May and Yu, 2013; Tsujikawa, 2013; 
Li, 2014; Pierseaux, 2014).  The relativistic Doppler red-
shift might suggest how the flat space–time emerges 
from nothing under the decrease of v from c to 0.   

However, there are many problems with this toy 
space model; for example, the early rapid expansion 
under the decelerated expansion is not consistent with 
the inflationary expansion under the accelerated expan-
sion, the energy distribution (baryonic matter, dark mat-
ter, dark energy) is not shown, the relationship between 
the recessional velocity and the space expansion remains 
to be investigated, the time dilation remains to be inves-
tigated. 

The moment when the space is born
At the moment when the space is born, the standard 

cosmic model suggests an exponential increase (22), 
 
a(t) ∝ exp(H · t).  			                (22)

There is a hypothetical relationship between the scale 
factor and the toy space model (18), 

           =                 .  			                (18)

In addition, relating hyperbolic function to Lorentz fac-
tor gives a relationship between the toy space model and 
exponential function (23), 

 

                =exp(–θ) .  			               (23)

There is a one–to–one correspondence between the value 
of v and the value of θ in (23). 

Thus, relating expressions (18), (22) and (23) might 
suggest expression (24) that hypothetically relates the 
toy space model to the cosmic standard model, 

                ∝ exp(–H · t).  		               (24)

There is a one–to–one correspondence between v and 
H·t in (24).  If v = c, then H = ∞ under the condition that 
t is finite.  This might suggest that the cosmic expansion 
rate (H) is much grater than the speed of light (c) at the 
moment when the space is born.  However, this phenom-
enon under the special relativity is not consistent with 
the general relativity that gives the superluminal rate of 
the cosmic expansion when the cosmological redshift is 
greater than 1.46 (Davis and Lineweaver, 2004).

Hypothetical interpretations of expression (21)
The natural logarithm of expression (21) gives 

expressions (25) ~ (28), 
 
 
              ·                 = 1,           		               (21)

 ln              + ln       
 
 
 = 2nπi, 				                 (25)

= 2nπ·                                , 		               (26)

= 2nπ·                  , 		     	             (27)

= 2nπ · lim          , 		             (28)

where c ＞＿ v ＞＿ 0 in (21) and (25) ~ (27), i = imaginary 
unit, x = position, p = momentum, ψ(x, t) = wave func-
tion, ψ*(x, t) = conjugate complex of ψ(x, t), A = ampli-
tude, h = Planck constant. 

In expressions (25) ~ (27), the left–hand side is 0, 
but the right–hand sides might suggest quantum phe-
nomena.  If v = c, then –∞ + ∞ = 2nπi.  This seems to be 
something like a quantum renormalization of infinities 
that might occur when the space is born, as already sug-
gested in the section of the redshift. 

Expressions (25) ~ (28) might suggest a hypothesis 
that the superposition (simultaneous existence of differ-
ent states), the wave function collapse (instant collapse 
into a single state), the entanglement (nonlocal correla-
tion at a distance), the uncertainty (position and 
momentum cannot be known simultaneously), or the 
delayed choice experiment (the present affects the past) 
is related, through the imaginary unit, to the phenome-
non of the infinite velocity, though this breaks the spe-
cial relativity.  However, the breakdown of the Lorentz 
invariant is not allowed to appear in the real world (an 
interview with John Bell) or might be interpreted as a 
mathematical phenomenon (an interview with Alain 
Aspect), as reported by Davies and Brown (1986).  The 
phenomenon of the infinite velocity might be trans-
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formed into the quantum probability wave in order to 
prohibit the breakdown of the special relativity.  The 
quantum wave function might be a field that has a poten-
tial for becoming a particle.  By measuring, the quantum 
superposition of several states, that looks mysterious 
when not observed, collapses into a single state under 
the corresponding probability of being found there.  The 
reality of quantum phenomena might be due to the 
spreading over real and imaginary numbers, a complex 
number essential to wave phenomena.  

CONCLUSIONS

Mathematical structures common to the animal 
growth analysis and the space expansion analysis are as 
follows; the existence of the expression composed of the 
function and its first and second derivatives, and the 
existence of the inflection point. 
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