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Kengo KAMATANT*

Abstract

Markov chain Monte Calro methods (MCMC) are commonly used in Bayesian
statistics. In the last twenty years, many results have been established for the
calculation of the exact convergence rate of MCMC methods. We introduce another
rate of convergence for MCMC methods by approximation techniques. This rate
can be obtained by the convergence of the Markov chain to a diffusion process.
We apply it to a simple mixture model and obtain its convergence rate. Numerical
simulations are performed to illustrate the effect of the rate.

Key Words and Phrases: Markov chain Monte Carlo, Asymptotic Normality, Diffusion process.

1. Introduction

Markov chain Monte Carlo (MCMC) method has become an essential tool in any
study that has a complicated posterior calculation problem. Various new MCMC meth-
ods have been developed in the last two decades. Theoretical support of this strategy has
also been developed such as Roberts and Tweedie (1996), Mengersen and Tweedie (1996)
and many others. In particular, it was shown that the usual MCMC method produces
an ergodic Markov chain (see Tierney (1994) and Roberts and Rosenthal (2004)).

In practice, it is of great interest to study the convergence speed of these Markov
chains. Various quantitative bounds have been developed from the spectral approach by
such as Diaconis and Stroock (1991) and Diaconis et al. (2008), and from the so-called
(double) drift condition approach by Meyn and Tweedie (1994) and Rosenthal (1995),
Rosenthal (2002). For an ergodic Markov chain {X,,;m > 0} on the state space (E,£)
with the transition kernel P, they calculated the upper bound of

1£(Xm) = 10|l = 2 sup [P(Xom € A) — 1I(A)| (1)

where II is the invariant distribution and £(X,,) is the law of X,,. In the former
approach, if we can calculate the eigenvalues and the eigenfunctions for P : L2(II) —
L3(II), then it is possible to calculate the almost exact bounds. On the other hand,
although the latter approach does not provide tight bound, it is relatively easy to apply.

To compare different MCMC methods, the above approaches may have difficulties,
since we need to calculate tight (upper and lower) bounds for two or more MCMC
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methods. However, without calculating such bounds, sometimes it is possible to compare
different MCMC methods by the asymptotic variance JJ% in the following limit in M —
00:

1 M-—1
VM(Iy —1I) = N(0,0%), I = i S f(Xm), 1= /Ef(:c)H(dx).
m=0

For this comparison, it is sufficient to show positivity of an operator in L?(II) sense.
This approach was studied in Peskun (1973), and later developed by Tierney (1998)
and Mira (1998). Although the application area of this is limited, this approach is par-
ticularly useful for the comparison of the so-called data-augmentation (DA) procedure
with its parameter-expanded extension (see Hobert and Marchev (2008)).

These analysis on MCMC procedures obtain the exact bound of the convergence
rate or the exact comparison of MCMC procedures. We took a different approach
in Kamatani (2013). Usually, MCMC procedures are complicated that prevent us from
exact analysis. On the other hand, by using approximation theory, such as the traditional
large sample theory, sometimes it is easy to perform theoretical comparison among
MCMC procedures. For this approximation, we introduce an index n, which tends to
00. As n — oo, if the following holds for any M,, — oo, the MCMC procedure is said to
have the consistency in Kamatani (2013):

1 M-—1
By, = 1" = oe(V). Ty = 57 30 4(X3). 1" = [ f(a)m (ao 2)
m=0

where {X;m > 0} are sequences of II,-invariant Markov chains generated by MCMC
procedures. By Theorem 1 of Kamatani (2013), under some regularity conditions, the
DA procedure satisfies this property. In practice, if an MCMC procedure has the con-
sistency, it works fairly well. On the other hand, many popular MCMC methods do not
satisfy this good convergence property but satisfy a bad property

Iy — It = op, (1) 3)

for any fixed M € N. This property means that the Monte Carlo estimation using M
iteration is no more helpful than that using only one iteration. Therefore we can classify
MCMC procedure into two categories (2) or (3). Although these two categories do not
cover all of the cases, this classification is useful in practice. However it does not tell
the rate of convergence.

In this paper, we introduce a further step of this approach. As mentioned earlier,
the rate of convergence is useful to predict sufficient number of iteration until conver-
gence, or to compare different MCMC procedures in details. We call r,, the order of
the weak consistency if (2) is satisfied for any M,, — oo such that M, /r, — co. If the
MCMC procedure has the consistency, we can take r, = 1. On the other hand, the
order can be high if the performance of MCMC procedure is poor, that is, the condition
(3) is satisfied. The order 7, can be interpreted as the order of the sufficient number of
iteration.

As an example we will consider the DA procedure for a simple mixture model
pN(e,1) 4+ (1 — p)N(0,1) for unknown p but for known e. Since the performance of the
DA procedure heavily depends on the parameter €, we let € — 0 to illustrate the effect.
This DA procedure works quite poorly if the true model is close to N(0,1). The index
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n is the sample size. It has the order r, = ¢ 'n!/2 and this shows the effects of both
€ and the sample size n. This result comes from the fact that the trajectory of the DA
procedure tends to a path of the stochastic process defined by

dX, = (a1 + Xyz — X21)dt + /2X,dW, (4)

where I corresponds to the Fisher information matrix and z corresponds to the scaled
maximum likelihood estimator (see Theorem 3.1). It is probably well recognized that
the trajectory of poor behaved MCMC procedure looks like a path of a diffusion process.
This result is the first validation for this observation.

This paper is organized as follows. In Section 2 we define (local) weak consistency.
In Section 3 we apply this to the simple mixture model. Numerical results is provided
in Section 4 which shows the effect of the order of the weak consistency.

2. Local weak consistency of MCMC
We write [z] for the integer part of x € R.

2.1. Definition of local weak consistency

In this section, we review the (local) consistency and degeneracy and also, we define
the order of the weak consistency. Let © = R? be a parameter space. Suppose that
observation z,, is an element of a set X,,, and we are interested in the approximation of
the posterior distribution P(df|z,). We assume Bernestein von-Mises’s theorem, that
is, for some ¢,, — oo and some R?-valued random variable 1, (z,) such that

en(0 — uy) = Op(1) (5)

where 0|z, ~ P(df|z,,). We will consider asymptotic properties of the scaled parameter
cn (0 —uy).

MCMC procedure generates a sequence 6, = (0p,01,...) such that the law of
Ooolzy is a Markov chain with the invariant distribution P(df|z,). We assume station-
arity of the process 0|z,, that is, the initial guess 6, is generated from the posterior
distribution. This is impractical setting, but this assumption can be weakened. See
Section B for the detail. Let

M—-1
I () = ﬁ > flen(Oi—un)), I'(f) = / Flen(0 = un)) P(d0]z,,). (6)
m=0

We expect that I7,(f) is a good approximation of I”(f). For this in mind, we define
local consistency.

DEFINITION 2.1 LOCAL CONSISTENCY. MCMC procedure is said to have the local
consistency if I3, (f) — I"(f) = op(1) for any continuous, bounded function f and for
any M, — oo.

The MCMC procedure does not always work well. We also define a property of
this inefficient behavior. Essentially, the good behavior, local consistency, and the bad
behavior, local degeneracy defined below are exclusive (see Kamatani (2011)).
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DEFINITION 2.2 LOCAL DEGENERACY. MCMC procedure is said to have the local

degeneracy if I, (f) — I7(f) = op(1) for any continuous, bounded function f and for
any M € N.

As a measure of poor behavior, local degeneracy is sometimes too wide and so we
define a kind of order of convergence among degenerate MCMC procedures.

DEFINITION 2.3 LOCAL WEAK CONSISTENCY. MCMC procedure is said to have
the local weak consistency, if Iy, (f) — I"(f) = op(1) for any continuous, bounded
function f and for any M, such that M, /r, — co. We call 7, the order of the local
weak consistency.

We can interpret M,, as the sufficient number of iterations for good approximation.
Therefore if r, is large, the MCMC procedure requires many iterations to have a good
result. Under the local consistency, we can take r, = 1. We can compare different
algorithms by this order ,,.

2.2. Useful lemma

Let r, — o0o. For each n = 1,2, ..., consider a R%valued semi-Markov process
{07;t > 0}, which jumps at r;1,2r, 1, ... on a probability space (2, Fn,Pn).

LEMMA 2.4. Assume that the embedded Markov chain {F)m/r ;m=0,1,...} is a

stationary Markov chain with the invariant distribution P,. If {0};t > 0} converge in
law to a stationary ergodic process, then

[ gena— [ roP.0) = o, (1) (7
n J[0,Ty) Rd

for any T,, — oo for any bounded and continuous function f.

PROOF. We omit the superscript n from 6. Proof is almost the same as that of
Lemma 2 of Kamatani (2013). Without loss of generality, we can assume sup,cpa | f(z)| <
1. Write Iy, and I™ for the first and the second terms in the left-hand side of (7), re-
spectively, and write I; g for %fte[o,S) f(bisy+)dt. Then

S . 1
Ip=2 Lis+— £(6,)dt.
T Z_% CUT Jismysin

Note that I; s (i = 0,1,...) is not identically distributed in general. If we take S, =
([Srn]+1)/ry, then I; g, (i =0,1,...) have the same law under P,,. Hence as in Lemma
2 of Kamatani (2013), we have

Ballir~ 1) < [ D]m s, - 1) 4 2 T TS
S o Su—8Y T Sa[T/S]
< [J{anEn|Io,S—I|]+2 S }-1-2#

where in the second inequality, we used Iy s, = (S/Sn)lo,s + f 5" f(0y)dt/S,. As
T = T, — oo, the second and the third terms in the left-hand 51de vanishes, and
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Sy /T[T/S,)S/S, — 1 for any fixed S. Hence if E,[|Ip,s — I"|] can be arbitrary small,
the claim follows.

Let P be the limit of P, and write I = [, f(0)P(df). Then E,[|Ios — I"|] —
E[|1o,s — I|] where E is the expectation with respect to the limit probability measure P.
Since 6; is ergodic under P, this value tends to 0 as S — oco. Hence the claim follows.

3. Application to mixture model

Let Fi(dx) = fi(x)dz be probability measures on (F, &) with parameter ¢ > 0, and
write F' = Fj and f = fy. We assume that f; is always strictly positive. Consider the
following simple mixture model:

Pe(dz|0) = pg(z)dx = (1 — 0)F(dx) + 0F(dx). (8)

MCMC procedures for general k-component mixture model have been developed to
perform better posterior inference. See monographs such as Robert and Casella (2004)
and Frithwirth-Schnatter (2006). It is well known that for general k-component mixture
model, the posterior distribution is multi-modal, and if these peeks are close, then
the posterior inference becomes difficult due to the so-called label-switching problem
(see Stephens (2000), Marin et al. (2005) and Jasra et al. (2005)). We address here a
separate issue. In fact, under such a situation, another problem, local degeneracy occurs.
We illustrate this effect by using the order of the weak consistency.

For this reason, we assume over-parametrized situation, that is, the observation
z, = {x',... 2"} are independent draw from a one-component model F. We will show
that if two components F;y and F, are close, the performance becomes even worse. To
illustrate the effect, we let € = ¢, — 0. Write r,, = ¢ 'n'/2 and ¢, = en'/2. There
is an obvious relation r,¢, = n. As in p902 of Gassiat (2002) we assume the following
regularity condition. Write L?(F) for the set of F-square integrable functions with norm
|- defined by lg]]? = [ g(x)*F(da).

Assumption 3.1 There exists d € L*(F) such that r(z) := f(z)/f(x) — 1 — ed(x) =
o(e) in L%(F). Moreover, ||d|> = I # 0. The prior distribution is assumed to be
Beta(aa, ) for ag, 1 > 0.

Under the assumption, [ d(z)F(dz) = 0 because | [ d(z)F(dz)| = | [r(x)F(dz)|
< e Y|re]| = 0. One step of the DA procedure is

Pi = T=o) 7 (@) +07=")
0|, yn ~ Beta(ay +n1, 0 + 1 —ny)

{ y'|zt, 0 ~ Bernoulli(p;), p; = 9];—(””) (i=1,...,n), )

where y,, = {y',...,y"} and n; is the number of heads in yi,...,y,. For this model, it
is natural to take state space scaling as

0 — cpb (10)

where we take u,, = 0 in (5). We will discuss the local consistency and the local
degeneracy under this localization.

The DA output 60y, 01, ... behaves poorly, and the sequence converges to the fol-
lowing diffusion process after the state space scaling in (10) with suitable time scaling.
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Let

dX; = (1 + Xy2 — X21)dt + \/2X:dWy; Xo|z ~ P*(dz|z) o exp(xz — 21 /2)2* " 'dx

(11)
where {W;;t > 0} is the standard Brownian motion independent of z ~ N(0,I). Write
the law of {Xy;t > 0} given z by L({X;;t > 0}|2). For each z, there is a weak solu-
tion L({X¢;t > 0}|z) which is ergodic with invariant measure P*(dz|z) (see Theorem
2.3 in Bibby et al. (2005). See also Section 5.5 of Karatzas and Shreve (1991)). By
convergence to this process, we obtain the following.

THEOREM 3.1. Suppose that x',...,x" are independent sample from F. Under
Assumption 3.1, the DA procedure has the local weak consistency with the order r, =
e n'? if ¢, = en'/? — 0.

PROOF. Let {07;m =0,1,...} be the stationary Markov chain generated by (9).
Let Xi* = ¢u0y, . Then by Theorem AG6, LH{X};t > 0}|xy,) tends to L({X;t > 0}z)
in distribution, where z ~ N(0,I). As mentioned above, L({X¢;t > 0}|z) is stationary
and ergodic. Together with the separability of the Skorohod topology, and Skorohod’s
representation theorem (see Theorem 6.7 of Billingsley (1999)), there is a probability
space such that L({X}*;t > 0}z,,) = L({X¢;t > 0}|z). Hence by Lemma 2.4, for any
bounded continuous function f on [0, c0),

1
T fX)dt = - flenb)P(db]2y) = op, (1)
n J[0,Tn) [0,1]

for any T,, — oo, where P(df|z,,) is the posterior distribution, which is the invariant
distribution of X}'. Take M, /r, = T, and rewrite

1 1 M, —1
— FXM)dt = — F(cnbim).
T, Jor, (X¥) A mEZ:O (cnbm)

Then the convergence of probability in the above means weak consistency of the DA
procedure on the order r,.

Although this result for the large sample scaling limit is new, the scaling limit to
a diffusion process have been studied in other directions by Gelfand and Mitter (1991)
for small variance asymptotics, and by Roberts et al. (1997) for high-dimensional small
variance asymptotics. In particular, the latter approach is still very active. See a recent
review by Sherlock et al. (2010) and the references their in. It is worth mentioning that
we can apply the local weak consistency for these results.

4. Numerical results
4.1. Metropolis-Hastings procedure

To illustrate poor performance of the DA procedure, we consider a simple indepen-
dent type Metropolis-Hastings (IMH) procedure as an alternative and compare it with
the DA procedure. Note that we prepare this IMH procedure just for comparison and
may work well only for this simple mixture model. However related methods may work
well for general mixture model and this direction will be studied in elsewhere.
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We briefly review the IMH procedure. If we want to approximate probability
distribution P on (F,&), we prepare the so-called proposal distribution @, such that
there exists a Radon-Nikodym derivative dP/d@Q = h(x). Then IMH procedure iterates
the following; Suppose that we have the current value § € E. Then

. . 0* with probability a(8, 0*
simulate 6% ~ Q, set § { 6 with probability 1 ja(e,)e*) )
where (6, 6*) = min{1, h(0*)/h(#)}. This iteration resulted in a Markov chain 6, 61, . ..
with the invariant distribution P. Hence if it is ergodic, we obtain an approximation of
P without simulation from P.

Now we apply this IMH procedure to the simple mixture model. The key is the
choice of the proposal distribution. Set Q¢(dz|#) which is close to P¢(dx|f) in such as
the Kullback-Leibler distance. Calculate the posterior distribution Q(df|xz,) for obser-
vation x,, = {x!,... 2"} with the model Q¢(dx|f). We use Q(df|z,) as the proposal
distribution.

Next section, we will consider F; = N(t,1). For this, take Q¢(dz|0) = N(e6,1)
with the uniform prior. Then Q(df|z,) = N (> i_, z'/ne,1/ne?) truncated to [0, 1]. It
is not difficult to check the local consistency of this IMH procedure. See Section C for
the details.

4.2. Simulation

We compare the DA and the IMH procedures through numerical simulations. Con-
sider the normal mixture model F.(dz) = N(e,1). To illustrate the difference of the
DA and the IMH procedures, first we plot the trajectories of 8,, (m =0,1,2,...) under
fairly large sample size n = 10* with the true model N(0,1) and € = 0.5. Unlike the
IMH procedure, the trajectory from the DA procedure behaves like a stochastic diffusion
process (Figure 1) and this is true by Theorem A6. By Theorem 3.1, the order of the
weak consistency is 7, = ¢ 'n'/2 = 200 for the DA procedure but it is 7, = 1 for the
IMH procedure.

Next we check the effect of n, € and the underlying true model. To illustrate the dif-
ferences of the performance, we plot empirical autocorrelations. If an MCMC procedure
has poor mixing property, empirical autocorrelation does not converges to 0 quickly.
First we check the effect of n for e = 0.5 by the different sample sizes 50,250 and 1250.
Orders of the weak consistency of the DA procedure are r, = 14.14...,31.62... and
70.71.... Recall that r, corresponds to the number of iteration for good convergence,
and so we take the window size as max{25,2r,, }. As the sample size becomes larger, the
mixing property of the DA procedure becomes worse, as the empirical autocorrelations
suggest (Figure 2).

Similarly, next we check the effect of € for n = 250 by the different values ¢ = 0.1,0.5
and 1. Orders of the weak consistency of the DA procedure are r, = 158.11...,31.62...
and 15.81... (Figure 3).

Finally, we check the effect of the underlying model. We only checked the behaviors
of MCMC procedures under the true model N(0,1). Now we check those for pN(0,1) 4+
(1-p)N(1,1) for p = 0, 0.25 and 0.5. However as Lemma A1 and Le Cam’s third lemma
suggest (see the comment after Lemma A1), the effect of the difference of the underlying
true model may be small under the assumption en!/? — oo (Figure 4).
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Figure 1: Trajectories of MCMC procedure for n = 10*. The dashed line is the trajectory
from the DA procedure and the solid gray line is that of the IMH procedure.
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Figure 2: Empirical autocorrelations for n = 50 (left), 250 (middle), and 1250 (right),
for the IMH procedure (top) and the DA procedure (bottom).
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Figure 3: Empirical autocorrelations for ¢ = 0.1 (left), 0.5 (middle), and 1 (right) with
the sample size n = 250, for the IMH procedure (top) and the DA procedure (bottom).
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Figure 4: Empirical autocorrelations for p = 0 (left), 0.25 (middle), and 0.5 (right) with
the sample size n = 250, and e = 1 for the IMH procedure (top) and the DA procedure
(bottom).
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4.3. Discussion

In this article we presented a definition of the order of the weak consistency, and
applied it to a simple mixture model. The simulation results suggest that this order is
a good measure of the convergence. It remains true that the verification of the weak
consistency for complicated model is technically difficult. However estimation of r,, is not
difficult if the corresponding Markov chain convergence to a diffusion process such as (4).
Such a convergence is probably true for more general MCMC methods. For example, the
DA procedure for a simple probit model converges to the Ornstein-Uhlenbeck process
with the rate r, = n. With this in mind, r,, can be estimated by an empirical estimate
of

Vi [0]2]
Vo[07 — 68 |x,]

Ty

where the numerator is the variance of the posterior distribution, and the denominator
is the variance of 7 — 03, where {0";m = 0,1, ...} is an output of an MCMC procedure.
A similar statistic was proposed in Roberts and Rosenthal (1998). This can be used as
a measure of efficiency of MCMC methods.
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A Limit results
Al. Some properties of simple mixture model

We define
9—f - ;
tg = T» ln(g) = ZIOgg(‘TZ)'
i=1
0 For g = p§, we have t,e = Ot;, and ty, = ed + r.. Note that [g(z)F(dr) =
Jre(z)F(dz) = 0.

LEMMA A1 LOCAL ASYMPTOTIC NORMALITY. Under Assumption 3.1, for any H >
0,

sup | (pf,/e,) — In(f) — bn™' 2> " d(z") + h*1/2| = op, (1). (12)
he(0,H] i=1

PROOF. Set R to be log(1 + ) = z — 2%/2 + 2?R(z), where R(x) — 0 (z — 0).
As in the proof of Theorem 3.1 of Gassiat (2002) we have

n

In(9) = In(f) = te(a’) — % Ztg(mi)Z + Ztg<xi)23(tg(xi)>.

i=1
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For g = pj, ., we have t, = hn='2(d + r./€). Hence the first term of the right-hand
side is

hnil/QZn:d(a:i) +hn~t 127’5 = hnil/ZZd )+ op, (
i=1

uniformly in b € [0, H]. By similar arguments, sup,epo s | Y ;-1 tps ., (x1)? — 21| =
op, (1) in probability. For the third term,

sup - max |t
he[0,H] i=15m

)|<H max |c, 'ty (z")].

=1,....,n

ph/cn(

However max;—1, ., |c, ts. (z%)| = op, (1) by the inequality P(max;—1, ., |X;| > ¢) <
23" L E[|X;]%,|X;i] > ¢)]. Hence the third term is negligible. By these, the conver-
gence (12) follows.

Let P, (dz,) =[], Fo(dz?) and Q,(dz,) =[], Py (dz?) where z,, = {a!,
x2"}. Then P, and @, are mutually contiguous by Le Cam’s third lemma. Therefore
if a statement is true in P,-probability, then it is also true in @, -probability, and vice
versa. Thus Theorem 3.1 holds even if the observation is an ii.d. draw from Pf Jen for
any fixed h > 0.

LEMMA A2 CONSISTENCY OF THE POSTERIOR DISTRIBUTION. Under Assumption
3.1, for any M, — oo,

1
/ P(df|x,) = op, (1).

M, /cn
PRrROOF. Let P(df) = Beta(a, o). By definition, for M, H > 0,
[ P - Jie XPUn(2) = L (IDPD) _ [y, exp(la(0) = 1 ($)P(d0)
M/en ! Jo exp(la(pg) = La())PO) [ expl(l(ph) — L (f))P(d0)
. fM/L exp(ln(pf) — ln(f))ngf) 13
infGE[O,H/cn] eXp(ln(pg) - )) fo " P(d@)

By Lemma A1, the infimum in the denominator is bounded below from 0 in probability,

and f H/en P(df) is on the order of ¢;;**. Therefore, to prove the claim, it is sufficient
to show that the numerator is op, (c‘al) as M = M,, — cc.

As in the proof of Inequality 1.2 of Gassiat (2002), since log(1 + z) <z — (z_)?/2
where x_ = min{0, z}, we have

2 n

Ln (P ) < 92% Z(tfe)g(xi)

=1

Note that |(ts,)- —ed_| < |r¢|. Since P(df) < CH*1~1df for some constant C > 0, up
to this constant, an upper bound of the numerator of (13) is

n o] 2

> i a1 — —« h al—
/ exp HthE Z(tf)g(m N "rdo = ¢, /M exp(hAn—?Bn)h Ydh

M/cp i=1
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where A,, := ¢, s (') = N(0,1) and B, := > i, ¢, 2(tr. )2 (2*) — ||d_||* in proba-

i=1"n
bility. Hence as M = M,, — oo, this is on the order of op, (c;;**) and hence the claim
follows.

Let P*(df|z) be a probability measure on [0, c0) such that
P*(df|z) o exp(8z — 621/2)6°*~1dh (14)

where z € R. The following is a Bernstein-von Mises theorem. We omit this proof since
it come from exact the same way as the proof of the usual Bernstein-von Mises theorem
for regular parametric family. See for example, pl42 of van der Vaart (1998). In the
following, || - || is the total variation distance defined in (1).

PROPOSITION A3 BERNSTEIN-VON MISES THEOREM. Under Assumption 3.1,

1P* (dB),) — P*(d6]z = n~ "2 Y~ d(a))[| = oe, (1)
i=1

where P*(df|z,) is defined by f[O,H] P*(df|z,,) = f[o,H/cn] P(df)z,,).

A2. Convergence to a diffusion process

Let 63,07, ... be an output of the DA procedure for given observation x,. In this
section, we will show that {hy,;m = 0,...,} has a diffusion limit where h;, = c,07,.
Note that by using t,, P(y* = 1|6, 2") and P(y* = 0]6, ") become

Of(x')  O+tp(a’) (1-0)f(a)  1-90
p(a)  LTHtye(a))  po(ai) L+t (a)’

(15)

with respectively. Throughout in this section, we set § = h/c, and consider uniform
convergence property with respect to h. We use the both notation 6 and h. Write
Xg = op,(6n) or Xo = Op,(6,) for some sequence d,, > 0 if supye(o /e, | X6l i op, (9r)
or Op, (6,) for any H > 0 with respectively.

LEMMA A4. Let ny = Y., y" such that y*|0,z" ~ P(dyld = h/c,,z"). Under
Assumption 3.1,

En[ni]0, z,) —n = hn~'/? Z d(x") — h*I + op, (1), (16)
i=1
o Vanil0,z,] = h+op, (1) (17)

In particular, both E,[n1|0,z,] and V,[n1|0,x,] are Op, (r,). Moreover, for k = 3,4,
En((n1 — En[na]0,2,))"[0,20] = Op, (ri7?). (18)

PROOF. Note
23

. 1—|—x}'

1+

:9+(1—9){x—x2+
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Thus, by (15),

n 0 . .’Ei n . n . n t36 .’L‘i
Bl = D B =t (103 )3 )+ e

i=1 i=1 i=1 i=1
We already have a similar expansion in Lemma Al (take R(x) = x/(1 + x) here), and
so for § = h/cy, the inside of the bracket is

hn 2N " d(at) — B2 + op, (1).
i=1

Thus we obtain (16). To show (17), observe

Va0, z,] = 21+tp§(xi)1+tpg(:ci)

i=1

- (1- e)tpg (331) tpg (xz)
= -0 {o+ S T - e

1=

The reading term of the above is n(1 — 6)6, and the remaining terms are dominated by

n toe Z‘i n tLZE 1,1'
23 fi(e&i) 2 G +pf(e<szi>>2'
i=1 Py i=1 Py
For § = h/c,, these are Op, (1). This is clear by expansion z/(1+ z) = z — 2%/(1 + x)
with Y77 tpe (2*) = Op, (1) and max; [ty (z*)| = op, (1). This proves (17).
Next we show (18). If X* ~ Bernoulli(p?), |[E(X?® —p")*| = [p*(1 —p)* + (—p")F(1 —
p')| < 2p' = 2E[X"]. Let S =", X;. Then

[E[(S = E[S])°]l = | 32—, B[(X* = E[X")°]| < 2E[S],
[E[(S —E[SDY]| = | Zim, E(X" — ELX)Y] + 2,2, VIX ] VIX]
2R[S] + V[S]2 < 2E[S] 4 4E[S]2

Using this fact,

|]En[(nl - En[n1|eaxn])3|97xn]| S 2En [n1|97$n] = OIP’,,L (’rn>7
E,[(n1 — En[ni1]0, 2,])40, 2,] < 2E,[n1|0, 2] + 4K, [n1]0, 2,]? = Op, (r2).

PRrOPOSITION A5 CONVERGENCE OF THE COEFFICIENTS. Let 0* be the output of
(9) when 6 is the previous value. Then under Assumption 3.1,

nBn [0 — 010, 2,] = o1 +hn /2 d(') = B2 +op, (1), (19)
i=1
ne, Vo076, 2,] = 2h+op, (1) (20)

and

2R, [(0F — E,[0%10, 2,])%0, 2,] = Op, (1). (21)

2
n
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PROOF. Since 6*|x,,y, follows Beta(as + ni,ap +n — ny), we have

a1 + Ep[n1)0, z,]
o +ag+n
(1 o1t ag ) {a1 + Ep[n1]0, 2] — nb} — 0(a1 + ap)

o] +oag+n n

-0

and thus (19) follows by (16). Observe that
En[(0" = 0)*|2n, yn] = (Enl07 |20, yn] — 0)* + V[0 |20, ya]. (22)

Expectation of the first term in the right-hand side is

En[(En[9*|x7Layn] - 9)2|0733n] = ]EWL[(]ETL[Q*|$n7yn} - ]En[e*|0axn])2‘9amn]
+E,[0% — 010, 2,]?
Vi [11|0, 5] 2
= — 1 -4 EK,[0"—0|0,x,
(a1+a0+n)2+ [ 10, 2]

= h/nc, + Op, (1/n?)

where the last equation comes from (17, 19). Expectation of the second term of the
right-hand side of (22) is

. (a1 +n1) (g +n —ny)
E = E
lVald s val 0 a] - = B[ ST s,
2

nny —ni + O(n)

= En 0: n
{ n3 + 0(n?) | x]

 En[na0,z,] r2 _h r2

= I 0, () = EJFOP"(E)’ (23)

where in the third equality, we used E,[n?|0,1,] = E,[n1|0,2,)* + V,[n3|0,z,] =
Op, (r2), and n=2 = o(r2 /n?). This proves (20).
Last we show (21). By Jensen’s inequality,

Recall that if X ~ Beta(cq, 8), the kurtosis is

B(X —EX)Y _, (0= BPlatf+)-afa+B+D) _, 6
V[X]? afla+B+2)(a+5+3) - min{c, 8}

where in the second inequality, we used simple fact such as | — 8] < max{a, }. Since
0*|Zpn, Yy ~ Beta(ag +n1,00+n—n1) and min{a; +n1, a0 +n—n1} > min{ag, ap} > 0,

we have
E,[(6" — En[9*|xn,yn})4 < CVL[07 |2y, yn]2

for some constant C' > 0. Hence (21) follows by (23).

Recall that 63,07, ... are scaled to h)), = c,0;,. Furthermore, we introduce an

interpolated process
XZL = h’[r:"nt] = Cnoﬁ,nt]
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where [z] is the integer part of z. Write L({X}*;t > 0}|x,,) for the law of {X[;¢t > 0}
given x,. We show that the convergence of {X";t > 0} to {X;;t > 0}. There are
many studies for the convergence of Markov chain to Markov process. See Section
4.8 of Ethier and Kurtz (1986) and references therein. We apply Theorem IX.4.21 of
Jacod and Shiryaev (2003) that shows the convergence of pure jump Markov process to
a diffusion process. Note that {X}*;t > 0} is not a Markov process, since it jumps at
deterministic time, but still we can apply the theorem by Proposition VI.6.37 (b) of
Jacod and Shiryaev (2003). Indeed, we apply Theorem 1X.4.21 of Jacod and Shiryaev
(2003) to
V" = hipn = cplblpn

that is a step Markov process, and we will obtain convergence of Y to X in the proof
of the following theorem. We can check the condition of Proposition VI.6.37 (b) for
T = N[’TLL 4 where N is the i-th jump time of T™. Then by this proposition, we obtain
the convergence of X™ to X as in the statement of the following theorem.

THEOREM A6 CONVERGENCE OF THE DA PROCEDURE TO A DIFFUSION PROCESS.
By Assumption 3.1, LH{X[;t > 0}|zy,) tends to L({X¢;t > 0}|2) in distribution, where
z~ N(0,I).

PRrROOF. By Skorohod’s representation theorem, we may assume that there exists
a probability space (€2, F, P) such that z,(w) :=n~Y/23"  d(2') — z(w) for any w € Q.
Let b(&;2) = ag + €2 — €21 and ¢(&; 2)? = 2¢, and set

bn(gvxn) = AnCnEn[o* - 9|9 = Cngal'n]v Cn(§§xn) = Ancivn[a*w = Cng,l'n]'
dn(&xn) = )\ncfrllEn[(e* - En[9*|9 = cnfvxn])4|9 = Cnf7l'n].

In Proposition A5, we proved that

P(Issfi% 07 (& 20) = b(&; 20)| + [ (& 20) — (&5 20) | + [d"(&20)| > €) = 0

for any H > 0, € > 0. Thus by local uniform continuity of b(¢; z) and ¢(&; z) in (&, 2),
we have U,, = op(1) where

Up= > 27" min{l, sup [b"(&wn) — (& 2)| + [ (& @n) — (& 2)| + 14" (& ) [}

m=1 |€|<m

Thus by Theorem IX.4.21 of Jacod and Shiryaev (2003), L({X[*;t > 0}|z,,) converges to
L({X¢;t > 0}]2) in probability. Indeed, by Skorohod’s representation theorem again, we
may assume z, — z and U, — 0 on a probability space (', F',P’). Then b"(§; z,(w)) —
b(&; z(w)), (& xn(w)) = (& 2(w)) and d"(&; zp(w)) — 0, local uniformly in £ for any
we.

B Stationarity condition

Let 2, 8o = (00,01, ...) and a probability measure P be as in Section 2.1. Station-
arity of 0|2, implies 0|z, ~ P(df|z,). We relax the condition and replace P(-|z,)
by some probability measure Q(:|z,). The choice of Q(-|z,) is of great interest in the
literature, and in practice, we usually choose 0y close to the “center” (such as MLE or
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MAP) of P(df|z,). Lemma 4 of Kamatani (2013) shows that these choices are reason-
able. As an example of Q(:|z,), we will show that Q(-|z,,) defined in the end of Section
4.1. works well (more precisely, Theorem 3.1 holds) in our model.

Write Q for a probability measure as the same as P replacing 6g|z, ~ P(df|x,)
by Oplx, ~ Q(df|x,). We call that Q is contiguous to P if for any bounded functions
On(Tn,0c0), On(Tn, o) = op(l) implies @y (zn, 8) = 0g(1). In particular, if an MCMC
procedure has local (weak) consistency in P, then the same property holds in Q. Thanks
to Markov property, contiguity holds if for any bounded functions ., (x,,0),

U (20, 00) = OIP’(l) = wn(xmeo) = OQ(l)'

To see this, take ¢y, (2, 00) = Elpn(Tn, Oco)|Zn, O0]. Write p < v if u(A) < v(A) for any
measurable set A. Note that ||v — p|| = 2supy [v(A) — u(A)| < 2¢ implies p < v +e.

LEMMA B1 LEMMA 4 OoF KAMATANI (2013). Suppose that for any € > 0, there
exists ¢ > 0 such that

Iminf P(A,c) > 1—¢€ Ape:={Q(|zn) < cP(:|z,) + €} (24)

n—oo

Then Q is contiguous to P.

Indeed, if P(¢,) = o(1) for [0,1]-valued function v, then Q(vn) < P(Aj5, ) +
cP(v,) + € and limsup,, ,. Q(¢,) < 2. Now we apply Lemma Bl to our model.
Let Q¢(dx|0) = F.p and write Q(df|x,,) for the posterior distribution for the flat prior
distribution as in the end of Section 4.1.

Scale Q(df|zy,,) by 6 — ¢,0 and write it Q*(df|z,,). As in Lemmas A1-A3, it is not
difficult to conclude

1Q* (dblarn) — Q7 (db]z0) | = 0p(1), 20 =0~ 1/? Zd(wi) (25)

where Q*(df|z) is a probability measure on [0, 00) such that
Q*(df|z) o exp(8z — 621 /2)d6.
Thus for any € > 0, we have

liminf P(A, ) = 1, A} = {Q"(|as) < Q" (|2 = 2,) +¢/3}.

n—0o0

Choose a compact set K C (0,00) so that liminfP(z, € K) > 1—e€ If 2z € K, we
can choose ¢ > 0 so that Q*(df|z) < ¢P*(df|z) + €/3 where P*(df|z) is as in (14). By
Proposition A3,

linl}ianP’(Aiﬁ) =1, A2 = {P*(df|z = z,) < P*(db|x,) + €/3c}.
Together with these results, the conclusion holds, since Ay D {z, € K} NU,_; 5 47,
and we have

2
lim inf P(A,, ;) > lim inf (1 —P(z, € K°) — ZP((AZ'M)CD >1-e

n—oo n—00 ;
i=1

Thus Theorem 3.1 holds under Q as claimed.



120 K. KAMATANI

C Consistency of independent type Metropolis-Hastings procedure

We prove local consistency of the independent type Metropolis-Hastings (IMH)
defined in Section 4.1. For probability measures P, Q and a transition kernel K on R?,
we introduce an operator ®

(PR K)(AxB) = /AP(dx)K(x, B), (P®Q)(A x B) = P(A)Q(B).

and extend them to probability measures on R??. We introduce another operator A by
(P A Q)(dx) = min{p(z), q(x)}o(dz).
if dP/do(x) = p(z) and dQ/do(x) = q(z) for a o-finite measure o. Let X™ = {X[*;i €

Np} be a Markov chain with the transition kernel K, with the initial distribution P,,
and let X = {X;;7 € No} be that for the transition kernel K with the initial distribution

P.

LEMMA C1 LEMMAS 2 AND 3 OF KAMATANI (2013). Let K and K, (n=1,2,...)
be transition kernels that have the invariant probability distributions P and P, with re-
spectively. If || P, @ K, — P® K|| — 0, then X" tends to X in law. Moreover, if K is
ergodic, then for any bounded continuous function f and any M, — oo,

My,—1

/ @) Paldz) = M0 Y F(X2) = os(1).

Thus || P, ® K, — PR K| — 0 with ergodicity of K is a set of sufficient condition for
(local) consistency. Assume that there exist Radon-Nikodym derivatives dP/dQ(x) =
h(z) and dP, /dQ,(x) = h,(z). As in Section 4.1, let

K(z,dy) = Q(dy) min{1,h(y)/h(x)} + R(z)ds,
R(z) = 1- . Q(dy) min{1, h(y)/h(z)},
Kn(z,dy) = Qn(d;) min{1, b (y)/hn(2)} + R (2)0z,

Ro(z) = 1- e Qn(dy) min{1, by (y)/hn ()}

where 9§, is the Dirac measure. By definition,
(P ® K)(dzdy) = (P® Q) ANQ ® P)(dzdy) + P(dz)R(x)d,(dy).

We also have
P(dz)R(z) = P(dz) — (P® Q) N (Q ® P)(dx x E). (26)

Note that by Corollary 2 of Tierney (1994), K is ergodic if P and @ is equivalent, that
is, absolutely continuous to each other.

LEMMA C2. Suppose K,, and K has the above form. Assume that P, and P are
absolutely continuous to Q, and Q with respectively. Then

[1Pn @ Ky — P& K[| <5[|P, = Pl +4]|1@n — Q.
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ProOOF. By triangular inequality,
[Py @Ky — PR K| < [[(Pn®Qn)A(Qn®Pn) = (P®Q)A(Q® P)|| + | P.Rn — PR

where PR and P,R,, are P(dz)R(x) and P,(dx)R,(x) respectively. By the represen-
tation of R in (26), the second term in the right-hand side of the above is dominated
by ||P, — P|| plus the first term. To find a bound of the first term, observe that for
any i, s, y1,y2 € R we have |x1 A xg — y1 Ays| < Z?zl |x; — yi|. By this inequality,
1 A o — 1 Ao < 21‘2:1 i — vi||- Thus we have

1P @ Kn = PRK| < 2[(Pn®@n)A(Qn®Pn) = (PRQ)A(QEP)|+|Pn— P
< AP ®Qn—PRQI+ P, — Pl
= AP®Qn—Pr®Q)+ (P.®Q—-PRQ)|+ P, — P
< 5[l = Pl +4]1@Qn - Q.-

Now we apply the above to the model (8) but we do not assume F; = N (¢, 1) here.
After scaling 6 — ¢,,0, the IMH procedure in Section 4.1 corresponds to

P,(df) = P*(df|x,), Qn(df) = Q*(db|xy,)
where P*(df|x,,) and Q*(df|x,) are as in Proposition A3, and (25). We already stated
1P7 (O] ) — P*(df]z = 20)|| = op(1), [|@Q7,(d0]zn) — Q(dO]|z = 2n)|| = 0p(1).

Although these probability measures are random (depending on z,,), by Skorohod’s rep-
resentation theorem, we can assume that the above convergence holds for each w and
Zn(w) = z(w) ~ N(0,1). Also we note that z — P*(df|z) and z — Q*(df|z) are contin-
uous in total variation norm, and P*(df|z) and Q*(df|z) are absolutely continuous for
each z. Hence the Markov chain generated by the IMH procedure has local consistency
by Lemmas C1, C2 for localization 6 — ¢, 0.
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