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He
ke's zeros and higher depth determinantsMasato WAKAYAMA� and Yoshinori YAMASAKIySeptember 27, 2009Abstra
tWe establish \higher depth" analogues of regularized determinants due to Milnor for thezeros of He
ke L-fun
tions. This is an extension of the result of Deninger about the regularizeddeterminant for the zeros of the Riemann zeta fun
tion.2000 Mathemati
s Subje
t Classi�
ation : Primary 11M36, Se
ondary 11F72.Key words and phrases : He
ke L-fun
tions, Regularized determinants (produ
ts), Weil'sexpli
it formula, Extended Riemann hypothesis.1 Introdu
tionLet K be an algebrai
 number �eld of degree n and of dis
riminant dK , OK the ring of integersof K, and r1 and r2 the number of real and 
omplex pla
es of K, respe
tively. Let � be a He
kegr�ossen
hara
ter with 
ondu
tor f andLK(s;�) :=Yp �1� �(p)N(p)s��1 =Xa �(a)N(a)s (Re (s) > 1)be the He
ke L-fun
tion asso
iate with �. Here, p runs over all prime ideals of OK and a over allintegral ideals of OK (we understand that �(p) = 0 if p and f are not 
oprime). It is known thatLK(s;�) admits a meromorphi
 
ontinuation to the whole 
omplex plane C with a possible simplepole at s = 1 and has a fun
tional equation�K(1� s;�) =WK(�)�K(s;�);where �K(s;�) is the entire fun
tion de�ned by(1.1) �K(s;�) := �12s(s� 1)�"��N(f)jdK j22r2�n � s2LK(s;�) Yv2S1(K)��Nv(s+ i'v) + jmvj2 �;and WK(�) is a 
onstant with jWK(�)j = 1. Here, S1(K) is the set of all ar
himedean pla
es ofK, "� = 1 if � is prin
ipal and 0 otherwise. Moreover, for v 2 S1(K), Nv = 1 if v is real and 2otherwise, and 'v = '(�) 2 R with Pv2S1(K)Nv'v = 0 and mv = m(�) 2 Z are determined by��(�)� = Yv2S1(K) j�v j�iNv'v� �vj�v j�mv (� 2 OK with � � 1 mod� f);where mod� indi
ates the multipli
ative 
ongruen
e and �v is the image of � of the embeddingK ,! Kv with Kv = R or C . When 'v = mv = 0 for all v 2 S1(K), � is 
alled a 
lass 
hara
ter.�Partially supported by Grant-in-Aid for S
ienti�
 Resear
h (B) No. 21340011.yPartially supported by Grant-in-Aid for Young S
ientists (B) No. 21740019.1



2 Masato WAKAYAMA and Yoshinori YAMASAKIFor T > 0, let RK(T ;�) be the set of non-trivial zeros of LK(s;�) (that is, the zeros whose realpart is in (0; 1)) with jIm (�)j < T and RK(�) := limT!1RK(T ;�). In this paper, we study thefun
tion(1.2) �K(s; z;�) := X�2RK(�)�z � �2� ��s := limT!1 X�2RK(T ;�)�z � �2� ��sand, for a positive integer r, 
ompute the fun
tion(1.3) �K;r(z;�) := exp�� dds�K(s; z;�)���s=1�r�:Remark that, when Re (z) > 1, the fun
tion �K;r(z;�) 
an be de�ned be
ause it will be shownthat �K(s; z;�) admits a meromorphi
 
ontinuation to C as a fun
tion of s and, in parti
ular, isholomorphi
 at s = 1� r for any r 2 N (Proposition 2.2). When r = 1, the right-hand side of (1.3)
oin
ides with the so-
alled the zeta-regularized produ
t of the sequen
e f( z��2� )�sg�2RK (�) and isdenoted by aY�2RK(�)�z � �2� � = exp�� dds�K(s; z;�)���s=0�:Hen
e one may 
all �K;r(z;�) a \higher depth (or depth r) determinants (regularized produ
t)"of the sequen
e f( z��2� )�sg�2RK(�). Su
h a higher depth obje
t was �rst studied by Milnor in[Mi℄. A
tually, from the viewpoint of the Kubert identity whi
h plays an important role in thestudy of Iwasawa theory, he introdu
ed an higher depth gamma fun
tion �r(z), whi
h we 
all a\Milnor-gamma fun
tion" of depth r, de�ned by�r(z) := exp� dds�(s; z)���s=1�r�with �(s; z) :=P1m=0(m+ z)�s being the Hurwitz zeta fun
tion, and studied fun
tional relationsamong them (see [KOW℄ for some analyti
 properties of �r(z)). Noti
e that, by the Ler
h formuladds�(s; z) = log �(s)p2� , we have �1(z) = �(s)p2� , when
e �r(z) indeed gives a generalization of the usualgamma fun
tion.When K = Q and r = 1, by Deninger [D, Theorem 3.3℄ (see also [SS, V℄), it is shown that, asan entire fun
tion,(1.4) �(z) = aY�2R�z � �2� � = 2� 12 (2�)�2�� z2��z2��(z)z(z � 1) = 12 32�2�(z):Here, when � is the trivial 
hara
ter 1, we write LK(s;1) = �K(s) (that is, �K(s) is the Dedekindzeta fun
tion of K), �K(s;1) = �K(s), WK(1) = WK , RK(T ;1) = RK(T ) and RK(1) = RK ,respe
tively. Moreover, we omit the symbol K when K = Q and r when r = 1.The aim of the present paper is to extend the result (1.4) of Deninger to general r and algebrai
number �elds. Namely, we 
al
ulate the fun
tion �K;r(z;�) expli
itly for any � and r 2 N. To stateour main result, let us introdu
e a \poly-He
ke L-fun
tion" L(r)K (s;�). Let Lir(z) :=P1m=1 zmmr bethe polylogarithm of degree r and Hr(z) := exp(�Lir(z)). Then, the fun
tion L(r)K (s;�) is de�nedby the following Euler produ
t;(1.5) L(r)K (s;�) :=Yp Hr� �(p)N(p)s��(logN(p))1�r :Noti
e that, sin
e Pp��log(Hr(�(p)Nps )�(logNp)1�r )�� � log �K(Re (s)), the in�nite produ
t 
onvergesabsolutely for Re (s) > 1, when
e the right-hand side of (1.5) de�nes a holomorphi
 fun
tion on the



He
ke's zeros and higher depth determinants 3region. It is obvious to see that this is a poly-analogue of the He
ke L-fun
tion. A
tually, whenr = 1, sin
e Li1(z) = � log (1� z) and hen
e H1(z) = (1 � z), we have L(1)K (s;�) = LK(s;�). Westudy several analyti
 properties of L(r)K (s;�) in Se
tion 3.The main theorem of the paper is the following.Theorem 1.1. For Re (z) > 1, it holds that�K;r(z;�) = � z2��"�( z2� )r�1�z � 12� �"�( z�12� )r�1L(r)K (z;�)(�1)r�1(r�1)!(2�)1�r(1.6) � Yv2S1(K)(Nv�)� (Nv�)1�rr Br(Nv(z+i'v)+jmv j2 )�r�Nv(z + i'v) + jmvj2 �(Nv�)1�r ;where Br(z) is the rth Bernoulli polynomial.2 Proof of Theorem 1.1To prove our main theorem, we employ a re�ned version of the Weil expli
it formula due to Barner[Ba℄. For a fun
tion F of bounded variation (i.e., VR(F ) <1 where VR(F ) is the total variation ofF on R), we de�ne the fun
tion �F (s) (s 2 C ) by�F (s) := Z 1�1 F (x)e(s� 12 )xdx:Moreover, for a He
ke 
hara
ter � and v 2 S1(K), de�neFv(x;�) := F (x)e�i'vx:Lemma 2.1 ([Ba, Theorem1℄). Let � be a He
ke 
hara
ter and F : R ! C be a fun
tion of boundedvariation satisfying the following three 
onditions:(a) There is a positive 
onstant b su
h thatVR(F (x)e( 12+b)jxj) <1:(b) F is \normalized", that is,2F (x) = F (x+ 0) + F (x� 0) (x 2 R):(
) For any v 2 S1(K), it holds thatFv(x;�) + Fv(�x;�) = 2F (0) +O(jxj) (jxj ! 0):Then, the following equation holds:limT!1 X�2RK(T ;�)�F (�) = "���F (0) + �F (1)�+ F (0) log N(f)jdK j22r2�n(2.1) �Xp 1Xl=1 logN(p)N(p) l2 ��(pl)F (logN(p)l) + �(pl)F (� logN(p)l)�+ Xv2S1(K)Wv(F ;�);where Wv(F ;�) := Z 10  NvF (0)x � �Fv(x;�) + Fv(�x;�)�e( 2�jmv jNv � 12 )x1� e� 2xNv !e� 2xNv dx:



4 Masato WAKAYAMA and Yoshinori YAMASAKIUsing the expli
it formula (2.1), we �rst show the followingProposition 2.2. For Re (z) > 1, we have�K(s; z;�) = "���2�z �s + � 2�z � 1�s�+ (2�)s2�i ZL� L0KLK (z � t;�)t�sdt(2.2) � Xv2S1(K)(Nv�)s��s; Nv(z + i'v) + jmvj2 �;where L� is the 
ontour 
onsisting of the lower edge of the 
ut from �1 to �Æ, the 
ir
le t = Æei for �� �  � � and the upper edge of the 
ut from �Æ to �1. This gives a meromorphi

ontinuation of �K(s; z;�) as a fun
tion of s to the whole plane C with a simple pole at s = 1.Proof. Suppose Re (z) > 1 and Re (s) > 1. Then, it is shown that the fun
tionF (x) := (xs�1e�(z� 12 )x (x � 0);0 (x < 0)satis�es the 
onditions (a), (b) and (
) in Lemma 2.1. Noti
e that�F (w) = �(s)(z � w)s ; when
e �F (0) = �(s)zs ; �F (1) = �(s)(z � 1)s ;and Wv(F ;�) = �Z 10  xs�1e�(z� 12+i'v)x e( 2�jmv jNv � 12 )x1� e� 2xNv !e� 2xNv dx= �Z 10 xs�1 e�(z+i'v+ jmv jNv )x1� e� 2xNv dx= ��(s)�Nv2 �s��s; Nv(z + i'v) + jmvj2 �:In the last equality, we have used the formula�(s)�(s; z) = Z 10 xs�1 e�zx1� e�xdx (Re (s) > 1):Therefore the expli
it formula (2.1) reads(2�)�s�(s)�K(s; z;�) = "���(s)zs + �(s)(z � 1)s��Xp 1Xl=1 logN(p)N(p)lz �(pl)(logN(p)l)s�1(2.3) � �(s) Xv2S1(K)�Nv2 �s��s; Nv(z + i'v) + jmvj2 �:Moreover, from the formula(2.4) L0KLK (s;�) = �Xp 1Xl=1 logN(p)�(pl)N(p)�lstogether with as�1�(s) = 12�i ZL� t�seatdt (a > 0);



He
ke's zeros and higher depth determinants 5a standard manipulation shows�Xp 1Xl=1 logN(p)N(p)lz �(pl)(logN(p)l)s�1 = �(s)2�i ZL� L0KLK (z � t;�)t�sdt:(2.5)By the same argument performed in [D℄, we see that the integral on the right-hand side 
onvergesabsolutely for any s 2 C , when
e it de�nes an entire fun
tion as a fun
tion of s. Therefore,substituting the formula (2.5) into (2.3) and multiplying (2�)s�(s)�1 to the both-hand sides of (2.3),we obtain the expression (2.2). Now it is easy to see that (2.2) gives a meromorphi
 
ontinuationof �K(s; z;�) to the whole plane C with only a simple pole at s = 1. This 
ompletes the proof ofthe proposition.We now give a proof of our main result.Proof of Theorem 1.1. Let us 
alu
ulate the derivative of �K(s; z;�) at s = 1� r for r 2 N. Write�K(s; z;�) = A1(s; z) +A2(s; z) +A3(s; z) whereA1(s; z) := "���2�z �s + � 2�z � 1�s�;A2(s; z) := (2�)s2�i ZL� L0KLK (z � t;�)t�sdt;A3(s; z) := � Xv2S1(K)(Nv�)s��s; Nv(z + i'v) + jmvj2 �:At �rst, it is easy to see thatexp�� ddsA1(s; z)���s=1�r� = � z2��"�( z2� )r�1�z � 12� �"�( z�12� )r�1 :(2.6)We next 
al
ulate the derivative of A2(s; z) at s = 1� r by the same way in [D℄. It is 
lear thatddsA2(s; z)���s=1�r = �(2�)1�r2�i ZL� L0KLK (z � t;�)tr�1 log t2�dt:It holds that 12�i ZL�L0KLK (z � t;�)tr�1 log t2�dt= 12�i Z 01 L0KLK (z � xe��i;�)(xe��i)r�1 log xe��i2� e��idx+ 12�i Z 10 L0KLK (z � xe�i;�)(xe�i)r�1 log xe�i2� e�idx= 12�i Z 10 L0KLK (z + x;�)(�1)r�1xr�1�log x2� � �i�dx� 12�i Z 10 L0KLK (z + x;�)(�1)r�1xr�1�log x2� + �i�dx= (�1)r Z 10 L0KLK (z + x;�)xr�1dx:



6 Masato WAKAYAMA and Yoshinori YAMASAKIMoreover, using the formula (2.4), we see that the right-hand side above is equal to(�1)r�1Xp 1Xl=1 logN(p) � �(pl) �N(p)�lz Z 10 xr�1e�lx logN(p)dx= (�1)r�1Xp 1Xl=1 logN(p) � �(p)l �N(p)�lz �(r)(l logN(p))r= (�1)r�1(r � 1)!Xp (logN(p))1�rLir� �(p)N(p)z �= (�1)r�1(r � 1)! logL(r)K (s;�):This shows that ddsA2(s; z)���s=1�r= (�1)r(r � 1)!(2�)1�r logL(r)K (s;�);when
e(2.7) exp�� ddsA2(s; z)���s=1�r� = L(r)K (s;�)(�1)r�1(r�1)!(2�)1�r :Finally, using the fa
t �(1� r; z) = �Br(z)r where Br(z) is the Bernoulli polynomial, we haveddsA3(s; z)���s=1�r= Xv2S1(K)(Nv�)1�r" log (Nv�)r Br�Nv(z + i'v) + jmvj2 �� log�r�Nv(z + i'v) + jmvj2 �#;when
e exp�� ddsA3(s; z)���s=1�r�(2.8) = Yv2S1(K)(Nv�)� (Nv�)1�rr Br(Nv(z+i'v)+jmv j2 )�r�Nv(z + i'v) + jmvj2 �(Nv�)1�r :Combining three equations (2.6), (2.7) and (2.8), we obtain the desired formula (1.6). This 
om-pletes the proof of the theorem.Corollary 2.3. We have(2.9) aY�2RK(�)�z � �2� � = (N(f)jdK j)� z22"�+ 12 r1+i'C+ 12mC�2"�+m�K(z;�);where 'C :=Pv : 
omplex 'v, mC :=Pv : 
omplex jmvj and m :=Pv2S1(K) jmvj. In parti
ular, if � isa 
lass 
hara
ter, then we have(2.10) aY�2RK (�)�z � �2� � = (N(f)jdK j)� z22"�+ 12 r1�2"� �K(z;�):Proof. Let r = 1 in (1.6). Then, noting that L(1)K (z;�) = LK(z;�), �1(z) = �(z)p2� and B1(z) = z� 12 ,and re
alling the de�nition (1.1) of �K(z;�), one easily obtains the expression (2.9). The formula(2.10) immediately follows from (2.9) sin
e 'C = mC = m = 0.



He
ke's zeros and higher depth determinants 7Example 2.4. Let � = 1. Then, from the equation (2.10), we obtain the regularized determinantexpression of the Dedekind zeta fun
tion �K(z);aY�2RK�z � �2� � = jdK j� z22 12 r1+1�2�K(z):This yields the equation (1.4) of Deninger by letting K = Q .Remark 2.5. As analogues of Theorem 1.1, \higher depth determinants" of the Lapla
ian on
ompa
t Riemann surfa
es of genus g � 2 are investigated in [KWY℄ (see [Y℄ for the 
orrespondingresults on higher dimensional spheres). We noti
e that these are de�ned like (1.3) but we employthe spe
tral zeta fun
tions for surfa
es instead of �K(s; z;�), when
e the determination of gammafa
tors is involved.3 Analyti
 properties of the Poly-He
ke L-fun
tionLet 
K(�) be the set of all 
omplex numbers whi
h are not of the form �� � for � 2 RK(�) andfor � � 0 or, if � is prin
ipal, 1�� for � � 0 (See Figure 1). We now give an analyti
 
ontinuationof L(r)K (s;�) to the region 
K(�).
PSfrag repla
ements Re

Im
00 111212

Figure 1: The region 
K(�) (if � is prin
ipal)
Lemma 3.1. It holds that(3.1) dr�1dsr�1 logL(r)K (s;�) = (�1)r�1 logLK(s;�) (Re (s) > 1):Proof. The 
ase r = 1 is trivial. Assume r � 2. Then, using the di�erential equationddzLir(z) = z�1Lir�1(z)



8 Masato WAKAYAMA and Yoshinori YAMASAKIof the polylogarithm, we havedds logL(r)K (s;�) =Xp (logN(p))1�r ddsLir� �(p)N(p)s�=Xp (logN(p))1�r� �(p)N(p)s��1Lir�1� �(p)N(p)s� �(p)N(p)s (� logN(p))= �Xp (logN(p))1�(r�1)Lir�1� �(p)N(p)s�= � logL(r�1)K (s;�):Therefore we indu
tively obtain the formula (3.1).Corollary 3.2. Let Re (a) > 1. Then, for r � 2, we haveL(r)K (s;�) = Q(r)K (s; a) exp Z sa Z �r�1a � � � Z �2a| {z }r�1 logLK(�1;�)d�1 � � � d�r�1!(�1)r�1 :(3.2)Here Q(r)K (s; a) := Qr�2k=0 L(r�k)K (a;�) (�1)kk! (s�a)k and the path for ea
h integral is 
ontained in 
K(�).The expression shows an analyti
 
ontinuation of L(r)K (s;�) to the region 
K(�).Proof. By indu
tion on r, (3.2) follows from (3.1). Sin
e logLK(s;�) is a (single-valued) holomor-phi
 fun
tion in 
K(�), (3.2) in fa
t gives an analyti
 
ontinuation of L(r)K (s;�) to 
K(�). Thisproves the 
orollary.Remark 3.3. Let �K(�) be the set of all 
omplex numbers whi
h are not of the form� jmvjNv �i'v��for v 2 S1(K) and for � � 0. Then, sin
e the Milnor-gamma fun
tion �r(z) is holomorphi
in the region C n (�1; 0℄, from Corollary 3.2, one sees that the expression (1.6) is valid for allz 2 
K(�) \�K(�). We noti
e that 
K(�) \�K(�) = 
K(�) when � is a 
lass 
hara
ter.Remark 3.4. Let eL(r)K (s;�) := QpHr� �(p)N(p)s ��1 for Re (s) > 1. Then we have also eL(1)K (s;�) =LK(s;�). It does not, however, seem to have an analyti
 
ontinuation to the whole plane C . Infa
t, in [KW℄, it was shown that e�(r)(s) := eL(r)Q (s;1) has an analyti
 
ontinuation to the regionRe (s) > 0 but has a natural boundary at the imaginary axis Re (s) = 0.We �nally show a relation between L(r)K (s;�) and the extended Riemann hypothesis for LK(s;�).Re
all that the extended Riemann hypothesis asserts that Re (�) = 12 for any � 2 RK(�).Corollary 3.5. The extended Riemann hypohesis for LK(s;�) is equivalent to say that the fun
tion(s� 1)�(s�1)L(2)K (s;�) is a single-valued holomorphi
 fun
tion in Re (s) > 12 .Proof. Let r = 2 in (3.2). Then, from (3.2), we have(3.3) L(2)K (s;�) = L(2)K (a;�) exp��Z sa logLK(�;�)d�� (s 2 
K(�); Re (a) > 1):Here the path is taken in 
K(�). Noti
e that, sin
eZ sa log (� � 1)d� = (s� 1) log (s� 1)� s� ((a� 1) log (a� 1)� a);



He
ke's zeros and higher depth determinants 9we have es(s� 1)�(s�1) = ea(a� 1)�(a�1) exp��Z sa log (� � 1)d��:Hen
ees(s� 1)�(s�1)L(2)K (s;�) = ea(a� 1)�(a�1)L(2)K (a;�) exp��Z sa log (� � 1)LK(�;�)d��:Now the statement follows immediately from the fa
t that (� � 1)LK(�;�) is holomorphi
 at � =1.Referen
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