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Abstract

Plane Poiseuille flow in viscous compressible fluid is known to be asymptoti-
cally stable if Reynolds number R and Mach number M are sufficiently small.
On the other hand, for R and M being not necessarily small, an instabil-
ity criterion for plane Poiseuille flow is known; and the criterion says that,
when R increases, a pair of complex conjugate eigenvalues of the linearized
operator cross the imaginary axis. In this paper it is proved that a spatially
periodic traveling wave bifurcates from plane Poiseuille flow when the critical
eigenvalues cross the imaginary axis.
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1 Introduction

This paper is concerned with the bifurcation of traveling waves from plane Poiseuille
flow of the compressible Navier-Stokes equation. We consider the following system

of equations
Op + div (pv) = 0, (1.1)

p(Ow + v - V) — uAv — (p+ p')Vdive + VP(p) = pg (1.2)

in a 2-dimensional infinite layer 2, = R x (0, ¢):

Qe ={z=(r1,22) : ;1 €R, 0 < xy < (}.



Here p = p(x,t) and v = " (v!(z,t),v*(x,t)) denote the density and velocity, respec-
tively, at time ¢ > 0 and position x € y; P = P(p) is the pressure that is assumed
to be a smooth function of p satisfying

P'(p.) >0

for a given constant p, > 0; p and p are the viscosity coefficients that are assumed
to be constants and satisfy
p>0, p+p >0

div, V and A denote the usual divergence, gradient and Laplacian with respect
to z; and g is a given external force. Here and in what follows '- stands for the
transposition.

We assume that the external force g takes the form
g = géy,

where ¢ is a positive constant and e; = T(1,0) € R2.

The system (1.1)—(1.2) is considered under the boundary condition
U|x2:0,é = 0 (13)
We also require periodicity of p and v in z;:
p(xy + %’r,:@) = p(x1,22), vz + %T,ZUQ) = v(x1, T2), (1.4)

where o > 0 is a given wave number.
It is easily seen that (1.1)—(1.4) has a stationary solution %, = ' (p,, U,) satisfying

Po=pe 7=
S *9 S 2M

Slfg(g — 513'2)61,

that is the so-called plane Poiseuille flow.

The aim of this paper is to show the bifurcation of traveling wave solutions from
plane Poiseuille flow.

The function v, also gives a stationary solution representing parallel flow of the
incompressible Navier-Stokes equation. It is known that stationary parallel flow of
the incompressible Navier-Stokes equation is stable under any initial perturbations
in L? if the Reynolds number R is sufficiently small. Furthermore, plane Poiseuille
flow is stable under sufficiently small initial perturbations if R < R, for a critical
number R, ~ 5772, and unstable if R > R, ([9]).

As for the compressible case, the stability of parallel flow in the infinite layer
)y was studied in [7]; and it was proved that parallel flow is asymptotically stable
under perturbations sufficiently small in some Sobolev space over €2, if the Reynolds
and Mach numbers are sufficiently small. In [8] an instability criterion was estab-
lished; plane Poiseuille flow of the compressible Navier-Stokes equation (1.1)—(1.4)
is linearly unstable if @« < 1 and
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/ vV P'(ps) . N . .
where v = m, Vo= 8pi‘WO and 7 = 8Vp with Vy = pS_gz being the maximum
velocity of plane Poiseuille flow U,. More precisely, the spectrum of the linearized
operator —L consists of simple eigenvalues Ao (|k] = 1,--- ,ng) for some ny € R
such that

Aak = —é(ak) + ko(ak)® + O(lak|*)  (ak — 0).

Here kg is the number given by

1 1 9 v ,
"7 1o KQSO K ) 3072(3”+”)} ‘

As a consequence, if o < 1 and (1.5) is satisfied, then k¢ > 0 and plane Poiseuille
flow 1, = " (p,, V) is linearly unstable. Note that the Reynolds number R and Mach
number M are given by R = 16% and M = %, respectively. Instability condition (1.5)
is thus restated as

35 11 M2 /3 1
M> /2~ 209, ———>— (o — 1.6
8 '35 8MZ~ 15R (R * R’) ’ (1.6)

where R’ = 5. Therefore, Reynolds and Mach numbers are not small when (1.5)

v

(i.e., (1.6)) is satisfied. For example, if M = 2.5, R = 2 ~ 10.81 and 7 = —%
(i.e., V' = —%), then instability condition (1.6) (i.e., (1.5)) is satisfied.!

When the instability described above occurs, there seems to appear the Hopf
bifurcation. In fact, if 42 is fixed so that 5 —~* > 0, one can find the value v, > 0
such that kg < 0 for v = v;. When v is decreased from vy, complex conjugate
eingenvalues A1, cross the imaginary axis at some v = . We will show that there
are traveling wave solutions, which are periodic in x; and ¢, bifurcating from plane

Poiseuille flow for v ~ 14, provided that
o(—L)N{A\;Red =0} ={\s, Ao} at v = 1. (1.7)

Since Tooss and Padula ([6]) proved that o(—L) N {\;Re XA > —c} consists of finite
number of eigenvalues with finite multiplicities for some constant ¢ > 0, it seems
very unlikely that the assumption (1.7) is not satisfied for all & < 1. We also note
that we construct bifurcating solutions from Poiseuille flow when v and ~ are small,
which implies that Poiseuille flow is large, in other words, we show the bifurcation
from large stationary solution.

The bifurcation problem for compressible fluid was firstly treated by Nishida-
Padula-Teramoto [11] (cf., [10]); and the existence of the bifurcating convection
solutions was proved for thermal convection problem. The main difficulty in the
proof of the bifurcation arises from the convection term v - Vp in (1.1) which may
cause the derivative-loss, in other words, it is not Frechét differentiable in a stan-
dard setting. In [11], the effective viscous flux was used to overcome this difficulty

!The definition of M in [8] should be corrected as the one defined in this paper; in [8], M is
defined as M = /P’ (p.)/Vo; and, in [8, Remark 3.2], the value M = 8/~ = 160 should be corrected
as M =1/(8y) = 2.5 as in the example given here.



and establish the necessary estimates for the proof of the bifurcation of stationary
convective patterns. (Cf., [1, 5].) In this paper we will not use the effective viscous
flux but employ the iterative method in which the convection term v-Vp in (1.1) is
regarded as a part of the principal part as in the proof of the local solvability of the
time evolution problem. The method of this paper will be widely applicable to the
bifurcation problem for certain classes of quasilinear hyperbolic-parabolic systems.

To prove the existence of bifurcating traveling waves, we rewrite the time evolu-
tion problem to a stationary problem in a moving coordinates. We then decompose
the stationary problem into the null space of the linearized operator and its com-
plementary subspace. One of the points of the proof is to establish the solvability
in the complementary subspace, for which we apply the Matsumura-Nishida energy
method [12] and the results on the resolvent problem for transport equation by Hey-
wood and Padula [4] for a linear system which includes the convective term v - Vp
as in (1.1) with a given velocity v.

This paper is organized as follows. In section 2 we derive a non-dimensional form
of system (1.1)—(1.2) and rewrite it into the system of equations for the perturbation.
We also introduce notation used in this paper. In section 3 we state the instability
result of Poiseuille flow obtained in [8], and in section 4, we state the main result of
this paper on the existence of bifurcating traveling waves. Sections 5-8 are devoted
to the proof of the main result. In section 5 we first formulate the problem. We then
rewrite the time evolution problem to a stationary problem in a moving coordinates,
and we give a proof of the main result. In section 6 we prove the solvability in the
complementary subspace. Section 7 is devoted to a proof of a periodic version of
Bogovskii’s lemma. In section 8 we present a proof of the solvability in the null
space of the linearized operator.

2 Preliminaries

In this section we first derive a non-dimensional form of system (1.1)—(1.2) and then
give the system of equations for the perturbation. In the end of this section we
introduce notations used in this paper.

2.1 Non-dimensionalization

We introduce the following non-dimensional variables:

x =/(x, tzvf, v=V70, p=p.p, P=pV?

with 2
V=29
1

Under this transformation, (1.1) and (1.2) on €2, are written, by omitting tildes, as

Op + div (pv) =0, (2.1)



p(Ov +v - Vo) —vAv — (v + v )Vdive + Vp(p) = vpe; (2.2)
on the infinite layer 2 = €)y:
Q={z=(x1,29) : 11 €R, 0 < zy < 1}.

Here and in what follows we denote e; = "(1,0) € R?; v and v/ are the non-
dimensional parameters given by

!/

_ M = H
A PV

The assumption P’'(p.) > 0 is restated as
p'(1) > 0.

To derive (2.2) we have used the relation % = .

We will show the existence of traveling wave solutions of (2.1)—(2.2) bifurcating
from Poiseuille flow. Due to the above non-dimensionalization, the Poiseuille flow
is transformed to

Us = T(psavs)a
where

1
ps =1, vs="(v;(22),0), v5(2) = 5(—x§ + T2).

We next derive the system of equations for the perturbation. We substitute

u(t) = T(o(t),w(t)) = T((p(t) — ps),v(t) — vs) into (2.1) and (2.2), where v is the
non-dimensional number given by

S i)

Noting that p, = 1, v, = T(v}(x9),0) and —Av, = e;, we obtain the following
system of equations
O+ 04, + yAdivw = f°, (2.3)

dw — vAw — NV divw + Vo — —der + vl w + (Do) uder = [, (2.4)
y

Here 7 = v+ v/; and f° and f = "(f!, f?) denote the nonlinearities:
fO = —div (qbw)a

(yAw + %qael + pVdiv w> + PW(p)pV

Y+

P00 = (1= 1 [ Paso o).

7+ ¢ gl
We consider (2.3)—(2.4) under the boundary conditions

where

W|zy—01 =0, ¢, w: E-periodic in 1, (2.5)

and the initial condition
U|t:0 = Uy = T(%,wo)- (2‘6)

Here « is a given positive number.



2.2 Notation

We introduce some notations used in this paper. For given a > 0, we denote the
basic period cell by

Po=[-53)
We set
Qy =Po x (0,1).
We denote by C’gg’r(ﬁa) the space of restrictions to €2, of functions in C>(9)
which are P,-periodic in z;. We also denote by Cp¢, ((§2,) the space of restrictions

to Q, of functions in C*°(€) which are P,-periodic in ; and vanish near x5 = 0, 1.
We set
L2, (Qq) = the L*(2)-closure of Co2. (Qa),

per
HY.,(Q,) = the H*(€,)-closure of C22. (),
H., 0(Q) = the H'(Qq)-closure of C29 ((Q).
We note that if f € pe'r’O(Q ), then flo = /0 = floy=r/a and f|z,—01 = 0. Hper(Q )
stands for the dual space of H,, 4(€2). The inner product of f; € L2,.(Q) (j = 1,2)
is denoted by
(hf) = | B
where Z denotes the complex conjugate of z.
The mean value of a function ¢(x) over €, is denoted by (¢):
)= | o)
= x)dx
’Qa’ Qq
The set of all ¢ € L2 ,(Q,) with (¢) = 0 is denoted by L2, .(Qq), i.e.,

Lpers(Qa) = {0 € Lper(Qa) ¢ (9) = 0}

Furthermore, we set

HE (Q,) = H* (Q,) N L2, . (Q).

per,x per per,*

For simplicity the set of all vector fields whose components are in L2, (Qq) (resp.
H)..0(Q), HY.(Q4)) is also denoted by L2, (Qq) (vesp. H,,, o(Qa), Hk (Q4)) if no

per,0 per per per
confusion will occur.

We also use notation L2,,(Qq) for the set of all u = (¢, w) with ¢ € L2, (Qq)
and w = "(w',w?) € Lger( «) if no confusion will occur. The inner product of
u

i =T, w;) € L2, (Q) (j = 1,2) is defined by

iy, ) = /¢1 e )dx+/aw1(x)-w2(x)dx.

In what follows we abbreviate Q in L2,.(Q4), HY,,.(Q), ---, and etc., and write
them as L2, H),., -+, and etc.



We denote by L?(0,1) the usual L? space on (0, 1) with norm |-|.2, and, likewise,
by H*(0,1) the kth order L?-Sobolev space on (0,1) with norm | - |gx. The H!-
closure of C§°(0, 1) is denoted by Hj(0,1). As in the case of functions on ,,, function
spaces of vector fields w = T(w!,w?) and, also, those of u = T(¢,w), are simply
denoted by L?(0,1), H3(0,1), and so on. We define an inner product ({(uy,us)) of

uj = T<¢j7wj) € L2<07 1) (j = 172>7 by

1 __ !
((u1,ug)) = ?/o ¢1(l’2)¢2(9€2)d$2+/0 wy (x2) - wo(xa) das.

We denote the resolvent set of a closed operator A by p(A) and the spectrum
of A by o(A). The null space and the range of A are denoted by N(A) and R(A),

respectively.

3 Instability of Poiseuille flow

In this section we consider the instability of Poisueille flow.
Let us consider the linearized problem

01 + 010y, ¢ + y*divw = 0, (3.1)

dow — vAw — PV divw + Ve — %qﬁel 010w+ (D0 )ute; =0, (3.2)
W|zy—01 =0, ¢, w: Z-periodic in zy, (3.3)

=g = g = ' (o, wp). (3.4)

We set
X =1L%, x(L?)>

per,* per
We define the operator L on X by

D(L) = {u="(¢,w) € X; w € (Hp o) Lue X},
010, yAdiv 0 0
L= +
V  —vA —oVdiv —7’361 010,, + (On,vl)er ey

Recall that 7 = v+ > 0. Asin [6] one can show that —L generates a Cy-semigroup
in X.

We state an instability criterion for Poiseuille flow.

Theorem 3.1. ([8]) There exist constants ro > 0 and 1y > 0 such that if o < 1y,
then
o(=L)N{XN€C: N[ <mof = {Xar: k[ =1, ,no}



for some ng € N, where A\ are simple eigenvalues of —L that satisfies
1
Aok = —E(Ozk) + ko(ak)? + O(|ak]?)
as ak — 0. Here kg is the number given by

1 1
Ko=— || == —7*) — v (Bv+1/)
120 |\ 280 3072

As a consequence, if v* < 5= and v(3v + V) < 302 (

plane Poiseuille flow us = " (¢s,v,) is linearly unstable.

1

555 —72), then kg > 0 and

Remark 3.2. The eigenspace for A\, is spanned by a function of the form u(xg)eio‘k’xl

where u(x3) is an eigenfunction for A\, of —L, ;. Here L, j is an operator appearing
in (5.2) below. See [8, Sections 4-6].

4 Traveling wave solutions

In this section we state the result on the existence of traveling wave solutions bifur-
cating from the Poiseuille flow when it becomes unstable as in Theorem 3.1.

We fix v such that % — %> 0. We will take v as a bifurcation parameter, and
therefore, denote the eigenvalue \,x by Aok (v):

)\ak = Aak(”)a

and the linearized operator L by L,:
L=1L,.

Let 7y > 0 be the number satisfying ko = 0, where kg is the coefficient of (ak)?
in Aok (v) given in Theorem 3.1. Then, by a perturbation argument, one can see
that for each 0 < a < 1, there exists vy > 0 such that

ReAiq(10) = 0;
Redin(v) <0 & v > vp;
Redin(v) >0 & v <.

From [8, Section 6], one can see that Re A\,(v) is analytic in o?. Setting ((a?,v) =

Re A, (v)/a?, we see that 9,{(a®,v) = —13= [(ﬁ —7%) + 152] + O(a?) < 0 for

a < 1, and so Re A\, (v) crosses the imaginary axis from left to right at v = vy when
v is decreased.
We make the following assumption:

o(—Ly,) N{A;ReA =0} = {Aa(10), Aa(r0)}- (4.1)



Theorem 4.1. Assume that (4.1) holds true. Then there is a solution branch
{v,u} = {v.,u.} (|| < 1) such that

Ve = 1) + 0(8),

Ue = uE(xl - c€t7x2)>

ue (21 + %r, T2) = Ue(T1, 2),

1
U (11, 10) = € #(—m% + 29) ‘/75 cosar(1+ O(a)) + O(e?),
0

c. = ¢+ 0(e).

Remark 4.2. looss and Padula ([6]) showed that, for each v, there exists a positive
number ¢ such that the set

o(—=L,)N{\;Re X > —c}

consists of a finite number of eigenvalues with finite multiplicities. (See Lemma 6.10
below.) Therefore, it seems very unlikely that assumption (4.1) does not hold true
for all o < 1.

5 Proof of Theorem 4.1

In this section we give a proof of Theorem 4.1.
We set n = v — 1 that will be taken as a new bifurcation parameter. For
simplicity, we write L,, for L, ,, omitting vy.

5.1 Spectrum of —L

We first make an observation of the spectrum of —L,. Let us consider the resolvent

problem
A+ Lu = F. (5.1)

We expand v and F' into the Fourier series in x1:

Q )
U=4/5- > ur(w)e ™, uy =T (¢, wy),
keZ
I} .
F =[50 S Flan)e™, Bo=T (1. fo)

kEZ

with fol bo(x2) dry = fol f(x) dwy = 0. Then the problem is reduce to the following
problems for k € Z:

Here L, is the operator on L7(0,1) x L?(0,1)* obtained by replacing 9,, in L
by iak with domain D(L,x) = {ur = "(¢r,wr) € Li(0,1) x L2(0,1)%wy, €

9



Hg(0,1), Ly, yu, € L3(0,1) x L?(0,1)%}, where L7(0,1) = L*(0,1) when k # 0 and

L3(0,1) = L%(0,1) N {6; [y ¢(x2) dws = 0} ) )
Let X = L2, x(L2,)?. We denote by L the extension of L to X, more precisely, L

per per

is an operator on X with domain D(L) = {u = "(¢,w) € X; w € (H., )% Lu € X}

per,0
and L has the same form as L. Similarly, we define an operator En,k on L*(0,1) x
L2(0,1)? by the extension of L, ; to L2(0,1) x L?(0,1)%. Note that L, ; = L, ; when
k # 0 and L, is the restriction of Ly, to L2(0,1) x L*(0,1)%. We also introduce
the adjoint operator L* (with respect to the inner product (-,-)) which is given by

3 —vld,, —v'le, —~2div
L* = .
-V —vA - dVdiv — 010, + (0,0 es e

Similarly, the adjoint operators E;E of I/mk are defined.

Since X is an invariant set of L, we see that if X\ is an eigenvalue of —L, then
the eigenprojection for A of —L is the restriction of the eigenprojection for A of —L.
The same also holds for eigenprojections of L, o and L.

Under the assumption (4.1), the following claims are concluded. In what follows
we denote the critical eigenvalues A1 (1) by +ia with a = —4(1+0(a?)) € R\ {0}:

)\:I:a(VO) = +1a.

As for o(—Lgy), we have

o kL ==1:
o(—Lo+1) N{A\;Re A = 0} = {+tia},

+ia are isolated simple eigenvalues of —Lg 1,

N(+ia+ Lo 1) = span{vi}, v_q =41

e k # +1: there exists a constant 5 > 0 such that o(—Lox) C {\;|Re | > 8}
for all k € Z with k # +1.

The eigenprojections for +ia are given in terms of eigenfunctions of the adjoint
operator Lg,. Namely, we have
the eigenprojections 11 for +ia are given by Iiu = ((u,vi,))v4 ,
where N(Fia + IN’B,il) = span{vi,}, ({(ve,v5)) =1.
It then follows that o(—Ly) satisfies
o(—Lo) N{\;Re X =0} = {£ia},

+ia are isolated simple eigenvalues of — Ly,
N(+ia + Lo) = span{V,},

where Vi = vy (z9)etoor,

10



Q.

Furthermore, Vi = 0%, (z)e™*"" satisfy
—LgVz = FiaVz, (Ve Vi) = 1, (Vie, V5) =0,
and the eigenprojections Py for +ia of —L are given by
PV = (V,VI)V,.

It was proved in [7] that eigenfunctions V. and V are smooth and, for each nonneg-
ative integer k, eigenprojections Py are bounded from L}%er’* X Lfm to H;fm* X H;fer:

||Piu||Hkak < Ck||u||2

See [7, Lemma 4.3]. These boundedness properties of Py will be employed later.

5.2 Traveling wave solution

Let us consider the nonlinear problem
o+ Lyu = F(n, ), (5.3)

where F'(n, @) denotes the nonlinear term.
We look for a solution in the form

W(xy, x2,t) = u(zy — ct, x2).
We substitute this into (5.3). Then the problem is rewritten as
Leyu = F(n,u), (5.4)

where

Ley = Ly —cOy,.

We first investigate the spectrum of —L, o.

5.3 Spectrum of —L,, o

The following proposition on the spectrum of L., o follows from the observation in
section 5.1.

a

Proposition 5.1. Set co = —%. Then

0(—Leo) N{N\;Re A =0} = {0},
0 s an isolated semisimple eigenvalue of —Le, o,

N(_ECO,O) = span{V+, V—}7 Vo = V_+

11



Let us next introduce the eigenprojection for the eigenvalue 0 of —L.; . We set
Vi =+V2ReV,, Vo=+2ImV,,

Vi =+V2ReV;, Vi =+2ImV;.

Then
N(_ECO,O) = Span{‘/la ‘/2}7

(Vi,Vil) = 6ji, g,k =1,2.
We introduce the following notation [u]; (j = 1,2):
[ul; = (u, V}').
Proposition 5.2. Define P, P, and P> by
Pu=Pu+ Pu, Pu=[u];V;, (j=12).
Then P is the eigenprojection for eigenvalue 0 of —L, o; and
R(Fj) =span{V;}, P} =P, PiP=0 (j#k).
For each nonnegative integer k, P; are bounded from L2, . x L2, to Hy,  x HF -
[Pjull s < Cllufl.

Furthermore, uw € R(I — P;) if and only if Ju],; = 0.

5.4 Formulation of the problem
We look for solutions of (5.4) in a neighborhood of {c,n,u} = {co, 0,0} in the form:
u=¢e(V1+eV), VeRQ), Q=I1-P,

c=cCy+é€o.

Here ¢ is a small parameter. Note that Pou = 0.

We set
1 0 0
o=yt = (e a v )
Then
Ln = LO + 7]K07
and

Loy = Lo — €00y, +nKo.

We scale 7 as
N = cw.

12



Problem (5.4) is then written as
1
LeyoV — 00, (Vi +eV)+wKo(Vi + V) = ?F(sw, e(Vi+¢eV)). (5.5)
We denote the right-hand side by
1
;F(gw,s(‘/l +eV)) = =N[Vy +eV](Vi + V) + G(g,ew, Vi + V),

where

Nliu = T(div (¢), 0)
for & = (¢, w) and u = T (¢, w), and
G(e,w,u) = T(0, g(e,w, u))
with
- ((1/0 +w)Aw + “25) pe, + (7 + w)Vdivw>

+PW(e¢)pV ¢

g(e,w,u) = —w-Vw—

for u = T(¢,w), where 0y = vy + /.
We decompose (5.5) into the Pj-parts (7 = 1,2) and Q-part. Here and in what

follows we set
Q=1—-P=1—-P —P,.

We take the inner product of (5.5) with V;* (j = 1,2) and apply @ to (5.5). Since

[00, (Vi + V)i =0, [0 (Vi +eV)]o = —a,

we find that
wlKoVili = —ew[KV]i = [N[Vi +eV](Vi+eV)]h
+[G(e,ew, Vi + V)],
w[KoWVi]s + a0 = —ew[KoV]s — [N[VI +eV](Vi+ V)]s

+[G (g, ew, Vi + V)],
wWQKoVi + (Leyo — 0Q0y, +eQN[Vi + V)V
= —ewQK)W —QN[V1 +VIVi + QG(g,ew, Vi + V).
We thus arrive at the following problem:
T(e,o,V)U = F(e,U), (5.6)
where

U="T(w,oV)eRxRx X2

13



Here X* denotes the function space

X@ — HZ % [H@Jrl ﬂHl

per,* per per,O]’ l= 17 27
and, for a given (5,V) € R x X2, T(e,5,V) is the linear map defined by
T(E,5,V):RxRx QX" - RxRxQ(H'x H™Y), 1 =1,2,
[KoVil1 O 0
V) = | KWl @ 0
QKoVi 0 Lo —e6Q0,, +eQN[V; + V]
F(e,U) is the nonlinear map given by

T(e,

Qe

Fle,U) = "(Fi(e,U), Fo(e,U), F3(e,U)) (U= T(w,0,V)),

where
Fi(e,U) = —cw[K V]; — [N[Vi+eV](Vi +eV)]; + [Gle,ew, Vi + V)],
(=12,
Fs3(e,U) = —ewQKoV —QN[Vi +eVIVi+ QG(g,ew, Vi + V).

Concerning T'(g, 7, f/) we have the following

Proposition 5.3. (i) [KoVi]: > 0.

(ii) For given M > 0, there exists €1 > 0 such that if || < ey and |5]+ V| x2 <
M, then L, —e6Q0y, +eQN[Vi+eV] has a bounded inverse from Q(HY,,. , x H.!)
to QX' (0 =1,2).

(iii) Under the assumption of (i), T(e,&,V) has a bounded inverse from R x R x
Q(H],,., x HiZY) to R x R x QX' (( =1,2), and it holds that for U =T (,0,V),

HT<€757 V)_IUHRXRXXZ < ClHUHRXRXHEXHZ—la (= 172

We will give a proof of Proposition 5.3 (ii) and (iii) in section 6, and a proof of
(i) will be given in section 8.

As for F(e,U), using Sobolev inequalities, we have the following estimates by a
straightforward computation.
Proposition 5.4. For given M € (0, 57;—5], there exists eo > 0 such that if || < ea,
|U|xrxx2 < M and [|[UD||gxrxx2 < M (j = 1,2), then the following estimates
hold:

17 (e, U) = F(0,0)[mxmx2xmr < C(M)Mlel,

|F (e, UMW) = Fe, UD)|xmxsrixao < C(M)[e[|[UD — UP||gyryx1,

where C(M) > 0 is a nondecreasing continuous function of M.
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5.5 Iteration

The desired solution branch in Theorem 4.1 can now be obtained by an iteration
argument.

We define U™ = T(w® o™ V™) (n > 1) in the following way. U®Y) is the
solution of

7(0,0,0)UM = F(0,0)
= ([FO, )], [F(0,VA)]2, QF (0, V1)).
Note that F(0,V;) = —N[V1]V1 + G(0,0, V7). By Propositions 5.3 we have
1UD [[rxrxxz < C1l|F(0,0)|[rxmrx a2 < oo (5.7)

We set
M - 201”;(0 O)HRXRXHQXHl (5 8)

Let € > 0 satisfy |¢|] < min{ey, } Then for n > 2 we can define U™ by
the solution of

£2: 3c,c(D) c

T(e, o™V VO=ym = Fe, Unb), (5.9)

and U™ satisfies
1U™||gurxx> < M

for all n > 1 In fact, assume that [|[U™ Y ||g,ryx> < M. Then, F(c, U V) €
RxRxQ(H2,,x H ), and thus, Proposition 5.3 implies that (5.9) has a solution

per,x per

UM € R x R x X2. Furthermore, since
T(e,0" =D, VU™ = F(0,0) + (F(e, UT™) = F(0,0))
and |e| < min{ey, o, W} we see from Propositions 5.3 and 5.4 that

M
HU(n)HRXRxX2 S 7 + Olc(M)M|€| S M

Therefore, with this observation and (5.7), we conclude by induction that ||[U™ ||gxrxx2 <
M for all n > 1.
We next prove that {U(M™} is a Cauchy sequence in R x R x X!, We set

DV = 1(0,0,0,,V), No[V]V = T(0,0,QN[V]V).

Since
T(e,o™ VUt —T(g, o= yr=D)y®)
=T(e,c™, VOY(UTFH) — M) — (¢ — g=D)DY ™)
+52./\/'Q[V(") — Y=y ),
we have

T(e, o™, VUt — )
= g(c™ — =)Dy () — 52NQ[V(") — YD)y )
+H(F(e, UMW) = Fe, UY)),
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and by Propositions 5.3 and 5.4,
||U(n+1) - U(n)”RxRxXl
< 01{|€||0(") = "D [0, Vo + [ PIQNVT = VOOV 10

1 F (e, U™) = Fle,Ur) faciermicno |

IN

CH{CMIello®™ — o] 4+ CMIR|[V ) — VD]

+CM)[El[U = U Dlgrex: |
< U™ — UrD|gegyxa

if |e| < m It then follows that there exists ey > 0 such that if |¢| < &,

then {U(™} is a Cauchy sequence in R x R x X*. We thus conclude if |¢| < &, there
exists U = " (w,0,V) € R x R x X? satisfying

T(e,o,V)U = F(e,U).
With this U = T(w, 0, V), setting
v=1y+ew, u=-ceVi(xy —ct,my)+ V() —ct,x5), c=cy+eo,

we have the desired traveling wave solutions.

To complete the proof of Theorem 4.1, it remains to prove Proposition 5.3.

6 Proof of Proposition 5.3 (ii), (iii

In this section we give a proof of Proposition 5.3 (ii), (iii).

By a perturbation argument for v < 1, one can compute us; and uf; to see
assertion (i) [KoVi]1 > 0 for @ < 1. See section 8 for the proof of (i). If assertion
(i) holds, then T'(g, &, V) has a bounded inverse T'(¢, &, V)~ which is given by

o o1
V) :(—3(5,&,V)—1%M1 g(a,&,f/)—l)’

o= (k).

B = (QKO‘/I 0)7
L(e,6,V) = Loyo — €6QDy, +cQN[Vi + V).

Therefore, in the rest of this section we will prove assertion (ii), i.e, Z(¢,5,V’) has
a bounded inverse.

=)

Qe

T(e,

where
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6.1 Basic estimates

From now on, we simply write N[@]u for Ni]u with @ = T(¢,w):
Nl = (div (¢0),0), u="(6,w).

In this subsection we establish basic a priori estimates of solution u to

M+ Lu+ N[iju=F, ue X’ (6.1)
where @ is a given function in Hy, NH,, , with @(z) € R* and A € C is a parameter.
We introduce some notations. We define the new norm ||| - |||, of L2, by

2

1
lallz = (;rwu% ; kué)

for u = T (¢, w). We also define D[w] and ¢, by
Dlw] = v[|[Vwl|3 + 7|/divwll3

and

br = AP + 010, ¢ + div (),

respectively. For operators A and B, we denote by [A, B] the commutator of A and
B:
[A, Blf = A(Bf) — B(Af).

We will prove the following

Proposition 6.1. There exists a number A satisfying 0 < A < %% such that if
Re A > —A, then

2 .
(ReA+A) [ulld + (Re A+ A) sl + 12wl + NP lull3 + a5
< CLIP s + 10l (14 1)l 8l + ol + 11131 |

2
(Re X+ A) flullf + (Re A+ A)(10aull3 + 1626113 + 102, w3 + X Jull3)

+HO2wl3 + 183wll3 + AP Va3 + [|oall3e
(6.3)
< C{HFH?{szl + APIENS + )l (4 ([0 s) (10ll72 + M 913)

wllg + 1613+ }-

To prove Proposition 6.1, we will employ the following Bogovskii lemma.
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Lemma 6.2. ([2]) There ezists a bouded operator B : L2, . — H,,., such that

per,x
divBg=g, gelL?

per,x

IVBgll2 < Cpllgll2,

where Cg is a positive constant depending only on «. Furthermore, if g = div g with
g = "(9",9%) satisfying g'|s=—= = g'|s,=x, ¢*lss=01 = O, then

div B(div g) = div g,
1B(divg)ll2 < Cillgll2-

An outline of the proof of Lemma 6.2 will be given in Section 7. We will also
employ the Poincaré inequalities

[9llz < ClIVEll2,  [lwllz < [[Vwlla

for ¢ € H,,,, and w € H),,, and the Sobolev inequality
[ fllee < Cll |z
for fe H per Here C' is a positive constant depending only on a.

We begin with the following L? energy estimates.

Proposition 6.3. There exists a positive number Ag such that the following inequal-
ities hold uniformly for Re A > Ayg.

1
(Re A+ o) [A[[[ul[[5 + A Dlw]

@ H
< CINP{IFNulll + 1920 lloc w0l + 0152 + 5 2 ol
(6.4)
fork=0,1,
1 5 1 v+v
(Re A+ 380 lllull 13 + 5Dl + = 5 193

1 V+ AN 2 [[0]] HwHHb‘
< . 6.5
_I_HaxQU;HOOHng + A ||¢”§{*1}7

1 , 1 v+v
(Re -+ 50 )l108, ull + 55 D0k, w] + 55 104, 61

1 V+V 1. .. ||| 3 ||wHH3
< O{(Gg + ) ILL I + 190, 1 (1 ol
< 72A p 163 15 + VH L f -+ -2 + ol

. v .
H0wedlcl0h, 3 + 5100, 0l }

(6.6)
for g =1,2.
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Proof. We follow the argument in [6]. We take the weighted inner product of (6.1)
with u. Since

Re (Lu,u) = D[w] —l—Re{—%(gb,w ) + (Op, vt w )}

and

1 1
e (div (90), 0) = 5 (divn,[of),

we have

Relllullf + Dlw] = Re(F,u) - Re { s (divad, [6/2) — (6, w') + (Orpvlw?, wh) }

IN

[(E w)] + 2216l [[Vawll2 + 110z, 05 | [lw[13

+az [|div o [l 6113-
(6.7)

We next introduce a new inner product ((u1,us)) defined by

((uuUz)) (ur, up) — 0 [(w1, Bgs) + (B, we)]

for u;j = T(¢j,w;) (j ,2). Here § is a positive number to be determined
later. Note that ((u, u))z is equivalent to |||ul|| if 0 < 20

the density and velocity components of Lu as (Lu), and (Lu)v, respectively, i.e.,
Lu = "((Lu)g4, (Lu),). Then, by Lemma 6.2,

((Lu)y, Bo) = v(Vw,VB¢)+ v(divw,divBe¢) — (¢, div Bp)
_y%(ﬁbeh Bo) — (Uslw7 02, Bp) + (8@1};10261, Bo)
= v(Vw,VB¢) + o(divw, ¢) — [|¢13

_$(¢617B¢) (U w a$16¢) ( x2 sw elang)'
Applying Lemma 6.2 again, we have

—Re ((Lu)y, B¢) = 0[5 = vCpl[Vwll2[[éll2 — 7l|div w]la]|¢]2
— 2|6l IVBol2 — [[vgller ([wll2 + [[wll =) VB2

We also write

v

29113 — C{v2CRITwl + 72 div w]3

V202
~ZR 013 — CRllod 2 Vw3 ).
(6.8)
Since (Lu)g = div (¢v, + y?w + ¢w), we see from Lemma 6.2 that

((B(Lu)a, w)] < Cplldvs + 72w + di]l2]lw]2

Crl[vslloe + @]lo)I@ll2llw]l2 + Cpy* [ Vw3

IN

IN

L9l + C{(CRlIHZ + Cor®) VWil + Calld| s oz o]l |
(6.9)
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Taking 6 > 0 such that § < §; with §; = min{ 20137’ e v v L}

CCRy’ 16CCE|vs2,, > 16CCBy?7 2C
we deduce from (6.7)—(6.9) that

Re A((u.)) + 5 Dlu] + 31

< C{URWI+5((f, Bo) + |(Bf, w)) (6.10)

291131 + 19r0 ol + L2 g ] }.
By using the Poincaré inequalities, (6.4) follows from (6.10). As for (6.5), we have
[(F,u)| + 8 (1(F,B)| + |(Bf°, w)])

1
7—\|f0\| ol|@ll2 4 [ £l - II\VW\!2+5{HJ”HH HIVBols + 1B l2fwll2}
) 1 0 9
n 2 2 <5 2T T H-1 (>
< JI0l8 + 517wl + 0§ (55 + 2 ) IO+ 11
||ﬂ7|| < 160w ||w||H 2
— (1
“lpllalllullle < 7 +—— ) lIoll3 + BQCva”Z
and .
[oall5 = [ = y*divew + fO13 < 2{~*|[divw|)3 + || f°]3}-

Combining these inequalities with (6.10), we obtain (6.5). As for (6.6), we observe
that
8;1 (L'U,)d - le (@ilfbvs + ’YQaglw + 8'7 ¢w + [ x1? ~]¢)
and
Idiv (07, @]9)ll2 + 1[92, @ollz < Clldllmsll ol (G =1,2).

Therefore, as in the case of (6.4) and (6.5), we can obtain (6.6). This completes the
proof. O

Proposition 6.4. There holds the inequality

1
Re AD[w] + 2 |AP|[ul[ 3

1 12
< o{usg+ B po. o+ 1o vos + Spoig G0
(o212 +7 >||Vw||2}.

Proof. We take the inner product of (6.1) with Au. Then the real part of the
resulting equation yields

ANl + ReADw] = Re{2(f°,6) + A(f,w) = %(v10s 6, 0)
—2(div (¢@), 9) — Mdivw, §) + A(6, divw)

2

FLM(9,wh) = A(vl0yw,w) = A(Doyvl?, wh) |,
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By a direct computation, the right-hand side is bounded by

A2 PRI o] L2
BE lull3 + C{IAI + L2 0, 6113 + "2 [ W3 + 25 63
(k2. + )lIVwl3}.
We thus obtain the desired estimate. This completes the proof. 0

Proposition 6.5. Let j and k be integers satisfying 0 < 7+ k < 1. Then there
holds the inequality

107,05, 0

T1 7 T2

2
’Rewr7—~
v+v

2
i ak+1 0 g i ok 2
< {119,087 1 lla + 2 194, 1l
1000t 102 Bl e + 1156 e

2
+—V1 - <|)\|||8J 0wy + v V), + ||v;||ck||a;1+1w||m> }

1 Yo
(6.12)
Furthermore, if Re A > —%#ZD, then
S
105, 0z, &all2

. ’7/2 .
< {109,057 101l + = 102,95, 111

xr1 T x2 _’_]7 1T X2

HOuyvallox 107 Sl arr + 101 ra | Bl g4

2
+—V1 - <|)\|||6J O wlly + v]| 0108 V|, + ||v;||ck||a;1+1w||m> }

T1 T2
(6.13)
Proof. Applying 9/ 18;“:1 to the first component of equation (6.1), we have
DL O + 10,01 Ok o + div (9,95 d)w) + 201 Ok w?
(6.14)

Tr1 X2 T2 VS x1 - T2

_ i grTLpo {[akJrl V19316 + div (04, 94+ ] g) +728£1“8§2“w1}.

We also apply 0% 0% to the third component of equation (6.1) to obtain

T1 7 T2

—(v 4 )0], 05w + 03, 05 b

T1 T2 1 T2
— 09 ok f2— {Aa; Ok w? — pIt2ok w? — pOI IOkl + Ok (U;a;+1w2)},
(6.15)
By adding (6.14) and -2 x (6.15) we obtain

2
A O+ i 9F g 119, & 9+ div (80 9 g)w) = H,  (6.16)

xr1 -T2 I/—i—l; 1 -T2 1Y~ T2 xr1 -T2
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where

Ho = OL0k 0+ 200,08, 12 — {[087, o0 o + div (94,05, @lo) }

1 or2 v+U X1 T2 x2 7S Ty -2
v+ 1 T2 s7T

{008,080 — vl 0k wP 4 vOIH Okt + O, (010 ) |

Taking the inner product of (6.16) with 82 9%F'¢, we have

x2

2
) ) 1 . )
Re \[|&) 9FH |2 + - 107 08|32 = —=(divap, |07 0FF¢|?) + Re (H, 09 0FF ),
v

T T2 —'—ﬁ T1 X2 2 xr1 " xT2 R v Tt 13}

from which estimate (6.12) is obtained. As for (6.13), we rewrite (6.16) as

2
5 ak+1¢/\ _ —7—8]' ak+1¢_'_f{
Tr1 " xT2 I/_'_I; T1 X2 Y
where
3 k1 17 9j+1 : i okl -
H=H+ [0, v,]0, ¢ + div ([0],0;, 7, @]9).
This, together with (6.12), yields (6.13). This completes the proof. O

We next prepare the following estimate for the Stokes system to estimate the
higher order derivatives.

Lemma 6.6. Let (¢, w) € H*'L x [H*2 N HL ] be a solution of

per,x per per,0
divw = h°,
—Aw+Vo=nh

for (h°,h) € H*L x HE . Then

per,* per”
105+ 2wllo + 105+ 6lla < CLIR Wi + 1l }.

See, e.g., [3, 13] for the proof. Applying Lemma 6.6 we have the following

Proposition 6.7. Let j and k be integers satisfying 0 < j+k < 1. Then

: 1 .
1057205, wll> + —110; 07, 412

v+

v+uv L 1. ..
< C{ERN0L P llaser + 9%, e +

nyQ H69]01¢AHH’€+1

2
i ' 7 (6.17)
+— 10, wll g + 1102, 6l

v ol

1 , 1 A
= ol ox V2L, wll i + w0t cxl|Of wlm
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Proof. We apply 8;1 to (6.1) and write the resulting equation as
o 1.,
divoj w= —0; h",
Y

‘ 1. 1.
—A0, w+V (_aiﬁb) = -0, h,
v v
where '
hO = fo - ¢/\a
VooV 1 1,2
h=f-— {)\w — —2Vh — —2gbel + 0,0, w + Oy, v w el}.

Y Y

Applying Lemma 6.6 we have the desired estimate. This completes the proof. [
The following proposition follows from the first equation of (6.1).

Proposition 6.8. There holds the inequality
N5l < O 108 £l el cnN0m, &l e+l s 02 s ++7 v ]} (6.18)

for k=0,1.

We are now in a position to prove Proposition 6.1.
Proof of Proposition 6.1. Observe first that ||0,,¢g]z-1 < |lg]l2. We see from
(6.4) with k = 0 that
(Re X+ Ao)?||[ullI3
(6.19)

2 12 AT 0] %5 1 o
< C{MENE + onswl elhwl + 560 + =5 913}

We compute (6.19) + (6.5) + by x (6.6)],—1. Taking b, suitably small, we see that if
Re A > —Ay/2, then

1 2 ) 1 2 : J NIE
(e + g0) Wl + (Red + ph0) il + 3Dl + I2LN0E)

J=

< C{IF Iz + Il (L + D) 163 + aoll3 + 31 }-

We next consider (6.20) + by x (6.11). Taking by suitably small, we see that there
exists a positive number A; such that if Re A > —A;, then

2
(Red+ &) ul} + (Re A+ Ay ) (10,013 + 0,]2)

1
+D[0p,w] + [APl[ull + D 107,613 (6.21)

j=0
< C{HFH%ﬂxL? @l (1 + @l )@l 7 + llwllz + ||¢||fq—1}-
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We then compute (6.21) + by x {(6.12)];-k—0 + (6.13)|j—k=0}?. Taking b3 suitably
small, we see that there exists a positive number A, such that if Re A > —A,, then

2 .
(ReA+A2) flull3 + (Re A+ Az ) 0.ull3 + DIdww] + A ullf + Il
6.22
< C{UF I ze + 1lms (1 + 1l I3 + Inollg + 0113 }-

We next compute (6.22) 4 by x {(6.17)];—r—0}*. We take b, suitably small to see that
there exists a positive number Az such that if Re A > —Aj, then

2 .
(Re A+ Ao) flull3 + (Re A+ As ) [Dulld + 19203 + X ullf + )13
< CLIP s + 10l (L4 1)l 813 + ol + 1l |-
This shows (6.2).

Let us prove (6.3). We compute (6.23) + b5 x (6.6)|;—2. Taking b5 suitably small,
we see that there exists a positive number A4 such that if Re A > —Ay, then

2
(Re A+ Aa) flulf + (Re A+ A ) (lowullf + 102 ull})
02wl + V62 w3 + NPl + 1ol + 102,613 (6.24)
< C{IF P + 0l (L4 1] 5) i3 + 03 + Npl-1 }-

We next compute (6.24) 4 bg % (6.4)|,=1. Taking bg suitably small, we see that there
exists a positive number A5 such that if Re A > —Aj, then

2
(ReA -+ A5 ) lullf + (Re A+ As ) (1l + 112, ull3 + AP ull)
02wl + V62 w3 + INEIVwI3 + ol + 102,623

(6.25)
< C{IIFII?prI +APIENS + ol s (L + [l ) (101172 + IMPl6]12)

ol + 16131 b

We next consider (6.25) + by X {(6.12)];21.5=0 + (6.13)|j=1.k=0}>. Taking b; suitably
small, we see that there exists a positive number Ag such that if Re A > —Ag, then

(Red+ A ) Tlull3 + (Re A+ Aq ) (10l + 102, ull3 + 101,061 + N2]ul3)
02wl + 102, wl3 + PNVl + 1923 + V0., dx3 o6
< C{IFIBm + NPIFIR+ Nl (L + Noll) (013 + NP9 |
ol + 16031}
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It then follows from (6.26) 4 bs x {(6.17)|;=1 k=0 }* with suitably small bg that there
exists a positive number A; such that if Re A > —A7, then

2
(ReA+ A7) [lull3 + (Re A+ Ar ) (10,3 + 1102, ul} + 102,02, 13 + [APIlul3)
02ll3 + 10205 w3 + NIVl + [ dallEn + Vs a3

(6.27)
< C{IIFII?prl + APNENZ + 0] s (14 (0] =) ([0l 72 + NPl 6]15)

ol + 16131}

We then compute (6.27) 4 bg X {(6.12)];=0 k=1 + (6.13)| ;=0 41} and take by suitably
small so that there exists a positive number Ag such that if Re A\ > —Ag, then

2
(Re A+ As ) lullf + (Re A+ As ) (1.l + 102613 + 162, wl3 + A2 ul3)
|20l + 10200 w3 + NIVl + a3

(6.28)
< C{IIFII?{ZXm HIAPIENS + ([ as (L + 0] ) (1972 + IM[[0]13)

el + 1l |-

Finally, consider (6.28) 4 big x {(6.17)|j=0k=1 + (6.18)|x=1}*. Taking byy suitably
small, we deduce that there exists a positive number Ag such that if Re A > —Ay,
then

2
(Rex-+ Ao ) lullf + (Re A+ Ao ) (10uul} + 192613 + 162, w3 + A2 ul3)

+HIozwll3 + 10zw]3 + NI Vullz + lléallz

(6.29)
< C{HFI\?{sz +APIEIS + 102 (1 + @] ) (] 72 + AP l]l12)
w3 + 1l |-
We thus obtain (6.3). This completes the proof. O
6.2 A priori estimates
We consider }
M+ L6, Vu=F, ue@X’ (t=1,2), (6.30)

where F' € Q(H.,, x H/!) and

per
L(e,6,V) = Loyo — £6Q0,, +QNI[Vi + V]

with & € R and V € X? satisfying |5| + ||V |[x2 < M. In this subsection we show
the a priori estimates for solution u of (6.30).
We show the following a priori estimates.
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Proposition 6.9. Let M > 0 and assume that || + ||V|| x> < M. Then there exist
e3> 0,79 >0, A>0 and {\}J<, C C with |\;| > 2r¢ such that if |e| < e3 and

A€ EOZ{AGC,RG)\Z —A, |/\—)\]| Z?"O,jz 17 ,K},
the solution u € QX' of (6.30) satisfies the estimate
2
(Re A+ A) Jlullf + (Red+ A) [D.ullg + 192w] + NPl < CIF I, (6:31)
uniformly for X € ¥o. In addition, if u € QX?, then

2
(Red+A) Jullf + (Re A+ &) (105ull3 + 10263 + A /3

.32)
HZwlZ + NIVl < CLIF I + APIFI3 |
uniformly for X € ¥g.
We note that 0 € 3.
Proof. We first introduce frequency cut off operators. We expand f € LIQM into

the Fourier series f = /& Y,z fi(@2)e® ™. We define Iy and IIsy by
10 .
Henf = \ 2r Z ()€™
|k|<N

and

ey f = \/g > felwg)e

k|=N

respectively. Iy and Il. y are defined similarly. Observe that they are orthogonal
projections on L7, and

1 1
|wl]2 < a—NHVU’HL ol - < a—N||¢||2 (6.33)

for w € HzN]-Il and ¢ € HzNL2 with N > 1.

per per

We first prove (6.31). We write (6.30) as
M~ Lo, ou — 6QJu + QN [w]u = F. (6.34)
Here w is the function defined by
W= —de, + Wy +eW

with W, and W being the velocity components of V; and V respectively; and Ju and
N[w]u are defined by Ju = "(0,0,,w) and N[w]u = T (div (¢w),0) for u = " (¢, w),
respectively. Since Q = I — P, (6.34) is rewritten as

A~ Lo, ou+ eNwu = F 4+ e6QJu + e PN[w]u. (6.35)
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Note that
|QJul| get1y e < C||Op,w]|ge (€ =0,1)

and
[PN[@]ull gz < CIN[@]ullz < Cl[@]] gs || A a1

Applying (6.2) with v,, @ and F replaced by vs—coeq, ew and F+e6QJu+ePN[w|u,
respectively, we see that
2
(Rex+A) Jlulld + (Re A+ A) [l + 102w + APl

< C{HFH?{IXH +IePloPIlQTulFr e + [P I PNl 31 2 + w3

H@lz- + lelllwllzs (1 + |€|||@||H3)||¢II?{1}

1
a?N?

+Hel*161%[10z,wll2 + lellld ] ma (1 + |€|||@D||H3)||¢||12ql}-

< LI + luen 3 + =z (IVwsn 3 + l92n13)

It then follows that there exists Ny € N such that the inequality
(Re A+ Avo) ull + (Re A+ Auo) [0l + 2] + A
< C{HFH?{IW + Juanlz + ePlo 1102, w]l2 (6.36)
+lelllw]] s (1 + |€|||15||H3)||¢||§p}

holds with A;g = %A uniformly for N > Nj.
To proceed further, we apply the following result on the spectral distribution
proved by Iooss and Padula [6].

Lemma 6.10. ([6]) There exists a constant A > 0 with A < Ayy such that

o(—Leo) N{NReA > —A} = (N},
where A\j (j =0,1,---, K) are eigenvalues of —L, o with finite multiplicities.

We may assume Ny > 2. Furthermore, by assumption (4.1), we may assume
that \g = 0 and A\; # 0 for j = 1,--- , K. By Lemma 6.10, we see that there is a
positive number 7y such that

|>\j_/\k|Z4TO) ]%ka j7k20)17”' 7K)

P(—Leyolncy,0x) O Xo = {A;Re ) > A A= N >, =1, K}

and

(A + DI+ L olney,ox) " Fll2 < C[IFl (6.37)
uniformly for A\ € ¥,. Note that ¥y 3 0 since Ay = 0.
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Let us estimate ||u<y||2. Applying Iy, to (6.35), we have
Micn, + Legotian, = Feny — elley, N[@w]u 4+ €6QJu + e PN [0]u.
Here we have used the fact II. 5, P = P. It then follows from (6.37) that
[ucnolla < C{||F<N0||2 + [el ey Nw]ull2 + lel[o][|QTull2 + |€|||PN["J)]U||2}
< C{IFl + ell10mwla + <l Vol
< C{IFle + eliolln wla + [el@lue Tl

(6.38)
We see from (6.36) and (6.38) that

~\ 2 ~
(Rex+A) Jlull3 + (Re A+ &) sullf + 102w + APl
(6.39)
< C{IF s ze + 1216 P10 wI3 + lelll@l s (1 + lel 1ol s) 0115 |

uniformly for A € ¥y. Since |6] < M and |@0||gs < C(||Vh]|gs + M), we conclude
that there exists €3 > 0 such that if |¢| < g3, then

2
(Re A1) Jlull3+ (Re A+ Aus ) 1aul3+ 02w+ APl < CIIF |32 (6.40)

uniformly for A € ¥y with Ay; = %]X This shows (6.31).
As for (6.32), by (6.3) and (6.40), we have

(Red+An) Tull3 + (Re A+ A ) (100l + 92013 + AP ull)
HOwlE + APVl
< C{HFH?mm +IAPIENS + lePlo1 10z wlF + AP0z w]13)

Helllwl g (1 + [ell|@]l =) (Vo7 + |)\|2H¢||§{1)}
uniformly for A € 3. Therefore, if |¢| < €3 (by taking e3 smaller if necessary), then
(ReA+ szl + (Re A+ Aua) (10,0l + 102615+ A2 )
HZwlFn + AP Vull3 (6.41)
< CLUF s + NP}

uniformly for A € 3y with Ajs = %AH. This completes the proof. O
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6.3 Invertibility

We finally prove the invertibility of .Z(e,&,V). We first show the existence of
solution of (6.30) in QX* (¢ = 1,2) for sufficiently large A > 0.

Proposition 6.11. Let { = 1,2 and assume that |e| < 1. There exists jio > 0 such
that if X > po, then for any F = T(f°, f) € Q(HY,,, x HL.'), there exists a unique

per

solution u = " (¢, w) € QX* of (6.30), and u = Tp(qb, w) satisfies

/+1 -1
L+1—j L=1—j

Mlle + > A2 [[0dwlly < Cllf e +C YN = |92l
j=0

J=0

Proof. We consider (6.35) instead of (6.30). Suppose that u € X* is a solution of
(6.35). Then
M~ Lo, ou = 6QJu — eQN[w]u + F.

Applying P to both sides, we see that APu = 0. Since A > 0, we have Pu = 0, and
hence u € QX*. Therefore, it suffices to show the existence of solution of (6.35) in
X*
Hereafter in the proof, we simply denote the density and velocity components of
PJu= PT(0,0,,w) (u="(¢,w)) by Py(0y,w) and P,(0,,w) respectively, i.e.,
PJu= P (0,0,w) = " (Py(0pw), P,(0p,w)),

and likewise, we denote the density and velocity components of PN [w]u = P (div (¢0),0)
with u = T(¢, w) by Py(div (¢w)) and P,(div (¢10)) respectively, i.e.,

PN[wlu = P (div (¢w),0) = " (Pa(div (pw0)), P,(div (¢))).
We write (6.35) as
Ao + div (T + e) @) = —6 Py(Op,w) + e Py(div (¢0)) — 72divew + f0,  (6.42)
A+ Aw = Bp — €6 P,(0,,w) + P, (div (¢pw)) + f. (6.43)
Here 0, = v; — (¢o 4 £6)e1; A denotes the elliptic operator on L2, defined by

Aw = —vAw — pVdivw + 9.0, w + (95,02 (w - €2)e

with domain D(A) = H2,. N H',,,; B is the operator on H, defined by

per per,0’ per

Bo = Vo + e,
v

By [4], there exists y; > 0 such that if A\ > py, then, for any f° € Hlfem, there
exists a unique solution ® € Hﬁem of
MO 4 div (®(Ts + ) = £, (6.44)
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and ® satisfies the estimate

C
< =

@l < 5

1 e

We denote by @, the solution map f° — ® for (6.44). Then ®, is a bounded linear

¢
operator on H, . and

C
20 f e <

It then follows that (6.42) is equivalent to

£l re- (6.45)

Uyo = &y(—£6Py(0p,w) — y*divw + £°), (6.46)
where U, is the operator defined by
Vg = ¢ — e@\Py(div (¢10)).

To solve (6.46), we show that the map ¥y : Hf,., — H} . has a bounded inverse.
By (6.45), we have

elC
A
This implies that if A > py = max{p, 2Ce3(||Vi||cr+M)}, then ||e® ) Py(div (¢w)) || ge <

1@l e for £ = 1,2, and hence, Wy : Hf,. — H_ _ has a bounded inverse ! and
! satisfies

C
le®@rPa(div (¢pw))| e < [div (¢w)]l2 < 83T(||V1I|cl + M)l

105 | e < 28| gre. (6.47)

In terms of W', the solution ¢ of (6.46) is written as
¢ = U 0\ (—6 Py(0p,w) — v?divew + f), (6.48)

and, by (6.45) and (6.47), ¢ satisfies

C
ol < ~{ Iwllers + 171 }- (6.49)
From (6.43) and (6.48), we have
(A + Aw = B[] W' @\ (—6 Py(0p,w) — v2divw + f0) — e6 P, (0pyw) + f

with
By[i5)é = Bé + =P, (div (1)),

This is equivalent to
(I =Tow= A+ A) " (Bi[@] T3 @A + ), (6.50)
where I') is the operator defined by

Dyw = A+ A)7" (B [@] V' @y(—6 Py(0p,w) — ¥*divw) — e6 Py (9, w)) -
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Since A is strongly elliptic, there exists p3 > 0 such that if A > 3, then (A\+A)71f €
HSYNHL  for f € H! and it holds that

per per,0
+1 s .
SN2+ ATl < 2 S l2- (6.51)
j=0
Furthermore, for 7 = 1,2, we have
1B @lollmrs < C{llolls + lelldiv (6@l } < Clléllas. (6.52)

We now introduce the norm |||w|||) = Z?é AT |03w]|2 of Hf! and show that

the map I'y : HS' N H],. o — H!F' 0 HY, , has a bounded inverse T';'. By (6.49)

er,0

with f0 =0, (6. 51) and (6 52), we see that if A > max{pus, 1}, then

/-1 erl

—1—
IDvwllloy < C YA _||w||HJ+2 <<

=0

w||2

Therefore, there exists py > 0 such that if X > py, then
1
13wl = Slllwllloy

and hence, I — I'y has a bounded inverse (I — I'y)™!, and (I — T'y)™! satisfies the
estimate

=T fllloy < 20111y
In terms of (I —T'y)™!, the solution w € H*' N H},,, of (6.50) is given by

w=(I=T3)"" A+ A) (B[] ¥ Dy f° + f)

and w satisfies the estimate

/41

ZA” “oiw]) <C||f°||He+CZ

7 2 (6.53)

With this w, we define ¢ by (6.48). Then, by (6.49) and (6.53), we see that

¢ € H,,, . and it holds that
Mollue < C{If° s
7=0
This completes the proof. 0

We are now in a position to prove Proposition 5.3 (ii).

Proof of Proposition 5.3 (ii). Let |¢| < e3 and |5] + ||V]| x> < M. Define the
operator .2 on Q(H},,. x H/.') ({ =1,2) by

D(Z) = QX",
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L =L(,6,V) = Loyo — £6Q0,, +QN[Vi + V.

Set

It follows from Proposition 6.9 that there exists a positive constant Cy such that if
A€ p(—Z) N3y, then

I+ -2) " Fllxe < Coll Fll e (6.54)

Assume that u € p(—2) N %;. Then, by (6.54), we have

A=l < 205 C p(—2) (6.55)

and the estimate (6.54) holds for A € ¥; with |\ — p| < CLQ
Since ¥; is compact, there exists a finite number of balls B; (j = 1,--- , Ny) with
radius ﬁ such that 3y C U;.V:llBj. By Proposition 6.11, we have \y € p(—Z) N Xy,

and hence, py € B; for some j. Since ¥; is connected, we see from (6.55) that
Y1 C p(—2%). Since 0 € Xy, we conclude that 0 € p(—%) and the estimate (6.54)
holds for A = 0. This completes the proof. O

7 Proof of Lemma 6.2

In this section we give an outline of the proof of Lemma 6.2.

Proof of Lemma 6.2. Let a = 2. In this section we write Q, = (0,a) x (0,1)

instead of 2,. We set
a a a 7
Gi=(-73) G- (é’ é“) ’
and take iy, 1o € C'™ satisfying

1 >0, (—a,5a) Csuppey C Gy,

Py >0, (%a, %a) C supp ¥p C Go.

We define n(z;) by
n(x) = Y Wz —ak).

j=1,2,keZ
Then n € C*(R), n(z1 + a) = n(x1) and n(x1) > 0 for all x; € R. Setting
din(z1) = ¥ (z1 — ak)
. =

n(z1)

we see that

ojk € C°(R), supp g C G +akey (j=1,2,k €Z),
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V(21 — ak)
n(xy — ak)

> () =1 (z1 €R).

J=1,2,k€Z

qu’k(fl,’l) = = Qﬁjp((lfl — CL/C) (] = 1,2, k? c Z),

Let us consider the problem
dive = f

for a given f € C3¢, ((§2) with an f(z)dx =0.
We set Qg = G1 U G5 and define fy by

fo(z) = d10(z1) f(2) + Pa0(z1) f(2) (2 € Qo).
It then follows that fy € C5°(Qo). Furthermore,

fo(x)de = d10(z1) f(z) do + Ga0(x1) f(x)da

Qo G1 Ga

! / (/ " Grolan) + oaole) (@ cle) i
+/01 ( ;d)m(mm) dx1> drs

= [ (oot —eman ) [ ([ s000)
of ( ;%m)ﬂx) dx1> drs

- / (

f(z)dz =0.

ﬁ (bra(21) + dro(w) F(2) d:v1> dry + /0 ( 04a f(x) da:1> drs

0 sa
= /.

Therefore, from [3, Theorem III. 3.2] and its proof, we see that there exist v; €

C(R) (j = 1,2) such that suppv; C G, (7 = 1,2) and vy = v1 + v2 € C5°(Qo)

satisfies
diV Vo = fo,

Vuollz2(oy < Cllfoll2oy < Cllfllz20)-
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Let 09 and fo be the zero extensions of vy and f; on R?, respectively, and define v

by
v(x) = Z Oo(x — akey).

keZ
Then v € Cp¢., and

per,

divo(z) = Zdivﬂo(x —akey) = Z folz — akey).

keZ keZ

For z € Q, N Gy, we have

Zfo T — ak:61 Z ijk T f() r — ak61 Z ¢]0 .Tl f((lf)

keZ j=1,2,keZ j=1,2

Furthermore, for x € [%, %a) x (0,1), we have

Z fo xr — akey) = Z ¢g k(@) f(x —akey) = ¢2,0($1)f($) = f(z),

keZ j=1,2,k€Z

and, for x € [%a,a) x (0, 1), we have

Y Jolw—aker) = Y bl folr - ake)

keZ j=1,2,k€Z
= ¢ri(@1)f(z — aer) + goo(21) f(2)
= (¢11(21) + do0(21)) f(2) = f(2).
We thus conclude that divo(z) = f(x) for € Q,. Moreover,
IVl 220 < 2/ Vol 2o < 2C1 2@

We next consider the case f = divg with g = "(g1,92), g, € C2.(Q) (j = 1,2)

per
and div g € C%, (€%). Following the proofs of [3, Lemma III 3.5] and [3, Theorem

I11.3.3], one can show that v, satisfies

lvollz2(@o) < Cligllzz@) < Cllgllz2@n)

Vvl 2oy < Cllfoll 2oy < Clldiv gllz2(a.)

It then follows that
[vllz200) < Cllgllrz@u),

IVol[2 () < Clldivgllzeq
This completes the proof. O

34



8 Proof of Proposition 5.3 (i)

In this section we will give a proof of Proposition 5.3 (i). We denote L, ; and i;‘hk
with £ = +1 by L(a) and L(«)*. Then L(«) is expanded as

L(a) = LO 4 aL® + o?L®,

where
0 0 7 Ony
LO = % —vos, Dy v} :

Oz, 0 —(v+1)d2

iv iy? 0
LW = 4 il —id,, |,

0 —iv0,, 1w

0 0 0

Similarly, L(«)* is expanded as
L(a)* = LO* 4 aLW* 4 o2L@~,

where
0 N - ’72 a:ﬁg

—iv —17y2 0
LW = —i —iw! —ipd,, |,
0 00y, —iv}
0 0 O

Lemma 8.1. There exists a positive number ry such that if o < 1y, then Vi and V}
given in Section 5.1 are represented as

Vi) = (U(O)(ﬂfz) + ow(l)(xz) + O(Ozz)) eon Vo=V,
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Vi(z) = 2& (V0% (z2) + avW*(z2) + O(a?)) ™1, V* =V,

m
where v(© = T(¢© w1 0) with

1

o0 =1, w0 = L)
PO = T (60, L (02) ith
W(gy) = —i ('y% + #) (—23+ 22— %),
(1,1 w2\ (1413 1o
w7 (x) = i <74 + 274> (1572 — 573 + 1573)
12272 (5075 — 1525 + 1523 — go22) — 55(—a3 + z2),
wi(2y) = — (~fad+ Ja3 — Luo)

U(O)* — T(¢(O)*’ 0’ 0) with ¢(0)* — ,.)/27 and ?)(1)* — T(¢(1)*’ w(l)’l*,w(l)’Q*) with

Remark 8.2. Note that we will not use the explicit form of ¢(V* and w12

Proof. We see frorn 8, Lemma 5.1] that v(® and v(®* are eigenfunctions for eigen-
Value 0 of —L© and —LO* respectively, and the corresponding eigenprojections
1) and T1O* are given by

Iy = ((u,v(o)*>>v(0), IO%qy = ((u,v(0)>)v(°)*.
Let P, be the eigenprojection for A,. Then
P, =T — o(sLWT® 4 TV LM S) 4+ 0(a?),

where S = [(I — TO)LO(T — IO Set vy, = P,o®. We see that vy, is an
eigenfunction for A\, and

vy =0 — aSLHO L O(a?).

Therefore, setting v = —SLMy(®) we have the desired expression of v™") from [8,
Proposition 6.5], where SLMv(©® is computed. B
As for V7, let P} be the eigenprojection for A}, = A,. Then

P =T — (S LW 4 TO*LM*8*) 1 0(a?),

where S* = [(I — IO*)LO*(T — TIO")]~1 Set 0%, = Prv®* Then o%, is an
eigenfunction for A}, and

oty =00 —aS LW 1 O(a?).
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Let us compute 9(0* = —8*LM*y(0* which is the solution of
L%y = —(1 — IO LW=@* ({4, v@)) = 0.
By [8, Proposition 6.3], we have ((LWv(© v®*)) =% and hence,

1O WO — (¢ W@ OV (0% _ T7T D30 gOm @ — _ Lo

0" = (L0 o))" = T 50" = L
We set f = T(fO%, f1*, f%) = —(I — IO LMW By a direct computation we
have

fO :2721};_6727 fl :272a f2 =0

It then follows that .
vy
agzwl == —7, w1|12:0,1 =0. (81)
This gives w! = g(—xg + Z3), and then w? and ¢ are given by

1
Opyw? = —¥(Vw1 + [, (8.2)

Oy @ = (3@1};)1[11 -+ 5)092;2“)2’ /1 ¢ dry = —7*(w', w(o)’l).
0

Since ((vW, 0@*)) = ((51* v@)) = 0, we have ((v41,7%)) = 1+O(c?). Therefore,
setting v* | = %, /((vy1, 05,)) +1>> we have the desired result. This completes the proof.
0J

We are now in a position to prove Proposition 5.3 (i).

Proof of Proposition 5.3 (i). By Lemma 8.1 and the relation that —02 w(®'! =
7%@25(0), we have

7
[KoVil: = az{(amw(o)’l, iw2) 4 (—¥¢(1) _ i&iw(l)’l,iwm’l*>
-2 (¢a§2w<1>73, iw(l)’z*)} + O(a®)
_ a2{— (WL, i9,,wV2) (%gb(l),iw(l)’l*) — (1w, 92 wD1¥)
Y

+2 (i@mw(lm, i8x2w(1)’2*)} + O(a?).

By using (8.1), (8.2) and Lemma 8.1, we find that

[[KV]]—O‘2 Ly +”2 +0(a®) >0
Vil =555 a0~ 102

for « < 1. This completes the proof. O
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