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Drawing Curves

Toshio Oshima*
Josai University

Abstract A method drawing curves is proposed. A program drawing graphs of mathematical func-
tions using this method is realized in a computer algebra and outputs the graphs in a source file of
TeX and then transforms it into a PDF file.
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1 Introduction

Since the last year | have a class of calculus in my university and show graphs of functions such
as f(z,y) = % — 3> | have been developing a library os_muldif.rr [1] of a computer algebra
Risa/Asir [3] to realize my research explained in [2] and then | added some functions in the library
for such educational purpose including calculus, linear algebra and elementary number theory. The
library is an open source and can be equally executed by a personal computer with any one of the
operating systems Windows, Mac and UNIX.

In fact, a function in the library executes the following procedure to get the graphs.

Risa/Asir ™ Tikz or X/-pic in a TeX file —C> DVIfile "L pDF file (1)
pdfIATEX
2 Curves
Consider a curve
C:la,b] 5t y(t) = (x(t),yt)) € R?. )
We choose points in [a, b], namely, P; = ~(t;) € Cwitha =ty <t <t2 <--- <ty =band
draw a certain curve C”’ starting from Py, exactly passing through Py, ..., Py—_1 in this order and

ending at P . We request the following conditions.

e (' is determined only by { P, P1, ..., Pn}.

e (' isagood approximation of C and it is free from its final resolution in drawing.

e Smaller size of data (i.e. the number V) and an output in a popular format are desirable.
e The curve can be described in a usual TgX source file.

One of the way to realize it is to connect the points by Bézier curves and use TikZ and/or Xy-pic
which are in a package of a TEX system (cf. (1)).
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2.1 Smooth curves

A Bézier curve of degree n is
0,1] 5t P(t) = P(Bo,...,Bn;jt) =y <’Z‘> t(1—t)""B, A3)
=0
determined by (n + 1) points By, ..., By.

Note that P(B, B’;t) is the point internally dividing the line segment BB’ by t : 1 — ¢. Since
P(Bo,...,Bn;t) = P(P(Bo, B1;t), P(B1, B2;t), ..., P(Bn_1, Bn;t);t), the point P(t) is ge-
ometrically described. For example, the cubic Bézier curve is

P(t) = P(Bo, B1, B2, Bs;t) = P(P(Bo, Bu;t), P(B1, Ba;t), P(Bz, Bs; t); t)
= P(P(P(Bo,Bl;t),P(Bl,BQ;t);t),P(P(Bl,BQ;t), P(BQ,ngt);t);t>.

The curve starts from By to the direction BoB; and ends at Bs to the direction B2 Bs. It does not
necessarily pass through B; nor Bs.

Q R
ﬁ%\
=P
g ?
[ 3 e
P Py
_— = —
P} = cPoPy, RP, = P, P4,
PIQ+P>R _ 2
PP " 3(1+cos §)

Consider a curve C' passing through Py, P1, P2, Ps in this order. We simulate the curve segment of
C connecting P1 to P, by the cubic Bézier curve P(Pi, Q, R, P»;t) with the control points @, R
defined as above. Then the number c is determined by

4P P, 1

c= — 4
3(POP2—|—P1P3) 1+(P0P2,P1P3)
1+ PoPg Py P3
2
so that the curve simulates the arc if P, . .., Ps are on a circle with a center O and moreover Po Py =
P, P, = P, Ps. In this case, the error .OOPjP(f) - 1’ is less than 15 (resp. 55o5) if ZPLOPy < 120°

(resp. < 90°). Note that a Bézier curve never coincides with an exact arc. For a closed curve
C passing through points Ro, R1,..., Rny = Rp in this order we draw a curve segment between
R; and Rj;11 by putting P; = R;4;—1 fori = 0,1,2 and 3 as in the above and R,+n = R,
(v =1,..., N). Then the resulting curve C’ we draw is a smooth closed curve (of class C*) which
simulates C.

When the number c is fixed to be £ in the above, the corresponding curve is known as the (uniform)
Catmull-Rom spline curve. This curve is invariant under affine transformations and our curve is
invariant under conformal affine transformations.

The following first example is the curve drawn by the three points (cost, sint) with ¢t = 0, %”, 4.7”
indicated by e. The other 6 points calculated by using (4) are indicated by x. In the final PDF file
the positions of these 9 points are only written and the real rendering of the Bézier curve is done
by a viewer of the file and therefore the size of the PDF file is small. The second example is the

(uniform/centripetal) Catmull-Rom spline curve passing through these three points.
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The other examples below are the Lissajous curve ~(t) = (sin 2¢, sin 3t) drawn by the points corre-
spondingto ¢t = 272 for j = 0,..., N.

< X
X
N X X
x X X
X
X

N =3 (3 points) Catmull-Rom spline N =24, N =96 N =12 (9 points)

If the points P; = ~(t;) are not suitably chosen, the resulting curve drawn by the points may be not
good. Even in this case our curve is better than the corresponding Catmull-Rom spline curve as in
the following example.

Taking the points on the curve y(t) = (¢,?) correspondingto t = —2, —1, 0, 0.2, 1, 2, we draw
curve for —1 < ¢ < 1 by these 6 points.

NN NN

=22 (-1<z<1) piecewise linear Catmull-Rom spline Our curve

2.2 Singularities

We consider a curve y(t) (¢ € [a, b]) which has singular points or discontinuous points. We assume
that the curve is a finite union of smooth curves but we do not know the singular points of the curve.

First we choose points P; = ~(t;) withtg = a < t1 < --+ < ty = b on the curve. We put
t; = (Njiz\),’”’b in most cases (or as default)*. Then we recursively choose more points on the
curve up to certain times if necessary as in the following way.

—-—
(P;_1P,,P; P

Pj_1P; P; P+

(U and o (),

e If the length P;_; P; exceeds a given threshold value, we add the point (4=,

e If the number 1 — exceeds a given threshold value, we add the points

If the length P;_, P; still exceeds a given threshold value after this procedure, we cut our curve
between two points P;_; and P;.

We show examples:

y =|2sinz| — [|2sinz|] (0 <z <5)
discontinuous at z = z

=% 66
notsmoothatz = 7 //\\//
[t] : the largest integer which does not exceed ¢.

r=0 G

IMoreover if the curve is defined outside [a, b], we use the points P_; and Py to define Bézier curves.

119



It takes less than a second to get the following graph of Riemann’s zeta function in a PDF file.

Toy=CE +2v-T)

3 3D graphs

Our main purpose is to draw graphs of surfaces defined by z = f(x, y) with mathematical functions
f(z,y). Using our method (1), we draw curves on a surface defined by the condition that = is
constant or y is constant. It takes 10 ~ 30 seconds to get a required PDF file after a command
in Risa/Asir if f(z,y) is a simple rational function. We can use TikZ and Xy-pic. In contrast to
Xy-pic the source text in TikZ is more readable, easy to be edited and has stronger abilities such that
it supports coloring and filling region by a pattern but is takes a little longer time to be transformed
into a PDF file. Hence our library supports both of them.

We give two examples:

2
[sinz] (z=z+yi, —r<z<m-1<y<1) Z:ﬁ( (-1<z<1,-1<y<1)
angle (50°,15°) ratiol:3:3 angle (70°,20°)

This function is discontinuous at (x, y) = (0, 0)

(X0
0%
i
i
iy

055275
vy

//
,,’;;I'IIIIIII/////////% \

/i

i ///f/g,

Ol

lllllllll //I,;,
< ,I i W

References

[1] T. Oshima: os_muldif.rr, a library for a computer algebra Risa/Asir, 2008-2015, ft p: //
akagi . ns. u-t okyo. ac. j p/ pub/ mat h/ nul di f/

[2] T. Oshima: Fractional calculus of Weyl algebra and Fuchsian differential equations, MSJ Mem-
oirs 28, Mathematical Society of Japan, 2012, htt p: // proj ect eucl i d. or g/ eucl i d.
nsj nm 1413220558

[3] Risal/Asir, an open source general computer algebra system, ht t p: / / www. mat h. kobe- u.
ac.jp/Asir/asir.htnm

120





