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Abstract Wall patterns are essential in the creation of textures for visually rich buildings. Partic-
ularly, irregular wall patterns give an organic and lively feeling to the building. In this paper, we
introduce a modeling method for wall patterns using Wang tiles which are known for creating ape-
riodic tiling of the plane under certain conditions. We introduce a class of Wang tiles and prove
that any rectangle with border constraints and bigger than a 2 × 2 rectangle can be tiled. We use
this proof to derive a tiling algorithm that is in linear time. Finally, we gives some results of our
algorithm and compare the computation time with previous Wang tiling algorithms introduced in
computer graphics [2, 7].
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1 Introduction

Designing interesting and visually rich buildings requires the creation of complex wall or ground
textures. Particularly, it requires the creation of wall patterns. To give a lively feeling to its creation,
the artist may need to add a stochastic aspect to the distribution of bricks, so that the wall appears
less regular and more organic. An example of such a texture is given Figure 1.

The process of creating such patterns is tedious but can be achieved without a high level of human
control. Basically, the artist proceeds by selecting the borders constraints, then fill the inside of the
wall by adding rectangles and correcting the distribution until satisfaction. It is a long process that
cannot be used to create very large texture. In this situation, in order to texture large building, the
artist creates an auto-tileable pattern that is repeated on the building, introducing a visual periodicity.

In this paper, we propose to replace this tedious process by an algorithm that designs wall patterns
automatically. For this, we model the intersection of bricks in the wall as Wang tiles. The algorithm
is fast and can create large wall patterns and patterns that satisfy border constraints.

2 Related works

Tiling a rectangle (or a plane) means filling it with elementary shapes, the tiles, such that the interior
of tiles do not overlap and every point of the rectangle belongs to at least one tile. Tiling is a very
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Figure 1: Example of a wall texture created by an artist from OLM Digital, Inc.

This edge can 
be shared

This edge cannot 
be shared.

Figure 2: Examples of Wang tiles. The middle tile can share an edge with the left tile
because the colors match. It can not share an edge with the right one because the colors
don’t match.

powerful tool to create visually rich 2d structures. For more details on tiling and tiling in computer
graphics, please consult [5].

2.1 Wang tiles

In this article, we are interested in a special class of tiles, Wang tiles [9]. A Wang tile is a unit square
with colored edges. Tiling with Wang tiles requires that the tiles are placed on a regular grid, edges
to edges. Tiles from the tile set can be used as many times as required, but two tiles can share an
edge only when they have the same color on the shared edge. We give three examples of Wang tiles
Figure 2.

The Wang tiles have the interesting property of creating irregular patterns. Although Wang conjec-
tured that if a finite Wang tile set were tiling the plane, then it was possible to tile the plane with the
same tile set but periodically, this conjecture was disproved by Robert Berger in [1] when he intro-
duced a Wang tile set that could only tile the plane aperiodically. Since then, several other aperiodic
tile sets have been introduced [3, 6]. In computer graphics, Wang tiles have been used to create non
periodic texture or point distribution automatically [2, 7].
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2.2 Tiling algorithms

In the computer graphics community, in the context of texture synthesis, two tiling algorithms have
been elaborated to tile a rectangle with a given set of Wang tiles.

Sequential tiling algorithm The easiest approach to tile a rectangle with a set of Wang tiles
is to tile sequentially, row by row (or column by column) the rectangle, choosing at random a tile
that matches the tiles already inserted in the rectangle. This algorithm was introduced in [2] for
textures and point distribution generation. It has one important requirement on the tiles, that is every
color-combination for left edge and top edge must exist in the tiles.

Advantages of this algorithm is to be easy to implement and fast, since it operates in linear time.
One major drawback is that it can be hard to satisfy boundary constraints with this algorithm, as
they introduce strong requirements on the tile set – that our tile sets do not satisfy.

Stochastic tiling algorithm Another tiling algorithm for Wang tiles, the stochastic tiling al-
gorithm, has been introduced in [7] to account for border constraints. The idea of the algorithm is
very simple. First, the rectangle is filled with random Wang tiles, without accounting for edge color
matching. Then the wall is randomly ”corrected” until all edge colors match. More precisely, the
algorithm minimize the number of errors (non matching edge colors) by picking at random a tile
with non matching edges, then replacing it with a better tile, that is a tile with at most the same
number of errors. By iterating this process, the algorithm converges to a distribution of tiles with all
edge colors matching.

One big advantage of this algorithm is that it produces a tiling satisfying the border constraints.
Although in practice this algorithm works well, it is not proven that it will always converge. It is
also difficult to estimate the number of iterations until convergence. In a production context, it is
very important to give some guarantee of convergence and some estimation of computation time.

2.3 Our contributions

In this paper, we propose to model the bricks intersections with Wang tiles. To this intent, we
introduce a specific class of Wang tiles. Accounting for border constraints is important to create
repeatable patterns or to stitch together different patterns. We prove that any rectangle with border
constraints and bigger than a 2× 2 square can be tiled with our Wang tiles as soon as the number of
colors in the Wang tiles is greater than 2. This proof is inductive and provides a tiling algorithm that
is fast (linear time) and accounts for border constraints.

3 Wang tiles for walls

In our approach, the Wang tiles are containing the corners of the bricks in our wall. In other terms,
the Wang tiles are all the way 4 bricks can connect in the wall. We suppose that the edges of the
bricks are axis-aligned and we add the constraints that

• for aesthetics reasons, the 4 bricks do not share a vertex - they do not make a cross,

• each tile is traversed with a straight line, either vertically or horizontally.
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Wang tile edge

Brick edge

Wang tile edge color

Figure 3: In this article, we use Wang tiles to model the brick corners. The Wang tiles
colors, that is the colors of the edges of the Wang tiles, represent the position of the inter-
section of the bricks edges with the edges of the tile.

The Wang colors are then the position where the bricks intersect the tile edge, see Figure 3 for an
example. For instance, in the results presented in section 4, we consider a color set C containing
five Wang edge colors, corresponding to bricks intersecting the tile edge at lengths 0.25, 0.45, 0.5,
0.55, 0.75.

Such a tile set has a very interesting property. It is indeed easy to show that given a surrounding with
two or three tiles, it is possible to find a tile in the tile set that has no erroneous edges shared with
this surrounding. In other words, if we fix up to three edges color, we can always find at least one
tile in the tile set that matches those colors. This property does not hold for 4 edge colors constraints
because for instance, a tile with all its edges colors equal does not exist because it would introduce
a cross in the tiles.

3.1 Definitions & notations

w(l) = 0.5 w(r) = 0.5

w(t) = 0.75

w(b) = 0.25

w

Figure 4: Notations on one Wang tile as defined section 3.1.

Let C be a finite set of colors. A Wang tile is a function w : {t, l, b, r} → C. Values w(t), w(l),
w(b), and w(r) denote colors of top, left, bottom and right of a tile w respectively, as illustrated
Figure 4. A Wang tile w is said in the class W , the class of brick corners Wang tiles, if (w(t) =
w(b)) ∧ (w(l) = w(r))) or ((w(t) = w(b)) ∧ (w(l) = w(r))).
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We define the set W = {w |w ∈ W} of all Wang tiles in class W . Let Pnm be a rectangle with
size n × m, that is Pnm = {(i, j) ∈ N × N | 1 ≤ i ≤ n, 1 ≤ j ≤ m}. The set of edges is
E = {ei,j , ei,j | 1 ≤ i ≤ n, 0 ≤ j ≤ m, 0 ≤ i ≤ n, 1 ≤ j ≤ m}.

A boundary coloring is a function Bnm : {ei0, eim ∈ E | 1 ≤ i ≤ n} ∪ {e0j , enj ∈ E | 1 ≤ j ≤
m} → C. A tiling is a function T : Pnm → W and we denote T (i, j) by Ti,j . Given a tiling
T and a tile w ∈ W , we denote Ti,j←w the tiling obtained from T by replacing Ti,j with w. We
call S(Ti,j) = {ei,j−1, ei,j , e


i−1,j , e


i,j} surrounding edges of a tiling T at a position (i, j), see

Figure 5. A validation map c : E → {true, false} is defined by

c(ei,j) =




true (Ti,1(t) = B(ei0) ∧ (j = 0)) or
(Ti,j(b) = Ti,j+1(t) ∧ (1 ≤ j ≤ m− 1)) or
(Ti,m(b) = B(ein) ∧ (j = m)),

false otherwise,

c(ei,j) =




true (T1,j(l) = B(e0j) ∧ (i = 0)) or
(Ti,j(r) = Ti+1,j(l) ∧ (1 ≤ i ≤ n− 1)) or
(Tn,j(r) = B(enj) ∧ (i = n)),

false otherwise.

A tiling T is valid if c(ei,j) = true and c(ei,j) = true for all for edges ei,j and ei,j in E. We
call an edge e erroneous if c(e) = false. We denote e(Ti,j) the number of erroneous edges in
S(Ti,j). The total number of erroneous edges for a tiling T is denoted by ET .

ei−1,j ei,j

ei,j−1

ei,j

Ti,j

T1,2
T2,2

T1,1

T2,1

B22(e1,2) = 0.75 B22(e2,2) = 0.5

B22(e1,0) = 0.25 B22(e2,0) = 0.75
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2
2
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,2
)
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,1
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=
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Figure 5: Notations for a tiling T and its edges.

Definition 1 (Tileable). Let n and m be natural numbers. A rectangle Pnm is tileable if there exists
a valid tiling T for any boundary coloring Bnm.
Definition 2. Let n and m be natural numbers and n,m ≥ 2. A boundary coloring Bnm is a torus
boundary coloring if Bnm(e0j) = Bnm(enj) and Bnm(ei0) = Bnm(eim) for any 1 ≤ i ≤ n and
1 ≤ j ≤ m. A valid tiling T for a torus boundary is called a periodic tiling.
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3.2 Satisfiability of border constraints

The stochastic tiling algorithm accounts for border constraints but requires an important computation
time. The sequential tiling algorithm is faster but does not account for border constraints. In this
section, we prove that the border constraints can always be satisfied with our Wang tiles when the
rectangle bigger than a 2 × 2 square. The proof induces a new algorithm, similar to the sequential
tiling algorithm and that accounts for border constraints.

Proposition 3. Let C be a color set.

1. P12 is not tileable (i.e. there exist boundary colorings that can not be satisfied).

2. P22 is not tileable if |C| = 2.

Proof. Let c1, c2 ∈ C and c1 = c2.

1. We show an example of a boundary coloring B12 for which there is no valid tiling T . If
B12(e


01) = c1 , B12(e


02) = B12(e


11) = B12(e


12) = B12(e10) = B12(e12) = c2 then

there is no valid tiling. If T is a valid tiling, then T11(l) = c1 and T11(t) = T11(r) =
T12(l) = T12(b) = T12(r) = c2. Since T11(b) = c2 and T12(t) = c2, we have T is not a
valid tiling.

2. We define a boundary coloring B22 by B22(e10) = B22(e

01) = B22(e12) = B22(e22) =

B22(e20) = c1 and B22(e

02) = B22(e


21) = B22(e


22) = c2. It is easy to check there is no

valid tiling T if |C| = 2.

Lemma 4. Let C be a color set, B a boundary coloring of P12.

1. Let B(e10) = B(e12). There exists a valid tiling T if and only if

(B(e01) = B(e11) ⇐⇒ B(e02) = B(e12)). (1)

2. Let B(e10) = B(e12). There exists a valid tiling T if and only if

(B(e01) = B(e11) ∨B(e02) = B(e12)). (2)

Proof. 1. Assume B(e01) = B(e11). If Eq (1) holds then B(e02) = B(e12) and P12 admits a
valid tiling. That is we choose tiles T11 and T12 with T11(l) = T11(r) = B(e01) and T12(l) =
T12(r) = B(e02). We note that T11(b) = T12(t) = B(e10) and T11(b) = T12(t) = B(e12).
Conversely, if P12 admits a valid tiling then T11(l) = T11(r), T11(t) = T11(b), T11(t) = B(e10),
T12(b) = B(e12) and T12(t) = T12(b). So we have B(e02) = T12(l) = T12(r) = B(e12). That is
Eq (1) holds.

Assume B(e01) = B(e11). The Eq (1) means B(e02) = B(e12). It is easy to show that if
B(e02) = B(e12) then there exists a valid tiling. And if B(e02) = B(e12) then there is no valid
tiling.

2. Assume that Eq (2) holds. It is easy to show there exists a valid tiling. Conversely, assume there
exists a valid tiling. Since B(e10) = B(e12) and T11(b) = T12(t), we have T11(t) = T11(b) or
T12(t) = T12(b). That is B(e01) = T11(l) = T11(r) = B(e11) or B(e11) = T12(l) = T12(r) =
B(e12).

Proposition 5. Let C be a color set and (|C| ≥ 3). A rectangle Pnm with a border coloring Bnm

is tileable for all natural numbers n, m (n,m ≥ 2).
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Proof. (i) P22 is tileable.
We divide P22 into two P12 and the tileability is proved by matching a given boundary coloring to
conditions of Lemma 4.
(ii) If Pnm is tileable then Pn(m+1) is tileable.
Let Bn(m+1) be a given boundary coloring for Pn(m+1). We define a tiling T of Pn(m+1) as fol-
lows. We can define Ti(m+1) (1 ≤ i ≤ n − 1) satisfying T1(m+1)(l) = Bn(m+1)(e


0(m+1)),

T(i+1)(m+1)(l) = Ti(m+1)(r) and Ti(m+1)(b) = Bn(m+1)(ei(m+1)). Since each tile Ti(m+1) has
only two conditions, we can choose a Wang tile Ti(m+1) satisfying conditions easily. Next we define
Tn(m+1) satisfying the following three conditions Tn(m+1)(l) = T(n−1)(m+1)(r), Tn(m+1)(b) =
Bn(m+1)(en(m+1)) and Tn(m+1)(r) = Bn(m+1)(e


n(m+1)). Finally, we reduce the tiling prob-

lem of Pn(m+1) to the problem of Pnm. Define a boundary coloring Bnm for the problem of
Pnm by Bnm(ei0) = Bn(m+1)(ei0), Bnm(eim) = Ti(m+1)(t), Bnm(e0j) = Bn(m+1)(e


0j) and

Bnm(enj) = Bn(m+1)(e

nj), (1 ≤ i ≤ n, 1 ≤ j ≤ m). Since we are assuming Pnm is tileable, we

have a tiling T for Pnm with boundary coloring Bnm and finally we have a tiling T for Pn(m+1)

with boundary coloring Bn(m+1).
(iii) If Pnm is tileable then P(n+1)m is tileable.
It is similarly proved with the result of (ii).
(iv) Pnm is tileable.
It is proved inductively using the results of (i), (ii) and (iii).

3.3 Boundary-constrained sequential tiling algorithm

The proof of Proposition 5 induces naturally a tiling algorithm for a rectangle Pnm with a con-
strained boundary coloring Bnm. This algorithm, called boundary-constrained sequential (BCS)
tiling algorithm consists in picking at random a boundary coloring Bnm and then recursively tile the
rectangle Pnm until we have (n = 2 ∧m = 2). In practice, the recursivity is replaced by a sequen-
tial loop that visit the columns and then the rows to reduce the tiling to P22. Then, the square P22

is tiled using Lemma 4. This tiling algorithm has a computation time linear with respect to nm, the
total number of tiles in the considered rectangle, and accounts for boundary constraints. Particularly,
the BCS tiling algorithm accounts for torus boundary condition, which is useful in practice to create
auto-tileable patterns that allows to texture a mesh with a low memory footprint.

4 Results

In the following, we evaluate the performance of the new algorithm and compare it with the two
algorithms from previous work. In this section, the Wang tiles are built with a color set C containing
five Wang edge colors, corresponding to bricks intersecting the tile edge at lengths 0.25, 0.45, 0.5,
0.55, 0.75.

4.1 Performance

Figure 6, we display the result of running the combination of sequence and stochastic relaxation
algorithm to create a tiling of 49 × 30 tiles. Using Wang tiles allows to create structures without
visible repeated patterns. We added colors to the bricks in a post-process, for aesthetics reasons.

Table 1, we report the computation time of the three algorithm for the creation of a small size
tiling (49 × 30) and a big size one (1000 × 1000). As we can see, the sequential algorithm is
fast but does not create auto-tileable patterns since it can not account for border constraints. The
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Figure 6: Example of wall pattern created by the boundary-constrained sequential tiling
algorithm. This tiling contains 49× 30 = 1470 tiles and was computed in 1ms. 1609 tiles
were visited during this computation. The bricks colors are added in a post-process.

stochastic algorithm accounts for the border constraints but is slower, as it visits more tiles during
the computation (in this example, it visits 10 times more tiles). Using the combination of both
algorithm allows to account for border constraints, while benefiting from the speed of the sequential
algorithm, with only a limited overhead.

4.2 Limitations

Modeling the wall pattern structure using Wang tiles allows the creation of rich non-repeated pat-
terns. The tiling algorithm are fast and it is possible to account for border constraints.

The next step to make it available in a production environment is to create shaders from those pat-
terns, by adding a texture to the bricks and a proper gap between them. To this end, it is important to
be able to use the tiling structure to have a direct control over the shapes of the bricks and the gaps
between them. Moreover, artists often need control over the creative process. For instance, they
may need to control the distribution of bricks, having bigger bricks in some region of the wall, or a
regular pattern in another one. In terms of Wang tiles, it means that we need to add the possibility of
using different Wang tiles for different region of the tiling. In that case, it becomes necessary to be
able to create some transitions tiles between the tile sets to guarantee the tileability of the wall.

If the creation of wall patterns is automatic, it is still needed to create Wang tiles manually. It then
becomes important to check that the new tiles can tile the rectangle and that the algorithms can be
used to produce the tiling. In addition, while convergence of the stochastic algorithm is empirically
verified, we do not have any proof of this claim. It is an important development as we need the
stochastic algorithm to account for border constraints.
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Results 49× 30 1000× 1000
Sequential Visited tiles Time Tileable? Visited tiles Time

1470 1ms No 1000000 716ms

Stochastic Visited tiles Time Tileable? Visited tiles Time

20324 30ms Yes 13837844 41s

BCS Visited tiles Time Tileable? Visited tiles Time

1470 1.4ms Yes 1000000 1s

Table 1: Results of the three algorithms for a rectangle of size 49×30 (middle column) and
2000× 2000 (right column, given as an average on 20 runs). If the sequential tiling algo-
rithm is fast, it does not produce a tileable pattern. The stochastic tiling algorithm produces
such pattern but is slower. The boundary-constrained sequential tiling algorithm (BCS),
with only a small overhead on the sequential tiling algorithm, create quickly tileable pat-
terns.

5 Conclusion

In this article, we introduced the modeling method for wall patterns using Wang tiles. Such a model-
ing approach allows us to use tiling algorithm to create efficiently wall patterns usable for texturing.

As future works, besides those we discussed above, we would be interested in creating 3d walls, by
using 3d Wang tiles, Wang cubes [4]. We would then like to investigate how such a tool could be
useful for volume rendering or 3d textures. In 2d, we proved that any rectangle with a boundary
constraint is tileable if it is bigger than a 2× 2 square. We believe that this property remains true for
more complex polygon when they contain a 2 × 2 square. We would like to study this assumption
and prove it, formally and using a theorem prover such as Coq [8].
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