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Seismic Waves in a horizontally layered half-space

with a general point source

Hiroshi TAKENAKA® and Tsutomu SASATANI™

Abstract

SasaTant (1985) proposed a simple approach of the reflctivity method for the com-
putation of seismic response of a horizontally stratifed half-space due to a point shear dislo-
cation or explosion source. In the present paper we describe a formulation for introducing a
more general source, i.e., single forces and moment tensors into his approach. Our
numerical code based on this formulation has been already applied to many problems, by
which the validation of the formulation has been implicitly but fully confirmed.

1. Introduction

The reflectivity method for calculating synthetic seismograms in horizontally layered media
has been widely used. In the reflectivity method the response of the model in the space-time
domain is transformed into the wavenumber-frequency domain by the Fourier transform or
Fourier-Hankel transform, corresponding to plane-wave or cylindrical-wave expansion. Each
wavenumber-frequency component of the response is generally computed by a matrix method
(Fuch and Miiller, 1971; Kind, 1978; Kennett, 1983; Kohketsu, 1985) that can automatically include
contributions from all possible generalised rays in the whole or a part of region of the model. Many
variants of the reflectivity method have been developed (Kohketsu, 1987).

SasaTant (1985) proposed a simple approach to evaluate seismic response of a horizontally
layered medium due to a point “shear dislocation” or “explosion source”. This approach is based
on the three-dimensional seismic wavefield representation of Aki and RicHARDS (1980), the reflection
and transmission matrices for elastic media of KENNETT and KErRRY (1979) and the wavenumber
integration scheme (the discrete wavenumber summation method) by BoucHon (1981). Similar
approaches have been developed by other people (e.g. YA0 and HARKRIDER, 1983), but the three-
dimensional elastic wavefield representation of Aki and RicHARDS (1980) was used in this approach
for the first time among them. A theoretical merit of the representation of Aki and RicHARDS (1980)
is that it gives the same layer matrix for the three-dimensional (cylindrical) waves as for the two-
dimensional ones (plane waves). SASATANI also made a Fortran 77 code of his approach to show
some numerical examples for a point shear dislocation source in SASATANI (1985), and used it for
modelling some actual seismograms in his subsequent papers (e.g. SAsaTaNi, 1990)

One of the authors of the present paper (H.T.) then extended his approach to obtain seismic
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response due to a more general source, “single force” and/or “moment tensor”, and developed a
new code in March 1989. This code has been already used by many people for analysing actual
seismograms (e.g. OHSHIMA et al., 1989; PITARKA et al,, 1996; TAKENAKA et al, 1997; Fujn, 1998; KaTo et
al., 2000) and for checking different numerical codes (e.g. HAYASHIDA et al., 1999). However,
unfortunately its theoretical bases and formulae have never been reported anywhere. The purpose
of the present paper is to describe them. In this paper we focus on the description related to the
newly exploited part of them.

2. The response of a stratified half-space
We consider a cylindrical coordinate system (r , 8, z) taken positive z downward, and assume
time dependence of exp(—iwt), where ¢ is time and w is angular frequency. The elastic
displacement Uin an isotropic homogeneous body can be represented in the three scalar potentials
¢.¥ and x,as

U=V ¢+VXVXI[0,0,¥y1"+VxI[0,0,x1, (D

where T denotes a transpose. the cylindrical-coordinate form of eq. (1) is

_ 0 %Y 1 dx
U = 3, 50 T 90
ve — L 09 1 Py ax
C T 90 T 900 r
_ 00, Y | .
U. = aZ + az2 +k w (2)

The potentials ¢,¥ and x correspond to P-, SV — and SH-waves, respectively, and satisfy the
following Helmholtz equations:

Vip +ka=0, Vi +k3=0, Vix +kz=0, (3)
where

w
ko :E,

w
ks =" 4)
a and B are P-wave and S-wave velocities, respectively. It follows by the method of separation of

variables that general solutions can be obtained by a superposition of the basic solutions (e.g. Akl
and REcHARDS, 1980)

o (r,0, z,w) = Jlkr)exp(im6)[A exp(— y2)+B exp(y )],
Vi, z,w) = Jknexp(im0)[C exp(—vz)+Dexp(vzl,

x(r,0,z,w) = Jlkrexpim0)[E exp(— vz)+F exp(vz)], (5)

with
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J,, (kr) is the mth-order Bessel function, m is an integer, and A, B, C, D, E, F are constants. In this
paper we employ the complex function exp(im6) for the azimuthal dependence in accordance with
Ax1 and RicHArDS (1980) instead of the real functions cos m6 and sin m8@ used by SasaTani (1985),
which makes the formulation and computational scheme simpler.

We now consider a medium with stratification perpendicular to the z axis which passes through
the point source. Substituting eq. (5) into eq. (2), the displacement can then take the following
explicit form:

_ 1 > . C e OJulkr) | o, im
U0, 2,0) = o Zm explimd) [ by - A ] ke,
_ 1 N . “© m . im _qm aJr?I(kr)
in6,2.0) = oo 2 ewlme) [0l —n - S ea
1 N . “
U. (r,0,z,w) = 74]_[00)2 W;w exp(im@) /0 [(=72) - Julkr)] K dk, (7)

where p is density. The z-dependence of the displacement is described by three scalar functions r{",
5 and 1T . In the right hand side of eq.7) the factor 1/(4npw®) has been taken outside because it
appears commonly in the source representations as shown later. For an isotropic medium, the
displacement scalars r{", 3’ and {{" depend on the azimuthal order only through the nature of the
source. In the case of any single force |m| < 1, while in the case of any moment tensor source
|m|< 2 (eg. Axiand RicHARDS, 1980; KENNETT, 1983).
We will consider the calculation of displacements at the free surface (z =0) and set

- { [r'(k,z=0,w),7% (k,z=0,w)1"  (P—SV) @)

I k,z=0,w)]" (SH)

We assume the source is at a depth zg and the medium beneath the level z; is uniform. Following
KENNETT (1983), we characterise the reflection properties of e.g. the region between z = zg and z; by
R3L where the suffix D indicates an incident downward plane wave at the level z = z. For P-SV
waves R5"is a 2 x 2 matrix of the corresponding reflection coefficients and a scalar in the SH
wave case. A similar notation is used for transmission (e.g. T)® ). If we allow for reflections from the
free surface to be included, we write, e.g. R} . The reflection matrix just at the free surface is
denoted by R. In terms of this notation the surface-displacement vector in the wavenumber-
frequency domain r, takes the following form (KENNETT, 1983; SAsaTaNI, 1985):

ro=W{I—RER) ~'T%(I—RRE) (T v+R¥Z ), 9

where I is the identity matrix, W is the surface amplification matrix which takes amplitude of an
upgoing wave into the displacement appropriate to the free surface, and X, and X, represent the
upward and downward radiation parts of the source jump vector X, respectively, due to the buried
source, as

E:[ED,_EU]T‘ (10)

This excitation term for an isotropic medium is the only one to depend on azimuthal order m, while
the other terms in the right hand side of eq. (9) are independent of azimuthal order. The negative
sign of X, in eq. (10) is taken to facilitate physical interpretation (KENNETT, 1983). The sign for
definition of X, is negative in KENNETT (1983) and Sasatani (1985) as in eq. (10), while positive in
KeNNETT and KeRrY (1979), KENNETT (1980) and Takeo (1985). In the next section we derive the
elements of the jump vector for a general point source (i.e. single forces and moment tensors).
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3. Single force and moment tensor sources

The jump vector X is a discontinuity in the wavevector at the source level zg due to the
introduction of the source, which is given by

T =F 'blk,m,zst, w) —blk,m,z—, w)], an

where F is the layer matrix (eqgs. (7.49) and (7.55) in Akl and RicHARDS (1980); egs. (11) and (13) in
SASATANI (1985) ) for the source layer converting the wavevectors to the motion-stress vectors. The
motion-stress vector b is a vector defined as

m

(), rg, s, ]’ (P—SV)

b ko2, W)= "y (SH) 12)

where r§’ , rj’ and [ are the traction scalars describing the z-dependence of tractions, i.e. the
counterparts of displacement scalars r{*, )" and [{* corresponding to the tractions (AkI and
RicHARDS, 1980).

In order to obtain the motion-stress vectors infinitesimally just above and below the source
level, b (k, m, zg—,w) and b(k, m, z3+ ,w), respectively, we employ the displacement potentials
describing P-, SV -, and SH-waves separately. We first derive the displacement potentials for single
point forces. All equations shown in the following subsections (Sec. 3.1 to Sec. 3.3) are originally
derived by us.

3.1 Displacement potentials for single forces

From the formulae of the elastodynamic Green tensors for a homogeneous whole space (eq.
(4.23) in A1 and Rictarps (1980)), the Sommerfeld integral (eq. (6.7) in Akl and RicHARDS (1980)) and
eq. (2), we derive the following representation of the displacement potentials for single forces in the
Cartesian coordinate directions with a unit strength:
For P-wave

¢ = C-cosf /O kFoJ1 (kr)dk,
¢ = Cosing | kFesildk,
o° = c-/0 sgn(z—h) y FaJolkr)dk, (13)

where # is the source depth, the superscripts of ¢ denote the direction of the force,
_ 1
4dnpw?

Fa = kexp(*vylrhl) : (10

C =

for SV-wave

Yy = C-coséb /0 sgn(z—h)%FBJl(kr)dk,
Yy = C-sind /0 sgn(th)%F/sjl(kr)dk,
Vo= c [ Fanln, (15)

where
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—vlz=h
Il \i)[z DA (a6

for SH-wave

. Yy
= C-sing /Ofpajl(kr)dk,

X
©0 k%
Xy = —C-cosf /0 ?Fﬁjl(kr)dk,
v =0 (17

If we take the Cartesian coordinate directions [x,y,z] as [North, East, Down], the angle 6 is identical
to the usual station azimuth measured clockwise from the north.

3.2 Displacement potentials for moment tensors
The representation of the displacement potentials for moment tensor sources with a unit

moment is obtained by differentiating those for single forces (egs. (13) to (17)) with respect to the

source coordinates as follows:

For P-wave

1

P N
6« = c-| 2/0 KFaolke) di -+

c0s26 /O " F o) di),

<
E
Il

L [
C - sin26 /0 K Fada(kr) dk,

¢° = C-cos Q/Omsgn(Z*h) ky Fad (kr)dk,

o = 7,

6" = C- (-—% /0 " R Fado(kr) dk—-%cosZB /O KR (k) di)

¢* = C-sin Gfowsgn(z—h) kyFaJ1(kr)dk,

o = ¢5

¢T = o7

0° = - ["YRolwld (18)

where the superscripts of ¢ correspond to the moment tensor elements; for SV -wave

v = c-(—% Owsgn(z—h)vFBJo(kr)dk+%cos26/0msgn(z—h)vFﬂJz(kr)dk,

v = c-%sinze /Owsgn(z"h)vFBJz(kr)dk,
o2

e = C~cos0/0 TF}sjl(kr)dk,

Vo= v,

Yy o= C'(—l ngn(z_h)VFBJO(kr)dk_LCOSZG/wS n(z—h) vEs J2(kr) dk

2 Jo 2 , S8 >

o .2

Py o= c~sin0/0 —V];ngx(kr)dk,
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v o= C- cos@/: K1 (k) ik,
e = C~sin6/0mkF/sJ1(kr)dk,
P C'/Ooosgn(z-h)vFBJo(kr)dk ; (19)
for SH-wave
x* = C- é—sin26/o ” K3 Joller) dk,
xr = c~(—% A kstBJo(kr)dk——é— cos20 [ kb elkr) k)
X= = C'SinH/wsgn(z—h)k/zs-;—FBJl(kr)dk,
[}
= c(é /:kéFBJo(kr)d -é— c0s26 /kaéF/st(kr)dk),
PR
X¥ = —C-cos G/OOOSgn(z—h) klzi%FBJl(kr)dk,
X* = x° = x° =0. (20)
3.3 Jump vector elements
The elements of the jump vectors
s ,= | P8, SVBI" (P—SV) s = | [PU, svil" (P—SV) 21)

[SHS (SH) ’ U= [sHE) (SH)

are derived using eqs. (11) to (20), and eqs. (2)and (7 ) together with the similar equations
corresponding to the tractions, for each of azimuthal order as follows:

For m=()
2
o= kel [ 0t it
2
Py = ka[—f;— [Ziy(M\:\-—f"Myy)*yMz:]},
V8 = kok|—1pt [F ot an)—m]},
0 _ d1..71 _
SVE = kak|fit [ (Mt M)~ M}
kik
2v
for m= + 1
P = R g+ (b i) + (=i ],
Pyl = k;k -i—(if\—UC\)_(iM“_iA/I«“:)ﬁ(iM"—IM\)]’
ks 4
sV = =i+ (M= i) (M i) |,
2
svi' = ~k723[(iﬁ-fif;)fv(iM.\»z_iM,w)—lf}—(iMa—iM:y)],
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2
SHa' = %—[% () + (Mt M) ],
2
SHE = %[% (pp) — (Mt M) | (23)
form= + 2
*2 — 2 __ kak .
Pr- = Py =———[— (Mu—My) TilMy+M)]1,
[ —— ,M o .
b = SVt = 4[ (Mux—My) £i(Mo+Myw) ],
SHE: = 2 7&216 +i( o
b = SHu" = [+£i{Mex M) + (Mot M) 1. 24)

4. Numerical examples

The calculation of the seismograms proceeds in two stages, we first construct the response of
the half-space at frequency w, horizontal wavenumber k and angular order m and then generate
the surface displacements themselves by integrating this response numerically with a scheme of
BoucHON (1979). To avoid the influence of the singularities of the integrand in the wavenumber
integrals and to suppress the spatial and temopral wraparounds (aliasing phenomena) caused by
the discretisations of wavenumber and frequency, we give to the frequency an imaginary part w;
as

w, = n/T, (25)

where T is the total time window to be calculated. The resulting attenuation coupled with the
geometrical spreading is sufficient to prevent aliasing in the solution. The displacements in the
frequency domain are transformed into the time domain using the fast Fourier transform. The
attenuation effect is then removed by multiplying them by the factor exp(w #) (Bouchon, 1979). In
actual calculations we can use the following usual units of the input quantities: ‘s’ for time; ‘km’
for distance and depth; ‘km/s’ for wave velocities; ‘g/cm®” for density. This combination of units
gives displacement in ‘cm’ considering the units of single force and moment tensor are ‘101 N
(= 10" dyne)’ and ‘10" Nm (= 10°* dyne cm)’, respectively.

As mentioned in Sec.], the new Fortran code based on the extended approach described in the
present paper was made in 1989. It has been already used by many people, and the accuracy has
been fully checked as well. Therefore we here only show two examples which cannot be calculated
by the code of SasaTani (1985). One example is seismic response due to excitation by a vertically
downward single force, the other is by a tension crack with a vertical opening. For the first
example, f=1.0 x 10! N and the other source components are set to be zero, while for the second
example M= 1.0 x 10" Nm, M= 10 x 10° Nm, M, = 288 x 10'® Nm and the others are zero. In
both cases the solutions have no azimuthal dependence, and should have no transverse component
because of force system with symmetry around the z-axis.

The used source time function S(z) is

%[1—%005{%( )H for 0Lt<To

S ==
0 0 for <0, To<Lt’

(26)

where Ty is the pulse width. Here we set T = 1.0 s. This function S(¢) is a normalised version of
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the function M(z) in SasaTani (1985) so that it has a unit area. Unfortunately the subroutines for
some source time functions in the code including the functions $(z) and M(z) had had bugs before
April 11, 1994, which had not affected waveform of synthetic seismogram but always a larger
amplitude by about 20 % compared with the correct one. The first author of the present paper
(H.T.) found this bug, and revised these subroutines on April 11, 1994.

We employ the same structure model by Sasatani (1985) which is a half-space overlain by a
lower velocity layer with the thickness of 2 km. The velocities and densities are a = 3.5 km/s, B =
20 km/s, p = 2.4 g/cm® for the upper layer; and « = 6.0 km/s, B =35 km/s, p = 2.7 g/em® for the
lower half-space. The source depth is 1 km, and the epicentral distances are set to be {.5 km and
3 km. The incident angle at the free surface of the former is then less than the critical angle for the
free surface, while the latter is beyond it. The displacements at the free surface for the first and
second examples are shown in Fig. 1 and Fig. 2, respectively. In these figures, the peak amplitude of
each trace is also shown. We can confirm that the computational results have in fact no transverse
component in both examples. The first arriving phase at the two epicentral distances is the direct P
wave. In Fig. 1(b) note the z-component of this phase has a small positive onset although its
amplitude may be too small to be clearly seen.

(a) (b)
Ex.1 r=0.5km Ex.1 r=3km
4 Z
2.96E-02 8.93E-03
00 ' 20 ' 40 ' 6.0 00 ' 20 ' 40 ' 60 ' 80
Time (s) Time (s)
Radial Radial
K/\.-\______.____. -1.17E-02 ﬂ_\/\/\—» 3.86E-03
00 ' 20 ' 40 6.0 00 20 40 6.0 @ 80
Time (s) Time (s)
Transverse Transverse
0.00E+00 0.00E+00
00 ' 20 ' 40 @ 60 00 20 ' 40 ' 60 @ 80
Time (s) Time (s)

Fig. 1. Surface displacements for the first example (vertical single force source) at (a) » = 0.5 km and
(b) r =3 km. Numbers at the right of each trace is its peak amplitude value in cm.
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(a) (b)
Ex.2 r=0.5km Ex.2 r=3km
Z Z
-8.49E-02 -1.35E-02
0o ' 2o " 40 ' 60 00 ' 20 ' 40 ' 60 ' 80
Time (s) Time (s)
Radial Radial
4 97E-02 1.25E-02
00 ' 20 ' 40 " 60 00 20 ' 40 60 ' 80
Time (s) Time (s)
Transverse Transverse
0.00E+00 0.00E+00
00 ' 20 ' 40 ' 60 00 20 ' 40 ' 60 ' 80
Time (s) Time (s)

Fig. 2. Surface displacements for the second example (tension crack source) at (a) r =0.5 km and (b) r = 3 km.
Numbers at the right of each trace is its peak amplitude value in cm.

5. Conclusion

We have described the theoretical bases and formulae exploited for a simple approach of the
reflectivity method which calculates synthetic seismograms for horizontally layered media with
general sources represented by single forces and moment tensors. We have also showed numerical
examples using the Fortran code we had developed.
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