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ASYMPTOTIC BEHAVIORS OF SOLUTIONS TO
EVOLUTION EQUATIONS IN THE PRESENCE OF
TRANSLATION AND SCALING INVARIANCE

YOSHIYUKI KAGEI' AND YASUNORI MAEKAWA?

ABSTRACT. There are wide classes of nonlinear evolution equations which
possess invariant properties with respect to a scaling and translations.
If a solution is invariant under the scaling then it is called a self-similar
solution, which is a candidate for the asymptotic profile of general so-
lutions at large time. In this paper we establish an abstract framework
to find more precise asymptotic profiles by shifting self-similar solutions
suitably.

1. INTRODUCTION

In [8] Escobedo and Zuazua studied large time behaviors of solutions to
convection di usion equations such as

(n-B) Q0 — AQ + a- V(|QPQ) =0, t>0, zeR",

where n > 1; a € R" is a given constant vector; p > 0 is a given number;
A=3"02;and V = (9, -+ ,0,,)". When p > < in (n-B), which

i)
is called the weakly nonlinear case, the nonlinear term can be regarded
as a perturbation from the scaling point of view. It is proved in [8] that
solutions asymptotically behaves like the Gauss kernel which is the self-

similar solution to the linear heat equations
(H) 02 — AQ =0, t>0, veR"

On the other hand, when p = %, which is called the critical case, the
nonlinear term is not a perturbation and the Gauss kernel no longer de-
scribes the large time behaviors of solutions to (n-B). Instead, in this case
the self-similar solutions to the nonlinear equation (n-B) itself describe large
time behaviors of solutions to (n-B). The existence and the uniqueness of
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self-similar solutions are shown in [1], and it is proved in [8] that these self-
similar solutions give the large time asymptotics of solutions in the following
sense:

n : _n_1
(1.1) HQ(t)_ngé(%)HLP(Rn) =o(t 2(1 P)), t—o0, 1<p<oo.

Here Q(t) is a solution to (n-B) with initial data €y and Uy is the pro le func-
tion of the self-similar solution satisfying [, Us(z)dx = ¢ := [5, Qo(x)dx.

Eq. (n-B) is considered as a generalization of the well-known viscous
Burgers equations

1
(1-B) 0,Q — 920 + 5(’)30(92) =0, t>0, zeR

For (1-B) a more precise asymptotic pro le was given by [21]. Indeed,
when the initial data has a suitable decay at spatial in nity the next esti-
mate holds with some y*, t* € R:

(1.2)
o —1 +y
12— (t4+7) H U5 (=2

Vit+

This result is extended by [27], which established further improvements of
the rate of convergence for solutions to (1-B).

Roughly speaking, the above result implies that large time behaviors of
solutions are described more precisely by suitably shifted self-similar solu-
tions. The key idea in [21] and [27] is to reduce (1-B) to the linear heat
equations by using the Hopf-Cole transformation. Hence, if we try to obtain
analogous results with (1.2) for (n-B) or other nonlinear equations, we can
not use the arguments in [21, 27].

Recently analogous observations with (1.2) were achieved in [24] for a one
dimensional parabolic system modelling chemotaxis, usually called a Keller-
Segel system. In [24] it is proved that a suitably shifted Gaussian gives a
more precise asymptotic pro le of solutions than the Gaussian itself, which
improves the results of [22, 16]. The shift is determined by solving some
ODEs. The one dimensional Keller-Segel system treated in [24] is classi ed
in the category of the weakly nonlinear case. As is remarked in [24], it is
expected that an analogous result to that in [24] also holds for the multi-
dimensional Keller-Segel systems which are in the category of the weakly
nonlinear case. On the other hand, there is a two dimensional Keller-Segel
system which is classi ed in the critical case. For such a system it is known
2, 23] that self-similar solutions describe large time behavior as in (1.1),
while an estimate like (1.2) seems to have not yet been achieved for this
case.

The aim of this paper is to provide an abstract framework which clari es
the structure leading to the estimates like (1.2). This enables us to capture

Mo = o(t™2+2), t—o00, 1<p<oo.
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more precise asymptotic behaviors of solutions at time in nity for equa-
tions other than (1-B) in a systematic way. Our approach is based on two
symmetries of the equations; translation invariance and scaling invariance.
If an evolution equation is invariant with respect to some scaling, we can
expect the existence of self-similar solutions and they are candidates for the
asymptotic pro les of general solutions. It is well-known that, by introduc-
ing the self-similar variables, this problem can be reduced to the stability
problem of stationary solutions for the equations in the new variables. The
key observation here is that if translations and the scaling are suitably con-
nected, then the linearized operators around the stationary solutions are
shown to possess some point spectra which re ect the symmetries but also
correspond to the second order asymptotic pro les of solutions. Then we
determine the (time-dependent) shifts of stationary solutions so that the
di erence of solutions and shifted stationary solutions always belongs to a
complement subspace of the eigenspace for these eigenvalues, by which we
obtain more precise asymptotic pro les of solutions. The time dependent
shifts are constructed by solving suitable ODEs as in [24].

By focusing on the relations between the symmetries and the spectrum of
the linearized operators we can develop systematic and abstract arguments
to this problem. Especially, our method can be applied for wider classes of
equations including multi-dimensional convection di usion equations, two
dimensional vorticity equations for viscous incompressible ows, two dimen-
sional Keller-Segel systems. We further introduce a family of translations.
This enables us to treat the Vlasov-Poisson-Fokker-Planck equations within
our abstract framework, which is a degenerate parabolic equation and is not
invariant with respect to a translation of a spatial variable. We also remark
that our approach can be applied not only for the case when nonlinear equa-
tions possess self-similar solutions but also for the weakly nonlinear case,
i.e., large time behaviors of solutions are described by self-similar solutions
to the linear equations.

This paper is organized as follows. From Section 2 to Section 6 we discuss
in rather abstract settings, by regarding translations and scaling as the
actions of the additive groups and the multiplicative group, respectively. In
Section 2.1 we introduce the idea of translation and scaling in the Banach
spaces and de ne the self-similarity of functions. We also x the idea of
solutions for the abstract Cauchy problems in this section. Especially, we
always deal with mild solutions which are solutions to the integral equations
de ned through strongly continuous semigroups. In Section 2.2 we give
several assumptions for operators. The main results in this paper are stated
in Section 2.3. In Section 3 we derive the equations in self-similar variables
in the abstract settings. Then the existence and the stability of self-similar
solutions to the original equations are shown to be equivalent with those of
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stationary solutions to the new equations. The existence and the uniqueness
of stationary solutions are proved in Section 4. In Section 5 we establish the
local stability of the stationary solutions with a "rough” rate of convergence.
Section 6 is the main contribution of this paper, in which we determine a
suitable shift of self-similar solutions so as to get the more precise asymptotic
pro les of solutions. For this purpose in Section 6.1 we study the spectrum of
the linearized operator around stationary solutions by applying the general
perturbation theory and semigroup theory of linear operators. In Section 6.2
we construct a time dependent shift by solving the nonlinear ODEs. Finally,
in Section 6.3 we calculate the rate of convergence to shifted stationary
solutions (or equivalently, shifted self-similar solutions), which completes
the proofs of the main results in Section 2.3. In Section 7 we apply our
abstract results obtained in Section 2- Section 6 to several nonlinear PDEs.

2. PRELIMINARIES AND MAIN RESULTS

2.1. Scaling and translations in abstract settings. We consider an
evolution equations in a Banach space X:

(B) %Q—AQ+N(Q):0, £ 0.

Here A is a closed linear operator in X and A is a nonlinear operator. We
are interested in large time behaviors of solutions to (E) in the presence
of several invariant properties with respect to actions of groups, which we
call scaling or translation below. First of all, we x the idea of scaling and
translation in the abstract setting. We denote by R* the multiplicative
group {A € R | A > 0} and by RT the additive group R. Both groups are
endowed with the usual Eucledian topology. Let B(X) be the Banach space
of all bounded linear operators in X.

Definition 2.1. (1) We say R = {Rx}rerx C B(X) a scaling if R is a
strongly continuous action of R* on X, i.e.,

(21) R)\1>\2 = R>\1R>\2, /\1, Ay € R*
(22) R1 - [,
(2.3) Ryu — Ryu in X when ' — X for each u € X.

(2) We say T = {7} aer+ C B(X) a translation if T is a strongly contin-
uous group acting on X.

For one-parameter family of translations {Tp}eer with Ty = {Taptacr+,
we say that it is strongly continuous if 7,9 (f) — Tao(f) in X as 0 — 6
for each a € RY and f € X. When there are n one-parameter families of
translations {%(])}QE]R, j=1,---,n, we say that they are independent if for
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all a,a’,0 € RT it follows that

(2.4) T = Ty 1Sii<n,

a

The generator of { Ry} crx is the operator B given by

(2.5) Dom(B) = {feX| Illir%]%l%f_f exists },
oy B =
Bf = }ILILI[I) Y . f €Dom(B).
Note that if f € Dom(B) then R)f € Dom(B) and
(2.6) BRyf = R\Bf.

Moreover, if f € Dom(B) then R, f is di erentiable in X at each A € R*|
and we have

d 1
2.7 — Ry flx=r, = — R, BY.
( ) d)\ )\.f‘/\—/\o )\0 Ao f
A scaling R = { Ry} erx naturally induces an action on C((0,00); X) as

follows. For f € C'((0,00); X) we set

(2.8) OAN() = Ra(f(A1)), A eR

Then it is not difficult to see

Proposition 2.1. (1) {O,}xerx is an action of R* on C((0,00); X) and
O, is linear for each A € R*.

(2) Ox(f)(t) — OA(f)(t) in X as N — X for each t > 0 and f €
C((0,00); X).

We call {O,},crx the scaling induced by R.
Let {Zp}ecr be a strongly continuous one-parameter family of transla-
tions. The generator of 7y for each 6 € R is the operator Dy given by

(2.9) Dom(Dy) = {fe€ X | 1%% exists },
Dof = @%W f € Dom(Dy).

We can also consider a linear operator I', p which is a derivative of 7,4
with respect to 6:

(f) B Ta,@(f)
h

, f € Dom(I',4).

(210) Dom(Tye) = {feX | lim Tab+h

Too(f) = lim Tao+h(f) — Tao(f)

h—0 h

exists },
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Definition 2.2. Let {O)}\crx be the scaling induced by R = {Ry}xerx-
We say that f € C((0,00); X) is self-similar with respect to {O\}rerx iff

(2.11) o.(f) = f, A € R™.
Then we easily see that

Proposition 2.2. The function f € C((0,00); X) is self-similar with re-
spect to {Ox}aerx if and only if f can be expressed as

(2.12) ft) = Ry (h)
with a function h € X.

Next let us x the idea of solutions to (E). Throughout of this paper
we consider only mild solutions, so we assume that A generates a strongly
continuous (Cy) semigroup e in X, which gives a mild solution to the
linear equation

d
E —0—-AQ=0 t > 0.
( 0) i A s >

Definition 2.3. We say that Q(t) € C((0,00); X) is a mild solution to (E)
if fg AN (Q(s)) || xds < oo for any t > 0 and Q(t) satisfies the equality

t
(2.13) Q(t) = e94Q(s) — / eIAN(Q(T))dr, forall t > s> 0.
Moreover, if Q(t) satisfies in addition
t
(214)  mQ@)=QeX, lm / 104N (Q(s)) | eds = O,
— — 0

then we say that Q(t) is a mild solution to (E) with initial data .

Remark 2.1. If Q(t) is a mild solution to (E) with initial data Qq, then
Qe C([0,00); X) and it satisfies

¢

(2.15) Q) = 40, — / CDAN(Q(s))ds,  for all £ > 0.
0

Definition 2.4. We call Q(t) € C((0,00); X) a self-similar solution to (E)

with respect to {O\}aerx if QUt) is a mild solution to (E) and is self-similar

with respect to {©)} xerx -

The existence of self-similar solutions and its asymptotic stability are re-
lated with the invariant properties of (E) for the associated scaling. More-
over, if (E) also possesses a translation invariance, we can expect more
precise informations on the asymptotic pro les of general solutions. The
main purpose of this paper is to verify this idea under some assumptions
on the operators.
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Definition 2.5. Let R = {R)}aerx be a scaling and let {Tg}oer be a
strongly continuous one-parameter family of translations.

(i) We say that (E) is invariant with respect to {Ox}rerx if OA(Q)(t) is
a mild solution to (E) with initial data R\(Q) for each A € R* whenever
Q(t) is a mild solution to (E) with initial data €.

(i1) We say that (E) is invariant with respect to {7 }ocr if Tat+0(2(t)) is
a mild solution to (E) with initial data 7,9() for each a € RT and § > 0
whenever Q(t) is a mild solution to (E) with initial data €.

Let (Eg) be invariant with respect to {©)}ierx and {Zp}oecr. Then the
above de nition is expressed by the equalities

R,\(eAtAQo) = @A(QMQO) = @/\(Q)(t) = etARA(QO)a

tA tA
Tat+0€" o = €77, 9820,

which holds for any €y € X, A € R*, a € R", and t,60 > 0. Hence in
this case we have key relations, which are equivalent representations of the
above de nitions, such as

(2.16) RyeMA = R,

(2.17) Taps0€ = 7,5,
This relations formally imply that
AR/\f = )‘RkAfy [-’47 Taﬁ]f = Pa,@fﬂ

where [A, 7,0] = ATup — TapA. When (2.16) and (2.17) are satis ed, we
will also see that the condition

/\R)\N<f) = N(R)\f)a Ta,9N<f) = N(Taﬁf))

are natural sufficient conditions in order for (E) to be also invariant with
respect to {Oy}rerx and {7y }ocr.

Next we introduce the "similarity transform” in the abstract setting.
When (Ey) is invariant with respect to {©,} xerx induced by R = { Ry }rcrx
we set

(2.18) O(t) = Rael DA = (=< D4R . >0,
Then we have

Lemma 2.1. The one parameter family {O(t)}i>o0 defined by (2.18) is a
strongly continuous semigroup in X.

Proof. 1t is easy to see that ©(t) is strongly continuous and 6(0) = I.
Hence we check the relation ©(t 4+ s) = ©(¢)O(s). From (2.18) and (2.16)
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we have
@(t)@(s) = e(l—e*t).ARet(_)(S) — e(l—e*t)ARetRese(es_l)A
= e(lie_t)ARe(tJrs)€et+s(6_t*6_t_s)¢4

_ e(l_e_t)Ae(e_t_e_t_s)ARe(Hs)
= e(l—e*t*S)ARe(H—S) = @(t + S).
This completes the proof.

Let A be the generator of O(t), i.e.,
(2.19) Dom(A) = {feX| Pn(l)% exists },

Af = lim%, f € Dom(A).

t—0

Then it follows that Dom(.A) N Dom(B) C Dom(A) and
(2.20) Af = Af + Bf, for f € Dom(A)NDom(B).

The proof is omitted. In general, we can not expect that B is relatively
bounded with respect to A. Especially, the spectral properties of A can
quite di er from those of A. In the next section we give several assumptions
on the operators A and A. Typical examples of A, R, and 7U) are A,
(Raf)(x) = A5 f(A2a), and () f)(z) = f(z1,---,2; + a,--- ,2,). Then
the generators of R and 71 are given by B = £-V + 2 and DY) = §,,.
Especially, in this case we have Dom(A) = Dom(.A) N Dom(B) if they are
considered in polynomial weighted L? spaces. For details, see Section 7.

2.2. Several assumptions. In this section we collect several assumptions
on (E) and operators which we deal with.

2.2.1. Assumptions on (Ey). We 1st state the assumptions on (Eg). As
stated in the previous section, the operator A is assumed to generate a
strongly continuous semigroup e** in X.

(E1) There is a scaling R = {R)} erx such that (Ey) is invariant with
respect to {©x} xerx -
(E2) There are finite numbers of strongly continuous one-parameter fam-

ilies of translations {%(j)}9€R7 1 <5 < n, such that they are independent
and (Ey) is invariant with respect to {Te(])}geR for each j.

In other words, we have (2.16) and (2.17) for each R, and Té](,) Let
B, D(Sj), and Fé{é be the generator of Ry, the generator of Te(j), and the
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derivative of ng with respect to 6 de ned by (2.10), respectively. For a
pair of linear operators L;, L its commutator is de ned by [Li, L] =
LiLy — LoLy. The next assumption represents the relation between the
scaling R and translations {’Z;(j )}QG]R.

(T1) For alla,0 € R and j =1,--- ,n the inclusion
7Y% (Dom(A) N Dom(B) N Dom(Dy”) N Dom(I'Y))) < Dom(B)

a,

holds, and there is a p1; > 0 such that
(2.21) (B, 750)f + 6T = —ap; D70

holds for f € Dom(.A) N Dom(B) N Dom(I‘gé) N Dom(Déj))_
(T2) For any nontrivial f belonging to Dom(A)ﬂDom(B)mm;leDom(Dg))
the functions {Bf, Dgl)ﬂ e ,D§"’f} are linearly independent.

If X = L*(R) and if (Ryf)(z) = A2 f(A2z) and (7,.f)(z) = f(z +a), then
(T1) formally holds with p = £, i.e., we have [B, 7, = —%0,7,. Note that
[0 = 0 in this case. The values p; in (T1) are related with the eigenvalues
of A and they play important roles in our arguments. We set

(2.22)  p* =max{ur, -, pfn, 1}, e =min{pg, -, pp, 1}

2.2.2. Assumptions on A. We recall that A is the generator of the strongly
continuous semigroup O(t) = Rqel® DA, In our arguments it is more con-
venient to put assumptions on A than on A. So the additional assumptions
are given for A instead of A as follows. Let o(A) be the spectrum of A and
let 7es(€!) be the radius of the essential spectrum of e'4; see [6, Chapter
IV] for de nitions.

(A1) There is a positive number o such that o(A) C {0}u{n € C | Re(p) <
—o}. Moreover, 0 is a simple eigenvalue of A in X.

(A2) There is a positive number ¢ such that { > max{o, u*} and res(et) <
e ¢t

Let wy be the eigenfunction to the eigenvalue 0 of A normalized to be 1
in X. We will see that (T1) and (T2) are sufficient conditions for D%j Jwo
to be an eigenfunction to the eigenvalue —pu; of A if wy possesses a suitable
regularity. Thus in this case ¢ < p, holds by (A1).

Let us introduce the eigenprojections Py and Qg o, which are de ned by

(2.23) Poof =< fiwg > wy, Qoof =f—Poof
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where <, > is a dual coupling of X and its dual space X*, and wyg is the
eigenfunction to the eigenvalue 0 of the adjoint operator A* in X* with
< wo,wy >= 1. From (A2) the set {u € o(A) | Re(pr) > —(} consists
of nite numbers of eigenvalues with nite algebraic multiplicities; see [6,
Corollary IV-2-11].

From the spectral mapping theorem we have

Proposition 2.3. Assume that (A1) and (A2) hold. Then we have
(224) ||6tAQ070||B(X) < Cee—(g—s)t7 t >0,

for any € > 0.

2.2.3. Assumptions on N'. Finally we give the assumptions on the nonlinear
operator . For a linear operator T' we denote by ||- ||pom(z) the graph norm

of T, i.e., [| fllpom(ry = I/ llx + T fllx-

(N1) NV maps Dom(A) into Qo oX and thereis ¢ > 0 such that ||N(f)||x <
Ol f o4y holds for any || fllpom(ay < 1.

Dom

(N2) There are a € (0,1], 5 € [0,1), and € € [0, 0) such that for each
t > 0 the operator

(2.25) N(t,-) = e“N()

is a C™ map from Dom(A) into Qo oX satisfying the estimate

ﬂ
t

forall f, g, h € Dom(A) with a constant C' > 0 depending only on «, (3, o,

€0, and M > 0 when || fllx + |lgllx + ||hl]|x < M. Here N'(t, f) is a Fréchet
derivative of N(t,-) at f.

(226)  ||N'(t, f)h = N'(t, g)hllx < C(——) e @] f — g||S[|hl|x,

(N3) There is a dense set W in X such that \RAN = N'Ry and T(EQN =
Nng hold in W for any A\ € R*, a € RT, # € R, and j.

Note that from (N1) and (N2), N(¢,0) = 0 and N'(,0) = 0 follows.
Moreover, for each ¢ > 0, N(t,-) is extended as a C'™® map from X into

Qoo X.
Let A_; be the generator of the semigroup e*4 in the negative order space

X_li
(227)  X_y=Dom((-A+1)™"), I llxo = I(=A+ D)7 Ix
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Note that the domain of A_; is just X; see [6, II-5]. Then the Laplace
formula

1 o
(2.28) (—A4 1)1 = o) / tPe e dt, 0 €]0,1),
0

T(1—

with the Euler T" function I'(1 — @) and the estimates in (N2) lead to the
following lemma.

Lemma 2.2. The nonlinear operator N'(-) can be extended as a C'T* map
from X into X_1 and its Fréchet derivative N is given by

1 - . —t pT/
m(—A,DLI)1 7/0 t e IN'(t, f)dt,

for any v € (0,1 — 3). Moreover, the equality

(2.29) N(f) =

(2.30) N (f)=N'(t, f), t>0,

holds for any f € X. Especially, e/*~"N"(f) is extended as a bounded linear

operator from X into QooX and satisfies the estimates

141t
t

for any € > 0. Here the constant C. is independent of || f||x, llgllx, Ih]lx,

and t > 0.

(2:31) ([N ()b — e N (9)hllx < Co(——) e | f = gll5|Inllx.

Proof. We 1st note that if f € X_; then (=A_; +1)/f = (=A+1)°f,
and hence (—A_1+1)7%f = (=A+1)7f for any f € X. Moreover, if f € X
then e'-1f = e f. From N'(t,f) € X and (N2) the right hand side of
(2.29) makes sense for any f € X. By the density argument, it suffices to
prove (2.29) for any f € Dom(A). Set C,, = ﬁ For any f,h € Dom(A)
we have

IN(F + ) = N(f) = Cy(— Ay + ) / TN, )k x

0

= A D) NG B — N ()} — Cy(— Ay + ) / T e N ) x

— oA+ D) / T e NS 4 h) — N(f)) — NGt PRt

ICL(~A+ 1) /Ow e N (L f+h) — N(t, f) = N'(t, f)h}dt| x

o 1+t
< ¢ [ et e < olnle
0
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So the Frechet derivative N'(f) : X — X _; is given by the right hand side
of (2.29). To prove (2.30) we note that

eMIN (s, f) = eAN'(s, f) = N'(t + s, f) = *AN'(t, f),

for t,s > 0 which can be seen from the density argument and the semigroup
property of e'4. Then we observe from (2.2) that

N = CA DT [T N (s, s
0
= C’W(—A+])1_7/ sTe e AN (L, f)ds
0

= N'(t,f).

Hence (2.30) holds. The estimate (2.31) follows from the semigroup property
eltHt) AL \1(f) = etA-1etoA-L NT'(f), Proposition 2.3, (2.30), and (N2). We
omit the details here. This completes the proof of the lemma.

2.3. Main results. Let us state the main results in this paper. Due to the
nonlinearity, we only deal with sufficiently small initial data and solutions.
The rst result gives the existence of self-similar solutions to (E).

Theorem 2.1. Assume that (E1), (A1), (N1), (N2), and (N3) hold.
Let {Ox}aerx be the scaling induced by R in (E1), and q,« be the numbers
in (N1), (N2). Then there is a number o9 > 0 such that the following
statement holds. There is a family of self-similar solutions {R%U5}|5|§50
to (E) with respect to {O\}rerx such that Us is C1* in X with respect
to 0 and written in the form Us = dwy + vs for some vs € QpoX with
||U5||Dom(A) S C|5|1+q'

The second result is on the existence of time global solutions to (E) and
their self-similar asymptotics at time in nity.

Theorem 2.2. Assume that (E1), (A1), (A2), (N1), (N2), and (N3)
hold. Let o be the number in (Al). If ||Qollx is sufficiently small, then
there is a unique mild solution Q(t) € C([0,00); X) to (E) with initial data
Qo such that

(2.32) 1Ry 1492(t) — Usllx < C(L+)"5(|1Q% — Usllx, t>0.
Here § =< Qo,w§ > and Us 1is the function in Theorem 2.1.

Remark 2.2. If there is a Banach space Y such that X is continuously
embedded in Y and if ||Ryf|ly = K(N\)||f||y holds with a constant K (\)
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satisfying supy<; K()) < oo, then from (2.32) we have

1
12(t) = B2 Uslly = K(3— )1 F2(t) — Uslly
1
< CK({ I RiSUE) — Usllx
(2.33) < OK(7 7)1+ 0789 = Uslx.

Since HR%H Uslly = K(337)11Us||y, this estimate shows that R%H Us gives an
asymptotic pro le of )(¢) at large ¢.

The estimate (2.32) in Theorem 2.2 implies that solutions are approxi-
mated by the self-similar solution in large time with accuracy up to O(t’g).
In view of Proposition 2.3, the rate O(t~2) could be improved but in gen-
eral at most up to O(t7¢%¢) for any ¢ > 0. Our aim is to present an
abstract method to capture more precise asymptotic pro les of solutions by
making use of symmetries of equations, translation and scaling invariances.
Especially, in many applications our method gives a suitable shift of the
self-similar solution as an asymptotic approximation with accuracy beyond

O(t™9).
For y = (y1,--- >yn+1)T R”“ we de ne the shift operator
(n)
(2.34) S(y; f) = y171+yn+1 o Tyn,1+yn+1R

I+yn41
Note that if @ C R"! is a sufficiently small open ball centered at the

origin, then S(y; f) is a continuous map from O to X. The following lemma
represents the relations between symmetries of (Eq) and the operator A.

Lemma 2.3. Assume that (E1), (E2), (T1), (T2), and (A1) hold. Let
wy be the eigenfunction for the eigenvalue 0 of A in (A1) with ||wo|lx =
1. Suppose that S(- ;wgy) : O — X is C'. Then Bw, and Dj)wo are

eigenfunctions of A for the etgenvalues —1 and —p;, respectively. Moreover,
(9)

wo, Bwy and Dy’ wy, j =1,--- ,n, are linearly independent.
If in addition (A2) holds, then the set {u € o(A) | Re(n) > —u*}
with p* = max{1l, py,- - , i} consists of nite numbers of eigenvalues with

nite algebraic multiplicities (note that the relation p* > p holds by (A1)
and Lemma 2.3). Let Eq be the total eigenprojection to the eigenvalues
{n € o(A) | Re(u) = —p"}, that s,
1
(2.35) E) = ()\ A) A,

i

where 7 is a suitable curve around {u € o(A) | Re(u) > —u*}.
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Set
(2.36)

_ _ _ (4) -
€0,0 = Wo, €on+1 = CO,n+1Bw07 €0, = CO,jD1 Wo, j=1--,n.

Here co; is taken as ||eg ;]| x = 1. Then {eg; }7!& forms a part of the basis of
the generalized eigenspace E¢X = {Eof | f € X}. So there are {e} ;}*] C
X* which forms a part of the basis of the generalized eigenspace associated
with the eigenvalues {u € o(A*) | Re(n) > —p*} to the adjoint operator A*

and satis es the relations
(237) < €9,5, €é’k >= 5j/€7

where <, > is a dual coupling of X and its dual space X*, and d;;, is kro-
necker’s delta. By (A1) at least ef,(= wg) is the eigenfunction for the
simple eigenvalue 0 of A*. We set the projections as

(2.38) Pojf=<frep;>eoy, Qoif=f—-Posf, 0<j<n+1,
n+1
(2.39) Pof = ZPO,jfa Qof =f—Pof
§=0
Note that Py X is a subset of EqX, and, in general, Py X does not coincide
Let —14 be the the growth bound of e/@04Q0  that is,
(2.40)
—yp = inf{p € R | 3C, > 0 s.t. [ R4 f|| x < e fllx, Vf € QuX}.

Note that we always have
(2.41) o< <,

where ¢ and ¢ are the numbers in (A1) and (A2).
Next we set

(2.42) H(yo,y;Us) = S(y; Ustyo)-

Then H (yo,y; Us) is continuous from (—dy + 6,9 — ) x O C R"2 to X for
each § € (—do, dp).

Set 1o = 0 and 1,41 = 1. We will show that each —p; is an eigenvalue of
the linearized operator A — N’(Us); see Section 6 for the precise realization
of A — N'(Us). Especially, 0(= ) is shown to be a simple eigenvalue
by the general perturbation theory. If 1y > p* and each —p; is also a
semisimple eigenvalue then we can derive the analogous estimate with (1.2)
in the abstract settings. The main contribution of this paper is as follows.

Theorem 2.3. Set ji,,+1 = 1. Assume that (E1), (E2), (T1), (T2), (A1),
(A2), and (N1) - (N3) hold. Suppose that S(y;wp) is C* near y =0 and
H(yo,y; Us) is C*7 near (yo,y) = (0,0) for some v > 0. Let Q(t) be
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the mild solution in Theorem 2.2 with § # 0 and let vy be the number in

(2.40). Assume that vy > p* and {—p;}i%) are semisimple eigenvalues of

A — N'(Us). Then there exist n(§) € R and y* € R™™ such that

(2.43)

HRlHQ(t) _ S( Y1 o Yn Ynt1 U(;) HX <C (1 + t)fl/0+77(5)+e
1+t (14t 1+t - ’

holds for all € > 0 and t > 1. Here n(9) satisfies lims_on(d) = 0 and C.

is independent of t > 1. Especially, if vo > p* and |§| is sufficiently small

then {—p; Y141 are semisimple eigenvalues of A — N'(Us), and thus (2.43)

holds in this case.

Remark 2.3. The distribution of the spectrum of A assumed in Theorem
2.3 is visualized in Fig.1 below. When 1y > p* we can take o = p, =

1<m<in+1{,uj} by (A1) and the de nitions of v5. So vy > p* > pe =0 >0
SJsn

holds, and the asymptotic pro le is improved by (2.43) if vy > p.. We will
give some examples in Section 7 such that vy > u, holds.

Remark 2.4. The value of () in Theorem 2.3 is determined by the spec-
trum of A — N(Us). Indeed, we will show that there exists an n(J) € R
with lims_o7(d) = 0 such that

(244)  o(A=N'(Us)) € {—p;}j20 U{p € C| Re(p) < —vp +n(d)}.

The number 7(d) in Theorem 2.3 is nothing but 7(d) in (2.44). Moreover,
in Theorem 2.3 if in addition ¢ > vy and {u € o(A — N'(Us)) | Re(p) >
—vg +n(0)} consists of semisimple eigenvalues, then we can take ¢ = 0 in
(2.43); see Remark 6.4 for details.

ImA

\

Fig. 1: The distribution of the spectrum o(A) assumed in Theorem 2.3. By (A2) the
continuous spectrum is included in the gray region, and there are only isolated eigenvalues
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with finite multiplicity in {# € C | Re(p) > —(} (black dots in the figure). Each —pu; is
shown to be an eigenvalue of A by Lemma 2.3. The definition of vy and the assumption
vo >y imply {p € o(A) | Re(p) > —vo} ={—p; | p; <wo, 0<j<n+1}.

As a simple example of Theorem 2.3, let us consider the one dimensional
viscous Burgers equations (1-B). In this case the operator 4 is the one
dimensional Laplacian 92, and a scaling R = {R)},crx and a translation
T = {7a}acr+ are taken as R, f(x) = )\éf()\%x) and (7.f)(z) = f(z + a),
respectively. So the map S(y; f), y € R?, is de ned by

1, T+
i f) = =(1 —).
S<yaf> Tleﬁf(l‘) ( +y2> zf(m)

The space X is chosen as a polynomial weighted L? space, L2, = L*((1+
2?)™dx) with m > 2, which is continuously embedded in L'(R). In fact, we
can see 9 = —fi] = % and vy = min %, 5= }1} in this case from the spectral
property of A =92 + 50, + % in L2 . Hence by Theorem 2.3 we get

[Ri2(t) = S((L+ )2y, (L+6) 7'y Us)ll i wy
1
< ClRisu(t) = S(A+ 1) 725, (L4 w53 Us) s,

< CL(1 4 ¢)min{a g i) +e

in other words,
x4+ Yy
——)lr®
IT+t+y;

< Cu(1 4 ¢) min{zE -} te

192() — (1 +t +y3) "2 Us(

Thus we recover the estimate such as (1.2) for p = 1 and m > . The
details are given in Section 7.1.

In Theorem 2.3 we consider the shifts of Us with respect to both transla-
tions and scaling. In fact, we can also consider the shifts of Us with respect
to only translations under weaker assumptions on A. Set

(2.45) fr = max{p, -, pnt,

and

(2.46) Pof = ZPO,jﬁ Qof = f —Pof.
=0

Let —7 be the the growth bound of etaoAQO, that is,
(2.47)

—0p = inf{p € R | 3C, > 0 s.t. |40 f|| v < Ce™(|f|lx, Vf € QoX}.

Instead of (A2) we consider the case
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(A2)’ There is ¢ > max{g, i*} such that re(e) < e St

Since p* > i1, (A2)” is weaker than (A2) in general. For § = (yi,- - JYn)

R™ let us de ne the shift operator S(g; f) by

(2.48) S@; £) = S(,0: ) =74 - TIL F.
Then we have

Theorem 2.4. Assume that (E1), (E2), (T1), (T2), (A1), (A2)’, and
(N1) - (N3) hold. Suppose that S(y;wp) is C* near y =0 and H(yo,y; Us)
is C17 near (yo,y) = (0,0) for some v > 0. Let Q(t) be the mild solution
in Theorem 2.2 with 6 # 0 and let 7y be the number in (2.47). Assume that
vy > [* and {—p;}i_, are semisimple eigenvalues of A — N'(Us). Then
there exist 11(0) € R and § € R"™ such that

*

G Y1 Yn . —Do+7(8)+e
249) ||RiQ2t)-S(—+—F—, -, —————; U, < Ce(14t)7rormorre]
( ) || 1+ () ((1+t)ﬂl7 ’(]_—l—t)/ﬁn’ E)HX_ (+)

holds for all € > 0 and t > 1. Here 71(6) satisfies lims_o7(0) = 0, C. is
independent of t > 1. Especially, if vy > a* and || is sufficiently small
then {—p;}i—, are semisimple eigenvalues of A — N'(Us), and thus (2.49)
holds in this case.

Remark 2.5. From (2.40), (2.47), and Lemma 2.3 we have vy > 7y and
1 > 17%. Hence, in general, the shift of self-similar solutions with respect
to both translations and scaling, (2.43), can give more precise asymptotic
pro le than the shift with respect to only translations, (2.49), if (A2) is
satis ed. A typical example such that v > 7y follows is the viscous Burgers
equations (1-B); see Section 7.1.1. Even when vy = 7, the rate in (2.43) is
better than the one in (2.49) if n(d) is negative and v, # 0. Indeed, we

rst note that vy = 9 = 1 in this case, for vy > p* is assumed in Theorem
2.3 and 1 > 7. Then if n(§) < 0 we have from (2.43),

Yn

S
Qt) — :
||R1+t ( ) S((l —}—t)ﬂl’ ) (1 +t)ﬂn7U5)|lX
Y1 Yn Yi Y Yns1
Y1 Yn Y1
_ Q) — §(—2L ... :
||R1+t ( ) S((l —|—t)ﬂl’ ’ (1 —|—t)ﬂn7 1+t7U5)||X

Y1 —1-
= ||BUs||x —C(14+t)~°
> Weetly g —c1+)
for some ¢ > 0. Here we used the C'*7 regularity of S(y;Us) near y = 0
and the fact that 0,,,,5(y; Us)|y=0 = BUs. Hence 7(d) + ¢ = 0 must hold

Yn+1

S

Us) |l x



18 YOSHIYUKI KAGEI' AND YASUNORI MAEKAWA?

in (2.49), which proves the above assertion. The examples such that vy =
79 =1 and 7(J) < 0 hold are given in Section 7.1.2 and Section 7.1.3.

The proof of Theorem 2.4 is just a simple modi cation of the one of
Theorem 2.3. So the details will be omitted in this paper; see Section 6.4.
Applications of our main results to concrete nonlinear PDEs will be given
in Section 7.

3. INVARIANT PROPERTY AND REDUCTION BY SIMILARITY TRANSFORM

In this section we prove that (E) is invariant with respect to the scaling R

and the translations {’Z;(] )}geR, j =1,---  n under the assumptions stated
in the previous section. We also derive an equation by the ”similarity trans-
form” which enables us to analyze large time behaviors of mild solutions
to (E) in terms of a stability problem of stationary solutions to the new
equation.

We st consider the relation between AN and e“N. Since e*4 =
Resel® DA we have for f € Dom(A),

(3.1) N(t, f) == N (f) = Rﬁel‘)g(l”)AN( f) =R N(log(l +1). f).

Since there is a sequence {f,} C X such that f, € Dom(A) and f, — f
in X, N(t,-) can be extended as a C'*® map on X and the above equality
holds for any f € X. Moreover, by density arguments we have

Lemma 3.1. Assume that (E1), (E2), (A1), (N2), and (N3) hold. Then
it follows that
(3.3) TGN ) = N7 ),  t>0,

forany f € X, e R*,a e R", 0 €R, and j.

Proof. Here we give a proof for the rst equality only, since the second
one is shown in the same way. From (2.16) and (N3) it follows that

ARMN (AL, f) = lim AR\MAN(f,) = lim e ARN(f)
= lim "N (Ryfn) = N(t, Ry f).
This completes the proof.
From (N2) and (3.1) we observe that the term fst AN (Q(7))dr in
(2.13) makes sense for all Q(t) € C((0,00); X) by rewriting it as f:/\/(t —

7,9(7))dr. Moreover, if Q(t) € C([0, 00); X ) then we can show lim;_ fot |V (t—
5,82(s))||xds = 0. Hence as a corollary of Lemma 3.1 we have
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Corollary 3.1. Assume that (E1), (E2), (A1), (N2) and (N3) hold.
Then (E) is invariant with respect to {©\} xerx and {T }geR, j=1,-

Proof. Let Q(t) € C(]0,00); X) be a mild solution to (E) with initial data
Q. Then 0,(Q)(t) € C([0,00); X) and we have
At

O () = RxMQ— Ry | Nt —s,Q(s))ds

0

t
— MR — / ARAN (At — ), Q(\8'))ds’
0
t
= etAR,\QO—/ Nt — ', R\Q(\s"))ds'
0

¢
= MR\ — / N(t—5,0,(2)(s))ds'.
0

This implies that (E) is invariant with respect to {©)} erx. The invari-

ance for {’Z;(j )}geR is proved in a similar manner, so we omit the details.
This completes the proof.

Next we consider the following integral equation.
t
(3.4)  u(t) = e uy — / N(t — s,u(s))ds
0

" —/ e DAN (u(s))ds, if u(t) € C([0,00); Dom(A)).

0
The main result in this section is as follows.

Lemma 3.2. Assume that (E1), (A1), (N2), and (N3) hold. If Q(t) €
C([0,00); X) is a mild solution to (E) with initial data Qq, then u(t) =
R.Q(e' — 1) is a mild solution to (3.4) with initial data Qq. Conversely,
if u(t) € C([0,00); X) is a mild solution to (3.4) with initial data ug, then
Qt) = R#tu(log(l +t)) is a mild solution to (E) with initial data uy.
Moreover, uw € X is a stationary solution to (3.4) if and only if R%u 5 a
self-similar solution to (E).

Proof. Here we give a proof for the last assertion only. For any ¢t > s > 0
and u € X we set
logt
F(t, s;u) :R1elogsAu—R% N(logt — 7,u)dr.

log s

From the de nition of e/ and (3.1) we have

plog tA _ Rie(ﬁ_l)A, N(t, f) = RetN(et —Lf).
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Hence F(t, s;u) is written as

‘1 t
F(t,s;u) = R1ei(t_s)Au—R1/ —N(log —, u)dr
E i) T r

= e(t_s)AR;u — R

&=

r

"1 t
/ —R: N (- — 1,u)dr
S " r

‘1 t
= e(tS)ARm—/ —RiN (= — 1,u)dr
S s T T

,
t
= "9AR y — / Nt —=r, Riu)dr.

In the last line we used Lemma 3.1. Note that u € X is a stationary solution
to (3.4) if and only if u satis es

. logt
u = €8 sy — N(logt — 7,u)dr = R F(t, s;u),

log s

for any ¢ > s > 0. From the above calculation this is equivalent with
t
Riu=F(t, s;u) = ARy — / N(t —r, Riu)dr,
ie., R% u is a self-similar solution to (E). This completes the proof.

4. EXISTENCE OF SELF-SIMILAR SOLUTIONS

In this section we prove the existence of self-similar solutions to (E), which
is equivalent with the existence of stationary solutions to (3.4) by Lemma
3.2.

For this purpose we look for a stationary solution Us of the form Us =
dwy + v where v belongs to QX . Then the equation for v is

(4.1) —Av + N (dwy +v) = 0.

Here we used the fact that Adwo = 0. Noting that N (-) € QooX, (4.1)
in QX can be solved by the usual contraction mapping theorem for the
map

(4.2) (8, ) = —(—=A) "N (dwo + f).
The main result of this section is as follows.

Theorem 4.1. Assume that (E1), (A1), (N1), (N2), and (N3) hold.
Then there is a positive number &y such that if |§| < o then there is a
unique solution vs to (4.1) in QooX satisfying the estimate

(43) ||U6||D0m(A) S C|5|1+q‘
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Moreover, vs is C1*t® in X with respect to 6, |6| < dy. Thus, we have a
self-similar solution to (E) which takes the form R1Us with Us = dwo + vs.

Proof. Let 6y be a sufficiently small positive number. We show that (6, -)
is a contraction mapping on the closed ball

B50 = {f € QO,OX | Hf”Dorn(A) S (50 };
if |0] < dp < 1. Indeed, from (N1) we easily see that

128, F)lIpomay < CIIN (dwo + f)llx < C&*, it f € By,

Moreover, since the Laplace formula yields the representation

(6, f) — ®(6,9) = /0 h NN (Swo + f) — N(Swo + g))dt

[e§) 1
= / / N'(t, 0wo + 0f + (1 —0)g)(f — g)dbdt,
o Jo
we have from (IN2) that
193, f) — @(6, 9)| x

> 1+t —(0—¢€ «
< 0 [ D al+ 1+ ol I ol
< Collf —gllx.

Combining these above, we observe that ®(J,-) is a contraction mapping
on B, if [6] < dp and dy is small enough. Thus there is a unique xed point
of ®(4,-) in Bs,. Let vs be the xed point. Then
<IN Guo -+ ) Iy
< Clo|™ + Clo]|vs ] x-

Hence if |§] is sufficiently small, then [[vs]|pom(a) < 2|0]' 7.

Finally, since ®(4, -) is C*™* from X into Qg X, by the uniform contrac-
tion mapping principle we see that vs is C'* with respect to § in X.

||U6||Dom(A)

5. GLOBAL SOLVABILITY OF THE EVOLUTION EQUATIONS

In this section we prove the global existence of mild solutions to (3.4) for
sufficiently small initial data:

u(t) = ey — /0 N(t — s,u(s))ds.

Again by Lemma 3.2 this means the existence of time global solutions to
(E) for small initial data.

The next result shows that the self-similar solution U plays important
roles for the large time behavior of solutions to (3.4).
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Theorem 5.1. Assume that (E1), (A1), (A2), (N1), (N2), and (N3)
hold. If ||uo|lx is sufficiently small, then there is a unique mild solution
u(t) € C([0,00); X) to (3.4) such that

(5.1) suloae%tuu(t) — Usllx < Clluo — Us||x.
t>

Here § =< ug, wj >.
Proof. We rst note that the smallness of ||ug||x leads to the smallness of

|d], which guarantees the existence of the stationary solution Us by Theorem
4.1. Let us consider the equation for w(t) = u(t) — Us € Qoo X:

(5.2) Ow — Aw = =N (Us + w) + N (Us), t>0.

The associated integral equation in X is

(5.3)  w(t) = ewo— /t N(t—s,Us+w(s)) — N(t — s,Us)ds
= T(w),

where wy = ug — Us. Clearly this is equivalent with (3.4).

For § € [0, 1] and the Banach space B let us introduce the function space
Cy([0,00); B) as follows.
(5.4)

Co([0,50):B) = {£ € C([0,50) B) | Ifllyier = sup e £ (8)]s < oc}.

This integral equation can be solved by the usual contraction mapping
theorem on the ball

By = {f€Cy((0,00: QuoX) | | flley e < RY.

when R = 2[|Y(0)||c, (q,x)- Note that YT(0)(t) = e"wp.
2
Since

N(t—s,Us+wi(s)) — N(t —s,Us + wa(s))

= /0 Nl(t — 8, Us + owy + (1 - O')W2)d0-(w1(3> - w2<8>)7
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from Lemma 2.2 we have the estimates for Y such as

1T (wr) = T(wa)l[x (t)

t
< o[ty
0 t — S
(sl x + llwr(s)l[x + [[wa(s)[x)*[[wi(s) — wa(s)||xds
ey o ! —@(t—s) 1+t—s B_—2s
< GO+ R%) | em i (=) e ds|lwr — wallog )
0 _

< (8" + R)e 8 ln — walloy ).

Since wy € QooX, the function Y(0)(t) is estimated as || Y(0)|c,x) <

Cl|ug — Us||x by Proposition 2.3. Hence T is a contraction mapping on Br
for sufficiently small |§| and R. Note that |0] and R can be taken small
enough if ||ug||x is sufficiently small. Thus there is a unique solution to
(5.3) in Bp if the initial data is sufficiently small. The proof is complete.

As a corollary of Theorem 5.1 we have from Lemma 3.2,

Corollary 5.1. Assume that (E1), (A1), (A2), (N1), (N2), and (N3)
hold. If ||Q||x s sufficiently small, then there is a unique mild solution

Q(t) € C([0,00); X) to (E) such that
(5.5) | R Q) — Usllx < CA+1)"%(Q — Us|lx, t>0.
Here 0 =< Qp, wg >.

This corollary immediately leads to Theorem 2.2.

6. MORE PRECISE ASYMPTOTIC PROFILE BY SHIFT

In this section we study the asymptotic behavior of solutions obtained by
Theorem 5.1 in more details by assuming that (E) possesses an invariance
with respect to translations. The key step in our arguments is to introduce

a linear transform with n + 2 parameters y = (y0,v), v = (Y1, , Ynt1):
(6.1) H(y; Us) = S(y; Ustyo),
where
(6.2) SWif) =Ty T B 1
s n+1 Yn, Yn+1 TR

We start from the next proposition.

Proposition 6.1. Let f € Dom(A). Assume that there is an open ball
O C R™! centered at the origin such that S(+; f) : O — X is C'. Let j =
0,---,n. Then foreachy = (y1,- - ,Ynt+1) € O we have S(0,--- ,0,y;41,- -

Ynt1s f) €



24 YOSHIYUKI KAGEI' AND YASUNORI MAEKAWA?

) N Dom(T"Y)

Yi,1+Yn+1

Dom(A) N Dom(B) N Dom(Der)yn+1
andl=1,---,7.

) forallk=1,--- 'n

Proof. For each 7 =0, -+ ,n we set

SiWists - s Yns; [) = S(Y; [)lyn=-=y;=0-

We will show by the backward induction that each S; belongs to Dom(.A) N
Dom(B) N Dom(Dﬁ)y )n Dom(Fé?lerMl) forall kK =1,--- ,nand [ =
1,---,j when y € O. Since S(y; f) is assumed to be C! in O, each

Si(Yjt1s -, Ynt1; f)isdi erentiableify € O. Especially, we have S (yj+1, e

@

Dom(D( ) Jforallk =1,---  n by the independent property of Ta eTal ) =

1+ynt1
T(Z)GT Ty for 1 < g1 <n.
ag, aj,
Let us consider S, (Yn+1;f) = R__1__f. From the C! regularity of S,

1+n1

we have f € Dom(B) and so is true for S, (yn41; f). Then from the rela-
tion of e~ DAf = R,_,e' f and the assumption of f € Dom(A), we have
f € Dom(A). So from the invariant property of Rye4 = e R), we also
have S, (Ynt1; f) = R;f € Dom(.A). Since both S(y; f)|y=0.izini1 =

O] 1 o _
Ty 4ynin 1+yan and R1 ylan are C* with respect to y,.1 for each [ =
1,---,n, we can check that R_1 f € Dom(l“gl)’1 +ynsr)- This gives the

1+yp41
desired regularity for S,. Suppose that S;i1(yji2,- - ,YUns1; f) belongs to
Dom(.A) N Dom(B) N Dom(D(k) )N Dom(F(l) Yforallk=1,---,n

1+yn+1 Y1, 1+ ynt1
and [ =1,---,7 4 1. Then we have from (T1) that

Si(Wjats  Ynrs f) = Tg,(lj,)1+yn+18j+1(yj+27 o Yns1; f) € Dom(B).

Furthermore, from the invariant property of (2.17) we see

tA_(J) ) tA .
€ Tyj,1+yn+lsj+1(yj+27 o Ynr1s f) = Ty t+14yn1 € Sj+1<yj+2a o Yng1s ).

Hence, Ty(j)HynHSjH(ijrg, + ,Ynt1; f) € Dom(A) from the assumption of

Siv1(Yjras - s Ynta; f) € Dom(A) N Dom(F(j_)

Yjr 1+ Yn+1 )

show S;(Yj41, -, Yns1; f) € Dom(F?(jl)’HynH) forall [ =1,---,7. But this

(@

Now it remains to

can be veri ed from the fact that 7,
is C! with respect to 9,41 for [ =1,---,j. This completes the proof.

Yns1; f) €

v 1yn +15‘(yj+1, o Yna1s ) = S )lyi=0.i1541, m
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Let H(;Us) : (=00 + 0,00 — ) x O — X be C!, where O C R"™! is an
open ball centered at the origin. Then we observe that

(63) 6yOH(0;U5) = agU(;,
(6.4) 0,H(0;Us) = DVUs, 1<i<n,
(6.5) 8, H(0;Us) = BU;s.

Our aim is to determine the parameters y(t) = (yo(t),y(t)) so that
llu(t) — H(y(t); Us)||x decays faster than ||u(t) — Us||x. Let us formulate
our problem precisely. Recall that A_; is the generator of !4 in the neg-
ative order space X _; with the domain X. We consider the equation for
v(t) = u(t) — H(y(t); Us) in X_; where y(t) € R"™? is determined later.
For simplicity of notations, we write V() for H(y(t); Us). Then we obtain
the equation in X_; such as

(6.6) O — (A_y — N (Us))v = Tyv + Fs(v) + J(V),

where

Fi(0)(0) = = [ 0G(0) + 7o) = X (Vi) yott)ar
TR(E) = —OVa(t) + A Vs(t) — N (Vs(2),
and

N ()= (A + 1) /0 TN )t

Let us consider the linearized operator A_; — N'(Us) in X_; with the
domain

{feX 1| (A =N (Us))f € X4}

It is not difficult to see that Dom(A_; — A" (U;)) = X. Indeed, by Lemma
2.2 we can write

(6.7) N (Us) = Cy(—A_y + 1)? / h t=%7 N (t, Uy)dt
0

with 6§ € [0,1 — ). Thus the interpolation inequality yields that N (Us) is
relatively A_j-bounded in X _; with the bound 0, and hence, Dom(A_; —
N'(Us)) = Dom(A_,) = X. Let Ls be the part of A_; — N (Us) in X, that

is,

(6.8) Dom(Ls) = {f€X|(A1—N'(Us))f € X},
Lsf = (A_1 =N (Uy))f.
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Then by using Lemma 2.2 we can apply the perturbation theory of Desch-
Schappacher to Ls; see [6, 111-3-3].

Lemma 6.1. The operator Ls above generates the strongly continuous semi-
group e'*s in X, and satisfies the equation

t
0

Moreover, the estimate ||e'™s f||x < C(t)||f|x follows with a constant C(t) >
1 which is independent of § such as |0] < do.

Proof. From Lemma 2.2 we have for any f(s) € C([0,tp); X),

o)A A o [P 1+to—55 04y
| e N (Us)f(s)ds||x < Cl4 i (tOT) e 207V f(s)||xds

< C(to)l0o|™ sup [ f(s)]]x,

0<s<tg
where 0 < C(ty) < 1 if ¢y is sufficiently small. Hence from [6, Corollary
I11-3-3] the operator Ls generates the strongly continuous semigroup in X
which satis es (6.9). Note that the above ty can be chosen independent of §
with |d] < dp. Thus from the above inequality it is easy to get the estimate

sup [le" fllx < C sup [lefllx < Clf]x,
0<t<tog 0<t<tg

where C' and ¢ty are independent of ¢ with |§| < dp. By the semigroup
property we have ||l f||x < C(t)|f|lx with a constant C(t) which is
independent of § with |§| < dyg. This completes the proof.

6.1. Spectral property of the linearized operator. We rst investigate
the spectral property of Ls in X which is directly related with the time
decay of solutions to (6.9). Note that the value |§| is always assumed to be
sufficiently small and Uy satis es the estimate in Theorem 4.1. Let o(Ls)
be the set of the spectrum of Ls in X and we denote by U the number of
the elements of U.

Lemma 6.2. Set pig =0, pin41 = 1. Assume that (E1), (E2), (T1), (T2),
(A1), (A2), and (N1) - (N3) hold. Suppose that S(y;wo) and H(yo,y; Us)
are C' neary = 0 and (yo,y) = (0,0), respectively. If|d| is sufficiently small
then there is an n(9) such that lims_on(6) = 0 and

(6.10) o(Ls) C {—p;}i2s U{n € C | Re(p) < —vp +n(0)},
Here vy is the number given by (2.40). When § # 0 the functions 9sUs, BUs,
and DgJ)U(; with j = 1,--- ,n are linearly independent eigenfunctions of Ls

for the eigenvalues fio, —pint1, and —p;, respectively. Moreover, if vy > i
and |6| is sufficiently small, then —pu; is a semisimple eigenvalue of Ls with
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multiplicity 8{p| e = p;}. Especially, po(= 0) is a simple eigenvalue of
Ls.

Remark 6.1. The assumption (A2) is not essential to prove BU; and

ng )U5 are eigenfunctions. Especially, Lemma 6.2 and its proof yield Lemma
2.3 by taking V' = 0.

Before proving Lemma 6.2 let us start from the next proposition by which
we have the bound for the essential spectrum of Ls in X.

Proposition 6.2. It follows that

(6.11) lim dist(o(e™), o(e"*)) = 0.
FEspecially, there is n/(0) € R such that lims_on'(6) = 0 and
(6.12) Tegs (€79) < e~ (C7 @)

hold.

tLs is strongly continuous semigroup in X and

Proof. From Lemma 6.1 e
le™ fllx < COIfllx, t>0,
holds where C(t) is a constant independent of § with |§] < dy. Set
t
At f =eof —edf=— / emIAN (Us)e™s fs.

0
Then by Lemma 2.2 we have

IA®x < Clal° / (t — )%} f] xds

IN

t

clof® [ (¢ s)Pdsfllx
0

< il

Here the above constant C' does not depend on || f||x and ¢ with |§] < .
Hence e converges to e in B(X). So (6.11) follows from the general
perturbation theory of linear operators; see [17, Remark IV-3-3]. Thus
(6.12) holds by (6.11), (A2), and the equality 10g ress(€2) = +10g regs(e);
see [6, Proposition IV-2-10]. This completes the proof.

Corollary 6.1. For each € > 0 the set
{neo(Ls) | Re (u) > —C+n'(0) + ¢}
consists of finite numbers of eigenvalues with finite algebraic multiplicities.

Proof. The assertion follows from [6, Corollary IV-2-11]. We omit the
details here.
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Remark 6.2. If A(t) = e's — ' is compact, then the essential spectrum
of etls is the same as the one of e!4. Especially, we have 7/(§) = 0 in this
case.

Proof of Lemma 6.2. Let us prove that —p; is an eigenvalue of Ls. Since
H(yo,y; Us) is assumed to be C! with respect to (yo,y), from Proposition

6.1, R_ e U5+y0 € Dom(A) N Dom(B) N Dom(DY¥ )N Dom(F() ) and

1+yn+1 Y 1

7 R . U5+y0 € Dom(A) N Dom(B) N Dom(D), ) for each 1 <

Yi,1+yYn+1 +Yn+1
k,l <n when Z”H ly;j| < 1. We start from the equality
(6.13) —AU; + N'(Us) = 0,

and by acting 7'(531) Wlth la| < 1 we have from A = A+ B in Dom(A) N
Dom(B) and [A, T, =rY)

) a1+y +1] = Lal+yni
AT Us + T U5 + [B,7Us — Br)Us + 7Y N (Us) = .
Hence by (Tl) and (IN3) it follows that
AT U5 — N (79)Us) = —ap; DY 79)Us,
that is,
AU —Us  N(9Us) — N (Us)

a a

— DY,

a

Since Us € Dom(D( )) we can take the limit ¢ — 0 in X_; and obtain
(6.14) (A, = N (Us)) DY Us = —11; DY U;.

This implies that D§j)U5 € Dom(Ls). Since Us is not a trivial function,

D§j 'Us is not trivial either from (T2). Hence D§j 'Uy is an eigenfunction for
the eigenvalue —p; of Ls.

Next we show BUjs is an eigenfunction for the eigenvalue —1 of Ls. Let
A —1| < 1. We act ARy on both sides of (6.13). Then from AR A = AR,
and (N3) we have

AR\Us + AR\BUs — N (R\U;) = 0,
ie,
R\Us —Us  N(R\Us) = N(Us)
A 1 N1 = —R\BUs.
By taking the limit A — 1 in X _;, we observe that BUs € Dom(Ls) and
from (T2) it is an eigenfunction for the eigenvalue —1 of Ls. Similarly we
can easily see from (6.13) that JsU;s is an eigenvalue of the eigenvalue 0 of

Ls. From (T2) it is clear that dsUs, BUs, and D U5 with j =1,--- ,n are
linearly independent.
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Since 0(A) C {—p;}25 U{p € C | Re(n) < —1p} by the de nition of vg
in (2.40), the continuity of o(ef) as in (6.11) yields (6.10) for some n(d)
satisfying

(6.15) lim7(9) = 0, —C+17'(0) < =+ n(0),

where 7(d) is the number in (6.12). This completes the proofs except for
the last statement in the lemma.

Let us prove that if vy > p; then —pu; is a semisimple eigenvalue of L;
with multiplicity #{su | #x = p;}. For this purpose we rst observe that
—/t; is a semisimple eigenvalue of A, and hence, of A_;, with multiplicity
#{ e | e = i} when vy > ;. Indeed, since vy > p; the space Ker(A+ pu;1)
is spanned by {egx | pr = p;}, otherwise there is an eigenfunction in QX
(see (2.39) for the de nition of Q) of the eigenvalue —p; to QoAQ, which
contradicts with vy > p; by (2.40) and the spectral mapping theorem. Hence
the geometric multiplicity of the eigenvalue —pu; to A is #{pu | e = 15}
Assume that there is a nontrivial function f € Ker(A + u;l)? such that
f ¢ Ker(A + p;I). Then since (A+ p;I)f € Ker(A + p;l) we have

(A + /JJjI)f = Z A€ok,

BE=y

for some a; € C, which yields

(QuAQo + 1;1)Qo f = 0.

Since f ¢ Ker(A+p;I) we have Qo f # 0. Hence —y; must be an eigenvalue
of QuAQo, which again contradicts with vy > p; by (2.40). Thus we have
Ker(A + p;I)? = Ker(A + p;I). On the other hand, since the rank of the
eigenprojection around the eigenvalue —p; of A is nite by (A2) and [6,
Corollary IV-2-11], —p; must be a pole of the resolvent of A; see [6, Section
IV-1-17]. Thus by [19, Remark A.2.4], —pu; is a semisimple eigenvalue of A.

Finally we prove that the eigenvalue —pu; of Ls is semisimple if vy > p;
and |d| is sufficiently small. From Corollary 6.1 —; is an isolated eigenvalue
with nite algebraic multiplicity. So it suffices to show Ker(Ls + p;I)? =
Ker(Ls + p;1) as above. We note that, since L; is a part of A_; — N (Us)
in X, the eigenvalues of L; are also eigenvalues of A_; — N (Us) to which
the general perturbation theory for linear operators is easily applied. For
the operator A_; — N (Us) the rank of the eigenprojection around SURE
invariant if |d| is sufficiently small, so it is §{s | pox = p1;} < 0o and —p; is a
pole of the resolvent of A_; — N (Us) by [6, Section IV-1-17]. On the other
hand, the geometric multiplicity of the eigenvalue —p; to Ay — N "(Us) is
large than or equal to #{px | px = p;}, for we have found cooresponding
eigenfunctions. Hence the rank of the eigenprojection around —u; coincides

with the geometric multiplicity of —p;. This implies Ker(Ls + p;1)* =
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Ker(L; + pu;1) since Ls is a part of A_; — N (Us) in X. This completes the
proof of the lemma.
Proposition 6.3. The map Ns(t, ) = e*N : Dom(A) — X can be ez-
tended as a C'T map on X and satisfies the estimate

+t _e o
(6.16)  [[Ns(t, /)b = N(t, 9)hllx < C(——=) 2| f = gll% 1l x,

for any f,g,h € X. Here Ny(t, f) is the Fréchet derivative of Nj(t,-) at
f. Especially, N can be extended as a C*T map from X into the negative
order space Dom(Ls 1) with || - [|pom(zs_,) = ||(—Ls + D7 |x, and the
relation

(6.17) e IN(f) = Ni(t, f),

holds for any f € X.

Proof.- The assertion that N is extended as a C'*® map from X into
Dom(Ds 1) is shown as in Lemma 2.2. Let f,g € Dom(A). Then from
Lemma 6.1 we have

N (f)h — e N (g)h
= MN(f)h — N (g)h — / TN (Us) (XN (f)h — e LN (g)h) ds

0
Then using (2.31), we get

le™ N (f)h — e N (g)hl| x
< [l N (f)h — ”‘N’(g)hHX

1+t _3e —s o S (4 S /
e / DU e BN () — BN (g)hllxds

< [leN(f ) tAN’( )hlx
e (1 +1— S)(l + S) Jé; fsﬁf(tfs) —Zs
+C|4] /0( = s)s )e e 2%ds
x sup(—— ) ef LN ()R — PN (g)h] .
>0 1+t

which implies from (2.31) that

t o
SUP(?)ﬁ€§t||€tL“N'(f)h — "N (g)h]|x

t>0 1
sup(7=)"e¥ [N (N)h — N ()hllx < CIIF = gll5|1kllx-

The relation (6.17) follows from the argument just as in the proof of (2.30)
in Lemma 2.2. This completes the proof.



ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO EVOLUTION EQUATIONS 31

From Lemma 6.1 and Proposition 6.3 we convert (6.6) to the integral
equation

(6.18) v(t) :etL%o—i—/Ot (t= SL‘S{T(;U )+ Es(v)(s) + J(Vs(s)) }ds.

Here e=9EsTsu(s) and e®=*)%s F5(v)(s) are interpreted as

et Tsy(s) = {N(;(t — 5,Us) — Ny(t — s, Vs(s ) bu(s)
eI Fy(v)(s) = —/0 {N[;(t — 5, Vs(s) +1v(s)) — Ng(t — 5,Vs(s)) Ju(s)dr.

6.2. Determination of y(¢). In this section we nd suitable parameters
y(t) = (yo(t), + ,yns1(t))T such that ||u(t) — H(y(t); Us)||x decays faster
than ||u(t)—Usl||x. For this purpose the next lemma for J(Vs)(t) = —0;Vs(t)+
A_1Vs(t) — N (Vs(t)) with Vs(t) = H(y(t); Us) is important.

Lemma 6.3. Assume that H(y; Us) is C' neary = 0. Lety(t) € C'((0, 00); R"2)
with sup,~q |y (t)] < 1 be given. Set 19 =0 and pn41 = 1, and let p1; be the
number in Lemma 6.2 for j = 1,--- ,n. Then for any stationary solution

Us of (53.4) with 0] < 1, we have

n+1

6.19)  J(WB)@) = Z Us) - () + pjy; (1))

Proof. From Proposition 6.1 we have H(y;Us;) € Dom(.A) N Dom(B) and
7ty R R Usyy € Dom(.A)NDom(B)NDom ('Y )
Yn4+1

Yi+1,14+Yn+1 Yn,1+ynt1 Yj,14-yn+1
for each 7 =1,--- ,n— 1. We start from the equality

(6.20) Oy H(y; Us) = AH(y; Us) — N (H(y; Us)),

which follows by regarding y,41 as a time variable. Indeed, since Us.y,
is a stationary solution to (3.4), R1Usyy, s a self-similar solution to (E)

from Lemma 3.2. Especially, RLUHyO is a mild solution to (E) with

initial data RoUsyy,. Then from Corollary 3.1 we see 7' R U5+y0

Yn, 1+t
2
is a mild solution to (E) with initial data 7' 1R2U5+y0 Thus agam by

from Corollary 3.1 we have T(n:1)2+t735:2 +tR U5+y0 is a mild solution

to (E) with initial data 7 _1 17' R2U5+y0 Repeatmg this, we observe
n— ’2
(1) (n) e
that Tyt Ty 2+tR Usty, is a mild solution to (E) with initial data

7O -T(n)1R2U5+yO. Hence, by setting t = y,,11 + 5 we get (6.20). On the

Y1,35 Yn, 35
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other hand, the direct calculation yields that

(6.21)
ayn+lH(y; Ué)
_ (1) (3-1) (4) (G+1) (n)
- Z Tyr lynsr 'Tyj—171+yn+1ij11+yn+17—yj+171+yn+1 o 'Tyn,1+yn+1R1+y1n+1 Us
j=1
L (n)
B 1+ Yn+1 Ty ltynin " Tyn ltyn BR1+yln+1 Us.
Hence
Oy, . H(y;Us) + ——— BH(y; Us
o Y09 + - — BH(y: U)
(J 1) (4) (G+1) (n)
Z y1’1+y"+1 - yJ L1+ Ynt17 Y514 yn+1 " Yi+1,14Ynt+ T Tyn,1+yn+lR1+y1n+l U(S
F=1) () (+1)
1 + Yni1 Z 1+yn+1 o y] 1,14+Ynt1 [B’ Tyj,1+yn+1] Yirtltynst
=1
.. T(n) R 1 U
yn71+yn+1 ET— -
By (T1) we get
(1 + yn+1)ayn+1H(y; U5) + BH(y; Uﬁ)
(1) (3-1) (4) (9) (n)
Tyt lynsr = Ty 1yt T2y 1y Tys by 'Tyn,1+yn+1R1+yn+1 Us
j=1
- _Zujij:l(/i?l'i_yn-ﬁ—lH(y? Us) = Zlujyja H(y; Us).
— =

Here we used the independent property of {’Z;(j )} assumed in (E2). Com-
bining this with (6.20), we have

AH(y;Us) — N(H(y; Us))
= AH(y;Us) = N(H(y; Us)) + BH(y; Us)

= 0y H(Y; Us) = (1 + Yn11)0y,., H(y; Us) Zujyj H(y; Us)

= —Yn410y,,, H(y; Us) — Z 115950y, H (y; Us).
j=1

Now the desired relation easily follows. This completes the proof.
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Now let us derive the ODEs which determines y(¢). Below we assume
that 6 # 0. As in Lemma 6.3 we put o = 0 and p,4+1 = 1. Recalling
Lemma 6.2, we set

(6.22) eso = ¢5005Us,
(6.23) ey = cyDYUs, 1<j<n,
(6.24) €sn+1 = Cd,n+1BU6-

Here each ¢;; is taken so that |les;||x = 1. Let us introduce the eigenpro-
jections Ps;, j=0,--- ,n+1by

(6.25) Ps; [ =< [ €5, > es;,
Here the functions {ej ; ;l;LOl satisfy the relation
(6.26) < es, €55 >= dj,

and €3 is the eigenfunction of the adjoint operator Lj for the simple eigen-
value 0, ej; is one of functions which form the generalized eigenspace for
the eigenvalue —p; of L when j > 1. Note that if —p; is a semisimple
eigenvalue of Ls then e ; is also an eigenfunction of Lj for the eigenvalue
— 1.
Then we introduce the projection
n+1

(6.27) P; =) Py, Q;=1—-P;
j=0

Then from Lemma 6.2 and Proposition 6.3 we have

Lemma 6.4. Let vy and 1(9) be the numbers in Lemma 6.2. Let Ns(t, f) =
LS N(f) be the nonlinear operator in Proposition 6.3. For any € > 0 set
Ves = Vo — n(0) — €. Then there is a positive constant C, such that

(6.28) [|Qse'™ fllx < Cee™5"|Qs f | x,

/ / 1 +t —v o
(6.29) [[Qs{N;(t, f) — Ny(t, 9) }hllx < 05(7)56 SN = gllsNRllx
hold for any f,h and g € X.

Proof. We note that, although Qse'*s = Qset*Qs holds, QsX is not
invariant under the action of e’ in general, for each —y; is not assumed
to be a semisimple eigenvalue of L in this lemma.

From the semigroup property Qse(**)ls = QsetlsQgsesls the growth
bound of Qsels is given by the spectral radious of Qset’s, which is denoted
by r(Qse'ls). Hence it suffices to show that r(Qse'’?) is less than or equal
to e~™0.s. To prove this we recall that if 1y > p; then —pu; is a semisimple
eigenvalue of Ls with multiplicity #{s | i = p1;} by Lemma 6.2. Especially,
for such p; the corresponding eigenspace is spanned by {esy, | px = p;} and
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it must be included in PsX. By considering the specral projection P% on
the eigenspace for the eigenvalues {—p; | o > p;}, we may consider the
problem in Q45X where Q§ = I —Pj since QX is invariant under the action
of e and Qs X C Q;X. Then from Lemma 6.2 and the spectral mapping
theorem for eigenvalues, we have

r(Qse™) < r(Qhe'™)
< max{ress(QgetLtS%e—min{ug‘ | VOSMj}t’e—Vo’gt}

(630) = maX{Tess(etL‘s), e~ min{p; | VOS#j}t’ e—uo,at}‘
Assume that there is no p; satisfying vy < p;. By (6.15) we have
Tess(€19) < €™Mt < o= (o=n(®))t,

Hence r(Qsetls) < e70st in this case by (6.30), which gives (6.28).

Next we assume that there is a p; such that vy < p;. Then ¢ > p* > 1
by (A2), and so we may assume that |1/(0)| + |n(0)] < ¢ — p*. Hence we
have

(6.31) Fess(€119) < e MO < o= 00=nO)t,

uniformly in |0| < 1 in this case. This implies that 7(d) is determined by
the behavior of o(Ls) around {u € o(A) | Re(u) = —vp} which consists
of nite number of eigenvalues with nite multiplicity. If there is no p;
satisfying p; = vy then we have r(Qse'™) < e70! from (6.30) and (6.31),
and thus (6.28) follows. Assume that there is a p; such that p; = 1. In this
case we need to consider how 7(d) is determined. Since the eigenvalues of
Ljs are continuously depending on ¢ by (6.11), n(9) is taken as the maximum
of the following two quantities ly, Iy when || < 1:

max{Re(u(d)) — vo | u(d) € o(Ls)\{—1o} is a bi rcation from
some eigenvalue 1(0) of A with Re(u(0)) = —wp},

I, —
! —oo if the set {u(d) € o(Ls)\{—wo} | 1(0) is a bi rcation from
some eigenvalue 1(0) of A with Re(u(0)) = —1p} is empty,
0 if the rank of the total eigenprojection for the eigenvalue — v

ly = of Lg is strictly larger than g{us | pux = 1o},

—o00 otherwise.

We note that the value of max{ly,l>} can not be —oo; otherwise we must
have {u € o(A) | Re() = =1} = {—wp} from [; = —co and its algebraic
multiplicity is #{ux | px = 1o} from [y = —oo. Thus the eigenspace of the
eigenvalues {p € o(A) | Re(u) = —1p} is just spanned by {eg | uxr = 1o},
which contradicts with the de nition of v in (2.40).
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From the de nitions of /; and I, the inequality r(Qse'ts) < e=05¢ holds
also in this case. Indeed, if n(J) is negative then [, = —oo and thus —uy is a

semisimple eigenvalue of Ls whose eigenspace is spanned by {es, | pr = 1o}
So from (6.31) we have instead of (6.30),

T(Q(setL‘s) < max{ress(et“), e~ min{y; | V0<Mj}’ 6—'/0,5?5}
6—1/07515’
for |0] < 1. When n(d) > 0 the desired inclusion clearly holds from (6.30)
and (6.31). Hence we get (6.28).
The estimate (6.29) for ¢ € (0, 1] directly follows from (6.16). For ¢ > 1
we 1st note the relation

N(;(t +to, f) = e(HtO)L“lN(f) = etL‘s’*lN(;(to, f)= etL‘sN(;(to,f),

for 0 < ty < 3, where we used (6.17). Then we get (6.29) from (6.28) and
(6.16). This Completes the proof.

O Let ° > 0 be a sufficiently small number satisfying 7 > 7/(J), where
7'(9) is the number in Corollary 6.1. Let Es be the total eigenprojection for
the eigenvalues {p1 € 0(Ls) | Re() > —C +n'}. Then from (6.18) we have
(6.32)

E;sv(t) Ze(t_T)LéE(;U(T)—l—/ (t— 5L5E5{T51} ) + Fs(v)(s) + J(V(s }ds
T

Since Es{T5v(t) + F5(v)(t) + J(V5(t))} € C([0,00); X), Esv(t) is di er-
entiable in X with respect to ¢t and we obtain

(638)  SBou(t)  LoBsult) = Be{ Tyole) + Fy(o)(t) + J(Vi(0)}

Our aim is to construct (n + 2) parameters y(t) so that v(t) belongs to
Qs X for all t > T with large T. From now on we assume that {— i} ntl
are semisimple eigenvalues of A — N’(Us). Then we have PsLs;Q;s = 0. By
the fact that PsEs = EsPs = Pg, from (6.33) the requirement Psv(t) = 0
leads to the equation

(634) —PgJ(%) =PsTsv + P(;F(;(U), t>T,
and the initial condition at the initial time 7" > 0,

(6.35) Psu(T) = P;H(y(T); Us).
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Eq.(6.34) and (6.35) are equivalent with the ODE system as follows. For
0<yg, I <n+1,let kj(t), T5;(t) and Fs;(t) be functions de ned by
kj,l(t) =< ayzH<Y(t); U(S) - 8yzH(O§ U(S)» GSJ >,
T55(t) =< Tsv, €5, >,
Fsj(t) =< F5(v),e5; > .
As in Lemma 6.3 we set po = 0 and fi,01 = 1. Let II = (Ci@‘)lgid‘gn be an

n X n matrix whose component d;; is given by

Set k;(t) = (kji(t), - ,kjn(t)". From (6.34), (6.3)-(6.5), and Lemma 6.3,
we get the equation for yo(t) such as

(1+koo(t)yo = —ko(t)- (7 + ﬁuﬂ) — ko1 (1) (Y1 + Yns1)
(6.37) +T5.0(t) + Foolt).

Similarly we have for g(t),

(T+K@)@ + 1) = =k @)y — k™) Yyr + Ynra)
(6.38) +T5(t) + Fs(t),

where T5(t) = (75 ), Ton()T, Fs(t) = (Fsa(t),---, Fsn(t)T, and

K(t) = (ka(t), -+, n( ))T is an n X n matrix with the vector k;(¢). The
vectors kM) (t) and k(™ (t) are 1-st and n-th columns of the transposed matrix
of K.

Finally we have for y,1(t),

(1 + kn-i-l,n-i-l (ﬂ)(y;-i-l + yn+1) = _kn+1,0(t)y6 - kn—H (t) ’ (ﬂ/ + H,ug)
(6.39) +Tsn11(8) + Fonr(t).

We consider the ODE system for y(¢) with the initial time 7" > 0 under
the initial condition

(6.40) <u(T),e5; >=< H(y(T); Us), e5,; >,
for each 7 =0,--- ,n+ 1. We set
T(t) = (To0(t), T(1), T (1)),
Fs(t) = (Foot), Fs(t), Fonn(t))".
Then the system (6.37)-(6.39) can be written in the form

(I + K@)('(t) + My (1)) = Ts(t) + Fs(t),
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where K(t) is an (n + 2) X (n + 2) matrix whose components are given by
linear combinations of k;,;(t), and Il = (d;;)o<i j<n+1 is an (n+2) x (n +2)
matrix whose component d;; is given by
By the de nitions of {k;;(t) }o<ji<n+1, it is not difficult to prove
Proposition 6.4. Assume that H(y;Us) is C'*7 in X neary = 0. Let
kji(t) be given in (6.37). Then

n+1 n+1

(6.42) YD Ikl < Cly@r,

j=0 1=0

where C' does not depend on 0| < 1 and t > 0. Especially, we have
(6.43) HK(t)HRn+2_,Rn+2 < C'0|y(t)\7,

for ly(t)| <1, where Cy is independent of t and J.

We expect that |y(t)| is sufficiently small. If this is true, the inverse of
I + K(t) exists. Then we have the equation

(6.44) y'(t) +1y(t) = (I + K@) NTs(t) + F5(t)) = W(t,y(2)).

Let us write
W(t,y(t) = (Wo(t,y (), W(t,y(t)T,

where
W(ta Y(t)) = (Wl(t7 Y<t>>7 R Wn+1(t7 Y(t)))T
The representation (6.44) is useful since the right-hand side of (6.44) does

not depend on the time derivative of y (). In order to solve (6.44) we derive
some estimates of W (t,y(t)).

Proposition 6.5. Let Ts and Fs be given by (6.6). Assume that H(y; Uy)
is Ct in X neary = 0. Then for any f € X we have

(6.45) I(=Ls + 1)~ Ts fllx < Cly®)[*[| fllx,

(6.46) I(=Ls + 1) F5(f)llx < ClFIK™

Here C' is independent of |0] < 1 and t > 0. As a consequence, we have
(6.47) Zs(t)] < Cly(®)]*[lv(®)] x,

(6.48) [F5(t)] < Cllo@)]1

FEspecially, if H(y;Us) is C1*7 in X near y = 0 then we have
(6.49) (W, y(0)] < Cly@]" + [lv@®lI5)][v()lx-
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Proof. We give the proof of (6.45) only. By the Laplace formula we have

(—Ls + )Ty f = /O T et N (Us) — N (Va(0)} fds

= [N U — Nt Vi) s

Hence from (6.16) and the C! regularity of H(y; f) with respect to y, we
get

I(=Ls + 1)~ T5 f|Ix

IN

> 1
c% (—2)esds|Us = Va(t) 151l
< Cly®*|flx-

A

This completes the proof.

We look for a solution y(t) which decays at time in nity. However, the
equation for yo(t) does not lead to the time decay apparently. To overcome
this difficulty we consider the following integral equation

mw>%w=—[wm@J@Ma

(6.51) wilt) = e Dy(T) +/ e HIIWi(s,y(s))ds, 1<i<n,
T

t

(6.52) yni1(t) = ey 1 (T) —|—/ e_(t_s)WnH(s,y(s))ds,

T
which is equivalent with (6.37)-(6.39) if lim; . |yo(¢)| = 0. The problem
here is that solutions to (6.50)-(6.52) might not satisfy the initial condition
(6.40) for j = 0. In fact, we can show the initial condition for j = 0 is
automatically satis ed if y(t) is a solution to (6.50)-(6.52) decaying at time
in nity. The main result in this section is as follows.

Proposition 6.6. Let u(t) be the solution in Theorem 5.1 with the initial
data ug € X and 6 # 0. Then for sufficiently large T > 0 there is a solu-
tion y(t) € CH[T,00); R"™2) to (6.50)-(6.52) satisfying the initial condition
(6.40) and the estimate

6.53 ") + |y (1)] < e s0HaE=T) t>T
( y y , :

where ¢ > 0 is a sufficiently small constant depending only on ||u(T)—Us||x
and T > 0.

Proof. From Theorem 5.1 we have ||u(t) — Us||lx < e 5jug — Us||x.
Especially, by taking 7" large enough we may assume that ||u(T)—Us||x < &
where k is so small as we want if it is needed. Let Cj, be the constant in
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(6.43). Let ry, 15 € (0, (200)_%) be small numbers with 71 < ry and consider
the closed convex set
(6.54)

By, = {y(t) € C([T,00); R"™?) | [y(T)] <11, sup eSOy ()] < ra.
>

For y € B,, ., we consider the map Y (t;y) = (Yo(t;y), -+, Y1 (t;y)) "
de ned by

Yaltiy) = - / " Wols, y(s))ds,

t
Yj(tiy) = e DY (T y) +/ e IW (s, y(s))ds, j > 1
T
where the initial data Y (T;y) = (Yi(T;y), -, Yoy (T;y)) " is determined
by the relation

(6.55) <u(T),e5; >=< HYo(T;y),Y(T;y); Us), €5, >,

for j =1,--- ,n+ 1. The existence of such Y (T;y) will be proved later.

Our aim is to nd a xed point of the map Y(t;y) on B,,,, by the
Schauder xed point theorem. For this purpose, let us rst estimate W (¢, y(t))
for y € B,,,,. By the estimate of Us and the de nition of H(y;-), we see
that

(6.56) 1Us — H(y(t); Us)llx < Cly(t)].

Since we already have ||u(t) — Us||x < ke 2*~T) for any t > T with suffi-
ciently small x > 0, it follows that

o(®llx = lu(®) — Hr@:Up)llx < u(t) = Usllx + 105 — Hy(0): Us)lx

< ke 4 Cly (1)l

Hence we have

657 (yOI + @I x < Ok + K)o fa+ae-1),
Hence from Proposition 6.5 we have

(6.58) W (t,y(t) < Crite 4 glte)e s+ =T,
This yields that

(6.59)  |Yo(t;y)] < Clryte 4 glHe)e §UHaE-T)

(6.60)  [Y;(ty)| < e DY, (T;y)| + C(rk+e + ghte)e§1+a)eT),

Here we used the fact ¢ < min{uy,- -+, ftny1} and thus p; > 2(1 + «) for
each j=1,--- ,n+1.
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Next we prove the existence and the uniqueness of
Y(Tiy) = N(T3y), - Yo (Tyy))
by the implicit function theorem. Note that w(7) is written in the form
w(T) = Us + &w(T)

where w(T') € QooX with ||w(T)|x = 1, and sufficiently small £ > 0. For
¢ =(¢1, + ,bny1) € R" and & € R we consider the vector function

R(&0,&1,0) = (Ri(&0,61,9),+ , Rps1 (0,61, 90))7

where
Rj(&0,61,0) = <Us+&w(T),e5; > — < H(&,¢;Us), e5,; > .

Clearly R(&,&1,¢) is C! near the origin. Since H(0;U;) = Us, we see
that R;(0,0,0) = 0 for each j. Moreover, since

< 0y, H(0;Us), €5, >= c;lléjl,

we have | det(V,R(0,0,0))| = |H§L:1105_J1| > 0. Hence by the implicit function
theorem there is a C! function ¢(&, &) such that R(&, &1, (&, &1)) = 0 if
|£0| and |&;] are sufficiently small. Thus if ||u(T") — Us||x and |Yy(T;y)| are
sufficiently small, then there is a unique Y (T,y) € R""! satisfying (6.55).
Moreover, from the equality

n+1

O R+ > 04 R0t =0,  i=01, j=1,---n,
=1

and
1

1
a6n&) = Y [ @0con 06 661160
i=0 70
we have
66,60 < CUSN(&| + 1),
Noting that [&o] = [[u(T) —Us|lx < x and |&] = [Yo(T:y)| < C(ri*+r1+)
from (6.59), we get

(6.61) Y (T;y)| < Ok + ryte).

Hence by combining this with (6.60) it is easy to see that Y(t;y) is a
completely continuous mapping from B,, ,, into itself by the Ascoli-Arzela
theorem for sufficiently small x and r; < ry. Then by the Schauder xed
point theorem we have y € B,, ,, such that y(¢t) = Y(¢;y) for any ¢ > T.
It is clear that the xed point y(¢) satis es the estimate (6.53). It remains
to prove this xed point y(¢) satis es the initial condition (6.40). From
the de nition of Y(¢;y), (6.40) holds for j = 1,--- ,n + 1. So it suffices
to check (6.40) for j = 0. Note that we already know Esv(t) = E;(u(t) —
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H(y(t); Us)) vanishes at time in nity and satis es the equation (6.33). By
the construction of y(¢) and (6.34), the right-hand side of (6.33) belongs to
(I —Psp)X. Thus Esv(t) satis es the integral equation of the form

t
(6.62) Esv(t) = e DBz (T) + / IE (T — Pyso)S(s)ds

T
where
S(t) = Tso(t)+ Fs(u(t) + J(V5)(t).
By Proposition 6.5, Lemma 6.3, and (6.44) it follows that
(6.63) [[Es(I —Pso)S(t)|lx < Cllo@)llx(Iy@®I* + lo@)I%) + [W(E,y(2))]

for a constant C' independent of ¢ > T'. In particular, we have ||Es(I —
Pso)S(t)|lx < Ce 50+ Hence || fg e~ E; (I — Pso)S(s)ds||x con-
verges to zero at time in nity. Since ||[Esv(t)|x also converges to zero at
time in nity, we have lim,_ .o, [|[e*" "2 Esv(T)||x = 0. But this implies that

<u(T),e50 >=< H(y(T); Us), €50 >,

otherwise [[e*"" s Esv(T)|x can not vanish at time in nity. The proof of
Proposition 6.6 is now complete.

6.3. Estimate of u(t) — H(y(t); Us). In this section we calculate ||[v(t)]|x
more precisely by using the integral equation (6.18) for the initial data
v(T) =u(T)— H(y(T); Us) € QsX, which leads to Theorem 2.3. The main
result in this section is as follows.

Theorem 6.1. Let u(t) be the mild solution to (E) obtained in Theorem 5.1
with the initial data ug € X and § # 0. Let y(t) € C*([T, 00); R""2) be the
parameters in Proposition 6.6. Then for any e > 0, v(t) = u(t)—H(y(t); Us)
satisfies

(6.64) [v(t)]|x < Ce~o=n)=9t=1T) vt > T.

Here C' depends only on €, 0, and |u(T) — Us|| x.

Remark 6.3. From the relation v(t) = u(t) — H(y(t); Us) we see that
(6.65) |u(t) — H(y(t); Us)||x < Ce 0=t ¢ 5 T,

Thus, if the spectrum of Ls in QsX is included in {\ € C | Re(\) < —1p}

(this means 1n(9) is negative), then the above convergence rate becomes better
than e~ 0",
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Proof. From the construction of y(¢) we have Qsv(t) = v(t) for t > T.

Hence v(t) satis es
(6.66)

v(t) = Qee"DLoy(T) + /Tt Qgselt==)Ls (T(;”U(S) + Fs(v(s)) + J(V(g)(s))ds.

From Lemma 6.4 we have for any € > 0,
I+t—54 _, s
T Sy vest 9y () os)

e I+t—-s45 _, s) o
1Qse ™0 Fy(v(s))|x < Ce(ﬁ)ﬁe 59 lu(s) |5

Moreover, from Lemma 6.3 and (6.44) we have
Qs J(V5)(t) = —QsVyH(y(t);Us) - (y' +Ily)

= _QévyH( (t>7 ) (t y(t>>
—  —Qu(VyH(y(t); Us) — Vy H(0; Us)) - W(t, y(t)).

1Qse™ o Tsu(s)llx < Cu

This gives
1Qse!™ 50 I (Vs) (s) 1 x
Cee =y (s) "W (s, y(s))]
Cee sy (s) (Iy (s)|* + lo(s)IS) [o(s)llx-
Then, combining these above, we get
1Qse!*™* (Tsu(s) + Fs(v(s)) + J(Vs)(s)) |1 x

O L2 s (fy (5)) 4 [os)I50) o)

l+t—s —ve 5(t—s) ,—2a(s—
< Ol Ve e 3 u(s)lx.

This yields for any t > T" > T,
lo(t)]lx
< Cee s u(T) | x

P14t — 0
*CE/ (et () s
T -8

VARVAN

Cue T o) x
0o (T Pl4t— 0
+Ce b= D) [ (LTIt e Do) s,
T’ - S

By taking 7" sufficiently large, we can take C¢||v(T")||x and C.e s*(T"=T)
sufficiently small. Then it is not difficult to get the estimate (6.64). We

omit the details here. This completes the proof.

IA
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Using Theorem 6.1, we can improve the decay estimate of W (t,y(t)). Let
us recall that p,+1 =1 and p*, p, are de ned by

*

pto= max{py, o fngr}, e =min{pr, oo fag )

Proposition 6.7. Let y(t) € CY[T,00);R""?) be the parameters con-
structed in Proposition 6.6. Then for sufficiently small e > 0 we have

(6.67) (W (t,y(t))| < CeWwestaminiis vesh(t=1)
Proof. From Proposition 6.6 and Theorem 6.1 we have
([y (DI + oI5 lo(®)]lx < C(ems20HIET 4 emavest=T))emrest=D),

Hence we st get the estimate |[W (¢, y(¢))| < Ce 7=s¢=T) from (6.49). Then
from (6.50)-(6.52) we get the estimates for y(t) such as

ly(£)] < Ce~minthss vea)=1),

if € > 0 is sufficiently small. Then again by (6.49) we have the improved
estimate (6.67). This completes the proof.
From Proposition 6.7 we obtain the precise decay estimates for y(t).

Corollary 6.2. Let y(t) € C'([T, 00); R"2) be the parameters constructed
in Proposition 6.6. Assume that vy > ;. Then the limit y5 = lim; . ey, (t)
ezrists and

(6.68) |e“jtyj(t) _ y;| < Ce~Westamin{u., Ve,ﬁ}_:uj)(t_T)7
holds.

Proof. From (6.67) we observe that e/'W;(t,y(t)) is integrable over
(T, 00) since the value v, s+ min{ i, ve s} — 1, is strictly positive if vy > p;
and €, |0 are sufficiently small by the de nition v, 5 = vy —n(d) — e. Hence
we have

[t yisnds =

T T

o0

eli* W, (s, y(s))ds—/tOo eIt W, (s, y(s))ds).

Especially, for y5 = e#iTy;(T) 4 [ e"*W;(s,y(s))ds we have the estimate
(6.68). This completes the proof.

Proof of Theorem 2.3. We are now in position to show Theorem 2.3.
Let Q(t) € C([0,00); X) be the solution to (E) with initial data Qy with
|Q0||x < 1. Then by Theorem 2.2 and Lemma 3.2, u(7) = Re-Q(e™ — 1) is
the unique solution to (3.4) with initial data €. Let y(7) = (yo(7),y(7)) €
CY([T, 00); R™"2) be the parameters constructed in Proposition 6.6. We note
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that S(y(7);Us) = H(0,y(7); Us). Then from Theorem 6.1 and Corollary
6.2 with 7 = 0 we have

[u(r) = S(y(7); Us)llx lu(r) = H(y(7); Us)llx + [|1H(y(); Us) = H(0,y(7); Us)l| x

<
< Qe Won@)=a(r=T) 4 Clyo(7)|
<

Ce~(o=n®)=9(=T) T>T>1.
From u(7) = R.-Q(e” — 1) we have
|RerQe™ — 1) — S(y(7); Us)||x < Cemon@=a=1) T>T>1,
that is,
(6.69) || R1psQ2t) — S(E(t); Us)||x < CO(1 + )~ rotn(@+e, t>1,

where £(t) = y(log(1 + t)). Assume now that vy > p*. Then by Corollary
6.2 there are y* = (y7,--- ,y5,,) such that (6.68) holds. Then from (6.69)
we conclude that

(6.70)

||R1+tQ(t) . S( yf S y;kz : y:H—l 7U5)||X < C(]. + t)_VO+n(6)+€,
(1+t)m (14t 141t -

for t > 1. If 1y > p* then by Lemma 6.2 {—p; ;Lill must be semisimple

eigenvalues of Ls if |§] is sufficiently small. Hence (6.70) holds in this case.
This completes the proof of Theorem 2.3.

Remark 6.4. Let 7'(d) be the number in (6.12). By Corollary 6.1 the set
{p € o(Ls) | Re(p) > —C+n'(§)} consists of isolated eigenvalues with nite
multiplicity. Hence, if ¢ > 1 and |J] is sufficiently small then the set {u €
o(Ls) | Re(p) > —vo+n(d) = —1p 5} consists of nite number of eigenvalues
with nite multiplicity. In this case if all eigenvalues in {u € o(Ls) | Re(u) >
—1ps} are semisimple then we can take e = 0 in (6.64) and (6.67), and
hence, in (6.70). Indeed, by considering the spectral decomposition for the
semisimple eiegnvalues {1 € o(Ls) | Re(p) > —wps} it is not difficult to
verify

1Qse™ fllx < Ce™'|Qsf|lx,
in Lemma 6.4. Then the calculations of ||v(t)||x above imply
lo(®)llx < a1,

and thus we st obtain the estimate [W (¢, y(t))| < Ce~(@min{usvest+vo)(t=T)
by (6.67). This yields |y(¢)| < Ce™mintter0.s}t=1) from (6.50)-(6.52). Then
again by (6.67) we have the improved estimate

W(t, y(t))] < Ce~ostamingue, s (e-1),

This proves the assertion.
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6.4. Comments on Theorem 2.4. Theorem 2.4 is proved in the same way
as in Theorem 2.3. Indeed, it suffices to determine y(t) = (yo(t),y(t)) €
CY([T, 00); R™1) so that 9(t) = u(t) — H(yo(t),§(t),0; Us) belongs to QX
for all ¢ > T, which leads to the ODEs for (yo(t), y(t)) as in the case of
Theorem 2.3. We can solve this ODEs by using the equality in Lemma 6.3:

(6-71) Z ) 0; Ué) ( ( )"‘,ijj(t))

where

Vs(t) = H((t),5(). 0 Uy). ~
TWa)() = =0T (V5)(2) + A1 Vis(t) = N(TV5(1).

Under the assumptions of Theorem 2.4 we can show, instead of (6.10) in
Lemma 6.2,

(6.72) o(Ls) C {=p;}jZo U{n € C | Re(n) < —it +7(d)}

for some 7(0) € R satisfying lims_o7(6) = 0. Then if we set g* =

max{ i, -, fin}, e = min{uy, -+, 1y}, and s = 0y — 7(0) — € for € > 0,
as in Theorem 6.1 and Corollary 6.2, we obtain the estimates

(6.7 Jo6)]x < Cebret=),
(6.74) ly(t)] < Cem minlx 7. (t=T)
Then by the relation Ry ,(t) = u(log(1 + ¢)) we have
(6.75) | Ry42(t) — S(E(t); Us)||x < C(1 + 1), t>1,

where £(t) = §(log(1 +t)). If % > ji* then the limit y; = lim; o ey, (t)
exists and

(6.76) |e’”tyj(t) _ y]*| < e~ Pe,stamin{is, ﬁe,(s}—uj)(t—T)7

holds. Hence we have

(6.77)

[ Ry Q)= S((148) My, - (1) ey Us) | x < C(142) 75, t> 1

The details are omitted here. Especially, if 7y > f* and |d] is sufficiently
small, then {—pu; }?:1 must be semisimple eigenvalues of Ls as in the proof
of Theorem 2.3. Hence (6.77) holds in this case. This complets the proof of
Theorem 2.4.

7. APPLICATIONS

In this section we give several applications of our arguments.
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7.1. Nonlinear heat-convection equations. A typical example of A is
the Laplacian in the Eucledian space R", n > 1. In this case (Eg) is the
heat equation (H), i.e.,

(H) BO—AQ=0, >0, zeR"
For m > 0 let L?, be a weighted L? space de ned by

(71) Ly ={feL*®R") [ |fII7;, = /Rn(l +[a*)"| f (z)*dz < oo},

Then A generates a strongly continuous semigroup e'® in L2, and is given
by

1 _lz—y)?
(72) @@ = o [ )y
(4mt)z Jgn

Foreach A >0 ,a€ R, and j=1,--- ,n, we set
(7.3) (Baf)@) = AEf(Asa),

(7.4) (Téj)f)(x) = flo, 21,2+ @, Ty, Th).

Then by the density arguments R = {Rj\}rerx and 7 = {Téj)}aeR are
shown to be a Scahng and a translation in L? , respectively. Moreover, by
setting T = TU for each § € R, we have independent one parameter
families of translations {T( }geR, j=1,---,n;see De nition 2.1.

The generators of R and 7, U) are respectlvely given by
(7.5) B:§-V+§, Dom(B)={fe€L? |z -VfelL?},
(7.6) DY =DY =09, Dom(Dy)={felL?|ad,feL}

i (4) (4)
Clearly F%(f) = limy, g M
a and @ in this case.

Then we have

7! (f) i (f)
h

= limy_¢ = 0 for each

Proposition 7.1. Let 3 > + 1 and X = L2 . Then under the setting of
(H), (7.3), and (7.4), the conditions (E1), (E2) (T1), (T2), (A1), and

(A2) are satisfied with p; = 2, 0= é, and ( = 3 — 5. The eigenprojection
Po,o for the eigenvalue 0 of A (see (2.23)) is gwen by
(7.7) Poof = ( f(y)dy)G

and the number vy defined by (2 40) is 1 when n > 2 and min{2,2 — %

when n = 1. Moreover, if 2 > 2+ and X = L2, then the condzt@ons (E1),
(E2), (T1), (T2), (A1), and (A2)’ are satisfied with pu; = %, o= %, and

5, 0= 35,
¢ =% — 1. the number iy defined by (2.47) is min{1, 3 — %} in this case.
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AtA tA

Proof. 1t is easy to check RyeM? = e!R) and 7! t+96 =el Tae, which
gives (E1) and (E2). The condition (T1) follows with x; = 3 from (7.5)
and (7.6). To check (T2) we rst note that |z|f(z) € L2(R") if fe L?
with & > 2 + 1. Let f € Dom(B) N ﬂ?leom(ng)) and suppose that

(78)  aBf+Y aDYf = a5 VI+ S+ D a0, f =0,
j=1 Jj=1

where a; € R for each j =0, -+ ,n. If ap # 0 then multiplying both sides
above by f and integrating over R", we get from the integration by parts,
wn|ifl2, = 0, ie., f =0. If aqp = 0 and there is an a; with j > 1, then
multiplying both sides of (7.8) by z;f and integrating over R™, we have
a;||fll3. = 0. That is, f = 0. Hence (T2) holds.

We note that when A = A the semigroup e'4 = e(1=¢ 4R, is explicitly
given by

nt

UL LI B - L W) = 1 — ot

19 (@) = sy [ e e =1
and

A= A+— v+ Dom(A):{feL;|(A+§-V)feL3’n}.

n [9] Gallay and Wayne proved that the bound of the essential spectrum
of et and the spectrum of A in L2, are given by

(7.10)  ress(e!) = e (B0
(T11) o(4) = {n€C| Re(w) < —2+ T} U{-5 [ k=012, 1}
Moreover, if k € N U {0} satis es —% > —2 4+ 2 then —£ is a semisim-

ple eigenvalue with multiplicity (n -(‘rk 11)),

spanned by the Hermite functions {9?G} 5=, where G is the n dimensional
Gaussian

and the associated eigenspace is

||

(7.12) G(x) = (4m) " 2e” 1.

This gives (A1) and (A2) when 2 > 2 + 1 and (A2)’ when 2 > 2 + 2.
The eigenprojection Pg g is easily calculated and given by (7.7). The proof
is completed.

For later use we consider the relations between the domains Dom(.A4),
Dom(A), and Dom(B) in the case of A=A and B=%-V + 2 in L2 Set

p(z) = (1+ |z
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Then f € L2, if and only if p™ f € L*(R"). For each s € N we introduce the
Sobolev space H; by

Hy ={fel |0feL’, |8 <s}

Proposition 7.2. Let m > 0. Then Dom(A) = HZ2. In particular,
POy, f € WHA(R™) for each j.

Proof. For R > 0 let ¢ be the function on [0, c0) such that 0 < ¢p < 1,
¢ <0, ggp(r) = 1if r > R and ¢ = 0 if r > 2R. Set xr(z) = or(|z]?).
For f € Dom(A) in L?, we have by the integration by parts,

(7.13)
/xRmeIVfIde = —/ Xep™"Affdz+2m | xglfIPV - (2p"" ) da

Rn

—4m [ p*" 72| f|Px - Vxrds + / ™| fIPAxrdr.
Rn n
Then it is not difficult to see if f, p"Af € L*(R") then p™9,, f € L*(R")
for each j by taking the limit R — oo in (7.13). Then the assertion follows
from the equality

Al(p™f) = p"Af +4mp™ IV f x4+ fAP™.

Indeed, since the right-hand side of this equality belongs to L?(R"), each
second order derivatives of p™f belongs to L*(R™) by using the Calderon-
Zygmund inequality. Then the interpolation argument yields p™ f € W22(R").
Now it is easy to see that f € H2. This completes the proof.

As stated in (2.20), the inclusion Dom(.A) N Dom(B) C Dom(A) holds in
general. When A = A in L2, we have the equality as follows.

Proposition 7.3. Let m > 0 and A = A in L?. Then Dom(A) =
Dom(.A) N Dom(B) with equivalent graph norms.

Proof. We use the cut-o function xg in Proposition 7.2. The direct
calculation yields the equality

A N A

4dm

L
1+|x|2) o

xr
= /XRp2m|Af|2dx—|—/ XRp2m|§.Vf|2(1

2m 2 2m 2,1 m
—/np [z Vf] ¢}zd$+/nXRP IV f] (5—1+m—m)d$-
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Combining this with (7.13) and ¢’; < 0, we obtain the inequality

T

4dm

— "
1+yx|2>5”

< 2/ XRp2m\Af—|—g~Vf|2dx+C’ | fPda.
n R’)‘L

Since it is easy to see Dom(A) C WL?(R™), by taking the limit R — oo
in (7.15) we have the estimate

1 Ipom(ay + [|.f [[pomz) < Cll.f[[Dom(a)-
The inverse inequality is proved similarly. We omit the details here. This

completes the proof.

Let O C R™ be a small open ball centered at the origin. For y =
(G, Yns1) € O with § = (y1,- -+ ,yn), We set

. _ (M (n)
S(yv f) = Tyidtynir " Tynl4yni FETay
S € ) R ()
= T, T R1+y1n —
_n -+ g
(7.16) = (T+ynt1) 2 f( ).

(1 + yn—H)%
Then, since G is rapidly decreasing and smooth we have
Proposition 7.4. The map S(- ;G) : O — L% is C*.

Especially, the facts 0,,G and (z - V 4 n)G are the eigenfunctions of the
eigenvalues —% and —1 are interpreted as the symmetry of the heat equation
from Lemma 2.3.

7.1.1. Convection-diffusion equations (n-B). In this section we apply our
results to convection-di usion equations (n-B) with p = %, ie.,

(7.17) O —AQ+a-V(Q=Q) =0, t>0, zecR™

Let X = L2. Then the nonlinear term N'(f) = a - V(|f]=f) = (1 +
%)|f|%a - Vf makes sense for f € Dom(A). Indeed, we have from the
Holder inequality,

1 1
(7.18) IVAIlzz, = X+ Dlalll Al le™V Al ey

which is bounded if f € Dom(A) by Proposition 7.2 and the Gagliardo-
Nirenberg inequality. Now we prove
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Proposition 7.5. Let 3 > %—i—% and X = L?,. Then N(f) = a~V(]f|%f)
satisfies the conditions (N1), (N2), and (N3) withq=a =1, 3 =3 and
€p — 0.

Proof. 1t is easy to check (N3). We will show (N1) and (N2). From
(7.18), Proposition 7.2, Proposition 7.3, and the Gagliardo-Nirenberg in-

equality, we have ||N(f)|/z2 < C”f“]l)t)ri(,q)- Moreover, A" maps Dom(A)

into QooX by (7.7). Hence (N1) follows. To prove (N2) we recall the
estimates for e (see (7.9)) obtained in [9]:

¢ m
(t)%(l_%)_i_% Hp fHL‘17 1 S q S 2a
a q

(7.19) Ve flles, <

where a(t) =1 —e™". Then by the relation 9,,¢' = e%etAij we have

t

Ce 2 m
(7.20) €40, fll 2, < WHP fllze, 1<g<2
a(t)z ¢ 2/)73
Thus N(t, f) = "N (f) is estimated as
N(t, f) - N(t < O3 mer gt 0
NG =Nz y S el RS bl
067% m 1
< a ([ 1g)m " (f — gl 2
s o ([f] + 1gl)=p™( M, 2,
Ce_% m 1 m
< sllom (Lf1+ gD [ezn lp™ (f — g) |22
a(t)
C’e_% 1
(7.21) < (I fllz2, + lgllez) = Ilf — gllzz, -

a(t)s
Note that we have the additional decay for N (¢, f) if m > 0. Similarly, by
the relation N'(¢, f)h = (1+ % )ea- V(| f|#h) we have
Cez
a(t)?

We omit the details here. This completes the proof.

1
I1f = gllz2 1Pz, -

(722) N )R~ Nz, <

Let 3 > 4+ % Then by Theorem 2.1 there is a dy > 0 such that for each
§ with [6] < & there is a Us € L?, which gives a self-similar solution R . Us

to (7.17) and is C*% in L2, with respect to . Note that U is a solution to
(7.23) —AU—%-VU—%U:(;-V(\U]%U), z €R",
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with [, U(z)dz = 6 by the de nition of the projection Pgo. On the other
hand, in [1] it is proved that there is a unique solution Us to (7.23) with
Jon Us(z)dz = 6 for all § € R which belongs to HZ N W??(R") with 1 <
p < 0o, where HZ is the Gaussian weighted L? space de ned by

120)  Ip={fe PRI = [ 1@F g <ok

(7.25) Hi ={f € Lg | 07f € Lg, 18] < s}
Moreover, the estimate of solutions such as

(7.26) 1Tsll o + 1 Usll, < €141,

can be veri ed by the pointwise estimates of Us obtain by [18]. We will
show Us = Us. Indeed, in [8] it is proved that the self-similar solution
R%HU(; attracts any solution Q(t) € C([1,00); L*(R™) N L*(R™)) to (7.17)
with [, Q(t, z)dz = § in the sense of (1.1). This implies Us = Us. Hence we
have Us € H: N W2P(R™) with (7.26), and Us is C*" in L2, for all m > 0
at least for sufficiently small |§|. Note that Us has the form Us = 0G + vs
with [, vs(z)dz = 0 by the construction of Theorem 4.1.
Let |§] < 0. For (yo,y) € (—80 + 8,00 — 0) x O C R"*? we set

(7.27)  H(yo,y;Us) = SW; Ustyo) = (14 Yns1) "5 Up sy (———2—
(14 ypy1)2

).
Then the regularity of Us leads to

Proposition 7.6. Let 3 > 2 + % Then H(yo,y; Us) is CY % as a mapping
from (=& + 06,80 — 8) x O into L?,.

Proof. Since H(, is included in Dom(B) in L2, the fact Us € HZ implies
that H(yo,y; Us) is in fact C? in L? with respect to y for each xed yo. Since
we already know that Us is C'w with respect to 6 in L2, H(yo,y; Us) is
also C'7 with respect to yo in L?,. Hence it suffices to show, for example,
Us is di erentiable in H}, with respect to d. To prove this, let us recall that
the operator A = A+ £ .V 4 2 is realized as a self-adjoint operator in L,
denoted by A, in order to avoid confusions, and HY = Dom((—As + 1)2)
with equivalent norms; see [7]. Moreover, the duality arguments as in [11,
Proposition 2.1] shows that (—Aoo)’% ., is extended as a bounded operator
in L%. Now let us consider the operator (—Am)_lﬁ%. By decomposing

1

(—Ax) 10, = (—AOO)T(—AOO)_%@%, we have the estimate

(7.28) 1(=Ace) ™0z, fllmy, < Cll Iz,
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for all f € L%. Since Us = G + vs solves the equation in LZ:
vs = (—Ax) N (Us),
we have for sufficiently small |h| < |4,
1
Vs+h — Vs = (—AOO)_l / N/<TU5+h -+ (1 — T)Ug)(v(prh — Vs + hG)dT,
0
where .
N'(£lg = (1+—)a- V(| f|7g).
Then from (7.26) and (7.28) we have

1
[vs0n = vsllmy, < C/ [[7Ussn + (1 = 7)Us|" (s — v5 + hG)|| 2 d7
0

1
< ol ([lvsen — vsllzz, + [Al),

and hence,

Vs+h — Us 1
(7.29) | =2y, < o1,

where C' does not depend on h.
Set wy, = =2 Then we have

1
Wh — Wy = (—AOO)_l / {N,(TU5+h + (1 — T)U(s)(u)h + G)
0
—N'(7Usiw + (1 = 7)Us)(ww + G) }dr
Similar calculations as in (7.29) yields

lon = wwllm, < ClUsen — Usiw|™ (@i + G) |l e,

C||U5+h - U5+h’||£1+% (Hwh’HLH% + C>

IN

< COlUsin = Usiwll gy (ol azg, +©) < Clh = 1|

Thus wy, converges to Jsvs is H as h — 0, which completes the proof.

Now we can apply Theorem 2.4 to (7.17) and obtain the following theo-
rem.

Theorem 7.1. Let 2 > 2 4+ 1. Assume that Q(t) € C([0,00); L2,) be the
solution to (7.17) satisfying HQ( Mz, < 1 and 5, Q O,x)d:v =4 # 0.
Then there are 7(0) € R and §* € R™ such that lims_o7(6) = 0 and

(7.30)

19(t) — (1 + ) 05— 2L

1+t)llm < O(1 + )~ 50-P-min{Lg—§)+(0)+¢

Y
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holds for allt>1, € >0, and 1 <p < 2.

When n = 1 if the initial data is more localized then we can consider the
shifts of Us with respect to both translations and scaling, which recovers
the results of (1.2).

Theorem 7.2. Let m > 2. Assume that Q(t) € C([0,00); L2) be the
solution to (7.17) satisfying ||Q(0)[|2, < 1 and [ Q(0,x)dx =& # 0. Then
there are n(8) € R and y* € R? such that lims_on(§) =0 and

(7.31)
1 T 1 —min{3 m_11_1_1
HQ(t)_\/1+t+y*U5<\/1+ty_1’_y*)HLPSce(l+t) {53 —a)—30 P)+77(6)7
2 2

holds for allt>1,€¢>0, and 1 <p < 2.

Remark 7.1. If we can show —1 is a semisimple eigenvalue of the linearized
operator Ls = A+ 5 -V + 2 — N'(Us), then we have the analogous estimate
with (7.31) also for n > 2. However, the authors do not know if —1 is a
semisimple eigenvalue of Ls or not when n > 2. The sign of 7n(d) is not
determined either.

Proof of Theorem 7.1 and Theorem 7.2. We rst note that —% is a
semisimple eigenvalue of Ls. Indeed, for (7.17) we have 7y = min{1, 3 — %
and 0% = [i, = p; = % with j = 1,--- ,n, by Proposition 7.1. Then by
Lemma 6.2, —3 is a semisimple eigenvalue of Ly if |d] is sufficiently small.

Hence from Theorem 2.3 there is §* = (v}, -+ ,y%) € R such that

[ Rasf(t) (Lo, ) s < C(1t) R D0
(1+1)2 (1+1)2
Thus from ||Ryf]|» = )\%(lfi)llfHLp we have
192) = Rlitg((l ylt)l T ynt)l (Us) e < C(1 4 ¢) 3007l 5500 v
+1)z +1)2

for 1 < p < 2. It is not difficult to see
r+y*

R S(Tr e ot Us) = (14 0) U St

N1 4z (14 t)e
which gives Theorem 7.1.
When n = 1 we have from (7.10) and (7.11) that vy = min{3, 2 — 1} >
1 = p*. Hence by Theorem 2.3 there is y* = (v}, y5) € R? such that

),

Y1 Ys —min{2,m - 13— L (1= L) (8) e
Qt)—R . S 2 U < O ) ™3 ,
|| () I%H <(1—|—t)é 1+¢ 6>||LP_ ( + ) P

which gives the desired estimate. This completes the proof of Theorem 7.2.
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7.1.2. Two dimensional vorticity equations. In this section we consider the
two dimensional vorticity equations for viscous incompressible ows:

(2-V) 20— AQ+ V- (QVH(=A)TQ) =0, t>0, zeR?
where V+ = (0,,, —0,,)" and V+(—=A)71f is explicitly given as

ViAo [ )

o e |z —yl?
where t = (—x9,2;)". In thiscase A = A and N'(f) = V-(fVEH(=A)7Lf).

)_
Proposition 7.7. Letm > 3 and X = L2,. Then N(f) = V-(fV+(=A)"1f)
satisfies the conditions (N1), (N2), and (N3) withq=a =1, 3 =3, and
€0 = 0.

Proof. Since (N3) is easy to see, we will check only (N1) and (N2). We
note that N(f) = (VE(—=A)"1f, V) f. From the Hardy-Littlewood-Sobolev
inequality we have ||[V+(=A)7 1 f]|ps < Cllfll, s < Cllfllrz, if m > 1. Hence
by Proposition 7.2 and Proposition 7.3 we have

INU iz, = 10" N (Dl < CIVEH=2)T fllall o™V £l
< CliflealflIpomeay < 1 1[Bom(a)-

Together with (7.7), this shows (IN1).
Next we consider (N2). Since N is a bilinear form, it suffices to give
the estimate for e M(f, g) := €AV - (gV+(—=A)71f). Then from (7.20) we

have

Ce™%
3 m VL —A -1 4
el
Ce s _
10"l 2 IV (=2) 7 fl s
a(t)s

Ce™3
lgllzz Il fllz2,-

a(t)?

e M(f. 9|z, <

IN

IN

This completes the proof.

For (2-V) the equation for Uy is
(7.32) —AU—g.VU—gU+v-wvH—Ar%0=o, z € R,
with [, U(z)dz = 4. In [10] Gallay and Wayne proved that Us = 6G is the
unique solution to (7.32) in L'(R?) by proving the global stability of §G;

see also [13, 12, 20]. Especially, the function H(yo,y;Us) de ned by (7.27)
is C* as a mapping from R x O C R"*? to L2,.
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When Q5(t) € C([0,00); LY(R™)) N C((0, 00); L>°(R?)) is a solution to (2-
V) with [, Q(0,z)dz = §, the large time behavior of Qs(t) is described
as

(7.33) [|Qs(t) — 515—1(;(\%

This was obtained by [13, 3, 12] for sufficiently small |§|, and the smallness
condition for § was removed by [10]. Theorem 2.3 leads to

Wiw = o(t™ %), t—o00, 1<p<oo.

Theorem 7.3. Let m > 3. Then for any § € R with 0 < |§| < 1 there
exists a negative number 1n(d) such that lims_on(d) = 0 and the following
statements hold.

Assume that Q(t) € C([0,00); L2) be the solution to (2-V) satisfying
Jeo 0, 2)dax = 0. Then there is a y* = (§*,y3)" € R* X R such that Q(t)

satisfies
(7.34) 1908) = 6(1+1 + y3) G-

T+t+uy;

forallt>1,¢>0, and1 <p < 2.

)HLP < C (1+t) 2+%+77(6)+67

Remark 7.2. In [10] the second and third asymptotic expansions are es-
tablished when m > 3 without any restriction of § by obtaining the estimate
like (7.34). So the results of Theorem 7.3 are not essentially new.

Proof of Theorem 7.3. Since vy = 1 > =pu;,7 =12, — 1s a semisimple
eigenvalue of Ls by Lemma 6.2. Furthermore from [10 Remark 4.9] we
observe that —1 is a simple eigenvalue of Ls and 7(d) is strictly negative if
§ is not zero. Hence from Theorem 2.3 there are y; € R? such that

| R Q) =S (1) 25, (148) 25, (148) 2y Us) || 2, < C(148) 14O+,

where Us = 6G. Now we can get (7.34) as in the proof of Theorem 7.2.
This completes the proof.

7.1.3. Keller-Segel systems. In this section we consider the two dimensional
parabolic systems modelling chemotaxis:

(KS) 2,00 — AQW + V. (QWVQR) =0, t>0, R
2,02 — AQ® — Q) = 0, t>0, reR%.

For (KS) the existence of self-similar solutions is proved in [2] and the
stability estimate (7.35) below is obtained by [23] when the initial data
(QM(0),22(0)) satis es (1+[z[2)QM(0) € LY (R?), 8,,Q2(0) € L' (R?) for
each j, and [|QM(0)||z: and [V (0)| 12 are sufficiently small:

(7.35)

QW) — UM (—
12 (¢, -) 5(¢%

4l g
Mrm2y = O(t "), 1= oo,

B~
IA
3
IA

[\
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Here (tilUél)(%), UéQ)(%)) is the self-similar solution to (KS) with [g, Uél)(x)dx =
Jo2 QW (z,0)dz =: 4, and o is a constant in (0,3). The value of o is not
explicitly determined in [23]. The results in Section 2 can be applied also
for (KS), but the arguments to check the conditions stated in Section 2.2
become more complicated. Moreover, for (KS) the detailed analysis of the
value 7(d) in Lemma 6.2 is possible by applying the perturbation theory of
linear operators. The detailed discussion will be given in [15] and we just

state a result in [15] here.

Theorem 7.4. Let m > 2. Assume that ||(Q(1)(O),Q(Q)(O))HLgan;%Q <1
and [, QW(0,z)dz = 6 # 0. Then there ezists a unique solution (QW(t), Q@ (t)) €
C([0,00); L2, x H} ) to (KS) such that the following statements hold.
There are 71(0) € R and §* € R? such that lims_o7(8) = 0 and
(7.36)
)4\ A
I550) = L+ )7 Us (=

holds for allt > 1, € >0, and 1 < p < 2. Furthermore, if m > 3 then there
are n(0) € R and (7*,y3) € R? x R such that lims_on(d) = 0 and

Wi < Cu(1 + )~ Hrpminth =5 +i0) e

;

"FZ]*
I+t+y;

holds for allt > 1 and 1 < p < 2. Moreover, n(d) is positive (negative) if
d is positive (negative).

7.37) 190() — 1+t +y5) U o < Ou(1 + 1) 2510
3 0

Remark 7.3. Let m > 3. Est. (7.37) implies that 7(0) + e =01if 6 < 0
and 7(0) + € = n(0) if 6 > 0 in (7.36). Therefore, (7.37) gives more precise
asymptotic pro le than (7.36) if m > 3 and § < 0; see Remark 2.5.

Remark 7.4. Instead of (KS) we can also apply our abstract results to the
Keller-Segel system of a parabolic-elliptic type:

(KS) 2,00 — AQW + V. (QWVOQR) =0, t>0, zeR?
—AQ®) =) t>0, ze€R2

We can show the estimate like (7.36) for solutions to (KS’) when [|2M(0)| 12,
is sufficiently small for some m > 2, but the details are omitted here.

7.2. One dimensional Vlasov-Poisson-Fokker-Plank equations. In
this section we consider the one dimensional Vlasov-Poisson-Fokker-Plank
equations without friction:

(7.38) 0,2 + u0,Q + B+ (Q)0,02 — 02Q = 0, t>0, (z,u) €eRxR,
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Here Q = Q(t,x,u), and

(7.39) EL(Q) = j:%sgn(x) kg / Qt, x, u)du.
R

For simplicity we consider the case E(Q2) = E, () here. In [4] the exis-
tence of global and classical solutions to (7.38) is proved for some class of
initial data. We consider large time behavior of solutions to (7.38) under
the condition that the mass of initial data is zero. For known results on
multi-dimensional case, see the results and references in [14].

By using the Fourier transform we can see that the semigroup associated
with 92 — ud, is given by

3 (u=v)?
2\7{;2 e BT (y, v)dyd.
R

(7.40) eMAf =
It is not difficult to see that for any compactly supported function f, the
function e f is smooth as a function of (¢,z,u) if t > 0, and satis es

(7.41) 0 + ud, 2 — 92Q = 0, t>0, (r,u) € RxR,

pointwisely. We note that in [25] fundamental solutions to linear Vlasov-
Poisson-Fokker-Plank equations are studied in details for any dimensions.
In this section the spaces L? and HE are given by

12 = {f € IR | |f|2 = / (1+ 22 + )" (2, u)Pdadu < oo},

R2
Hi={fel? |070>fe L, 0<b + B <s}.

By setting €% = I, we can check that {¢*};5¢ is a strongly continuous
semigroup in L2, for each m > 0. The associated generator is again denoted
by A. The following estimates for e** are useful.

Proposition 7.8. Assume that m > 0. Let s be a nonnegative integer and
J1, j2 € {0,1}. Then for any e > 0 we have

(7.42) I Fllas, < Ceet s, £>0,
) _— 0566t
(7'43) ||aa]claz]L2€ f‘ Hs, < t3j1+j2 ||f| Hg,» > 07
2
C€€Et
(7.44) €40, < =511 £>0.
2

If m = 0 and s = 0 then we can take ¢ = 0 in the above estimates. As a
consequence, we have

(7.45) 10u(1 = A fllzz, < CllfIlzs.
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Proof. We rewrite (7.40) as
V3 _ 3y

2 t
(7.46) etAf:ﬁ € ST w f(r—y — =(2u —v),u — v)dydv.
R

2
Set

Flw,0,0) = fla =y — S(2u—v),u—0)

Then we can check the equality
BLaBa il o _ I( 81+l 4B t
8m 8u f($aU,Z/aU7t)— Z ol (am 8u f)(x—y—§(2u—v),u—v),
0<I<B2

where each ¢; is a suitable constant and ¢y = 1.
Then by the inequality

m t
P = (e 4u?) 7 < C(1e—y—5 (2u=v)["+y| "+ (147 u—o["+(1+7)o]™),
and the Minkovski inequality, we have
(7.47) lp" o2 0z fllpz < C(L+ ™) f | yorens t>0,

for some m’ > m, which gives (7.42). Est. (7.43) is proved similarly from
the equality

02

((an _%3;‘1)3;’16—3;%—u)f(x_y_%@u—v), u—v)dydv.

v

V3

27Tt2 R2

o2 0jcf =
To prove (7.44) we note that
(O20F ) —y = 5(2u—v),u—0)

1 t
= 0POF f(wusy,vt) = Yt @HOEN ) (@ —y — (20 —v),u—w).
1<I<B2+1

Thus we have from (7.43) and 0,e™ f = €0, f,

1070240, f |z, < 10702 e A fllua, + Y lalt!|le407 HOET g,

1<I<Ba+1
< ||851852+16tAf”L2n +C Z tl||8x@tA8£1+l—1852+1—lf”Lgﬂ
1<I<Ba+1
< o1 +tm')t_%||f||Hgl+52 +C Yt +tm’)t—%||f||Hil+ﬁ2
1<I<Ba+1

< CA+ W2 [l oo,
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for some m” > m’. Est. (7.45) is obtained from (7.43) and the Laplace
formula

Ou(I —A) ' f = / e 0, fdt.
0
This completes the proof.

For each A > 0 and a, 0 € R, set
(7.48) (Raf)(x) = A2 f(Az, A2u),
(7.49) (Taof)(z) = f(x + Oa,u+ a).

Then R = {R)}rerx and {7y }ger with Ty = {7, ¢ }acr+ are a scaling and a
strongly continuous one parameter family of translations in L? , respectively.
The generators of R and 7y are given by

3_3—Ia+ a+g Dom(B) = {f € L2, \( 220, + = a)feL}
D9—98x—|—8u, Dom(Dg) = {f € L2, |(ea +a)feL}

Furthermore, I', ¢ is given by
Loo = ady7ap, Dom(Tue) ={f € L2, | adsaof € L2}
For j, k € NU {0} we introduce a function H; by

V3

2kl

. 1
(7.50)  Hjp = cjpd (0, + 0,)Fe 0370w o) = (—g

I
Let m > 1 and let L2 ; be a subspace of L2, de ned by

(7.51) Lo=A{f€eL |/fxudxdu-0}
Then we have

Proposition 7.9. Let ¢ € N with ¢ > 3. Let m > £+ % and X = L2,
Then under the setting of (7.41), (7.48), and (7.49), the conditions (E1),
(E2), (T1), (T2), (A1), and (A2) hold withn =1, jy = %, 0 = 3, and

= 4. The eigenprojection Pog for the eigenvalue 0 of A (see (2.23)) is
given by

(7.52) Poof = ( /R | uf (@, u)dvdu) Ho,,

and the number vy defined by (2.40) is 1. Moreover, if ¢ € N with g > 2
andm > %+7 and X = L2 , then the condztzons (E1), (E2), (T1), (T2),
(A1), and (A2)’ are satisfied with pj = 3, 0 =1, and ¢ = L. the number
vy defined by (2.47) is 1 also in this case.
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Proof. It is easy to see from (7.40), (7.48), and (7.49) that Rye** = 'R,
and 7,946 = €7, 4 for each ¢t > 0, which implies (E1) and (E2). Let
f € Dom(B) N Dom(Dy) N Dom(I'y ). We will show 7,5f € Dom(B).
Indeed, if @ = 0 then 799 = I and thus f € Dom(B). If a # 0 then 0, f € L2,
by (7.2). Thus 9, f also belongs to L?, since Dyf = (00, +8,)f € L?,. The
assertion 7,9 f € Dom(B) follows from the equality

3(z + fa) u+a

9 az+ 9 u) a@f ( a + a)TaHf

The condition (T1) is now veri ed from the above equahty and (7.2). Sup-
pose that f € Dom(A) N Dom(B) N Dom(D;) satis es

(753) ale + CLQle =0.

Then by (7.45) we have 9, f € L2, and hence, 0,.f € L?, by the de nition
of Dy. If a; # 0 then we multiply both sides of (7.53) by f and integrate
over R?, which yields by integration by parts that 22| f||2, =0, i.e., f = 0.
If a; = 0 then multiplying both sides of (7.53) by = f and integrating over
R?, we have %[/ f||7. = 0. This implies (T2).

We note that et = e1=¢ AR, is expressed as

( 8+a)a9f (

5t
ez T (t) utp) 12— (= v) ¢
ma R2

where a(t) = 1—e™". Let m > %—i—%. In [14] it is proved that .., (et) < e 2
in L2, and the spectrum of A in L?, is estimated as

(7.55) o(A) C {Re(j1) < —%}u{%—é =12}

Moreover, if ¢+ 1 > [ and [ € NU{0} then % — % is a semisimple eigenvalue
and its eigenspace is spanned by {H; j, }3;+k=; the associated eigenprojection
is given by

(7.56) Pif= Y < fH>Hy
3j+k=l
where
<frg>= [ flwugle,u)e’™ 0 dodu,
R2
and HY) = (0p + 30,)7 (0, + 20,)Fe 3 3)"=3%" Especially, the direct cal-

culations show that

Pof = ([ flx,u)dzdu)H,y, Pif = (/ uf(x,u)drdu)Hy ;.
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Hence, the rst and the second eigenvalues of A in L7, , are simple and

given by 0 and —= respectlvely, and the eigenprojection for the eigenvalue
0 is
(7.57) Poof =Pif = (/ uf(x,u)dxdu)Hy;.

R2

Since the third eigenvalue of A in L, ;is —1, we observe that 14 de ned
by (2.40) is equal to 1. This completes the proof.

Let O C R? be a small open ball centered at the origin. Let f € L72n,0
For (7.38) the map S(-; f) : O — L2, is de ned by

Sy N, u) = (s R f)(a,u)

_s x+y1(1+yz) u—+
7.58 = 1 9) 2 3 , )
(7.58) (1+ 1) f( Gt (1+y2)2)

From the de nition of Hy; we have
Proposition 7.10. Let m > 0. Then the map S(-; Hy1) : O — L2,  is C*.

Let us give the estimates for derivatives of e/t f, which are essentially
obtained in [14].

Proposition 7.11. Let m > 2. Then for any nonnegative integer s and
J1, 72 € {0, 1} we have

N

Jlﬂz

(7.59) 107022 flls, < C(L+ =2 ) flla, t>0,
for any f € L? mo VHp,. We also have
(7.60) 1€48, fllms, < C(1+¢72))] t>0,

for any f € L2, N HS,.

Remark 7.5. If m > & and if f € QooL2, o N HE,, then (7.59) is replaced
by

(7.61) |01 9726t f | Je 2| f]

This is proved from the estimate ||etAf||L2 < Ce I fllz2 for f € Qool?
(7.59), and the semigroup property of e!. We omit the details here.

]1 J2

s, SO+t

Hs, > t > 0.

m,0

Proof of Proposition 7.11. Est. (7.59) is already observed in [14], but we
give the proof for convenience to the reader. Let 0 < ¢ < 2. Recalling the
relation et = e1=¢ 4R, we have from (7.43) that

1o aizet £ [ et f1

J1 +J2 11 +J2

s, < Ct™ /]

s, < Ct™ Hs, 0<t<2.
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For the case t > 2 we use the semigroup property and obtain [|071972¢' f|| = <
Clle™=Y4f 12 < C|| ||z, Let us prove (7.60). It suffices to consider the
case t < 2 by the semigroup property. Then from (7.44) we get

€40, llis, = 1Reeel® =040, f 11, < Cllel® D40, fll 1, < ) ]

Hg, -

This completes the proof.

Next we consider the nonlinear term N(f) = E(f)d,f. From (7.39) it is
easy to see that for f € L2 with m > 1,

(7.62)

IN(f) (lzeellOuf Iz, < 1 fll10uf ]2z, <

Then we have
Proposition 7.12. Let m > 4 and X = L2 ;. Then N(f) = E(f)d.f
satisfies the conditions (N1), (N2), and (N3) withq=a =2, 3 =1, and

60:0.

Proof. From (7.59) with [ = 0 and k& = 1 we have d,(I—A)~! is a bounded
operator in L?, ; as in the proof of (7.45). So (7.62) yields ||[N(f)|2 <

Cllf1lz2, 11/ lIbom(a)-
Let us show that A" maps Dom(A) N L7, , into

Q0,0L3n70:{f6L ol / uf(x,u)dzdu = 0}.
Indeed, since [g, f(x,u)dzdu = 0 we have

-/ Oo /R F(y,v)dvfy = F(a)

Then it follows that by integration by parts,

/R B ()0 fdrdu = ~ /R B(f)fdwdu
_ —/RF(J:)(/Rf(x,u)du)dx
_ /R F(2)F(«)dz = 0.

This proves the claim, and (N1) holds. The condition (IN3) is easily
checked, so we omit the proof of it. Finally we consider (N2). Let N(t, f) =
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N (f) with f € L2 ;. If t <1 then we have from (7.60),

IN( ) = Nt gz, = [e0u(B(f = 9)f + E(9)(f = 9))llzz,
< CtRB(f = 9)f + B(o)(f — 9)llzz,
< Ot =S = gl (1 1z, + llgllzz,).
When ¢ > 1 we 1st note that 0, (E(f — g)f + E(9)(f — 9)) € QooL2, if
f.g € L2, oNDom(A). Thus in this case, by using the estimate
le" fllz, < Cem2| £z,

for f € QooL7, o and (7.60), we have

IN(t, f) = N(t, )|z, = (e D48, (E(f — g)f + E(9)(f — 9)) |22,
< Ce 2|, (E(f — 9)f + E(9)(f — 9))lz,
< Ce 5| f = gllza, (1 fllzz, + llgllz2,)-

From the density arguments the above inequality is valid for any f,g €
L72n,0‘ Since the Frechet derivative of N (t, -) is formally given by N'(¢t, f)h =

et40, (E(f)h - E(h)f), by the similar arguments as above, we have

A

, , 1+t.1 ¢
[N'(t, f)h — N'(t,g)hllzs, < C( ; y2e 2| f —gllzz Pl 2z, -

Hence (IN2) follows and the proof of Proposition 7.12 is completed.

Let m > %. Then by Theorem 2.1 there is a dg > 0 such that for each o
with |§| < &y there is a Us € L?, which gives a self-similar solution R . Us
to (7.38) and is C? in L? with respect to 6. Note that Us is of the form
Us = 6Hy1 + vs from Theorem 4.1, and vs € Qo,oLfn,o N Dom(A) solves

(763) Vs = (—A)_1N<(SH071 + 'U5) = / €tAN((SH071 -+ U(s)dt.

0
Since vs € QQOL?WO NDom(A) implies d,vs € L2,, N'(0Hy 1 + vs) belongs to
Qo,0L2, ¢ by (7.62). In order to apply Theorem 2.3 we need the regularity
of vy € H? ,,. For this purpose we resolve (7.63) in H7 , below.

Proposition 7.13. Let m > %. If |6] is sufficiently small, then there is a
solution vs to (7.63) in I}, 5 such that |[vs|| yz_, < C[d]* for some constant
C > 0. Moreover, this solution is unique in the set {f € L2, | ||fllrz, <
C|0|}, and vs is C* in H7,,, with respect to ¢.
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Proof. We 1st prove the uniqueness. Let ©; and 0, be two solutions to
(7.63) with [|5;]|72, < C8]. Recalling the de nition N(¢, f) = e““N(f), we
have

By — Ty — / N'(t, 6Ho 1 + 1) (51 — B2)dt — / N(t, By — ).
0 0
Then from (IN2) we observe that
61~ 2l < OO [ b b = Talug dt < OO 51 5l
0

Thus if |4 is small enough, we have ©9; = 5. Next we nd a solution to
(7.63) in the ball Bs = {f € HZ,_,, | 1fllez,, < C6]?}. The proof is just as
same as in Theorem 4.1. For v € Bs we set

(7.64)

\I’(U) = / etAN((SH()’l + ’U)dt = / etAau (E(5H[)71 + U)((SHoyl + U))dt
0

0
From (7.60) and (7.61) we can see that

€90,E(F) s, < CO)2e 3 IB ()

mt2 — 2’

holds. Combining with the estimate || E(f)f|

i < CllfIe . we get

m+2 T
1 (@)llaz,, < ClloHos + vl -
Similarly we also have

W (01) = W(v2)ll 2, < CUS] + [lvall a2

2 F el ) v — va| 2

m—+2 m—+42 :

These estimates are enough to conclude that W is a contraction mapping in
Bs, and hence there is a unique xed point vs in Bs. Since A is a bilinear
form, it is also easy to see that vs is C? in HZ_, with respect to 6. This
completes the proof.

By Theorem 2.2 and the spectral property of A it is not difficult to show
that the solution Q(t) € C([0,00); L2, o) to (7.38) with [|(0)]|2, <« 1 sat-
is es

(7.65) Q) — (14 1) 3Ty (— -

Trof aa gyl ST
forall t > 1, ¢ >0, and 1 < p < 2, where § = [, uQ(0, 2, u)dzdu. We

will improve the asymptotic pro le by considering a shift of the self-similar
solution.
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Let 0] < dp < 1. For (yo,y) € (—dp+ 0,00 — 0) x O C R? we set
(7.66)

5 z+y(l+y u—+y
H (Yo, y; Us) = S(y; Usyo) = (1 +y2) "2 Uspy, 1 2 l

(I+w)7 (L+y)z’

Then Proposition 7.13 immediately leads to
Corollary 7.1. Let m > %. Then H(yo,y;Us) is C* as a mapping from
(=00 + 0,80 — ) x O into L2,.

Proof. From Proposition 7.13 we see Us = §Hoo + vs € H2,,, and is C?
in H2_, with respect to 6. Then from the de nition of (7.66) we have the
claim. The proof is completed.

Now we can apply Theorem 2.4 to (7.38) and obtain

Theorem 7.5. Let m > L. Assume that Q(t) € C([0,00); L2, ) is the
solution to (7.38) satisfying ||Q2(0)|| 2, < 1 and [p uQ2(0, 2, u)drdu = § # 0.
Then there are 7(9) € R and y; € R such that lims_o7(6) = 0 and

(7.67)

19(8) — (1 + )72 Us (

z+(1+ i)yl’ u+ y11 )HLP < C(1+ t>_%+%+ﬁ(5)+e’
(I4+t)2  (1+¢t)2
holds for allt > 1, €¢>0, and 1 < p < 2.

Remark 7.6. The assumption that the mass of initial data is zero is es-
sential in our arguments, although it will be less physical. The large time
behavior of solutions to (7.38) for general initial data seems to be difficult
questions. We remark that, for multi-dimensional Vlasov-Poisson-Fokker-
Planck equations, the higher order asymptotic expansions of small solutions
at large time are already established in [14] by using the invariant manifolds
theory.

Proof of Theorem 7.5. Since vy =1 > % = p1 by Proposition 7.9, we see
from Theorem 2.4 that there are 7(J) and y; € R such that

1Ry Q2(t) = S((1+ 1) 2975 Us)llzz, < C(1+1) 770
if t > 1. Hence from ||Ryf]|zr = )\2(1_%)+%Hf||m we have
190) = R S((1+1)75y7; Up)lle < C(14 )72 71O,
for 1 < p <2, which gives (7.67). The proof is completed.
Remark 7.7. If we could show —1 is a semisimple eigenvalue of Ls then

we would also apply Theorem 2.3 to obtain more precise asymptotic pro le
as in the case of the Keller-Segel system (Theorem 7.4).
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