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VALUE DISTRIBUTION OF THE HYPERBOLIC GAUSS MAPS FOR
FLAT FRONTS IN HYPERBOLIC THREE-SPACE

YU KAWAKAMI

ABSTRACT. We give an effective estimate for the totally ramified value number of the
hyperbolic Gauss maps of complete flat fronts in the hyperbolic three-space. As a corol-
lary, we give the upper bound of the number of exceptional values of them for some
topological cases. Moreover, we obtain some new examples for this class.

INTRODUCTION

The study of flat surfaces in the hyperbolic 3-space H? has made a great advance in
the last decade. Indeed, Gélvez, Martinez and Mildn [GMM] established a Weierstrass-
type representation formula for such surfaces. Moreover, Kokubu, Umehara and Yamada
([KUY1], [KUY2]) investigated global properties of flat surfaces in H* with certain kind
of singularities, called flat fronts (For precise definition, see Section 1 of this paper).
In particular, they gave a representation formula constructing a flat front from a given
pair of hyperbolic Gauss maps and an Osserman-type inequality for complete (in the
sense of [KUY2], see also Section 1 of this paper) flat fronts. More recently, Kokubu,
Rossman, Saji, Umehara and Yamada [KRSUY] gave criteria for a singular point on a
flat front in H?® be a cuspidal edge or swallowtail and proved the generically flat fronts
in H3 admit only cuspidal edges and swallowtails. Moreover, Roitman [Ro| and Kokubu,
Rossman, Umehara and Yamada [KRUY1] obtained interesting results on flat surfaces
or (p-)fronts in H? and their caustics. Furthermore, Kokubu, Rossman, Umehara and
Yamada [KRUY?2] also investigate the asymptotic behavior of ends of flat fronts in H3.
However, we have not seen the study of value distribution of the hyperbolic Gauss maps
for complete flat fronts in H? before.

On the other hand, we have recently obtained some results on value distribution of
the Gauss map of complete minimal surfaces in Euclidean 3-space R? and the hyperbolic
Gauss map of complete constant mean curvature one (CMC-1, for short) surfaces in
H3. For instance, we [Kal] found algebraic minimal surfaces in R? with totally ramified

value number of the Gauss map equals 2.5 (By an algebraic minimal surface, we mean a
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2 Y. KAWAKAMI

complete minimal surface with finite total curvature). Moreover, the author, Kobayashi
and Miyaoka [KKM] gave an effective estimate for the number of exceptional values and
the totally ramified value number of the Gauss map for a wider class of complete minimal
surfaces that includes algebraic minimal surfaces (this class is called “pseudo-algebraic”).
It also provided new proofs of the Fujimoto [Fu] and the Osserman theorems ([Osl], [Os2])
for this class and revealed the geometric meaning behind it. Furthermore, we [Ka3| gave
the definition of “pseudo-algebraic” and “algebraic” CMC-1 surfaces in H?® and such an
estimate for the hyperbolic Gauss map of these surfaces. These estimates correspond to
the defect relation in the Nevanlinna theory ([Ko|, [NOJ).

The purpose of this paper is to study value distribution of the hyperbolic Gauss maps
of flat fronts in H3. In Section 1, we recall the definition and some fundamental properties
of flat fronts in H3. In particular, we review a construction of complete flat fronts via a
given pair of hyperbolic Gauss maps and an Osserman-type inequality for this class. In
Section 2, we give an estimate for the totally ramified value number of the hyperbolic
Gauss maps of complete flat fronts in H* (Theorem 2.2). This estimate is effective in the
sense that the lower bound which we obtain is described in terms of geometric invariants.
We remark that this estimate is similar to the ramification estimate for the Gauss maps of
complete minimal surfaces in Euclidean 4-space R* ([Fu], [HO], and [Ka2]). Moreover, as
a corollary of this estimate, we give the upper bounds of the number of exceptional values
of them for some topological cases. Furthermore, we consider the Fujimoto-Hoffman-
Osserman problem for this class, that is, the problem of finding the “common” maximal
number of the exceptional values of the hyperbolic Gauss maps for complete flat fronts
in H3. In Section 3, we investigate examples of complete flat fronts in H? from the view
point of value distribution of the hyperbolic Gauss maps and give some new examples of
complete flat fronts in H?>.

The author thanks Professors Ryoichi Kobayashi, Masatoshi Kokubu, Pablo Mira,
Reiko Miyaoka, Wayne Rossman, Masaaki Umehara and Kotaro Yamada for their useful

advice.

1. PRELIMINARIES

In this section, we briefly recall the definition and some basic facts on flat fronts in H?3.
For details, we refer the reader to [GMM], [KRUY1], [KRUY?2], [KUY1] and [KUY2].
Let R} be the Lorentz-Minkowski 4-space with the Lorentz metric

(1.1) (o, 1, T2, T3), (Yo, Y1, Y2, Y3)) = —ToYo + T1y1 + Taya + T3Ys3 -
Then the hyperbolic 3-space is

(12) HE = {(.To,l’hl‘Q,ZL'g) S Rzll| — <I0)2 + (I1)2 + (l’2>2 + (.1‘3)2 =—1,29 > O}
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with the induced metric from R}, which is a simply connected Riemannian 3-manifold
with constant sectional curvature —1. We identify R} with the set of 2 x 2 Hermitian
matrices Herm(2)= {X* = X} (X* := tY) by

(1.3) (20, 21, T2, 3) s < xo-f-j??g 1+ 122 ) ’
1 — 19 T — T3

where i = y/—1 . In this identification, H? is represented as
(1.4) H? = {aa*|a € SL(2,C)}

with the metric

(X,Y) = —% trace (XY), (X, X) = —det(X),

where Y is the cofactor matrix of Y. The complex Lie group PSL(2,C) := SL(2,C)/{+id}
acts isometrically on H? by

(1.5) H? > X — aXa*,

where a € PSL(2,C).
Let M be an oriented 2-manifold. A smooth map f: M — H? is called a front if there

exists a Legendrian immersion
Ly M — TrH?

into the unit cotangent bundle of H? whose projection is f. Identifying T7H? with the
unit tangent bundle TyH?, we can write Ly = (f,v), where v(p) is a unit vector in Ty, H?
such that (df (p),v(p)) = 0 for each p € M. We call v a unit normal vector field of the
front f. By the definition, a front may have singular points (i.e., points of rank (df) < 2).
A point which is not singular is said to be regular, where the first fundamental form is
positive definite.

The parallel front f; of a front f at distance t is given by fi(p) = Expy,)(tv(p)), where
“Exp” denotes the exponential map of H3. In the model for H? as in (1.2), we can write

(1.6) fi = (cosht)f + (sinht)v, v, = (cosht)r + (sinht)f,

where v; is the unit normal vector field of f;.

Based on the fact that any parallel surface of a flat surface is also flat at regular points,
we define flat fronts as follows; A front f: M — H? is called a flat front if, for each p € M,
there exists a real number ¢t € R such that the parallel front f; is a flat immersion at p.
By definition, {f;} forms a family of flat fronts. We remark that an equivalent definition
of a flat front is that the Gaussian curvature of f vanishes at all regular points. However,

there exists the case where this definition is not suitable. For detail, see [KUY2, Remark

2.2).
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We assume that f is flat. Then there exists a (unique) complex structure on M and a

holomorphic Legendrian immersion
(1.7) £+ M — SL(2,C)

such that f and L are projections of £y, where M is the universal covering of M. Here,
holomorphic Legendrian map means that & 'd&; is off-diagonal (see [GMM], [KUY1],
[KUY2|). We call & the holomorphic Legendrian lift of f. The map f and its unit
normal vector field v are

(1.8) f=E& v=_Ereslr, ez = ( (1) _01 ) :

If we set

0 6
1.9 “ldEr =

the first and second fundamental forms ds? = (df, df) and dh? = —{(df,dv) are given by
ds* = w+0P=Q+Q+(w+10), Q=wb

(1.10) dr* = |0 — |w|?

for holomorphic 1-forms w and 6 on M, with lw|? and |0]*> on M itself. We call w and 6

the canonical forms of f. The holomorphic 2-differential ) appearing in the (2,0)-part

of ds? is defined on M, and is called the Hopf differential of f. By definition, the umbilic
points of f equal the zeros of ). Defining a meromorphic function on M by

0
1.11 = —
(1.11) p=-"
then |p|: M — [0, 4+occ] is well-defined on M, and p € M is a singular point if and only if
p(p)] = 1.

Note that the (1,1)-part of the first fundamental form
(1.12) dsi, = lw* + 6]

is positive definite on M because it is the pull-back of the canonical Hermitian metric of
SL(2,C). Moreover, 2ds?; coincides with the pull-back of the Sasakian metric on T7H?
by the Legendrian lift Ly of f (which is the sum of the first and third fundamental forms
in this case, see [KUY2, Section 2| for detail). The complex structure on M is compatible
with the conformal metric ds? ;. Note that any flat front is orientable ([KRUY1, Theorem
B]). In this paper, for each flat front f: M — H?, we always regard M as a Riemann
surface with this complex structure.
The two hyperbolic Gauss maps are defined by

E E
(1.13) G = E—; G, = E_Z where & = (E;).
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By identifying the ideal boundary S% of H? with the Riemann sphere C U {oo}, the
geometric meaning of G and G, is given as follows ([KRUY2, Appendix A], [Ro]): The
hyperbolic Gauss maps G and G, send each point p € M to the points G(p) and G, (p) in
S2_ reached by the two oppositely-oriented normal geodesics of H? that start at f(p). In
particular, G' and G, are meromorphic functions on M and parallel fronts have the same
hyperbolic Gauss maps. The transformation & +— a&; by a = (a;j)ij=12 € SL(2,C)
induces the rigid motion f — afa* as in (1.5) and the hyperbolic Gauss maps G and G,
change by the Mobius transformation:
(1.14) GHCL*GZM, G*HG*G*:M.
a91G + ag a2 Gy + as

Here, we remark the interchangeability of the canonical forms and the hyperbolic Gauss
maps. The canonical forms (w, ) have the U(1)-ambiguity (w,0) — (e”*w,e *0) (s € R)
which corresponds to

6is/2 0
(1.15) 5f [ — (C;f < 0 e—z‘s/?

For a second ambiguity, defining the dual 6’; of & by

0 i
gi=¢
f f(@ 0)’

then Sjuc is also Legendrian with f = 8;5;*. The hyperbolic Gauss maps G¥, G% and
canonical forms w?, 6% of 5]5 satisfy

G'=G, G =G, =0 ¢=uw.

Namely, the operation f interchanges the roles of w and 6 and also G and G.,.
Kokubu, Umehara and Yamada gave a representation formula of flat fronts in H? for a
given pair of hyperbolic Gauss maps (G, G,).

Theorem 1.1 ([KUY1], [KUY2]). Let G and G, be nonconstant meromorphic functions
on a Riemann surface M such that G(p) # G.(p) for all p € M. Assume that

(1.16) / ¢ cir
Y

G -G,
for every cycle v € H{(M,Z). Set

(1.17) £(2) :c-exp/ Gd—GG

where zy € M is a reference point and ¢ € C\{0} is an arbitrary constant. Then

(e lc-a)
(1%) “- ( 1€ €/(G-G.) )
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1s a nonconstant meromorphic Legendrian curve defined on M in PSL(2,C) whose hy-
perbolic Gauss maps are G and G, and the projection f = EE* is single-valued on M.
Moreover, f is a front if and only if G and G have no common branch points. Conversely,
any non-totally-umbilic flat front can be constructed this way.

Throughout this paper, we call the condition (1.16) the period condition. The canonical
forms w, 6 and the Hopf differential () of f in Theorem 1.1 are given by

1 % dGdG,
T G_Ga ™ Y= _ap

Note that we can obviously show that there does not exist a flat front in H? whose both

(1.19) w dG, 0=

hyperbolic Gauss maps are constant.

Remark 1.2. Kokubu, Umehara and Yamada obtained another construction of mero-
morphic Legendrian curves in PSL(2,C). For detail, see [KUY1].

A front f: M — H? is said to be complete if there exists a symmetric 2-tensor 1" such
that 7' = 0 outside a compact set C C M and ds? + T is a complete metric of M. In
other words, the set of singular points of f is compact and each divergent path has infinite
length.

Theorem 1.3 ([GMM], [KUY2|). Let M be an oriented 2-manifold and f: M — H? a
complete flat front. Then M is biholomorphic to M \{p1,...,px}, where M., is a closed
Riemann surface of genus v and p; € Mv (j=1,...,k). Moreover, the Hopf differential
Q of f can be extended meromorphically to MW.

Each puncture point p; (j = 1,--- ,k) is called an end of f. Galvez, Martinez and
Milén study complete ends of flat surfaces in H?. The following fact is essentially proved

in [GMM].

Lemma 1.4 ([GMM], [KUY2]). Let p be an end of complete flat front. The following

three conditions are equivalent,

(1) The Hopf differential QQ has at most a pole of order 2 at p.
(2) One hyperbolic Gauss map G has at most a pole at p.
(3) The other hyperbolic Gauss map G has at most a pole at p.

If an end of a flat front satisfies one of the three conditions above, it is called a regular
end. An end that is not regular is called an irreqular end. An end p is said to be embedded
if there exists a neighborhood U of p € M., such that the restriction of the front to U\{p}
is an embedding.

Lemma 1.5 ([KUY2]). The two hyperbolic Gauss maps take the same value at a reqular
end of a complete flat front, that is, G(p) = G«(p) if p is a reqular end.
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By the lemma above and investigation of embedded regular ends of complete flat fronts,
Kokubu, Umehara and Yamada showed the following global properties of complete flat
fronts.

Theorem 1.6 ([KUY2], Theorem 3.13). Let f: M. \{p1,...,pr} — H> be a complete
flat front whose ends are all reqular. Then

d+d. >k

where d is the degree of G considered as a map on M., (if G has essential singularities, then
we define d = 00) and d, is the degree of G, considered as the same way. Furthermore,
equality holds if and only if all ends are embedded.

We remark that this inequality is analogue of the Osserman inequality for algebraic
minimal surfaces in R? ([Osl], [Os2]).

2. AN EFFECTIVE ESTIMATE FOR THE TOTALLY RAMIFIED VALUE NUMBER OF
HYPERBOLIC (GAUSS MAPS

We first recall the definition of the totally ramified value number of a meromorphic

function on a Riemann surface.

Definition 2.1 (Nevanlinna [Ne]). Let M be a Riemann surface and h a meromorphic
function on M. We call b € CU {oo} a totally ramified value of h when at all the inverse
image points of b, h branches. We regard exceptional values also as totally ramified values.
Let {a1,...,am,b1,...,b,} € CU{oo} be the set of all totally ramified values of h, where
a;j (j =1,...,79) are exceptional values. For each a;, put v; = 0o, and for each b;, define
v; to be the minimum of the multiplicities of h at points A~(b;). Then we have v; > 2.
We call

the totally ramified value number of h.

We next give an effective estimate for the totally ramified value number of the hyperbolic
Gauss maps of complete flat fronts in H>.

Theorem 2.2. Let f: M \{p1,...,pr} — H?> be a complete flat front. If two hyperbolic
Gauss maps G and G, are nonconstant and vg > 2 and vg, > 2, then we have

1 1 k
2.1 > .
(21) I/G_2+I/G*—2_2’)/—2—|—k

Note that the right side of the inequality (2.1) describes in terms of only topological
data of M = MV\{pl, ...,Dr}, that is, no data of the degrees of the hyperbolic Gauss

maps.
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Proof. If f has an irregular end, then G or G, has an essential singularity there. By
the big Picard theorem, we get v < 2 or v, < 2. Thus we only consider the case where
all ends are regular. Assume that G is nonconstant and omits rg values. Let d be the
degree of GG considered as a map on MW and ng be the sum of branching orders at the

inverse image of these exceptional values of G. Then we have

(22) k Z d?”o —MNyo .

Let by,..., by, be the totally ramified values which are not exceptional values. Let n, be
the sum of branching order at the inverse image of b; (i = 1,...,ly) of G. For each b;, we
denote

v; = ming-1,){multiplicity of G(z) = b;},

then the number of points in the inverse image G~'(¥;) is less than or equal to d/v;. Thus
we have

b
2.3 dly — n, < —.
This implies

fo 1 n
(2.4) lo — —igé.

i=1

Let ng be the total branching order of G' on M.,,. Then applying the Riemann-Hurwitz
theorem to the meromorphic function G' on MV, we obtain

(2.5) ng=2(d+7y—1).

Thus we get

lo
1 no+k n, ng+k 2y —2+k
2.6 = 1—-— ) < — < <24 — .
( ) Vg T()—i-izl( Vi)_ d +d_ d <2+ d

Similarly, we get

2v—2+k
(2.7) vg, <2+ % .
Here we assume that vg > 2 and vg, > 2 . Then we have
1 d 1 d,
(2.8) >

> .
vg—2 " 2v—=2+4+k’ vg, —2 " 2y—-2+k
Combining these inequalities and Theorem 1.6, we deduce
1 1 S d+d. k

2.9 :
(29) VG—2+VG*—2_2’7—2+:I€_2’7—2+]€
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As a corollary, we can get the upper bounds of the number of exceptional values of the
hyperbolic Gauss maps of complete flat fronts in H? for some topological cases. Here, we
denote by Dg and D¢, the number of exceptional values of G and G, respectively.

Corollary 2.3. For complete flat fronts in H>, we have the following:

(i) If y =0, Dg > 4 and D¢, > 4, then there does not exist such a front.
(ii) If v =1, Dg > 5 and Dg, > 5, then there does not ezist such a front.

Proof. When v =0, Dg > 2 and D¢, > 2, from the inequality (2.1), we have

S SR
De—2 Do —2 k-2

On the other hand, if v =0, Dg > 4 and D¢, > 4, then it holds that

L + L <1

Dg—2 Dg —2~

Therefore, if v =0, Dg > 4 and Dg, > 4, then both G and G, are constant. However

there does not exist such a front. Hence we obtain (i). In the same way, when v = 1,
D¢g > 2 and Dg, > 2, we have

1.

1 n 1 S 1
Dg—2 Dg —2
On the other hand, if y =1, Dg > 5 and Dg, > 5, then we get
1 N 1 -
Dg—2 Dg, —2

1.

Therefore we obtain (ii). O

Finally, we consider the Fujimoro-Hoffman-Osserman problem, that is, the problem of
finding the common maximal number of the exceptional values of two hyperbolic Gauss
maps of complete flat fronts in H*. We remark that the common maximal number of the
exceptional values of the Gauss maps ¢g; and g, of nonflat complete minimal surfaces in
R* is “4”, that is, Dy, = D,, = 4 ([Fu], [HO] and [Ka2]). By Corollary 2.3, if v = 0,
then the common maximal number of exceptional values of two hyperbolic Gauss maps
is “37, that is, Dg = Dg, = 3. Moreover, if v = 1, then the common maximal number
of exceptional values of two hyperbolic Gauss maps is “4”, that is, Dg = Dg, = 4. Then
we get the necessary conditions for the existence of complete flat fronts whose hyperbolic

Gauss maps have the common maximal number of exceptional values.

Corollary 2.4. Let f: M \{p1,...,pr} — H> be a complete flat front.

(i) If y=0 and Dg = D¢, = 3, then k > 4.
(ii) If v =1 and Dg = Dg, = 4, then all ends are regular and embedded.
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Proof. When v = 0, by the inequality (2.1), we have

1 1 k
+ > .
De—2 Do —2 k-2

Moreover, if Dg = 3 and Dg, = 3, then we have

1 1

De—2 Dg -2

Therefore, for this case, we get the following inequality.

2.

k

— < 2.

k—2—
Thus we obtain (i). Next we prove (ii). When v = 1, by (2.9), then we get

1 n 1 S d+d, -1
Dg—2 Dg, -2~ k —
Moreover, if Dg =4 and Dg, = 4, then we have
1 N 1 -
De—2 Dg -2

Therefore, we can get the following equality.

d+d, =k
By the virtue of Theorem 1.6, all ends are regular and embedded for this case. U

3. EXAMPLES OF COMPLETE FLAT FRONTS FROM THE VIEW POINT OF VALUE
DISTRIBUTION OF THE HYPERBOLIC (GAUSS MAPS

In the first half of this section, we investigate examples of complete flat fronts in H?

from the view point of value distribution of the hyperbolic Gauss maps.

Example 3.1 (Example 4.1 of [KUY2]). We set My = C U {co} and consider a pair
(G, G.,) of meromorphic functions on M given by G(z) = z and G.(z) = az, for some
constant o € R\{1}. We define M by M = M;,\{0} for the case where a = 0 and
M = My\{0,00} for the case where a # 0, respectively. By Theorem 1.1, we can
construct a flat front f: M — H? whose hyperbolic Gauss maps are G and G,. Indeed
we can easily see that M and (G, G,) satisfy the period condition and these data give a
Legendrian immersion &; of f

z—a/(l—a) Cazl/(l—a)

11—«
3.1 Er = ¢ for some constant c.
( ) f Z—l/(l—a) Cza/(l—a)

& l—a
Moreover, the canonical forms w and 6 and the Hopf differential @ of f is given by

2
W )y, g CY aftea)g, g

a 2.2
2 A= o) 52 dz*.

(1-a)
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Thus f is complete. For the case where o # 0, the hyperbolic Gauss maps G and G, of
f have the same exceptional values 0 and oo, that is, Dg = Dg, = 2. For the case where
a = 0, G has one exceptional value 0 and G, is constant. Note that f is a horosphere if

a=0.

We remark that horospheres can be characterized by the hyperbolic Gauss maps as

follows:

Theorem 3.2 (Proposition 4.2 of [KUY2]). If one of two hyperbolic Gauss maps of a

complete flat front in H? is constant, then it is a horosphere.

To our regret, we do not find a complete flat front whose two hyperbolic Gauss maps
have the common maximal number of exceptional values for both v = 0 and v = 1.
However, there exists a complete flat front of genus 0 with (Dg, D¢, ) = (3,2).

Example 3.3 (Theorem 4.4 (iii) of [KUY?2]). There exists a complete flat front f: M =
C\{0,1} — H? whose hyperbolic Gauss maps are

In particular, Dg = 3 and D¢g, = 2 and all ends are regular and embedded.

In the latter half of this section, we give some new examples of complete flat fronts in H3.
We first give an example of genus 0 with 4 regular embedded ends and (vg,vg,) = (3, 2).

Proposition 3.4. There exists a complete flat front f: M = C\{0, &1} — H> whose
hyperbolic Gauss maps are

(3.3) (G,G.) = (ZQ, Zf;—i‘i)) (a € R\{0,+1}).

In particular, vg = 3 and vg, = 2 and all ends are reqular and embedded.

Proof. By straightforward computation, we see that
dG  2(az+1)
G—-G, alz+1)(z—1)

and it is holomorphic at z = 0 and has poles only at z = 4+1,00. All of them are simple

dz ,

poles, with residues (1 4 a)/a, (a — 1)/a, —2, respectively. By the condition of a, these
residues are real. Thus these data satisfy the period condition. Moreover, we can clearly
see that G and G, take the same values at z = 0,£1, 00 and have no common branch
points. By Theorem 1.1, we can construct a flat front f: M — H? whose hyperbolic
Gauss maps are (3.3).

On the other hand, the canonical forms w and 6 of f are given by

2

2
w= —C—Qz(z+1)_2(“_1)/“(z—1)_2(“+1)/“dz, 0= %z‘g(z%—l)_w“(z—1)2/a(a22+22+a)dz.
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Furthermore, the Hopf differential of f is given by
Q= 2(az® + 2z + a)
a2z +1)2(z—1)2
Thus @ has poles only at z = 0, +1, co with
(ordo@, ord;@Q, ord_1Q, ord,,Q) = (—1,—-2,—2,—1).

Hence f is complete.

dz?.

All ends of f are regular and embedded because f satisfies the equality of Theorem 1.6.
One hyperbolic Gauss map G has three exceptional values 0, 1, co. The other hyperbolic
Gauss map G, has one exceptional value 0 and two totally ramified values. Therefore, we
show that vg =141+ 1=3 and vg, =1+ (1/2) 4+ (1/2) = 2. O

Remark 3.5. By virtue of Theorem 1.6, if a complete flat front has 4 embedded regular
ends, then (d,d,) = (1,3), (2,2) or (3,1). By Example 4.5 of [KUY2] and Proposition
3.4, we see that there exists one example at the least for all cases of d + d, = 4.

We next give an example of complete flat front of genus 0 with (d,d.) = (3,2) and 5
regular embedded ends.

Proposition 3.6. There exists a complete flat front f: M = C\{0,1,-2,-3/2} — H?
whose hyperbolic Gauss maps are

(3.4) (G, G,) = (23, Zéz—i?)

In particular, vg = 3 and vg, = 1 and all ends are reqular and embedded.

Proof. By straightforward computation, we see that
dG 32(2z +5)

= d
G-G. (-DE+2)(2:+3)"
and it is holomorphic at z = 0 and has poles only at z = 1,—2,—-3/2,00. All of them

are simple poles, with residues 7/5, —2, 18/5, —3, respectively. Thus these data satisfy
the period condition. Moreover, we can easily see that G and G, take the same values
at z = 0,1,—2,—3/2,00 and have no common branch points. By Theorem 1.1, we can
construct a flat front f: M — H?3 whose hyperbolic Gauss maps are (3.4).
On the other hand, the canonical forms w and 6 of f are given by
3 _ _

w o= —222(2 — 1) M5 (2 4+ 2)4(22 + 3) /542,

0 = 22272z — 1)YP(2 4+ 2)7%(22 4 3)%/5(2% 4 62 + 15)dz.
Furthermore, the Hopf differential of f is given by

6(z% + 62 + 15) )
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Thus @ has poles only at z = 1, -2, —3/2 with

(ord; @, ord_»Q, ord_3/,Q) = (=2, -2, -2).

Hence f is complete.

All ends of f are regular and embedded because f satisfies the equality of Theorem
1.6. One hyperbolic Gauss map G has two exceptional values 0, oo. The other hyperbolic
Gauss map G, has two totally ramified value. Therefore, we show that vz = 2 and
va, = (1/2) 4+ (1/2) = 1. OJ

Finally, we give an example of complete flat front in H? of genus 1 with 5 regular ends.

Let M be the square torus on which the Weierstrass g function satisfies
(¢)* = 4p(p* —a®), a=p(1/2).

Proposition 3.7. There exists a complete flat front f: Mi\{z; p(2)(p(2)* + a®) =
0} — H3 whose hyperbolic Gauss maps are

(35) €. - (L2220

P ¢
and 5 reqular ends.

Proof. For this data, a computation gives
dG

G — G,

This implies that these data satisfy the period condition. Moreover, G and G, take

=dlogp.

the same values on {z; p(2)(p(2)* + a®) = 0} and have no common branch points. By
Theorem 1.1, we can construct a flat front f: M — H? whose hyperbolic Gauss maps are
(3.5).

The canonical forms w, € and the Hopf differential () of f are given by

2( 2 2 2 2/ 4 2.2 o 4 2( 2.2 a4
w:_(p +a)dz’ gch(p + 6a*p 3a)dz7 Q= (p* + 6a*p* — 3a*)
p(p? +a?)

d 2
208 (02 + a?)2 o
from which the completeness of the ends {z; p(2)(p(2)* + @) = 0} follows. Obviously all

ends are regular but not embedded because f does not satisfy the equality of Theorem

1.6. Indeed, we clearly see that d =2 and d, =4 and 6 =d +d, > k = 5. U

Remark 3.8. There exists a complete flat front of genus 1 with (d,d,) = (3,2) and 5
regular embedded ends [KUY2, Example 4.6].

REFERENCES

[Br] R. Bryant, Surfaces of mean curvature one in hyperbolic space, Astérisque 154—155 (1987), 321-347.
[Fu] H. Fujimoto, On the number of exceptional values of the Gauss map of minimal surfaces, J. Math.
Soc. Japan, 40 (1988), 235 — 247.



14 Y. KAWAKAMI

[GMM] J. A. Gélvez, A. Martinez, and F. Milén, Flat surfaces in hyperbolic 3-space, Math. Ann., 316
(2000), 419-435.

[HO] D. A. Hoffman and R. Osserman, The geometry of the generalized Gauss map, Mem. Amer. Math.
Soc., 28 (1980), no. 236.

[Kal] Y. Kawakami, On the totally ramified value number of the Gauss map of minimal surfaces, Proc.
Japan Acad., Ser. A Math. Sci., 82 (2006), 1-3.

[Ka2] Y. Kawakami, The Gauss map of pseudo-algebraic minimal surfaces in R*, Math. Nachr., 282
(2009), no. 2, 211-218.

[Ka3] Y. Kawakami, Ramification estimates for the hyperbolic Gauss map, to appear in Osaka Journal
of Mathematics, arXiv:0804.0470.

[KKM] Y. Kawakami, R. Kobayashi and R. Miyaoka, The Gauss map of pseudo-algebraic minimal sur-
faces, Forum Math., 20 (2008), no. 6, 1055-1069.

[Ko] R. Kobayashi, Toward Nevanlinna theory as a geometric model of Diophantine approzimation, Sug-
aku Expositions 16 (2003), 39-79.

[KRSUY] M. Kokubu, W. Rossman, K. Saji, M. Umehara and K. Yamada, Singularities of flat fronts in
hyperbolic space, Pacific J. Math., 221 (2005), 303-351.

[KRUY1] M. Kokubu, W. Rossman, M. Umehara and K. Yamada, Flat fronts in hyperbolic 3-space and
their caustics, J. Math. Soc. Japan, 59, no. 1 (2007), 265-299.

[KRUY2] M. Kokubu, W. Rossman, M. Umehara and K. Yamada, Asymptotic behavior of flat surfaces
in hyperbolic 3-space, J. Math. Soc. Japan, 61, no. 3 (2009), 799-852.

[KUY1] M. Kokubu, M. Umehara and K. Yamada, An elementary proof of Small’s formula for null
curves in PSL(2, C) and an analogue for Legendrian curves in PSL(2, C), Osaka J. Math., 40 (3)
(2003), 697-715.

[KUY2] M. Kokubu, M. Umehara and K. Yamada, Flat fronts in hyperbolic 3-space, Pacific J. Math.,
216 (2004), 149-175.

[Ne] R. Nevanlinna, Analytic Function, Translated from the second German edition by Phillip Emig. Die
Grundlehren der mathematischen Wissenschaften, Springer, New York, 1970.

[NO] J. Noguchi and T. Ochiai, Geometric Function Theory in Several Complex Variables, Transl. Math.
Monog. 80, Amer. Math. Soc., 1990.

[Os1] R. Osserman, Global properties of minimal surfaces in E* and E™, Ann. of Math. 80 (1964),
340-364.

[Os2] R. Osserman, A survey of minimal surfaces, second edition, Dover Publications Inc., 1986.

[Ro] P. Roitman, Flat surfaces in hyperbolic 3-space as normal surfaces to a congruence of geodesics,
Tohoku Math. J., 59 (2007), 21-37.

[SUY] K. Saji, M. Umehara and K. Yamada, The geometry of fronts, Ann. of Math., 169 (2009), 491-529.

[UY] M. Umehara and K. Yamada, Complete surfaces of constant mean curvature-1 in the hyperbolic
3-space, Ann. of Math. 137 (1993), 611-638.

FAcuLTY OF MATHEMATICS,
KYUSHU UNIVERSITY,
6-10-1, HAKOZAKI, HIGASHIKU, FUKUOKA-CITY, 812-8581, JAPAN

E-mail address: kawakami@math.kyushu-u.ac. jp



List of MI Preprint Series, Kyushu University

MI

MI2008-1

MI2008-2

MI2008-3

MI2008-4

MI2008-5

MI2008-6

MI2008-7

MI2008-8

MI2008-9

The Global COE Program
Math-for-Industry Education & Research Hub

Takahiro ITO, Shuichi INOKUCHI & Yoshihiro MIZOGUCHI
Abstract collision systems simulated by cellular automata

Eiji ONODERA
The intial value problem for a third-order dispersive flow into compact almost
Hermitian manifolds

Hiroaki KIDO
On isosceles sets in the 4-dimensional Euclidean space

Hirofumi NOTSU
Numerical computations of cavity flow problems by a pressure stabilized characteristic-
curve finite element scheme

Yoshiyasu OZEKI
Torsion points of abelian varieties with values in nfinite extensions over a p-

adic field

Yoshiyuki TOMIYAMA
Lifting Galois representations over arbitrary number fields

Takehiro HIROTSU & Setsuo TANIGUCHI
The random walk model revisited

Silvia GANDY, Masaaki KANNO, Hirokazu ANAI & Kazuhiro YOKOYAMA
Optimizing a particular real root of a polynomial by a special cylindrical al-
gebraic decomposition

Kazufumi KIMOTO, Sho MATSUMOTO & Masato WAKAYAMA
Alpha-determinant cyclic modules and Jacobi polynomials



MI2008-10

MI2008-11

MI2008-12

MI2008-13

MI2008-14

MI2008-15

MI2009-1

MI2009-2

MI2009-3

MI2009-4

MI2009-5

Sangyeol LEE & Hiroki MASUDA
Jarque-Bera Normality Test for the Driving Lévy Process of a Discretely Ob-
served Univariate SDE

Hiroyuki CHIHARA & Eiji ONODERA
A third order dispersive flow for closed curves into almost Hermitian manifolds

Takehiko KINOSHITA, Kouji HASHIMOTO and Mitsuhiro T. NAKAO
On the L? a priori error estimates to the finite element solution of elliptic
problems with singular adjoint operator

Jacques FARAUT and Masato WAKAYAMA
Hermitian symmetric spaces of tube type and multivariate Meixner-Pollaczek
polynomials

Takashi NAKAMURA
Riemann zeta-values, Euler polynomials and the best constant of Sobolev in-
equality

Takashi NAKAMURA
Some topics related to Hurwitz-Lerch zeta functions

Yasuhide FUKUMOTO

Global time evolution of viscous vortex rings

Hidetoshi MATSUI & Sadanori KONISHI
Regularized functional regression modeling for functional response and predic-
tors

Hidetoshi MATSUI & Sadanori KONISHI

Variable selection for functional regression model via the L, regularization

Shuichi KAWANO & Sadanori KONISHI

Nonlinear logistic discrimination via regularized Gaussian basis expansions

Toshiro HIRANOUCHI & Yuichiro TAGUCHII
Flat modules and Groebner bases over truncated discrete valuation rings



MI2009-6

MI2009-7

MI2009-8

MI2009-9

MI2009-10

MI2009-11

MI2009-12

MI2009-13

MI2009-14

MI2009-15

Kenji KAJIWARA & Yasuhiro OHTA
Bilinearization and Casorati determinant solutions to non-autonomous 1+1
dimensional discrete soliton equations

Yoshiyuki KAGEI
Asymptotic behavior of solutions of the compressible Navier-Stokes equation
around the plane Couette flow

Shohei TATEISHI, Hidetoshi MATSUI & Sadanori KONISHI
Nonlinear regression modeling via the lasso-type regularization

Takeshi TAKAISHI & Masato KIMURA
Phase field model for mode III crack growth in two dimensional elasticity

Shingo SAITO
Generalisation of Mack’s formula for claims reserving with arbitrary exponents
for the variance assumption

Kenji KAJIWARA, Masanobu KANEKO, Atsushi NOBE & Teruhisa TSUDA
Ultradiscretization of a solvable two-dimensional chaotic map associated with
the Hesse cubic curve

Tetsu MASUDA
Hypergeometric T -functions of the g-Painlevé system of type Eél)

Hidenao IWANE, Hitoshi YANAMI, Hirokazu ANAI & Kazuhiro YOKOYAMA
A Practical Implementation of a Symbolic-Numeric Cylindrical Algebraic De-
composition for Quantifier Elimination

Yasunori MAEKAWA
On Gaussian decay estimates of solutions to some linear elliptic equations and
its applications

Yuya ISHIHARA & Yoshiyuki KAGEI
Large time behavior of the semigroup on L? spaces associated with the lin-
earized compressible Navier-Stokes equation in a cylindrical domain



MI2009-16

MI2009-17

MI2009-18

MI2009-19

MI2009-20

MI2009-21

MI2009-22

MI2009-23

MI2009-24

MI2009-25

Chikashi ARITA, Atsuo KUNIBA, Kazumitsu SAKAI & Tsuyoshi SAWABE

Spectrum in multi-species asymmetric simple exclusion process on a ring

Masato WAKAYAMA & Keitaro YAMAMOTO
Non-linear algebraic differential equations satisfied by certain family of elliptic
functions

Me Me NAING & Yasuhide FUKUMOTO
Local Instability of an Elliptical Flow Subjected to a Coriolis Force

Mitsunori KAYANO & Sadanori KONISHI
Sparse functional principal component analysis via regularized basis expan-
sions and its application

Shuichi KAWANO & Sadanori KONISHI
Semi-supervised logistic discrimination via regularized Gaussian basis expan-
sions

Hiroshi YOSHIDA, Yoshihiro MIWA & Masanobu KANEKO
Elliptic curves and Fibonacci numbers arising from Lindenmayer system with
symbolic computations

Eiji ONODERA
A remark on the global existence of a third order dispersive flow into locally
Hermitian symmetric spaces

Stjepan LUGOMER & Yasuhide FUKUMOTO
Generation of ribbons, helicoids and complex scherk surface in laser-matter
Interactions

Yu KAWAKAMI

Recent progress in value distribution of the hyperbolic Gauss map

Takehiko KINOSHITA & Mitsuhiro T. NAKAO
On very accurate enclosure of the optimal constant in the a priori error esti-
mates for H32-projection



MI2009-26 Manabu YOSHIDA
Ramification of local fields and Fontaine’s property (Pm)

MI2009-27 Yu KAWAKAMI
Value distribution of the hyperbolic Gauss maps for flat fronts in hyperbolic
three-space



