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INTRODUCTION

There is no doubt that tractor stability greatly influ-
ences the operation efficiency of tractor and the safety 
of operator.  It is therefore necessary to understand how 
tractor stability varies under the influences of certain 
factors.  Despite the contributions of trial observations 
(Chisholm, 1979) and virtual prototyping approaches 
(Du et al., 2011; Li et al., 2014; Zhu et al., 2014), mathe-
matical modeling provides a way to look into the funda-
mental mechanism.  In this way, it is possible to analyze 
and further predict tractor status for various conditions 
(Ahmadi, 2011, 2013; Li et al., 2014a, 2014b; Schwanghart, 
1973).

For a parked tractor, quasi–static (or static) condi-
tions are often considered to theoretically identify the 
critical ground parameters.  However, most of the exist-
ing models mainly deal with tractor overturning behav-
iors (Guzzomi, 2012; Matsuyama et al., 1970; Nichol et al., 
2005; Smith et al., 1974).  While a tractor immediately 
loses control when it slips to the side, it is unclear that 
how the tractor reacts in terms of sideslip with more 

than one external factor varying.  Thus, the stability of 
tractor indicating the resistances to overturns and side-
slips gives a more comprehensive interpretation.  For 
quasi–static modeling, the approach proposed by 
Guzzomi (2012) revised some key limitations of previous 
relevant models.  It suitably considered tractor physical 
configurations and precisely analyzed the variations of 
the ground supporting forces which determine the initia-
tions of Phase I tractor overturn.  We therefore adopted 
this model as the base model in this study.

Our objectives are to introduce tractor potential side-
slip into Guzzomi’s (2012) model, and to investigate the 
influences of certain factors on tractor slipping behavior.  
According to the results, tractor slipping thresholds for 
the front and rear tires were given.  Furthermore, the 
risky ground conditions on which a given tractor must 
avoid traveling were identified.

MATERIALS AND METHODS

Adopted quasi–static model
A tractor quasi–static model for the prediction of lat-

eral overturn assumes that the lateral slope on which the 
tractor stays increases quasi–statically.  Therefore any 
status of the tractor during this process can be regarded 
to be in static balance, until the threshold is reached.  In 
some existing models, a line through the front axle pivot 
and the ground–contacting point of the downhill rear 
tire is commonly accepted as the roll axis (Scarlett et 
al., 2006).  On the contrary, Guzzomi (2012) stated the 
impropriety of such definition considering the physical 
rotation con–straint.  Upon this point, Guzzomi (2012) 
proposed a revised mathematical model taking into con-
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sideration the practical configuration of tractor front 
end, for predicting the initiation of Phase I overturn.  By 
dividing the tractor into the anterior part (tractor front 
end) and the poste–rior part (main body), the mathe-
matical model was formulated using free body analysis.  
Be–cause the variations of the normal forces applied to 
the tires directly determine tractor’s stability, Guzzomi 
(2012) precisely presented these forces as follows:

FR1 =          [−      (h1 sin θ+      cos θ)+(h1+ey)sin θ

     +(      +ex)cos θ]    (1)

FR2 =          [      (h1 sin θ −       cos θ) − (h1+ey)sin θ

     +(      − ex)cos θ]    (2)

FF3 =         (     ) (      cos θ − h1 sin θ )  (3)

FF4 =         (     ) (      cos θ + h1 sin θ )  (4)

where FR1/2 is the normal force applied to the downhill/
uphill rear tire, N; FF3/4 is the normal force applied to the 
uphill/downhill front tire, N; m is the tractor mass, kg; g 
is the acceleration of gravity, m s–2; w is the track width, 
m; lr is the horizontal distance between the COG and the 
rear axle, m; L is the wheel base, m; h1 is the height of 
the front axle pivot, m; θ is the lateral slope angle, rad; ex 
is the horizontal distance between the COG and the trac-
tor midplane, m; ey is the COG height above h1, m.

Considering two conditions initializing Phase I trac-
tor overturn, the overturning initial angles of the uphill 
front and rear tires were further obtained by given 
Equation (3) = 0 while Equation (2) ≠ 0, and Equation 
(2) = 0 while Equation (3) ≠ 0, respectively.

This model precisely derives the expressions of the 
normal forces and subsequently provides a threshold in 
terms of static overturn.  Considering the completeness 
and the expandability of Guzzomi’s work (2012), it is 
adopted as the base model in this study.

Introduction of tractor sideslip
In Guzzomi’s study (2012), the coefficient of friction 

between the ground and the tires was assumed to be non–
limiting, for providing the tractor a non–sideslip condi-
tion.  In fact, however, there always exists a certain value 
of the coefficient of friction.  Once the maximum friction 
for–ce is reached, the tractor will face a slipping problem 
which is also identified as risky to operators.

To investigate tractor sideslips, the influence of the 
lateral slope angle and the coefficient of friction should 
be both taken into consideration.  Therefore the expres-
sions used in Guzzomi’s model (2012): μFF and μFR are 
replaced by fF and fR in this study, where μ is the coeffi-

cient of friction between the ground and the tires, FF/R is 
the total normal force applied to the front/rear tires, N; 
fF/R is the total friction force applied to the front/rear tires, 
N.  fF/R can be obtained through the following equations:

fF + fR − mgsin θ = 0    (5)

(L − lr) fF− lr  fR = 0    (6)

Substituting fF = (lr /L) mgsin θ and fR = [(L – lr)/L]
mgsin θ into Guzzomi’s (2012) modeling process recov-
ers equations (1)–(4).  The initiation of tractor sideslip 
is then defined when fF/R = flimit_F/R, where flimit_F/R is the 
maximum static friction force of the front/rear tires (N), 
and is de–fined as:

flimit_F/R = μFF/R     (7)

Therefore, flimit_F/R is a dependent variable as func-
tions of the independent variables: θ and μ.  In this way, 
the lateral slope angle and the road roughness together 
determine tractor slipping behaviors while only the lat-
ter affects tractor overturns.  Hence, it is possible to pre-
dict if the tractor will firstly slip or overturn for a given μ 
and θ.  

RESULTS AND DISCUSSION

For comparison, the key dimensional parameter val-
ues for the example tractor were cited from Guzzomi’s 
work (2012), as listed in Table 1.  Note that the COG 
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Table 1.   Dimensional parameters of the example tractor 
given by Guzzomi (2012)

Parameter Value Units

m 3000 kg

L 2.25 m

w 1.05 m

lr 0.90 m

h1 0.55 m

ex 0 m

ey 0.35 m

Fig. 1.  Reproduced result of the variations of the normal forces 
applied to the tires considering the example tractor, previ-
ously predicted by Guzzomi (2012).
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was assumed to be located in the tractor midplane for 
simplifying the simulation, indicating that ex = 0.  
Substituting these pa–rameters into equations (1)–(7) 
precisely recovers the variations of the normal forces 
applied to the tires predicted by Guzzomi (2012), shown 
in Fig. 1.  It further proves the rationality of introducing 
equations (5) and (6).  It can be clearly seen that for the 
tractor with parameters given in Table 1, the uphill rear 
tire will firstly lose contact with the ground when the lat-

eral slope angle approximately reaches 0.436 rad (25°).  
Therefore it is a type of “loss of up–slope rear (PI–R) 
tire contact (denoted by Guzzomi, 2012)” Phase I over-
turn.

From the aspect of sideslip, however, the lateral 
slope angle is not the only factor influencing tractor sta-
bility.  Noting that the tractor’s heading direction is par-
allel to the sloping surface, tractor sideslip then can be 
categorized into front–slip and rear–slip types.  The total 
lateral friction forces generated at the front and rear 
tires are compared with their corresponding limit values.  
Once fF/R = flimit_F/R, the sideslip threshold is reached and a 
danger arises.  It should be noted that if there is a 
chance that sideslip happens before tractor overturn, 
the main concern should never be on tractor overturning 
precaution only.

To investigate the effects of the lateral slope angle 
(θ) and the static coefficient of friction (μ) on tractor 
slipping stability, we set their ranges to be 0–0.523 rad 
(0–30°) and 0–1, respectively.  Fig. 2 shows the limit val-
ues that fF and fR can reach.  The result shows that the 
maximum static friction force of the rear tires is greater 
than that of the front tires overall.  As the static coeffi-
cient of friction increases, the allowable friction forces of 
both the front and rear tires increase dramatically.  
Specifically, flimt_R apparently climbs faster than flimt_F.  
Furthermore, it can be concluded that the lateral slope 
angle has much less influence on flimt_F/R than the static 
coefficient of friction. 

Fig. 3 shows the predicted friction force applied to 
the front tires comparing with its limit value.  Different 
from the variation of flimit_F, fF mainly depends on the lat-
eral slope angle rather than the static coefficient of fric-
tion.  The intersection curve of the two surfaces implies 
the sideslipping threshold (fF = flimit_F).  Therefore, the 
marked area (including the intersection curve) of fF indi-
cates the ground conditions including certain combina-
tions of θ and μ that must be avoided to prevent from 
sideslip.  The variation of the friction force applied to the 
rear tires is shown in Fig. 4.  fR shows the similar tendency 
as fF.  Furthermore, comparing the force values in Figs. 3 
and 4, one can find that the front tires are more likely to 
skid downhill than the rear tires considering the exam-
ple tractor. 

CONCLUSION

Considering a tractor quasi–static model, we rebuilt 
and expanded the original mathematical model devel-
oped by Guzzomi (2012).  In our study, tractor skidding 
behavior was introduced and discussed as another factor 
influencing tractor stability.  The introduction of the equa-
tions describing the lateral friction forces did not change 
the fundamental methodology used in the work of 
Guzzomi (2012), which was proved by the reproduced 
result shown in Fig. 1. 

We further investigated the effects of the lateral 
slope angle and the static coefficient of friction on trac-
tor slipping behavior.  The allowable values of fF and fR 
were found predominantly depending on the static coef-

Fig. 2.  Variations of the allowable friction forces of the front and 
rear tires.

Fig. 3.  Total friction force applied to the front tires and its limit 
value as functions of the lateral slope angle and the static 
coefficient of friction.

Fig. 4.  Total friction force applied to the rear tires and its limit 
value as functions of the lateral slope angle and the static 
coefficient of friction.
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ficient of friction.  On the contrary, we found that fF and 
fR mainly depended on the lateral slope angle.  According 
to the tendencies of fF/R and flimit_F/R, the slipping thresholds 
for the front and rear tires were identified.  The areas 
referencing these intersection curves indicate certain 
combinations of θ and μ that must be avoided.  For the 
road conditions that stay within the “safe zone”, no side-
slip will happen to the corresponding tires.  However, it 
should be noted that tractor stability includes the resist-
ances to both sideslips and overturns.  Therefore, any 
road conditions are supposed to be discussed consider-
ing tractor sideslipping and overturning stabilities.
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