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Let 3 < m< n. We study typical ranks of mx nx (m— 1)n tensors over the real number field. Let p be
the Hurwitz-Radon function defined as p(n) = 2° + 8c for nonnegative integers a, b, ¢ such that n = (2a+
1)2°+4¢ and 0 < b < 4. If m < p(n), then the set of mx nx (m— 1)n tensors has two typical ranks (m—
1)n,(m—1)n+1. In this paper, we show that the converse is also true: if m> p(n), then the set of mx n x
(m—1)ntensors has only one typical rank (m—1)n.
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1. Introduction

For positive integers m, n, p, an mx nx p tensor is an element of tensor product of vector
spaces Vi, Vo, V3 of dimension m, n, p, respectively. If we choose bases of their vector
spaces, we can identify a tensor with a 3-way array

(&jk)1<i<m, 1<j<n, 1<k<p-

Hitchcock [6] defined the rank of a tensor. An mx n x p tensor of form

(XiYjZ)1<i<m, 1<j<n, 1<k<p

is called a rank one tensor. The rank of a tensor T, denoted by rank T, is defined as the
minimal number of rank one tensors which describe T as a sum. The rank depends on the
base field. For example there is a 2 x 2 x 2 tensor over the real number field whose rank
is 3 but is 2 as a tensor over the complex number field.

Throughout this paper, we assume that the base field is the real number field R. Let
R™">P he the set of mx n x p tensors with Euclidean topology. A number r is a typical
rank of mx nx p tensors if the set of tensors with rank r contains a nonempty open
semi-algebraic set of R™"™P (see Theorem 2.1). We denote by typical rankg(m,n, p)
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the set of typical ranks of R™"*P_|f s(resp. t) is the minimal (resp. maximal) number of
typical_rankg (m,n, p), then

typical_rankg (m,n, p) = [s,t] N Z,

the interval of all integers between s and t, including both, and s is equal to the generic
rank of the set of mx n x p tensors over the complex number field [5]. In the case where
m = 2, the set of typical ranks of 2 x nx p tensor is well-known [15]:

{p}, n<p<2n
typical rankg(2,n,p) = { {2n}, 2n<p
{p,p+1}, n=p>2

Suppose that 3 < m< n. If p> (m—1)nthen the set of typical ranks of mx nx ptensors is
just {min(p,mn)}. If p= (m—1)n then the set of typical ranks of mx nx ptensor is { p}
or {p, p+1} [14]. Until our paper [13], only a few cases where typical rankg (m,n, (m—
1Hn) = {(m—1)n,(m—1)n+ 1} [3, 5] are known and we constructed infinitely many
examples by using the concept of absolutely nonsingular tensors in [13]: If m< p(n) then
typical_rankg (m,n, p) = {p, p+ 1}, where p(n) is the Hurwitz-Radon number given by
p(n) = 2° + 8c for nonnegative integers a, b, ¢ such that n= (2a+1)2°+*¢and 0 < b < 4.

n |1
p(n) |1

The purpose of this paper is to completely determine the set of typical ranks of mx n x
(m— 1)ntensors:

2 3 5 6 7 8 9 10 11 12 16 32 64
2 1 1 2 1 8 1

4
4 2 1 4 9 10 12

Theorem1.1: Let3<m<nandp=(m—1)n. Thenit holds

{p}, m> p(n)

typical_rankg (m,n, p) = {{p p+1}, m<p(n)

We denote an my x mp x mg tensor (Xijk) by (Xg;...;Xmg), Where Xy = (Xij¢) is an
my X mp matrix for each 1 <t <mg. Let3§m§nand p=(m—1)n.Forannx pxm
tensor X = (X1;...; Xm-1; Xm), let H(X) and H(X) be a p x p matrix and an mn x p
matrix respectively defined as follows.

X1 X1
X> . Xs

Ho= | 72| A=
Xm-1 Xm

Let

R = {X € R™P*M | H(X) is nonsingular}.
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This is a nonempty Zariski open set. For X = (X1;...;Xm_1; Xm) € Z, We see

En

Y1Y2- Yma
where Ej, is the n x n identity matrix and (Y1,Y2,...,Ym_1) = XmH(X)~1. Note that
rankX > p for X € #Z. Let h be an isomorphism from the set of n x p matrices to
RNxnx(m-1) given by
(Yl,Yz, .. .,Ym,]_) — (Yl;Yz; e ;mel)~

Then h(XmH (X)) € R™™(M-1) 'We consider the following subsets of R™ ™ (M-1) For
Y=(Y1;Y2,...;¥m 1) e R™"™ (M and @ = (ay,...,am_1,am)" € R™ let

m-—1

M(a,Y) = z axYk —amkn
k=1
and set
¢ ={Y e R™™(M™1 | |M(a,Y)| < 0 for some a € R™}
and

o ={Y e R"™ (M1 |M(a,Y)|>0forall a £0}.

Here, |[M (a,Y)]| is the determinant of the matrix M (a, Y'). The subsets ¢ and </ are open
sets in Euclidean topology and @ U o7 = R™™(M™-1) |n [13], we show that < is not
empty if and only if m < p(n) and that rank X > p for any X € % with h(XH(X)™1) €
47 In this paper, we show that there exists an open subset .% of % such that .# = % and
rank X = p for any X € # with h(XpH (X)) € .Z.

2. Typical rank

Due to [11, 14] and others, a number r is a typical rank of tensors of R™*M*Ms if the
subset of tensors of R™*M*Ms of rank r has nonzero volume. De Silva and Lim [4]
studied the space of real tensors and tensor rank with Euclidean topology and real semi-
algebraic sets. They [4, Theorem 6.1] showed that for a positive integer r, the set of tensors
with rank r is a semi-algebraic set by using the Tarski-Seidenberg principle (cf. [1]). In
the sence, a number r is a typical rank if the set of tensors with rank r contains an open
semi-algebraic set.

Forz = (Xq,...,Xm )" €C™, y = (y1,...,Ym,)" € C™,and 2z = (z1,...,Zm,)" € C™,
we denote (Xjyjz) € C™*™*™s by x @ y® 2. Let fr: (C™ x C™ x CMs)t — CMxMexMs
be a map given by

t
fi(@11, @12, 13, ., 01, T2, T 3) = Y, Tp1 D Tp2 @ Ty 3.
-1
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Let Sbe a subset of R™*™*™MsSis called semi-algebraic if it is a finite Boolean combi-
nation (that is, a finite composition of disjunctions, conjunctions and negations) of sets of
the form

{(&jk) € R™*M*M | f(ayyy, ..., am mp.m) > 0} (1)

and

{(aljk) € lexmzxrnz ’ g(a1117' . -;aml,mz,rrn) - 0}7

where f and g are polynomials in m;mpmg indeterminates Xq11, . . ., Xmy,my,ms OVer R. Then
Sis an open semi-algebraic set if and only if it is expressed as a finite Boolean combina-
tions of sets of the form (1), and it is a dense open semi-algebraic set if and only if it is a
Zariski open set, that is, expressed as

{(aijx) € R™M*M*™ | g(@yss,. .., a8m.m,my) # 0}

Theorem 2.1 ([5, Theorem 7.1]): The space R™M*™*Ms 'my mp, mz € N, contains a
finite number of open connected digjoint semi-algebraic sets 0, ..., Oy satisfying the
following properties.

(1) RMmxmxms (UM ¢ isa closed semi-algebraic set R™ <™ <™ of dimension less
than mmpmg.

(2) Each T € G hasrankrifori=1,...,M.

(3) The number min(ry,...,rv) is equal to the generic rank grank (my,mp,mg) of
CMxM2xMs “that is, the minimal t € N such that the closure of the image of f; is
equal to CMxMexMs,

(4) mtrank (Mg, mp,mg) :=max(rq,...,rv) istheminimal t € N such that the closure
of fi((R™ x R™ x R™)!) isequal to RMxMexMms,

(5) For eachinteger r € [grank (my, mp, mg), mtrank (my, My, mg)], thereexistsri =r
for someinteger i € [1,M].

Definition 2.2: A positive integer r is called a typical rank of R™*M*"s if

r € [grank (my, My, mg), mtrank (Mg, mp, mg)].

Put

typical_rankg (my, mp, mg) = [grank (Mg, mp, mg), mtrank (my, My, mg)| N Z.

This is the set of all typical ranks of R™*MxMs,
We state basic facts. Some of them are seen in [4].

Proposition 2.3: Let r be a positive integer and . a nonempty open set of RM <M<,
If every tensor of . hasrankr, thenr isatypical rank of R™*MxMs,

Proof: Let 04,...,Owm be open connected disjoint semi-algebraic sets as in Theorem 2.1.
Since dim(RM*M2xMs Ui'\ilﬁi) < mympmg, there exists i € [1,M] such that £ N & is
not empty. 0

Proposition 2.4: Let my,mp, mg, my € N with mg < my. Then

grank (mg, mp, mg) < grank (Mg, mp, my)
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and

mtrank (Mg, My, mg) < mtrank (Mg, M, my).

Proof: Let .# be the nonempty Zariski open subset of C™*"™*™ consisting of all ten-
sors of rank grank (my, mp, my) and put

H={(Y1;Y2;...;¥m) € CM*MXMB 1 (Y1:Y5: ;¥ m,) €L}

Then 7 is a nonempty Zariski open set of C™*™ > For the subset .’ of C™*MxMs
consisting of all tensors of rank grank (mp,mp,mg), the intersection 7 N.%" is a
nonempty Zariski open set. Since rank Y < rank(Y;X) for Y € C™*M*™s and (Y;X) €
CMxM2xMy e see

grank (my, mp, mg) < grank (Mg, mp,my).

Next, take an open semi-algebraic set .77 of R™*M*Ms consisting of tensors of rank
mtrank (Mg, My, mg). Then there are s € typical rankg (my, mp,my) and an open semi-
algebraic set &' of R™*M*M consisting of tensors of rank s such that {(A;B) | A €
A, B € RM>Mx(M=Ms)} 7 - &5 Thus

mtrank (Mg, My, mg) < s< mtrank (my, M, my).

O

The action of GL(m) x GL(n) x GL(p) on R™"*P js given as follows. Let P = (pj;) €
GL(n), Q = (gij) € GL(m), and R = (rj;) € GL(p). The tensor (bjjx) = (P,Q,R) - (&jk)
is defined as

m n p
bijk =YD Y PisUjt kudsu-

s=1t=1u=1

Therefore,
p . p .
(P,Q,R)-(A1;...;Ap) = (D, riiPAQ"; .. D rpuPALQTY).
u=1 u=1

Definition 2.5: Two tensors A and B is called equivalent if there exists g € GL(m) x
GL(n) x GL(p) such that B =g-A.

Proposition 2.6 (cf. [4, Lemma 2.3]): If two tensors are equivalent, then they have the
same rank.

A1l xnp x mtensor T isan my x mg matrix and rank T is equal to the matrix rank. The
following three propositions are well-known. The former two propositions easily follow
from the definition.

Proposition 2.7: Let my,mp,mg € Nwith2 <m <mp < mg. If mpmp, < mg, then typical
rank of R™*M*"s js only one integer nmyn.

Proposition 2.8: Let X = (x;jk) bean my x mp x mg tensor. For an m x my x mg tensor
Y = (Xjik) and an my x mg x mp tensor Z = (xi; ), it holds that

rank X =rank¥Y =rankZ.
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A rank decomposition implies the following proposition.

Proposition 2.9 (cf. [2, 14]): Anmy x mp x mg tensor (Y1;...;Ym,) has rank less than
or equal to r if and only if there are an my x r matrix P, an r x mp matrix Q, and r x r
diagonal matrices Dy, ...,Dny, suchthat Yy = PDcQ for 1 <k < m.

For an integer 2 < m< n < 2m, the number n is an only typical rank of R™"*2_ Indeed,
it is known that

Theorem 2.10 ([9]): Let 2 < m < n. There is an open dense semi-algebraic set &
of R™"™2 of which any tensor is equivalent to ((Em,O);(0,Em)) Which has rank
min(n,2m).

Furthermore, by Proposition 2.4, typical rankg(m,m,2) is equal to either {m} or
{mm-+1}. Let .Z be an open subset of R™™2 consisting of (A;B) such that A is an
m x m nonsingular matrix and all eigenvalues of A~1B are distinct and contain non-real
numbers. For m > 2, the set .# is not empty and any tensor of . has rank m+ 1 (cf. [12,
Theorem 4.6]) and therefore typical rankg(m,m,2) = {m,m+ 1} by Proposition 2.3.

Theorem 2.11 ([14, Result 2]): Letm,n,/ € Nwith3<m<n<u.lf(m—1)n<u<mn,
typical rank of R™"™" isonly one integer u.

In fact we can construct a nonempty Zariski open subset consisting of tensors with rank
< u. We omit the construction.

Corollary 2.12: Let 3 <m< n. Then the set of typical ranks of mx nx (m— 1)ntensors
iseither {(m—1)n} or {(m—1)n,(m—1)n+1}.

Proof: The typical rank of R™™((M-1)n+1) js only (m—1)n+ 1 by Theorem 2.11 and
the minimal typical rank of R™"*(M-1)n js equal to (m— 1)n, since it is equal to the
generic rank of C™ < (M-1)n Thys the assertion follows from Proposition 2.4. O

3. Characterization

From now on, let 3<m<n, {=m-—1and p= (m—1)n. For an nx nx ¢ tensor
(Y1;...;Yy), consider an nx px mtensor X(Y1,...,Yy) = (X1;...; Xm) given by

Xm En
Yl Y2 Yf

Note that rank X(Y1,...,Yy) > p, since rank X(Y1,...,Y,) is greater than or equal to the
rank of the mn x p matrix (2). Generically, an mx n x p tensor is equivalent to a tensor of
type as X(Y1,...,Yy).

We denote by .# the set of tensors Y = (Y1;...;Yy) € R™ <L gch that there exist an
mx p matrix (xj) and an nx p matrix A = (ag,...,ap) such that

(leY1+"'+Xm—1,ij—1—ij En)aj =0 (3)
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forl<j<pand
AD;
Bi=| : (4)
AD,

is nonsingular, where Dy = Diag(X1, - -+ ,Xp) for 1 <k < 4.
Lemma3.1l: rankX(Yy,...,Y,) =pifandonlyif (Y1;...;Yy) € 4.

Proof : Suppose that rankX(Y1,...,Yy) = p. There are an nx p matrix A, a p x p matrix
Q and p x p diagonal matrices D; such that X, = ADQ fork=1,... ,m. Since

X1 AD;
= Ep = Q,
Xy ADy

B is nonsingular. Then (Y1,...,Y;)B = ADy, implies that ZﬁzlYkADk = ADp,. There-
fore, the j-th column vector a; of A satisfies (3). Therefore (Y1,...,Y,) € .. It is easy
to see that the converse is also true. O

Forannxnx ¢tensorY = (Yq;...;Yy), we put

(
V(Y)={a eR"| ¥ xYa = xma for some (xa,...,Xm)" # 0}.
k=1

The set V() is not a vector subspace of R". Let V() be the smallest vector subspace of
R"including V(Y). Let

S ={Y e R™™ | dimV(Y) = n}.

Proposition 3.2: .# C . holds.

Proof : Let Y € .. Consider the matrix B in (4) for any mx p matrix (x;) and any
nx p matrix A = (a1, ...,ap) satisfying the equation (3). By column operations, B is
transformed to a p x p matrix having a form

(Pll On,pdimV(Y))
P21 P2,

where Pq1 isan nx dim\7(Y)§ubmatrix of A. Since B is nonsingular, Py is also nonsin-
gular, which implies that dimV (Y) = n. O

By Corollary 2.12, Lemma 3.1 and Proposition 3.2, we have the following

Proposition 3.3: Ifrank X(Y) = pthenY € .. Inparticular, .7 # R™ "¢ implies that
typical_rankg(m,n, p) = {p, p+1}.

Theorem 3.4 ([13]): If (Y1;...;Yy; En) isan absolutely nonsingular tensor, then it holds
that rank X(Y1,...,Y/) > p.

Here (Y1;...;Y,; Ym) is called an absolutely nonsingular tensor if | " ; % Y| =0 im-
plies (xq,...,Xm)" = 0. Therefore,
Proposition 3.5: dimV(Y) =0 if and only if (Y;E,) isan nx n x mabsolutely nonsin-
gular tensor.
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Note that there exists an n x n x mabsolutely nonsingular tensor if and only if mis less
than or equal to the Hurwitz-Radon number p(n) [13].

Proposition 3.6: Let Y and Z be n x nx m tensors. Suppose (P,Q,R)-Y = Z for
(P,Q,R) € GL(n) x GL(n) x GL(m). Then V(Y) = Q'V(Z)={Q"y |y eV(2)}. In
particular, dimV(Z) = dimV (Y).

Proof : Suppose that Y ; xZxy = 0. Then from the definition of the action, it follows
that

m m m m
> de Y rPYQ Ty =P(Y (Y diriuYu)Qy = 0.
k=1 u=1 u=1 k=1
Thus QTy € V(Y). 0

Corollary 3.7: . isclosed under the equivalence relation.

The closure of the set of all n x p x m tensors equivalent to X(Y4,...,Y,) for some
Y1,...,Yy is R™P*M Eyrthermore, the following claim holds. Let 7# be the set of n x
p x mtensors (X1;...; Xm) such that A = (X7 ,...,X]) is a nonsingular p x p matrix and
(Y1;...;Y¢) given by (Y1,...,Yy) = A~1Xy lies in .. Any tensor of 2 has rank p. If
A is dense in R™™ then .27 is dense in RN PxM,

4. Classesof nx nx £ tensors

We separate R™" into three classes .7, €, and 2 as follows. Let o7 be the set of tensors
Y such that (Y;Ey) is absolutely nonsingular. By Proposition 3.5, we have the following
Proposition4.1: &/ N.Y = @.

From now on, we use symbols Xi,...,X,,Xn as indeterminates over R. For Y =
(Y1;...;Y,) € R™ we define the n x n matrix with entries in R[xy, ..., X, Xm] as fol-
lows.

4

M(z,Y) = 2 XYk — XmEn
k=1

Note that fixing ay, ..., ay, the determinant |[M (a,Y)| is positive for am < 0, where a =
(ag,...,ay,am)". Set

€ ={Y e R"™ | M (a,Y)| < 0 for some a € R™}.

Note that ¢ is not empty, and if n is not congruent to 0 modulo 4 then p(n) < 2 and
thus .7 is empty since m> 3. Set Z = R™"™ !\ (&7 UF). In particular, if nis odd, then
¢ = R™™{ and otherwise 2 contains the zero tensor.

Proposition 4.2: .« and ¢ are open subsets of R™ "¢,
Recall that

o ={Y e R"™ | |M(a,Y)| >0 forall a #0}.
Thus it holds

IM(b,Y)| = 0 for some b # 0 and

_ nxnx/¢
A= R 1M (a,Y)| > 0forall a g
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If nis even then % contains a nonzero tensor in general. We give an example.

Example 4.3 Let m= 3 and n = 6. Note that <7 is empty, since p(6) = 2. Let Y =
(Y1;Y2) be a6 x 6 x 2 tensor given by

0 00 0 —x
X1 0 x0 0 O
0 x4 O0x 0 O
0 0 X1 0 —X2 0
0 0 0 X1 0 X2
—X2 0 00 X1 0

X1Y1+XYo =

Then |M ((a1,az,a3)",Y)| = a3(aya —a3)? + (a +a3)? > 0. The equality holds if ag = 0

1-.-1
_ o 0---0

and a; = —ap. Thus Y € Zand Y ¢ . since dimV(Y) =1. Let X = | | .| bea
0---0

6 x 6 matrix and let e € R. If x; = —1 and x3 = €c, then
IM((x,%2,%) T, (Y1; Y2 +€X))| = —€?(1+ £2c?)c((1 — ec)? — c(1 + €2¢?)).

Thus, for any e # 0, there is co > 0 such that (1 — eco)? — co(1 +£2¢3)) > 0 and then
IM((—1,1,ec)T, (Y1, Y2+ &X))| < 0, which implies that (Y1;Y, +€eX) € €.

Proposition 4.4: % is a boundary of . In particular, RM™"*¢ is a digjoint sum of .o/
and the closure % of %

Proof : It suffices to show that % C € by Proposition 4.2. Let Y = (Y1;...;Y,) € 8.
There are a nonzero vector b = (b, ..., by, bm)T € R" with [M(b,Y)| = 0 and an element
g € GL(¢) such that g-Y = (Z1;Z5;...;Z;) and Z3 = Y} _; bcYx. Then |Z; — byEn| =
0. Take a sequence {Z&”)}uzl such that |Z§“) — bmEn| < 0 and |imuﬁwz§“) = Z;. Thus,
(Z&“);Zg; ...;Z)) €€ andthengt. (Zﬁ”);zz; ...;Zy) € €. Therefore, Y € €. 0
Corallary 4.5: If <7 isnot empty then % is a boundary of o7

Proposition 4.6: If m<p(n—1) then ¥ ¢ ., where p(n—1) is a Hurwitz-Radon
number.

Proof : Let (A1;...;As;;En1) bean (n—1) x (n—1) x mabsolutely nonsingular tensor.
Put By = Diag(ak,Ax) for 1 <k </and By =Diag(1,En_1) = En, and B = (By;...;By).
Then it is easy to see that B € ¢ and | Yf_; XcBk — XmBm| = 0 implies Xm = Sf_; axX.
Therefore V(B) = {a(1,0,...,0)T € R"|a€ R}. In particular B ¢ .. O

5. Proof of Theorem 1.1

In this section we show Theorem 1.1.

In the space of homogeneous polynomials in m variables, there exists a proper Zariski
closed subset Ssuch that if a polynomial does not belong to Sthen it is irreducible [7,
Theorem 7], since m> 3. Let P(m,n) be the set of homogeneous polynomials in m vari-
ables xq, .. .,Xm With real coefficients of degree n such that the coefficient of xJ, is one. Its
dimension is (™", ) — 1. Let I, be a nonempty Zariski open subset of P(m,n) such that
any polynomial of I, is irreducible. Note that | — M (z,Y)| € P(m,n).

A polynomial f € P(m,n) is hyperbolic with respect to a vector e € R™ if both f(e) #0
and for all vectors v € R™, the univariate polynomial t — f(v —te) has all real roots.
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Theorem 5.1 ([8]) : A homogeneous polynomial f of P(3,n) is hyperbolic with respect
to the vector e = (0,0,1)T and satisfies f (e) = 1 if and only if there exist n x n symmetric
matrices A, B such that f isgiven by
f(X7y7Z> = ’XA +yB +ZEn"
Proposition 5.2: The set
{YeR"™ || -M(2,Y)| €1¢}

is a nonempty Zariski open subset of R™"<¢,
Proof: Let f,: R™™¢ — P(m,n) be a map which sends Y to | — M (z,Y)| and put

=Y e R™™| f,(Y) e l,}.

Since I, is a Zariski open set, .#, is a Zariski open subset of R™ "¢, Then it suffices to
show that .# is not empty. For (Z1;Z,) € R™"2  if the polynomial

| —M((x1,%,%8) ", (Z1;Z2))]
is irreducible, then for any (Y3;...;Y,) € R™™(=2) the polynomial
| =M (2, (Z1;Z2;Y3;...;Y )]
is also irreducible. Therefore, it suffices to show the assertion only for m= 3.
The set of hyperbolic homogeneous polynomials of degree n contains an open subset

[10]. Then there is an irreducible homogenious polynomial f of P(3,n) which is hy-

perbolic with respect to (e;, e, e3)". Since f(er, e, e3) #0, it holds that (e;, e, &3)" # 0.
Thus there is an irreducible homogeneous polynomial g € P(3,n) such that g is hyperbolic
with respect to (0,0,1)T and g(0,0,1) = 1. By Theorem 5.1, g(x1, X, X3) is described as

X121 +%2Z2 +X3En| = | =M ((x1,%2,%3) T, (=Z1;—Z2))|

for some n x nmatrices Z1,Z,. Thus, %, is nonempty. This completes the proof. O

Let & = (Xq,...,%)T forx = (xq,...,%:,%m)", and put

(1" M (@, Y xll,,gx,n
-1 M(x,Y xou(x,Y
vy | COIME@ 2l | oo @) ey
(=)™ M (x,Y)nn| Xew(x,Y)
and

U(Y):= (@@ w(u,Y) | [M(uw,Y)| =0, uc R™.

Lemma5.3: IfdimU(Y)=p,thenY € .#.

Proof: Let dimU(Y) = p. Then there are uj = (Uyj,...,Umj)T €U(Y)for1<j<p
such that

B= (ﬂ'1® W(ulaY)a s aﬂ'p® W(uva))
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is nonsingular. Note that M (uj,Y)y(uj,Y) =0for1 < j < pand
AD,
AD,

where A = (y(u1,Y),...,y(up,Y)) and Dy = Diag(uki, - - ,Ukp) for 1 < k < 2. Thus
Yec . 4

For an n x ¢ matrix C = (cy,...¢¢), We put

M(x,Y)<"

g($,Y,C) = zﬁ_l XkCI

9

where M (z,Y)<" is the (n— 1) x n matrix obtained from M (z,Y) by removing the n-th
row.

Lemma5.4: LetC = (ci,...,c¢) beannx ¢ matrix. The following claims are equiva-
lent.

(1) dimU(Y)=p.
(2) 9(a,Y,C)=0for any a € R™with |[M(a,Y)| =0impliesC = O.

Proof: Let C = (c1,...,c¢) be an nx ¢ matrix. Put d = (¢],...,c} )T € RP. The inner
product of this vector d with a ® y(a,Y) is equal to g(a,Y,C). Therefore d belongs to
the orthogonal complement of U (Y) if and only if g(a,Y,C) = 0 for any a € R™ with
IM (a,Y)| = 0. Thus the assertion holds. O

Foranyiand kwithl <i<n—land1l<k<n,let g(k) be an elementary symmetric
polynomial of degree i with variables oy, ..., 0x_1,0k.1,- .-, 0n. Put

1 1 ...1

1 2

41
Si=| %

£ d
O

Lemma5.5: Thedeterminant |S,| of the n x n matrix S, is equal to

[T (@i—oy.

1<i<j<n

In particular, if o, ..., o are distinct from each other, then S;, is nonsingular.

Proof: Foranyiandkwithl<i<n—land2<k<n-1,let ti(k_l) be an elementary

symmetric polynomial of degree i with variables oy, ..., 06 1,0k:1,...,0n. For 1 <i <
n—1and1 <k<n, wehave g(k) — 3(1) = (g — ock)ti“_(zl). Then

1 1 ... 1
(1) (2 (n-1)
t t .t
|Sn| = (o — o) 1: 1: L
2<k<n . .
REC) 1
n
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Therefore we have the assertion by induction on n. O

The following lemma is obtained straightforwardly.

Lemmab.6:
o+z a
o+ a 2y
1 _n-2 2,
. :—(Zn ,Zn ,,1)8{1 .
On+Zan \
by by ... by O 2nbn

Proof : We see the left hand of the equation is equal to

[Mai<i<n(oi +2)

n
— b
|Z‘lak K ox+2z

n

— z akbk ( S(k)1> ani
= i=1

- k=1
-3 (S ana)
i=1 \k=1

22:1 axby

— @2 Taabe’

ZE:]_ akka}(-lk,)l
U

Corollary 5.7: Letoy,...,0n_1 bedistinct complex numbers, as, .. .,an_1 NONZero com-
plex numbers, and by, . .., b,_1 complex numbers. If

Diag((Xl, cey Ofn—l) + ZEn—l a

b 0| =0

for any z€ R, thenb =0, wherea = (a;...,an_1)" andb = (by,...,bn_1)".
aib

a2b2
Proof : Since S, . =0and S, is nonsingular, we have (a;by,...,aon) =07. O

anbn
The set

U = {Y e R™™| |M(x,Y)| is irreducible}

is a nonempty Zariski open subset of R™"*¢ (see Proposition 5.2). Let W be the subset

- . A . L
of R™" consisting of matrices (cT Z) such that all eigenvalues of A are distinct over the

complex number field and every element of the vector P~1b is nonzero complex number
where A € R(-Dx(-1) ' p ¢ ¢(-1)x(n-1) gych that P~1AP is a diagonal matrix. Note
that the validity of the condition that every element of the vector P~1b is nonzero is
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independent of the choice of P. We put
Uy :={(Y1,...;Y) e R"™ |V, e W, 1 < k< /).

The set % is a nonempty Zariski open subset of R™"™ and % := 24 N % is also.
Lemma5.8: LetY c % anddy,...,d, c R" L. If

M (a,Y)<"

=0
The1 aydy, 0

foranya = (a,...,am)’ € R™ thend; =---=d;=0.

Ab
c'e)
where A is an (n—1) x (n— 1) matrix. Since Y\, € W, there are a matrix P ¢ C("-1x(n-1)
and distinct complex numbers a4, ..., an_1 such that

. _ Yk—amE )<n . Diag(a1 OCn,j_) —amEn_1 P-1p
Diag(P,1 1<< X ") Diag(P,1) = e

Proof : Letlgkgé.Takeakzlandaj:Oforlgjg@,j;«ékandputYk:(

and every element of P~1b is nonzero. Then we have d} P =0T by Corollary 5.7 and thus
dy=0. a

The following lemma is essential for the proof of Theorem 1.1.
Lemmab5.9: % N% C .#.Inparticular, € C .# holds.

Proof: LetY € % N% andfix it. There exists a = (ay, ..., a,an)" suchthat M (a,Y)| <
0. Then there is an open neighborhood U of (ay,...,a,)" and a mapping u: U — R such
that

‘M(<u?y)>’v)‘_o

for any y € U. Thus |[M(z,Y)| = 0 determines an (m— 1)-dimensional algebraic set.
Let C be an n x ¢ matrix. Now suppose that g(a,Y,C) = 0 holds for any a € R™ with
IM(a,Y)| = 0. We show that g(x,Y,C) is zero as a polynomial over elements of . As a
contrary, assume that g(«, Y, C) is not zero. The degree of g(x, Y, C) corresponding to the
mr-th element of  is less than n which is that of [M («, Y)|. Furthermore, since |M (x,Y)|
is irreducible, |[M(«,Y)| and g(x,Y,C) are coprime. Then there are polynomials fi(x),
fa(x) € R[xq,...,Xs,Xm] and a nonzero polynomial h(Z) € R[xy, ..., x| such that

fl(w)“vl (:IJ,Y)’ + fZ(x)g(vavc) = h(:i)

as a polynomial over elements of «, by Euclidean algorithm. However, we can take b € U
so that h(b) # 0. Then the above equation does not hold at « = (u ?b)) .Hence g(x,Y,C)

must be the zero polynomial over elements of x. Let cI = (Cik,---,Cnk). By seeing the
coefficient of X% 1xy, we get ¢ = 0 for 1 < k < £. Therefore C = O by Lemma 5.8. By
Lemmas 5.4 and 5.3 we get Y € .#. Therefore % N% is a subset of .# . Since % is open
and % is dense, we have € = € N % and then € is a subset of .Z . O

Theorem 5.10: .¥ = .# = % holds.
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Proof : We have .# g? ty Propositiorﬁ.z. BlPr@ositions 4.1and 4.4, the set .# isa
subset of € and then . C ¥. Therefore . = .# = ¢ by Lemma5.9. O

Proof of Theorem 1.1: Foralmostall Y € <7, rank X(Y) = p+ 1 by Theorem 3.4. Since
2/ is an open set, if o7 is not an empty set, then typical_rankg (m,n,p) = {p, p+1} ([13,
Theorem 3.4]). Suppose that .« is empty. Then .#Z = R™"™¢ and the closure of the set
consisting of all nx p x mtensors equivalent to X(Y) for some Y € .# is R™P*M, Recall
that any tensor X(Y) for Y € .# has rank p. By Theorem 2.1, p is the maximal typical
rank of R™P*™M Therefore,

typical_rankg (m,n, p) = typical_rankg(n, p,m) = {p}

holds.
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