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Popular Matchings with Ties and Matroid Constraints

Naoyuki Kamiyama*'

Abstract

In this paper, we consider the popular matching problem with matroid constraints.
It is known that if there exists no tie in preference lists of applicants, then this
problem can be solved in polynomial time. In this paper, we prove that even if
there exist ties in preference lists, this problem can be solved in polynomial time.

1 Introduction

In this paper, we consider some variation of the popular matching problem. The pop-
ular matching problem was originally introduced by Abraham, Irving, Kavitha, and
Mehlhorn [1]. In this problem, we are give two disjoint sets of applicants and posts, and
each applicant has a preference list over posts in which there may exist ties. A matching
M between applicants and posts is said to be popular, if there exists no other matching
N such that the number of applicants that prefer N to M is larger than the number of
applicants that prefer M to N. The concept of popularity was originally proposed by
Gérdenfors [10] in the context of matching problems in which agents in both sides have
preference lists. The goal of the popular matching problem is to decide whether there
exists a popular matching, and find a popular matching if one exists. Abraham, Irving,
Kavitha, and Mehlhorn [1] presented polynomial-time algorithms for the popular match-
ing problem with /without ties. Since their seminal paper, several variations of the popular
matching problem [12; 19, 21, 24] and related problems [12, 13, 14, 15, 16, 20, 25, 26] have
been investigated.

In this paper, we consider a matroid generalization of the popular matching problem.
More precisely, in our model, capacity constraints for posts are generalized to matroid
constraints. In the study of combinatorial optimization, for example, Fleiner [6] gener-
alized capacity constraints in the stable matching problem to matroid constraints, and
Zenklusen [27] considered a matroid generalization of the minimum-cost spanning tree
problem with degree constraints. It is known [12] that if there exists no tie in preference
lists, then this problem can be solved in polynomial time. In this paper, we prove that
even if there exist ties in preference lists, we can solve this problem in polynomial time.

Our algorithm is based on the algorithm of Abraham, Irving, Kavitha, and Mehlhorn [1]
for the popular matching problem with ties. However, the algorithm of [1] decomposes
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the vertex set of an input bipartite graph by using Gallai-Edmonds decomposition [5, 8, 9]
(see also [18]) of a bipartite graph based on a maximum-size (one-to-one) matching. Thus,
we can not straightforwardly generalize the algorithm of [1] to the matroid setting. Al-
though Manlove and Sng [19] proposed an algorithm for a many-to-one variation of the
popular matching with ties, their algorithm copies posts and uses the Gallai-Edmonds
decomposition in the one-to-one setting. To overcome this difficulty, we decompose the
edge set (instead of the vertex set) of an input bipartite graph bases on a maximum-size
common independent set. This decomposition can be regarded as a matroid generaliza-
tion of the Dulmage-Mendelsohn decomposition [3, 4] of a bipartite graph (see, e.g., [22]
for the Dulmage-Mendelsohn type decomposition of the matroid intersection problem).

The rest of this paper is organized as follows. In Section 2, we give the formal definition
of our model, and basics of matroids and the matroid intersection problem. In Section 3,
we give a characterization of a popular matching in our model. In Section 4, we describe
our algorithm, and prove its correctness.

2 Preliminaries

For each set X and each element u, we define X +u := X U {u} and X —wu:= X \ {u}.
For each sets X and Y, we define XAY := (X \Y)U (Y \ X). Assume that we are given
a set X and a function £: X — 7Z, where Z is the set of integers. For each subset Y of
X, we define
§Y) = &(u).
ueY

A pair M = (U, 7) is called a matroid, if U is a finite set and Z is a family of subsets

of U satisfying the following conditions.

(10) 0 € T.
(I1) f I €eZ and J C I, then J € 7.
(I2) If I,J € T and |I| < |J|, then I + u € T for some element w in J \ I.

We say that M is a matroid on the ground set U.

In this paper, we are given a finite simple (not necessarily complete) bipartite graph
G = (V,E). We assume that V is partitioned into two subsets A and P, and each edge
in E connects a vertex in A and a vertex in P. We call a vertex in A an applicant, and
a vertex in P a post. For each applicant a in A and each post p in P, if there exists an
edge in F connecting a and p, then we denote by (a,p) this edge. For each vertex v in V
and each subset F' of E, we define F'(v) as the set of edges in F' incident to v.

For each applicant a in A, we are given a transitive binary relation ~, on F(a) such
that at least one of e 2Z, g and g 7Z, e holds for every edges e,¢g in E(a). Notice that
for each applicant a in A and each edges e, g in E(a), there exists a possibility that both
e 7, g and g 7Z, e hold. For each applicant a in A and each edges e, g in F(a), we use
the notation e >, g, if e 72, g and g 7, e. For each applicant a in A and each edges e, g
in F(a), e >, g means that a preferes e to g. Furthermore, for each applicant a in A and
each edges e, g in E(a), if e 7, g and g 77, e hold, then a is indifferent between e and g.



As in [1], we assume that for each applicant a in A, there exists a last resort post £(a) in
P such that E({(a)) = {(a,(a))}, and e =, (a,l(a )) for every edge e in F(a) — (a,{(a)).
In addition, we assume that for every applicant a in A, there exists an edge e in F(a)
such that e # (a,¢(a)). For each post p in P, we are given a matroid M, = (E(p),Z,).
We assume that for every edge (a,p) in E, we have {(a,p)} € Z,.

A subset M of E is called a matching in G, if

e |M(a)| =1 for every applicant a in A, and
e M(p) € Z, for every post p in P.

For each subset F' of F and and each applicant a in A such that |F(a)| = 1, we denote by
pr(a) the unique edge in F'(a). For each matchings M, N in G, we denote by ¢(M; N)
the number of applicants a in A such that uy(a) >4 pny(a). A matching M in G is said
to be popular, if for every matching N in G, ¢(M; N) > ¢(N; M). Then, the goal of the
popular matching problem with ties and matroid constraints (PMTM for short) is to decide
whether there exists a popular matching in G, and find a popular matching if one exists.

2.1 Basics of matroids

Let M = (U,Z) be a matroid. A subset of U belonging to Z is called an independent set
of M. A subset C of U is called a circuit of M, if C' is not an independent set of M,
but every proper subset of C' is an independent set of M. Assume that we are given an
independent set I of M and an element w in U \ I such that I +u ¢ Z. Tt is known [23,
Proposition 1.1.6] that there exists a unique circuit of M that is a subset of I + u, and u
belongs to this unique circuit. This unique circuit is called the fundamental circuit of u,
and denoted by Cpp(u, I). It is known [23, p.20, Exercise 5] that we have

Cm(u,l)={wel+u|l+u—weT}

Notice that if {u} € Z, then Cpp(u, ) — u # 0.

A maximal independent set of M is called a base of M. Notice that (I12) implies that
every base of M has the same size. For each subset X of U, we define Z|X as the family
of subsets I of X such that I € Z, and M| X := (X, Z|X). It is known [23, p.20] that for
every subset X of U, M|X is a matroid. For each subset X of U, we define ryr(X) as the
size of a base of M|X. For each disjoint subsets X, .J of U, we define

p(J; X) :=rm(JUX) —r(X).
For each subset X of U, we define

I/X ={JCU\X|p(J: X) = |J[},
M/X = (U\ X,Z/X).

It is known [23, Proposition 3.1.6] that for each subset X of U, M/X is a matroid.

Lemma 1 (see, e.g., [23, Proposition 3.1.7]). Assume that we are given a matroid M =
(U,Z), a subset X of U, and a base B of M|X. Then, for every element u of U\ X, {u}
is an independent set of M/ X if and only if B+ u is an independent set of M.
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Lemma 2 (See, e.g., [23, p.15, Exercise 14|). Assume that we are given a matroid M =
(U,Z) and circuits Cy,Cy of M such that C; N Cy # O and Cy \ Cy # 0. Then, for every
element u in C; N Cy and every element w in Cy \ Csq, there exists a circuit C' of M such

that w € C and C is a subset of (C1 U Cy) — u.

Lemma 3. Assume that we are given a matroid M = (U,Z), an independent set I,J of
M such that J C I, and an element u in U\ J such that [ +u ¢ Z and J+wu ¢ Z. Then,

Proof. Define C := Cyp(u, I) and Cy := Cpp(u, J). Assume that Cy # Cy. Then, Lemma 2
implies that there exists a circuit C' of M such that C' C (C; UCy) — u. Since C; —u C [
and Cy —u C J C I, we have C' C I. This contradicts the fact that I € Z. O

Lemma 4. Assume that we are given a matroid M = (U,Z), an independent set I of M,
and a subset J of U\ I such that I UJ € Z. Furthermore, we assume that we are given
subsets X, Y of U\ J such that (IUX)\Y €T and I +x ¢ L for every element x in X.
Then, (I UX)\Y)UJ is an independent set of M.

Proof. We prove this lemma by contradiction. Assume that (/U X)\Y)UJ ¢ Z. This

implies that there exists a circuit C' of M such that C C (IUX)\Y)UJ. fCNJ =1,

then this contradicts the fact that (/ U X) \ Y is an independent set of M. Thus, there

exists an element v in JNC. If CNX = 0, then this contradicts the fact that I U J is an

independent set of M. Thus, X NC' is not empty. Assume that X NC' = {x1,xa, ..., Tx}.

Sinceu e J, JNX =0, and JN I =0, we have u & Cyg(z;, ) for every i =1,2,... k.
Here we consider the following procedure.

Step 1. Set i :=1 and Cj :=C.

Step 2. If 1 < k, then do the following steps.
(2-a) If z; ¢ C;_1, then set C; := C;_; and go to (2-c).
(2-b) Find a circuit C; of M such that v € C; and C; C (C;_y U Cpm(w;, 1)) — ;.
(2-c) Update i :=i+ 1 and go back to the beginning of Step 2.

Step 3. Output Cj.

In Step (2-b), since z; € C;_1 N Cp(zy, I) and uw € C;—1 \ Cym(zy, I), Lemma 2 implies
that there exists a circuit C; of M such that v € C; and C; C (C;_1UCpm(x;, 1)) — ;. Tt is
not difficult to see that CY is a subset of I U J, which contradicts the fact that TU.J € Z.
This completes the proof. O

Assume that we are given k matroids M = (Uy,Zy), My = (Uz, L), ..., My = (Uy, Z,)
such that U; N U; = 0 for every distinct 4,5 = 1,2,..., k. Define

ézi - {Xg L’]Ui

i=1 i=1

X NU; is an independent set of M; for every 1 = 1,2, ..., k’}



Furthermore, we define

It is not difficult to see that @le M, is a matroid.

Let M = (U,Z) and N = (U, J) be matroids. A subset I of U is called a common
independent set of M and N, if I € ZN J. We denote by Byn and yayn the family and
the size of maximum-size common independent sets of M and N, respectively. We can
find a maximum-size common independent set of M and N in O(|U|*°EQ) by using the
algorithm of Cunningham [2], where EO is the time required to decide whether X + u is
an independent set of L for every matroid L in {M, N}, every common independent set
X of M and N, and every element u in U\ X. Furthermore, for every function £: U — Z,
we can find a maximum-size common independent set I of M and N such that

§(I) = max{&(J) | J € Bun}

in O(|UJ?EOQ) time by using the algorithm of Frank [7].

2.2 Auxiliary graphs and decomposition

Assume that we are given matroids M = (U,Z) and N = (U, J), and a common indepen-
dent set I of M and N. Then, we define a directed graph Dy (/) as follows. The vertex
set of Dyn (1) is U. For each elements u of U \ I and v of I,

e there exists an arc from v to v in Dy (Z) if and only if 7 +u ¢ Z and v € Cy(u, 1),
e there exists an arc from u to v in Dy (7) if and only if 7 +u ¢ J and v € Cn(u, I).

These are all arcs of Dyn(/). Define

TMm(I) ={ueU\I|I+4+u€eTl},
Tn() ={ueU\I|I+ueJ}.

Lemma 5 (see, e.g., [17, Lemma 13.30]). Assume that we are given matroids M and N
on the same ground set U and a common independent set I of M and N. Then, I is a
mazimum-size common independent set of M and N if and only if there exists no directed
path in Dvn (1) from a vertez in Tag(1) to a vertez in Tn(I).

Assume that [ is a maximum-size common independent set of M and N. We denote
by Qi () the set of elements w in U such that there exists a directed path in Dy (1)
from a vertex in Typ() to w. In addition, we define Qi (1) as the set of elements u in
U such that there exists a directed path in Dy (/) from u to a vertex in Tn(/). Notice
that since [ is a maximum-size common independent set of M and N, Lemma 5 implies
that QY (1) and Qppn(I) are disjoint. Define

(1) = U\ (e (D) U QD).



Lemma 6. Assume that we are given matroids M and N on the same ground set U and
a common independent set I of M and N. Furthermore, we assume that we are given
a vertex w in Ty(I) U T and a vertex v in Tn(I) U I, and a shortest directed path L in
Dmn(I) from u to v. Then, IANK is a common independent set of M and N, where K
is the set of elements in U that L goes through (notice that since L is a shorted directed
path, L goes through each vertex at most once).

Proof. This lemma immediately follows from [17, Lemma 13.27] and Lemma 4. [

Lemma 7 (see, e.g., [11, Lemma 4.2]). Assume that we are given matroids M and N on
the same ground set. Then, for every mazximum-size common independent sets I, J of M
and N,

J N Qun (1) is a base of M|Qyn (1), (1)
J N (Qun(L) UQyn (1)) is a base of M|(Qn (1) U Qyn (1)) (2)
JN Q1) is a base of N|Qfn(I), (3)
J N (5 (D) U Qmn(1)) is a base of N|(Qin (1) U Qv (1)). (4)

Although the following lemma is well-known, we give its proof for completeness.

Lemma 8. Assume that we are given matroids M = (U,Z) and N = (U, J). Then, for
every maximum-size common independent sets I, J of M and N, we have

D (1) = Qan (),
Omn () = Qmn (),
Q1) = Qi (J)-

Proof. For simplicity, we define Dy (+) := D(+), Qi (0) := Q7 (1), and Qppn(c) == Q7 (4).
Let I, J be maximum-size common independent sets of M and N.

We first prove that Q1 (I) = Q*(J). For proving this, we first prove that Q*(J) C
QF(I). Assume that Ty (J) € Q7(I), and let u be an element in Ty (J) \ Q7(7). Then,
J +wu € T and (I1) imply that

(J+u) N (QDUQ (D) =(JN QI UQ () +ucl,

which contradicts (2). Assume that there exists an arc in D(J) from a vertex u in Q7 (1)
to a vertex v in Q(I)UQ~(I). If wisin I, then J +v —u € Z. This and (I1) imply that

(J+v—u)Nn(QUL)UQ U)=UnNQHUuQ (1)) +v el
This contradicts (2). If w is not in I, then J +u —v € J. This and (I1) imply that
(J+u—v)NQHI) = (JNQTI))+ueJ.

This contradicts (3). By exchanging the roles of I and .J, we can prove that Q (/) C
Q*(J), which implies that Q*(J) = Q*(1).



Next we prove that Q(J) = Q (). For proving this, we first prove that Q= (J) C
Q~(I). Assume that Tn(J) € Q (1), and let u be an element in T (J) \ Q7 (). Then,
J+4+u e J and (I1) imply that

(J+u) N QD UQ) = (JN QD UQI)) +ue J.

This contradicts (4). Assume that there exists an arc in D(J) from u in Q1 (1) UQ(I) to
vin Q (I). fwisin I, then J+v —wu € Z. This and (I1) imply that

(J+ov—u)NQ (I)=(JNQ (1) +vel.
This contradicts (1). If w is not in I, then J +u —v € J. This and (I1) imply that
(J+u—v)NnQNNHUQI)=JnQYNHUuQI)+ue J.

This contradicts (4). By exchanging the roles of I and J, we can prove that Q(I) C
Q= (J), which implies that Q~(J) = Q~ (/). This completes the proof. O

Lemma 8 implies that for every matroids M and N on the same ground set, Qi (1),
Qumn (1), and Qyn () do not depend a choice of a maximum-size common independent
set I of M and N. Thus, for each matroids M and IN on the same ground set and some
maximum-size common independent set I, we define

Q?\_/IN = QlJ\F/IN(]%
OunN = QMN(I)7
Qi&N = Ql@[N(D?

respectively.

3 Characterization

In this section, we give a characterization of a popular matching. Define
U= {F CFE ‘ |F'(a)] <1 for every applicant a in A},

and A := (E,U). Tt is not difficult to see that A is a matroid. Define

P :=(PM,.

peP

Notice that for each subset M of E, M is a matching in G if and only if M is a common
independent set of A and P such that |M| = |A|. For each applicant a in A, we define

f(a) by
fla) = {e € E(a)

e =, g for every edge g in E(a)}.



Notice that for each applicant a in A, there exists a possibility that |f(a)| > 1. Define

=] f(a),

B = iff‘,
Q=PI (= POLILE)).

peEP

In addition, we define
T := {e eE\T ‘ {e} is an independent set of P/(fq U QBQ)}.

Notice that for each applicant a in A, since there exists the last resort post ¢(a), T'(a) # 0.
For each applicant a in A, we define s(a) by

s(a) := {e € T(a) ‘ e 7, g for every edge ¢ in T(a)}.

In addition, we define

S = U s(a),

acA

II:=Tus.
The following characterization can be regarded as a generalization of [1, Lemma 3.5].
Theorem 9. For each matching M in G, M s a popular matching in G if and only if

(P1) M NT is a maximum-size common independent set of B and Q, and

(P2) M is a subset of 11.
We first give lemmas that are necessary for proving the only if-part of Theorem 9.

Lemma 10. Assume that we are given a popular matching M in G. Then, M NT is a
mazimum-size common independent set of B and Q.

Since the proof of Lemma 10 is long, we leave it to Section 3.1.

Lemma 11. Assume that we are given a popular matching M in G. Then, there exists
no applicant a in A such that e >, ppr(a) =, g for edges e in f(a) and g in s(a).

Proof. For proving this lemma by contradiction, we assume that there exists an applicant
a in A such that e =, uy(a) =, g for edges e in f(a) and g in s(a). Since M is a popular
matching in G, Lemma 10 implies that M NI is a maximum common independent set of
B and Q. This and Lemma 7 imply that M N (Qzq U QBq) is a base of Q|(Qfq U 2Bq)
(= P|(hq U 2Bq)). Define

N = (M (Dq U 0sq)) + pas(a). (5)

Since N C M and M is an independent set of P, N is an independent set of P. Thus, (5)
and Lemma 1 imply that zp(a) is an independent set of P/(Qpq U QBq). However, this
contradicts that fact that pp(a) >, g for an edge g in s(a). This completes the proof. [
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Lemma 12. Assume that we are given a popular matching M in G. Then, there exists
no applicant a in A such that pp(a) ¢ 11.

We leave the proof of Lemma 12 to Section 3.2.

Next we give a lemma that is necessary for proving the ifpart of Theorem 9. For each
matching M in G, we denote by b(M) the set of edges e = (a,p) in E such that e >, g
for an edge ¢ in s(a).

Lemma 13. For every matching M in G, we have ygq > |b(M)].

Proof. For proving this lemma by contradiction, we assume that there exists a matching
M in G such that ygq < [b(M)|. Let N be a maximum-size common independent set in
B and Q such that
\V/N/EBBQZ |MﬂN|Z|MﬂN’| (6)

Since vgq < |b(M)|, we have |N| < |b(M)|. In addition, since M is an independent set of
P, (I1) implies that b(M) is an independent set of P. Furthermore, N is an independent
set of P. Thus, (I2) implies that there exists an edge e = (a,p) in b(M) \ N such that
N + e is an independent set of P. Notice that since e is in b(M), e >, ¢ for an edge g in
s(a).

We first consider the case where e ¢ I'. Since N + e is an independent set of P, (I1)
implies that

(N 1 (g USnaq)) + ¢

is an independent set of P. Since it follows from Lemma 7 that N N (QpqU2BqQ) is a base
of Q|(Q5q U 2Bq) (= P|(Q5q U QBq)), {€} is an independent set of P/(Q5q U QBq)-
This contradicts the fact that e >, g for an edge g in s(a).

Next we consider the case where e € I', i.e., N + e C I'. Since N is a maximum-size
common independent set in B and Q, N + e is not an independent set of A. That is,
|N(a)] = 1. In addition, since e € M and M is a matching in G, uy(a) ¢ M. Thus,

(N +e— pn(a)) " M| = |MAN|+ 1. (7)

Since N is an independent set of B, N 4+ e — uy(a) is an independent set of B. Since
N + e is an independent set of Q, (I1) implies that N + e — puy(a) is a maximum-size
common independent set in B and Q. These and (7) contradict (6), which completes the
proof. O

We are now ready to prove Theorem 9.

Proof of Theorem 9. Since the only if-part follows from Lemmas 10 and 12, we prove the
if-part. Let M be a matching in G satisfying (P1) and (P2), and assume that we are given
a matching N in G. We denote by Ay, and Ay be the sets of applicants a in A such that
par(a) =q pn(a) and py(a) =, pa(a), respectively. If we can prove that |Ay| > |An],
then the proof is done. For proving this, it is sufficient to construct an injective function
T: AN — AM

Lemma 13 and (P1) imply that there exists an injective function

@:b(N)\ (M NT)— (MNT)\ b(N).
Let a be an applicant in Ay. Since pn(a) =4 pa(a), (P2) implies that pp(a) is in s(a).
Thus, pun(a) is in b(N) \ (M NT'). Here we consider the following procedure.

9



Step 1. Set i := 1, and define e; = (a1, p1) as ¢(un(a)).

Step 2. If we have e; >,, un(a;), then we define 7(a) := a; and halt. Otherwise, define
eir1 = (@41, pir1) as (un(a;)) and update 7 := i 4+ 1. Then, repeat Step 2.

For proving that this procedure is well-defined, it is sufficient to prove in Step 2, uy(a;)
isin b(N)\ (M NT). Since e; € (M NT)\b(N), if e; € N, then e; € f(a;) implies that
e; € b(N). This contradicts the fact that e; € (M NI)\ b(N). Thus, e; ¢ N. In addition,
since e; € f(a;), if €; #a4, pinv(a;), then un(a;) € f(a;). Thus, un(a;) € b(N)\ (M NT).
Since G is finite and ¢ is injective, this procedure halts. Thus, since ¢ is injective, 7
is clearly injective. This completes the proof. O]

3.1 Proof of Lemma 10

Here we give a proof of Lemma 10. In the sequel, for each common independent set I of
B and Q, we do not distinguish between each vertex of Dpq(/) and the edge in I' that
it corresponds to. That is, we may call a vertex of Dgq(/) an edge. Since Dpq(/) is a
directed graph (i.e., it contains only arcs), it does not make any confusion.

Since M is a matching in G, M is a common independent set of A and P. This and
(I1) imply that M NT is a common independent set of B and Q. For proving this lemma
by contradiction, we assume that M N T is not a maximum-size common independent set
of B and Q. It follows from this and Lemma 5 that there exist an edge g = (b,q) in
Tg(M NTI') and an edge h = (¢,r) in Tq(M NTI') such that there exists a directed path in
Deq(M NT') from g to h. Let L be a shortest directed path in Dpg(M NT') from g to h,
and we denote by K = {ey, eq,..., e} the set of edges in I' (i.e., vertices of Dpg(M NT))
that L goes through. Furthermore, we assume that e; := (a;, p;) for each i = 1,2,... k,
and L goes through ey, e, ..., e in this order. Notice that e; = g, e, = h, k is odd, and
e; € M for every i = 2,4,...,k—1. Define N := MAK and Ny := N — up(b). Lemma 6
implies that N NT" (= Ny NT") is an independent set of Q.

For completing a proof of Lemma 10, we first prove necessary lemmas (Section 3.1.1),
and then complete a proof of Lemma 3.1 (Section 3.1.2).

3.1.1 Necessary lemmas

Here we prove necessary lemmas for proving Lemma 10.
Lemma 14. For every post p in P —r, we have N(p) € Z, and Ny(p) € Z,,.

Proof. Let p be a post in P — r. By using Lemma 4, we prove that N(p) € Z,. If we can
prove this, then (I1) implies that Ny(p) € Z,,.
Define I := M(p)NT, J:=M(p)\I', X := K(p) \ M, and Y := M(p) N K. Then,

TUX)\Y =N(p)nT,
(IUX)\Y)UJ =N(p).

Since M is an independent set of P, the definition of P implies that TU J € Z,. In
addition, the definition of Q implies that (/ U X))\ Y is an independent set of M,|I'(p),
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i.e., M,. Furthermore, for every edge e in X, it follows from the definition of Dgg(M NT)
that (M NT) + e is not an independent set of Q. Thus, since M N T is an independent
set of Q, the definition of Q implies that I + e is not an independent set of M,|I'(p), i.e.,
M,,. Thus, Lemma 4 implies that N(p) € Z,. ]

Lemma 15. For every applicant a in A — b, (i) |N(a)| =1, and (ii) py(a) Za par(a).

Proof. For every i = 2,4,...,k — 1, since there exists an arc in Dgg(M NT") from e; to
eir1, M + e;11 — e; is an independent set of B. Thus, the definitions of A implies that
we have a; = a;41 for every i = 2,4,..., k — 1. This implies that for every applicant a in
A — b, since |[M(a)| = 1, we have |N(a)| = 1. Furthermore, since K C I', uy(a) € f(a)
for every applicant a in A — b, which implies (ii). This completes the proof. ]

Lemma 16. (i) g > uam(b), and (ii) |No(b)| = 1.

Proof. Since g € Tg(M NT), M(b)NT = (). Thus, up(b) ¢ T'. This and g € T imply that
g = par(b). As proved in the proof of Lemma 15, a; = a;41 for every i =2,4,... k — 1.
Thus, since pp(b) ¢ I', we have K (b) = {g}. This and M (b) = {p(b)} imply (ii). O

We denote by L’ the subpath of L from g to e;_;. Since L is a shortest directed path
in Dpq(M NT') from g to h, L' is a shortest directed path in Dgq(M NT') from ¢ to ex_1.
Define K’ :== K — h. Then, N — h = MAK'. Lemma 6 implies that (N —h) N T is an
independent set of Q.

Lemma 17. N(r) —h € Z, and Ny(r) — h € Z,.

Proof. By using Lemma 4, we prove that N(r) —h € Z,. If we can prove this, then (I1)
implies that Ny(r) — h € Z,.
Define I :=M(r)NI, J:=M(r)\T', X .= K'(r)\ M, and Y := M(r) N K’. Then,

(TUX)\Y = (N(r) — ) NT,
(TUX)\Y)UJ = N(r) - h.

Since M is an independent set of P, the definition of P implies that I U J is in Z,. In
addition, the definition of Q implies that implies that (/U X)\ Y is in Z,. For every edge
e in X, the definition of Dgq(M NT") implies that (M NI')+e is not an independent set of
Q. Thus, since M NI is an independent set of Q, this and the definition of Q imply that
I + e is not an independent set of M,.. Thus, Lemma 4 implies that N(r) —h € Z,. O

3.1.2 Completing a proof

We are now ready to complete a proof of Lemma 10. If No(r) € Z,, then it follows from
Lemmas 14, 15(i), and 16(ii) that Ny is a matching in G. In addition, Lemma 15(ii) and
16(i) imply that ¢(No; M) > 1, which contradicts the fact that M is a popular matching in
G. Thus, in the sequel, we can assume that Ny(r) ¢ Z,. In this case, since No(r) € N(r),
N(r) is not in Z,. Thus, Lemma 17 implies that Cpg, (h, N(r) — h) and Cy,. (h, No(r) — h)
are well-defined. Define

C :=Cm,(h, N(r) — h),
Co := Cu, (h, No(r) — h).

11



Notice that Lemma 3 implies that C' = Cj.

Since Ng NI is an independent set of Q, it follows from the definition of Q that
No(r) N T is in Z,.. Thus, Cy C Ny(r) implies that Cy € I'. Let g; = (b1, r) be an edge in
Co\T. Since g € " and ¢g; ¢ T', we have g # g;. Thus, since g, g; € Ny, we have b # b;.
Define Ny := Ny — ¢1. Then, g1 € Cy and Lemmas 14, 15(i), and 16(ii) imply that

e |Ni(a)| = 1 for every applicant a in A — by, and Ny (by) = 0,
e Ni(p) € Z, for every post p in P.

Let hy = (b1, ¢1) be an edge in f(by). We first consider the case where Ny(q1) + hy € Z,,.
Define Ny := N + hy. In this case, N5 is a matching in G. Furthermore, since it follows
from g, ¢ I', Lemmas 15(ii) and 16(i) that

pny (b) = g =b piar(b),
pn, (b1) = hy b, g1 = pn(b1) Ty poar(br),
Va € A\{b,bi}: pn,(a) = pn(a) Za par(a),

we have ¢(Ny; M) > 2. These contradict the fact that M is a popular matching in G.
Next we consider the case where Ni(q1) + hy & Z,,. Define

01 = CMql (hl, Nl((h))

We first assume that at least one of ¢; # q and C; \ {g, h1} # 0 holds. Let go = (ba, q1)
be an edge in C} \ {g, h1}. Since g, # g, hy and g, go € N1, we have by # b, b;. Define

N3 = Ng — g2 —Fg(bg)
Then, N3 is a matching in GG. Since Lemmas 15(ii) and 16(i) imply that

1ins (b) = g = par(b),

s (b1) = h1 =, g1 = pn(b1) Zo, par(br),

fnr (b2) b, £(b2) = pin, (b2),

Va € A\ {b, b1, ba}: g (a) = pn(a) Za pu(a),

we have ¢(N3; M) > 1. This contradicts the fact that M is a popular matching in G.
Next we consider the case where ¢; = ¢ and C; = {g, h1}. Define

Ny := Ny — g+ par(b).
Assume that up(b) = (b, ¢’). Notice that ¢’ # ¢q. If ¢ = r, then
Ny(r) = Na(r) + par(b) = Ni(r) + par (b) = No(r) + par (b) — g1 = N(r) — g1.
Since g1 € Co = C, N(r) — g1 € Z, and Ny(r) is an independent set of M,.. If ¢’ # r, then

Nu(q') = Na(q') + par(b) = Ni(q') + par(b) = No(q') + par(b) = N(q').

12



Lemma 14 implies that Ny(¢') is an independent set of M,.. In both cases, N, is a matching
in G. Furthermore, since Lemma 15(ii) implies that

v, (0) = par(b),
N, (b1) = hy =y, g1 = pn(b1) Zoy par (1),
Va € A\{b,bi}: pn,(a) = pn(a) Za pae(a),

we have ¢(Ny; M) > 1. This contradicts the fact that M is a popular matching in G, and
completes the proof.

3.2 Proof of Lemma 12

In this subsection, we give a proof of Lemma 12.

For proving this lemma by contradiction, we assume that there exists an applicant b
in A such that pp(b) ¢ II. Then, Lemma 11 implies that e > s (b) for an edge e in s(b).
Let g = (b,q) be an edge in s(b). Define N := M + g — up(b). Since N(q) = M(q) + g, if
M(q) + g € Z,, then (I1) implies that N is a matching in G. Furthermore, ¢(N; M) = 1.
This contradicts the fact that M is a popular matching in GG. Thus, in the sequel, we can
assume that M(q) + g ¢ Z,.

We first consider the case where

CMq<gvM(Q)) -9 g I

Let e; = (a1,q) be an edge in

(Cwm, (9, M(q)) —g) \ T

Since g # e; holds, we have a; # b. Let e3 = (a1, 1) be an edge in f(ay). Since e; ¢ I" and
ex €' (ie., e1 # ey), we have ¢; # q. Define N := N +ey —ey. If N(q1) + €2 € Z,,, then
N’ is a matching in G. Furthermore, we have ¢(N’; M) = 2, which contradicts the fact
that M is a popular matching in G. Assume that N(q;)+e2 ¢ Z,,. Let e3 = (az,q1) be an
edge in Cy, (€2, N(q1)) — €. Since q1 # ¢, we have e3 # g. Define N” := N’ — ez + {(az).
Then, N” is a matching in G and we have ¢(N"; M) = 1. This contradicts the fact that
M is a popular matching in G.
Next we consider the case where

Cu, (9, M(q)) —g €T (8)
Since ¢ is in s(a), Lemmas 1, 7, and 10 imply
(M N (o UBq)) +y
is an independent set of P. This and the definition of P imply that
(M(q) N (Qhq U2Bq)) +9 € I,

Thus,
Ca, (9, M(q)) — g € (M(q) N (Qpq U NBQ))-
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This implies that there exists an edge in Cy, (g, M(q)) N Qpq-
Since (8) implies that

Cwm, (9, M(q)) € (M(q)NT) + g,

we have (M(q) NT') + g ¢ Z,. Since (I1) and M (q) € Z, imply that M(q) N I' € Z,, this
and Lemma 3 imply that

Cm, (9, M(q) NT) = Coa, (9, M(q))-
Thus,
Cm, (9, M(q) NT) N Qgq # 0. (9)
Define C := A|(I' + g) and R := P|(I' + ¢). It is not difficult to see that Dcr(M NT)
is obtained from Dpg(M NT') as follows.

Step 1. Add g to the vertex set of Dgg(M NT).

Step 2. Add an arc from g to every edge in Cyp, (g9, M(q) NT).
Furthermore, since pp(b) ¢ f(b), we have

Tec(MND)=Tg(MNT) +g,
TrR(MNT) =Tg(MNT).

It follows from (9) that there exists an edge h in Tr(M NT') such that there a directed
path in Dcr(M NT') from g to h. Let L be a shortest directed path in Der(M NT') from
g to h. We denote by K = {eq, e, ..., e} the set of edges in I + g that L goes through.
Assume that e; := (a;,p;) for each i = 1,2,... &k, and L goes through e, es, ..., € in this
order. Notice that e; = g, e, = h, kisodd, and e; € M for every i = 2,4,...,k—1. Define
N := MAK and Ny := N — uy(b). Lemma 6 implies that NN (I'+ ¢) (= NoN (I + g))
is an independent set of R.

For completing a proof of Lemma 12, we first necessary lemmas (Section 3.2.1), and
complete a proof of Lemma 12 (Section 3.2.2).

3.2.1 Necessary lemmas

Here we give necessary lemmas for completing the proof of Lemma 12.
Lemma 18. For every post p in P —r, we have N(p) € I, and Ny(p) € Z,.

Proof. Let p be a post in P — r. By using Lemma 4, we prove that N(p) € Z,. If we can
prove this, then (I1) implies that Ny(p) € Z,,.
Define I := M(p)NT, J:=M({p)\I', X := K(p) \ M, and Y := M(p) N K. Then,

TUX)\Y =N(p)n (L +g),
(TUX)\Y)UJ = N(p).
Since M is an independent set of P, the definition of P implies that /U J is in Z,. In
addition, the definition of R implies that implies that (/UX)\Y is in Z,. For every edge
e in X, the definition of Dcr(M NT') implies that (M NI') + e is not an independent set

of R. Thus, since M N T is an independent set of R, this and the definition of R imply
that I + e is not an independent set of M,,. Thus, Lemma 4 implies that N(p) € Z,. O
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Lemma 19. For every applicant a in A —b, (i) [N(a)| =1, and (i) un(a) Za par(a).

Proof. For every i = 2,4,... k — 1, since there exists an arc in Dcr(M NT') from e; to
eir1, M + e;1 — e; is an independent set of C. Thus, the definitions of A implies that
a; = a;q for every i = 2,4,..., k — 1. This implies that for every applicant a in A — b,
since |M (a)| = 1, we have |N(a)| = 1. Furthermore, since K —g C I, un(a) € f(a) for
every applicant a in A — b, which implies (ii). This completes the proof. ]

Lemma 20. (i) g = pa(b), and (ii) |No(b)| = 1.

Proof. Since g € s(b) and e >, up(b) for an edge e in s(b), we have g = par(b). Further-
more, as proved in Lemma 19, we have a; = a;41 for every i = 1,3,...,k — 1. Thus, since

par(b) ¢ I, we have K (b) = {g}. This and M (b) = {pua(b)} imply (ii). O

We denote by L' the subpath of L from g to e;_;. Since L is a shortest directed path
in Dcr(M NT') from g to h, L’ is a shortest directed path in Dcr(M NT) from g to ex_;.
Define K" := K — h. Then, N — h = MAK’. Lemma 6 implies that (N — h) N (I" + g) is
an independent set of R.

Lemma 21. N(r) — h € Z, and No(r) — h € I,.

Proof. By using Lemma 4, we prove that N(r) —h € Z,. If we can prove this, then (I1)
implies that Ny(r) — h € Z,.
Define I :=M(r)NI, J:=M(r)\T', X .= K'(r)\ M, and Y := M(r) N K’. Then,

(TUX)\Y = (N(r) = h)n (' +9),
(ITUX)\Y)UJ = N(r)—h.

Since M is an independent set of P, the definition of P implies that I U J is in Z,.. In
addition, the definition of R implies that (/U X)\Y isin Z,. For every edge e in X, the
definition of Der (M NT) implies that (M NI') + e is not an independent set of R. Thus,
since M N T is an independent set of R, this and the definition of R imply that I + e is
not an independent set of M,.. Thus, Lemma 4 implies that N(r) — h € Z,. O

3.2.2 Completing a proof

We are now ready to complete a proof of Lemma 12. If Ny(r) € Z,, then it follows from
Lemmas 18, 19(i), and 20(ii) that Ny is a matching in G. Furthermore, Lemma 19(ii) and
20(i) imply that ¢(No; M) > 1, which contradicts the fact that M is a popular matching in
G. Thus, in the sequel, we can assume that Ny(r) ¢ Z,. In this case, since No(r) € N(r),
N(r) is not in Z,. Lemma 21 implies that Cyg, (h, N(r) — h) and Cy, (h, No(r) — h) are
well-defined. Define

C :=Cm,(h, N(r) — h),
Co := Cu, (h, No(1) — h).

Lemma 3 implies that C' = Cj,.
Since NoN (I'+ g) is an independent set of R, the definition of R implies that No(r) N
(I'+g) is in Z,. Thus, if Cy C I'+ g, then Cy C Ny(r) implies that Cy C No(r) N (' + g).
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This contradicts the fact that No(r) N (I'+g) € Z,. Thus, Cy € I'+g. Let g1 = (b1, 7) be
an edge in Cy \ (I' + g). Notice that since g # g1 and g, g1 € Ny, we have b # by. Define
Ny := Ny — g1. Then, g; € Cy and Lemmas 18, 19(i), and 20(ii) imply that

e |Ni(a)| =1 for every applicant a in A — by, and Ny(by) = 0,

e Ni(p) € Z, for every post p in P.
Let hy = (b1, ¢1) be an edge in f(by). We first consider the case where Ny(q1) + hy € Z,,.

Define Ny := Nj + hy. In this case, N5 is a matching in GG. Furthermore, since it follows
from ¢; ¢ I', Lemmas 19(ii) and 20(i) that

fin, () = g =5 par (),

fin, (b1) = ha =, g1 = pn(br) Za, o (b)),

Va € A\N{b,bi}: pny(a) = pn(a) Za par(a),

we have ¢(Ny; M) > 2. These contradict the fact that M is a popular matching in G.
Next we consider the case where Ny(q1) + hy & Z,,. Define

Ol = CMq1 (h'17 Nl(q1))

We first assume that at least one of ¢; # q and C; \ {g,h1} # 0 holds. Let go = (ba, q1)
be an edge in C; \ {g, h1}. Since g, # g, hy and g, go € Ny, we have by # b, b;. Define

N3 := Ny — go + £(by).
Then, N3 is a matching in G. Since Lemmas 19(ii) and 20(i) imply that
1ins (b) = g = 1ar (D),
v (b1) = ha =p, g1 = pn(b1) Zpy o (b1),
fiar(b2) b, £(b2) = i, (b2),
Va € A\{b, by, bo}: p,(a) = pn(a) Za pa(a),

we have ¢(N3; M) > 1. This contradicts the fact that M is a popular matching in G.
Next we consider the case where ¢; = ¢ and C} = {g, hy}. Define

N4 = N2 — g + MM(b)
Assume that up(b) = (b, ¢’). Notice that ¢’ # ¢q. If ¢ = r, then
Ny(r) = Na(r) + par(b) = Ni(r) + par (b) = No(r) + pa(b) — g1 = N(r) — g1.
Since g1 € Cp = C, N(r) — g1 € Z, and Ny(r) is an independent set of M,.. If ¢’ # r, then
Nu(q') = Na(q') + par (b) = Ni(q') + pae (b) = No(q') + par(b) = N(q').

Lemma 18 implies that Ny(¢') is an independent set of M,.. In both cases, N, is a matching
in G. Furthermore, since Lemma 19(ii) implies that

KNy (b) = :uM(b)’

ping (01) = ha =p, g1 = pn (b1) Zoy par (b)),

Va € A \ {ba bl}: :UN4(CL) = ,UN(CL) ia MM(a)’

we have ¢(Ny; M) > 1, which contradicts the fact that M is a popular matching in G.
This completes the proof.
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4 Algorithm

In this section, we propose our algorithm for PMTM. Define a function &: IT — {0, 1} by

1 ifeel
§le) = {0 ifeell\T.

Our algorithm PMTM is described as follows.

Algorithm PMTM

Step 1. Compute II, and define A’ := A|Il and P’ := P|IL

Step 2. Find a maximum-size common independent set M of A’ and P’ such that

&(M) = max{¢(N) | N € Bap'}.

Step 3. If (M) = vgq and |M| = |A| hold, then output M and halt (in this case, M
is a popular matching in ). Otherwise, output null and halt (in this case, there
exists no popular matching in G).

End of Algorithm
For proving the correctness of the algorithm PMTM, we need the following lemma.

Lemma 22. Assume that we are given a popular matching M in G. Then, M is a
common independent set of A’ and P’ such that E(M) = yq and |M| = |A|.

Proof. Since M is a matching in GG, M is a common independent set of A and P such
that |M| = |A|. In addition, (P2) of Theorem 9 implies that M is a subset of II. Thus, M
is a common independent set of A’ and P’. Since (P1) of Theorem 9 implies that M NT'
is a maximum-size common independent set of B and Q, we have |M NT'| = vgq, i.e.,
&(M) = yq- This completes the proof. O

We are now ready to prove the correctness of the algorithm PMTM.
Theorem 23. The algorithm PMTM can correctly solve PMTM.

Proof. Let M be a common independent set of A’ and P’ that is found in Step 2 of the
algorithm PMTM. If the algorithm PMTM outputs M, then M is a matching and Theorem 9
implies that M is a popular matching in G.

Assume that the algorithm PMTM outputs null. Since M is a common independent set
of A and P, (I1) implies that M N T is a common independent set of B and Q. Thus,
|MNT'| < ygq, which implies that £(M) < ygq. Furthermore, since |M(a)| < 1 for every
applicant a in A, we have |M| < |A|. Thus, {(M) < yq and/or |M| < |A|. We prove
that in this case, there exists no popular matching in G by contradiction. Assume that
there exists a popular matching N in GG. Then, Lemma 22 implies that N is a common
independent set of A’ and P’ such that {(N) = ygq and |N| = |A|. If |M]| < |A], then
the existence of N contradicts the fact that M is a maximum-size common independent
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set of A’ and P'. If {(M) < vygq and | M| = |A|, then the existence of N contradicts the
fact that
E(M) = max{{(N') | N € Barp}.

Thus, there exists no popular matching in GG. This completes the proof. O

Here we consider the time complexity of the algorithm PMTM. We denote by EO the
time required to decide whether I + e € Z, for every post p in P, every independent set
I of M,,, and every edge e in E(p) \ I. Define m := |E|. For simplicity, we assume that
E(p) # 0 for every post p in P and EO = Q(m). Furthermore, we assume that for every
applicant a in A and every edges ¢, g in E(a), we can decide in O(1) time whether e 72, ¢
holds.

We first consider the time complexity of Step 1. It is not difficult to see that we can
compute f(a) for all applicants a in O(m) time. For computing s(a) for all applicants a in
A, we first compute QEQ, {lpq, and (lzq in O(m?*°EQ) time by finding a maximum-size
common independent set of B and Q via the algorithm of Cunningham [2]. Then, we find
a base B of P|(Qgq UBq) in O(mEO) time. Lemma 1 implies that by using the base B,
we can compute s(a) for all applicants a in A in O(mEO) time. Thus, we can compute II
in O(m*5EQ) time.

Next we consider the time complexity of Step 2. It is not difficult to see that we can
decide in O(m) time whether M + e is an independent set of A’ for every independent
set M of A’ and every edge e in IT\ M. Furthermore, it is not difficult to see that we can
decide in O(EO) time whether M + e is an independent set of P’ for every independent
set M of P’ and every edge e in IT\ M. Thus, in Step 2, we can find a desired maximum-
size common independent set of A’ and P’ in O(m3EO) time by using the algorithm of
Frank [7]. Thus, the time complexity of the algorithm PMTM is O(m3EQ).
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