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Abstract

Stability of parallel flow of the compressible Navier-Stokes equation in a cylin-
drical domain is studied. It is shown that if the Reynolds and Mach num-
bers are sufficiently small, then parallel flow is asymptotically stable and the
asymptotic leading part of the disturbances is described by a one dimensional
viscous Burgers equation.

Keywords: Compressible Navier-Stokes equation, parallel flow, cylindrical
domain, viscous Burgers equation asymptotic behavior

1 Introduction

This paper studies the large time behavior of solutions of the initial boundary value
problem for the compressible Navier-Stokes equation

Op + div(pv) =0,
p(O +v - Vv) — pAv — (p + p')Vdive + Vp(p) = pyg,
v|ap, =0,
(p,0)]t=0 = (po, vo)

~— ~— ~— ~—

N N N /N
g S S S—
S N

in a cylindrical domain 2, = D, x R:
Q. ={z = (2, 23); 2’ = (21, 22) € Ds, 23 € R}

Here D, is a bounded and connected domain in R? with smooth boundary 0D,;
p = p(z,t) and v = H(vl(x,t),v%(x,t),v3(x,t)) denote the unknown density and
velocity, respectively, at time ¢ > 0 and position z € €2,; p(p) is the pressure that is
a smooth function of p and satisfies

P(ps) >0
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for a given positive constant p,; p and u' are the viscosity coefficients that satisfy
>0, Fu+p >0;

and g is an external force of the form g = "(g'(2'), g*(2), ¢*(2’)) with ¢' and g¢°
satisfying
(gl(x,)7g2(x,)) = (8$1@(:L‘/),ax2q)($,)),

where ® and ¢3 are given smooth functions of 2’. Here and in what follows 7- stands
for the transposition.

Problem (1.1)-(1.3) has a stationary solution u, = *(p,(z'),vs(2")) which repre-
sents parallel flow. Here p, is determined by

Px

Const. — ®(z') = [ #dn,
fD* Ps — p*dl’/ =0,

while 7, takes the form
7, = (0,0,73(2")),

3

() is the solution of

where U

_MA/EE = ﬁ393>

Here
A'=92 402,

The purpose of this paper is to investigate the large time behavior of solutions
to problem (1.1)-(1.4) when the initial value (p,v) |t=0= (po, vo) is sufficiently close
to the stationary solution u, = *(p,, v,).

Solutions of multi-dimensional compressible Navier-Stokes equations in unbounded
domains exhibit interesting phenomenon, and detailed descriptions of large time be-
havior of solutions have been obtained. See, e.g., [6, 7, 16, 18, 19, 20, 21, 22, 24, 25]
for the case of the whole space, half space and exterior domains. Besides these do-
mains, infinite layers and cylindrical domains provide good subjects of the stability
of flows, for example, the stability of parallel flows.

Concerning the large time behavior of solutions around parallel flow, the case of
an n dimensional infinite layer R"~! x (0,1) = {x = (zp, z,); xp, = (21, ,Tpn_1) €
R" 1,0 < z, < 1} was studied in [10, 11, 15]. ( See also [3, 4, 5] for the stability of
time periodic parallel flow.) It was shown in [10, 11, 15] that if the Reynolds and
Mach numbers are sufficiently small, then the parallel flow is stable under sufficiently
small initial disturbances in some Sobolev space. Furthermore, in the case of n > 3,
the disturbance wu(t) behaves like a solution of an n — 1 dimensional linear heat
equation as t — 0o, whereas, in the case of n = 2, u(t) behaves like a solution of a
one dimensional viscous Burgers equation.

In the case of cylindrical domain €., Iooss and Padula [8] considered the lin-
earized stability of parallel flow u, under periodic boundary condition in x3. It was



proved in [8] that if the Reynolds number is suitably small, then the semigroup
decays exponentially as ¢ — oo, provided that the density-component has vanish-
ing average over the basic period domain. Furthermore, the essential spectrum of
the linearized operator lies in the left-half plane strictly away from the imaginary
axis and the part of the spectrum lying in the right-half to the line ReA = —c¢ for
some number ¢ > 0 consists of finite number of eigenvalues with finite multiplici-
ties. As for the stability under local disturbances on €,, i.e., disturbances which
are non-periodic but decay at spatial infinity, the stability of the motionless state
s = 1(p.,0) was studied in [17]; and it was shown in [17] that the disturbance decays
in L?(,) in the order ¢t~ and its asymptotic leading part is given by a solution of
a one dimensional linear heat equation if the initial disturbance is sufficiently small
in H3(Q,) N LY(Q,), where H?(€2,) denotes the L*Sobolev space on , of order 3.
(See also [9] for the analysis in LP(£2,).)

In this paper we will consider the stability of parallel low u, under local distur-
bances on €),. After introducing suitable non-dimensional variables, the equations
for the disturbance u = *(¢, w) = T(v*(p — ps),v — v) takes the following form:

0 + 0702, ¢ + 7 div(psw) = (¢, w), (1.5)
oyw — LAw — EVdivw + V(Mqﬁ)
”AQZ pes + 030w + (W' - V'vdles = f(¢,w), (1.6)
w [p0= 0, (1.7)
(¢, w) Ji=o= (o, wo)- (1.8)
Here €, is transformed to Q@ = D x R with |D| = 1; us = %(ps,vs) and P(p)

denote the dimensionless parallel flow and pressure, respectively; v, v and v are the
dimensionless parameters defined by

/

P (ps)
%

poo o~ ptp
vV =

- V'’ PtV

’Y:

with the reference velocity V which measures the strength of v5; e3 = 7(0,0,1) € R?
and V' = 1(0,,,0,,); f°(¢,w) and f(¢,w) are the nonlinearities given by

(¢, w) = —div(pw),
Alvg
(¢+’Y p )ps (—Aw T 5%, ¢> (¢+7 p levw

i A/%gv(i(f;j ) — MipsV(P"(ps)qbQ) + P3(ps, 6, 0w ),

flp,w) =—w-Vw+

where

%%m@w:mﬁw—vmm AV (6 Pilps 0)
+ 562 V(P”(ps)¢2 0 Ps(ps, ¢)>

2

—WﬁmmV(P@M% P (p.)6 + 50" Pa(pas 0) ).
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with X
Pa(pnnd) = [ (L= 02 P"(p.+ 07200

See section 2.2 below for the definition of non-dimensional variables.

In [1, 2], spectral properties of the linearized semigroup e~** was studied in detail.
It was proved that there exists a bounded projection P, satisfying Pye™'F = et P,
such that if Reynolds and Mach numbers are sufficiently small, then, for the initial
value ug = 7(dg, wy), it holds that

e~ Py = (- 0)}u® Oll 2y < CO+0)F ol (19)

Here u(® is some function of 2'; {¢o) denotes the average of ¢y over D, (thus, (¢g)
is a function of z3 € R); and H(¢) is the heat semigroup defined by

H(t) = Fle trastrot p

with some constants k1 € R and k¢ > 0, where F denotes the Fourier transform on
R. Furthermore, it was proved that the (I — Py)-part of e 7L satisfies the exponential
decay estimate

1
le™ (I = Po)uoll o) < Ce™™{Nluoll g ayeiiry + 2 lwoll 2} (1.10)

for a positive constant d. Here H(Q) is the set of all locally H* functions in L2(£2)
whose tangential derivatives near 9§ belong to L*((2).

In this paper, based on the results on spectral properties of e™*", we investigate
the nonlinear problem (1.5)—(1.8). We prove that if the initial disturbance uy =

tL

(g, wy) is sufficiently small, then the disturbance u(t) exists globally in time and
it satisfies )

Ju(t)] L2 = O(t™1) (1.11)

lu(t) = (Gu®)llz2@) = O(++) (5> 0) (L12)

as t — co. Here o0 = o(x3,1) satisfies the following one dimensional viscous Burgers
equation
0,0 — Iioazgd + K104, 0 + KOy, (0) =0

with initial value (¢o).

The proof of (1.11) and (1.12) is given by the factorization of e7** P, estimate
(1.10) and the Matsumura-Nishida energy method. We decompose the disturbance
u(t) into its Py and I — Py parts as in [3, 11]. We then estimate the Py-part by
representing it in the form of variation of constants formula in terms of e **P, and
employ the factorization result of e*L'P, obtained in [2]. For the (I — Pp)-part
of u(t), we employ the Matsumura-Nishida energy method. In contrast to [3, 11],
we make use of the estimate (1.10) and combine it with the energy method. This
simplifies the argument in [3, 11] where a complicated decomposition is also used in
the energy method to estimate the (I — Pp)-part of u(t). In this paper we do not
need to use such a complicated decomposition of the (I — Py)-part in the energy
method due to (1.10).



This paper is organized as follows. In section 2 we first introduce notations and
non-dimensional variables. We then state the existence of stationary solution which
represents parallel flow. In section 3 we state our main result of this paper. In
section 4 we state some spectral properties of et obtained in [2]. In section 5 we
decompose the problem into the one for a coupled system of the ) and I — P, parts
of u(t). Sections 6 is devoted to estimating the Py-part of the disturbance u(t), while
the (I — Fy)-part is estimated in section 7. Section 8 is devoted to the estimates for
the nonlinearities. The proof of (1.12) is given in section 9.

2 Preliminaries

In this section we introduce notations throughout this paper. We then introduce
non-dimensional variables and state the existence of stationary solution which rep-
resents parallel flow.

2.1 Notation

We first introduce some notations which will be used throughout the paper. For
1 < p < oo we denote by LP(X) the usual Lebesgue space on a domain X and its
norm is denoted by | - ||zr(x). Let m be a nonnegative integer. H™(X) denotes the
m th order L? Sobolev space on X with norm || - ||gm(x). In particular, we write
L*(X) for H'(X).

We denote by CJ'(X) the set of all C™ functions with compact support in X.
HJ'(X) stands for the completion of Cf*(X) in H™(X). We denote by H!(X) the

dual space to Hj(X) with norm || - || g—1(x).

We simply denote by LP(X) (resp., H™(X)) the set of all vector fields w =
Tw!, w? w?) on X and its norm is denoted by |-l zecx) (resp., || - [|am(x)). For u =
(¢, w) with ¢ € H¥(X) and w = T(w', w?, w?) € H™(X), we define HUHHk (X)x H™ (X)
by lullcoymarmco = N8l + llance

When X = Q we abbreviate LP(£2) as LP, and likewise, H™(2) as H™. The
norm || - ||r(q) is written as || - ||r», and likewise, || - ||gm) as || - [[gm. The inner

product of L?(Q2) is denoted by
(F9) = [ flgta)ds, 1.9 € 1)

For u; = T(¢;,w;) (j = 1,2), we also define a weighted inner product (us,us) by

UlaUZ /¢1 P(pb)d:v+/w1'w2psd$7
Q

where ps = ps(2’) is the density of the parallel flow us. As will be seen in Proposi-

tion 2.1 below, ps(z’) and W are strictly positive in D.

In the case X = D we denote the norm of LP(D) by | - |,. The norm of H™(D)
is denoted by | - |gm, respectively. On D we will consider complex valued functions,



and in this case, the inner product of L?(D) is denoted by
(r9) = [ f@g@, f.9€ 12D,

Here g denotes the complex conjugate of g. For u; = T(¢;,w;) (j = 1,2), we also
define a weighted inner product (uy, us) by

(U1, u9) = /¢1¢2 . =) ! +/w1 Wopsdx'.

For f € L'(D) we denote the mean value of f over D by (f):

| ,
<f>=(f,1)=m/Dfd:c,

where |D| = [, da’. For u ="(¢,w) € L'(D) with w = T(w', w?, w?®) we define (u)
by
(u) = (¢) + (w1) + (wa) + (w3).
We set

U@h=@§w<mm%f,

102 f()]l2, k=0,
(07O + DO )" k21,
We define a function space Z(T') by

NI

DS =

= {u="(g,w) € C°([0,T); B x (H> N HY)) (1 C* (10, T); L2); Jullzry < o}
where

1

T 3

lull zery = sup [u(®)]2 + (fo |||Dw(t)|H§dt) :
0<t<T

Partial derivatives of a function v in x, 2/, 3 and t are denoted by d,u, O, u,
Or,u and Qyu. We also write higher order partial derivatives of u in z as 8§u =
(OFu; |o| = k).

We denote the n x n identity matrix by I,,. We define 4 x 4 diagonal matrices
Qo and @) by

Qo = diag(1707070)7 @ = dlag(0717171>

It then follows that for u = T(¢, w) with w = T(w', w? w?),

Qou = <?)5) ) @u = <3j> .
We denote the Fourier transform of f = f(z3) (z3 € R) by f or F[f]:

7(6) = FLAE) = /R fas)e€dzs, €€ R.
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The inverse Fourier transform is denoted by F~!:

FUf)(a3) = (2m) /R f(E)€ade,  as € R,

We denote the resolvent set of a closed operator A by p(A) and the spectrum by
ag(A).

We finally introduce a function space which consists of locally H' functions in
L*(Q)) whose tangential derivatives near dD belong to L*(Q2). To do so, we first
introduce a local curvilinear coordinate system. For any 7, € 0D, there exist a
neighborhood (’350 of 7, and a smooth diffeomorphism map ¥ = (¥, ¥s) : 6% —
B1(0) = {2 = (21, 22) : |#/| < 1} such that

U(Oy N D) ={z € By(0) : 2, > 0},
\11(556 NOD) ={z € Bi(0) : z, =0},

detV,W¥ #£0 on 656 N D.

By the tubular neighborhood theorem, there exist a neighborhood Oz of T, and a
local curvilinear coordinate system y' = (y1,y2) on Oz defined by

' = a1 (y2) + \Ij_l(ovy2) tR— Ofg, (2.1)

where R = {y = (y1,¥2) : |n1| < gl, Y| < 32} for some 51,52 > 0; a1 (y2) is the unit
inward normal to 0D that is given by

V¥

|VI,\I/1| '

a1 (y2) =

Setting y3 = x3 we obtain
Vo = e1(y2)0y, + J (1 )ea(y2)0y, + €30y,

1T€1(y2)
Vy= | 707 €2(%2) | Va,

where

e1(y2) = (al%w)) , o ealp) = <a2(0y2)) ;e = E) ; (2.2)

L,
V0|
with V5, = 1(-9,,¥y, 0,,¥;). Note that d,, and 9,, are the inward normal

derivative and tangential derivative at 2’ = U1(0,y5) € 9D N Oz , respectively. Let
us denote the normal and tangential derivatives by 0, and 0, i.e.,

Op =0y, 0=0,,.

J(y,) = |detV$/\Il|, ag(yg) =



Since 0D is compact, there are bounded open sets O, (m = 1,..., N) such that
0D C UN_,0,, and for each m = 1, ..., N, there exists a local curvilinear coordinate
system y' = (y1,y2) as defined in (2.1) with Oz, ¥ and R replaced by O,,, ¥ and
R =1{y = (y1,92) : || < 67, |yo| < 65} for some 67", 05" > 0. At last, we take
an open set Oy C D such that

UN_yOm DD, OyNoD = ).

We set a local coordinate 3y’ = (y1,y2) such that y; = x1, yo = x5 on Oy. We note
that if h € H%(D), then h |sp= 0 implies that O*h |sprom= 0 (k =0, 1).
Let us introduce a partition of unity {x }>_, subordinate to {O,,}N_, satisfy-
ing
N
me: lon D, xme€C%(Oy) (m=0,1,2--- N).
m=0

We denote by H'(£2) the set of all locally H' functions in L2(2) whose tangential
derivatives near 99 belong to L?(2), and its norm is denoted by wll 710

N
lwll (o) = llwllz + 10mwll2 + lxodwwllz + 32 [XmOwl]s.

m=1

Note that H}(€) is dense in H(€).

2.2 Non-dimensionalization and stationary solution

In this subsection we rewrite the problem into the one in a non-dimensional form
and state the existence of stationary solution which represents parallel flow. Let
ko be an integer satisfying ky > 3. We introduce the following non-dimensional
variables:

x=VLlx, v=Vu, p=pp, L=

p=pV?P, &=L0 g =15
1

k ES
V= ety = 2o sup k@) 0= ([ ar)®

k=0 CCIED* *
The problem (1.1)-(1.3) is then transformed into the following non-dimensional prob-
lemon 2 =D x R:

8:p + divz(pv) = 0, (2.3)

PO+ - Vi) — vA0 — (v + /) Vadivat + P (p)Vap = g, (2.4)
v ‘af) =0, (2.5)

(ﬁa 57) ‘2:0: (ﬁoﬁo)- (2-6)

Here D is a bounded and connected domain in R? g = T((%IEIV), (%QEIV), §3), and v and
V' are non-dimensional parameters:

!/

I/:L = I
V'’ p LV’




We also introduce a parameter :

1= Py = Yo

Note that the Reynolds and Mach numbers are given by 1 /v and 1/, respectively.
In what follows, for simplicity, we omit tildes of Z, ¢, ¥, p, 7, P CTD D and Q
and write them as z, ¢, v, p, g, P, ®, D and (). Observe that, due to the non-
dimensionalization, we have
|D| = / dr' =1,
D

- /D I

Let us state the existence of a stationary solution which represents parallel flow.

and thus,

Proposition 2.1. If & € C*(D), ¢* € H™(D) and |®|cx, is sufficiently small,
then (2.3)-(2.5) has a stationary solution us, = T(ps,vs) € C* (D). Here p, satisfies

{ Const. — = [ o P,(” n,

posd'r _17 p1<ps< )<p2 (p1<1<:02)7

for some constants py, ps > 0, and vy s a function of the form v, = 7(0,0,v3) with

v3 = v3(2') being the solution of

{ —vAv] = psg’,

U? ’c')D: 0.
Furthermore, u, = T(p,, vs) satisfies the estimates:
|ps(2') — Ler < Cl®|er(1 + |D|en)”,

[03lcr < Clog]mnee < Cl@[on(1+ |@]cr)*|g° v
fork=3,4,--- ko.

Proposition 2.1 can be proved in a similar manner to the proof of [23, Lemma
2.1].

Setting p = ps + 7 ?¢ and v = v + w in (2.3)-(2.6) (without tildes), we arrive
at the initial boundary value problem for the disturbance v = T(¢, w) written in
(1.5)-(1.8) in section 1.



3 Main result

In this section we state the main result of this paper. Hereafter we set
v=v+.

Theorem 3.1. There exist positive constant vy, Yo and wy such that if v > vy,
% > 42 and % < wy, then the following assertions hold. There is a positive
number ¢y such that if uy = T(po,wo) satisfies vy € H* N L' with wy € H} and
|uo||g2arr < €0, then there erists a unique global solution u(t) = T(p(t),w(t)) of
(1.5)-(1.8) in C°([0, 00); H*x (H?*NHE))NC ([0, 00); L?); and the following estimates
hold

10Lu(®)] = O@™572),  (I=0,1) (3.1)

lu(t) — (cu®)(®)]], = OF 1) (V5 > 0) (3.2)

ast — oo. Here u® = v (2') is a function given in Proposition 4.1 (i) below;
and 0 = o(x3,t) is a function satisfying

oo — Hoa:%go- =+ ’flazga + '%28:23 (02> =0,
7 0= [p ¢o(a', x5)da’

with some constants kg > 0 and k1, ko € R.

(3.3)

As in [3, 11], Theorem 3.1 is proved by combining the local solvability (Propo-
sition 5.1 below) and the appropriate a priori estimates. We will establish the
necessary a priori estimates in sections 6-8.

To establish the a priori estimates, we will use the results on spectral properties
of the linearized semigoup e ** which will be summarized in section 4. In section
5, we will decompose the problem into the one for a coupled system of the Py and
I — Py parts of u(t). The a priori estimates will then be derived in sections 6-8. The
proof of (3.2) will be given in section 9.

4 Spectrum of the linearized operator

In this section we state some results on spectral properties of the linearized operator
established in [1, 2] which will be used in the proof of Theorem 3.1.
We denote the linearized operator by L:

2ps ¥2p2

I v30,, Y2div(ps-) 0 0
AVl _rAL - Vv 4020, ) T\ e e (V)
where L is considered as an operator on L*(Q) with domain
D(L) = {u="(¢,w) € L*(Q); w € Hy(Q), Lu € L*(N)}.

Here, for a = “(a1, as,a3) and b = 7(by, by, b3), a® b is the 3 x 3 matrix (a;b;). See
[1] for the details.
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To investigate the spectrum of L, we consider the Fourier transform of (1.5)-(1.8)
in x5 variable with f© = 0 and f = 0, which takes the form

0y + €036 + V' - (p@) + v2i§p5@3 =0, (4.1)
o’ — L(A — )b — LV (V' @ +i&d®) + V' (£ @ iR =0, (4.2)
OD® — L (AN — E)@* — ELig(V - @+ i6h°) + zf Bl g) +icv?n

+HEEG + @ - Vol =0, (4.3)
W |op=10 (4.4)

for t > 0, and R R
(¢, @) li=o="(¢0, Wo) = To. (4.5)

We thus arrive at the following problem

dt + Lgu 0, u |t:D: U, (46)

where £ € R is a parameter. Here u = T(¢(2/,t), w(2’,t)) € D(Eg) (z' € D, t > 0);
= T(¢o(a’), wo(2")) is a given initial value; and Lg¢ is the operator on L?*(D) of the
form

0 0 0
Le = |0 —Z(A = [gf) L — 22V — LY
! Y (A [gf?) +
i€y VPV (ps) ips€ 0 0 0
+| V(L) ign 0o |+ A93 0 0
ig T 0 v T (V) 0

with domain
D(L¢) = {u="(¢,w) € L*(D); w € Hy(D), Leu € L*(D)}.
Note that D(Eg) = D(ZO) for all £ € R. Here we set ZO = /L\g |e=0-
We also introduce the adjoint operator Zg of Zg with respect to the weighted
inner product (-,-). The operator Eg is given by

0 0 0
I = [0 —p( gL~ 52 VY" —izt ey
0 —iteEV” — (A~ [EP) + e
i€ PV (ps) it 0 o e
| V(B i 0 [+ {0 o V'Z})
ig L) 0 icv? 00 0

11



with domain
D(L) = {u="(¢,w) € L*(D); w € Hy(D), Lgu € L*(D)}.

Note that D(Zg) = D(EZ) for any ¢ € R.

Concerning the spectrum of —Zf for [£] < 1, we have the following proposition,
which was proved in [2, Theorem 4.5, 4.7] and [1, Lemma 4.1].

Proposition 4.1. (i) There ezist positive constants co, v1, y1, wy and ro such that
if v >, #2; > ~? and w < wy, then it holds that

o(—=Le) N{A: [Al < 2} ={ ()}
for each & with |£] < ro, where \o(§) is a simple eigenvalue of —Zg that has the form

Xo(&) = —irmi€ — ko + O([¢]?)

as || — 0. Here k1 € R and ko > 0 are the numbers given by
= (120" +~?p,w®?) = O(1),

ko = L {ao] (&) Ep,f; + O(h) + (5 + &) x O(2F) }.

Here (—A') is the Laplace operator on L*(D) under the zero Dirichlet boundary
condition with domain

D(-A") = H*(D)n Hy(D).

(ii) The eigenprojections 11(€) and II*(€) for the eigenvalues Ao(€) and Xo(€) of
—L¢ and —L are given by

ﬁ(f)u = (u, ug)ug, ﬁ*(g)u = (u, ug)ug,

respectively, where ug and uf are eigenfunctions for A\o(§) and Xo(€), respectively,
that satisfy

(ug, ug) = 1.

Furthermore, ug and ug are written in the form
ug(') = u )(33') +iculV (a') + [€Pu® (', €),
ug(a’) = wO() +igu™ W (2') + [¢Pur@ (2, €),
and the following estimates hold
|[u] ez < Chro

for w € {ug,uf,u uD W @ @Y and k = 0,1,--- ko with a positive constant

*

Chro depending on k and ro. Here u© and u®* are eigenfunctions of —ZO and —Z(ﬁ

for the eigenvalue 0, respectively.

12



(iii) The functions u® and u* are given by
w0 = T((é(o)’w(o))? w© = T(0’07w(0),3)

and

Here

O (1 _ - 2Pps(a!) _ 1 ps(a') />‘1.
o) = qoppy Q0= (/D Ploc@n @)

and w3 is the solution of the following problem

— A3 = _ﬁA'U;’@(O)’
w3 |5p=0;

and
2

0" (a') = 2560 ().
Furthermore, it holds that
(ug, ug) = 1.

We next consider the spectral properties of the semigroup e ' generated by —L.

We denote the characteristic function of the set {{ € R : || < 7o} by 1gj<r1(§),
ie.,
L (0 < ¢l <o),
L{jni<r (5) =
{Inl<ro} 07 (|§| > TO);

where rq is a positive constant given in Proposition 4.1.
We define the projections Fy and P, by

for €€ R,

Py = F Ly (OII(E)F

and
P.=1-F,.
Then F, and P, satisfy
P+ Po=1 P>=P

PLC LP, Petl=¢tp
for P € {Py, Py }. The semigroup e ** has the following properties. See [2, Theorem
3.1].

Proposition 4.2. If v > vy, #29 > 2 and w < wy, then e Py and e ' Py, have
the following properties.
(1) If ug = (o, wo) € LY(Q) N L2(Q), then e L Pyuy satisfies the following
estimates
183%™ Pooll2 < Cra(1+1) 742 Juo (4.7)
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uniformly fort >0 and for k=0,1,--- kg andl =0,1,---;
e~ Pyug — [H(£){do)]u@||s < Ct~ 4 |Juo |1 (4.8)
uniformly fort > 0. Here
H(t){g0) = F e (M gy)),

where u® = w0 (z') is the function given in Proposition 4.1; and k1 € R and ko > 0
are the constants given in Proposition 4.1.
(i) If ug € HY Q) x HY(Q), then there exists a constant ag > 0 such that

et Py satisfies
_ a _1
e Prctolln < Ce (ol s + ol (1.9

uniformly fort > 0.

More detailed information of the Py-part of et is needed to analyze the non-
linear problem; and so we next give a factorization of e * P, which was obtained in
2, Section 5.

Let us introduce operators related to ug and ug. We define the operators

T:L*R) — L*(Q), P:L*Q) — L*(R), A:L*R)— L*R)

To=F 7], 70 = i) (§)ued:
Pu=F ' [P],  Pel = Ly <iop(§)(@ ug);

Ao = F 7 [Lppi<ro} ()20 (€)7]
for u € L*(Q2) and o € L*(R). Tt follows that

Po=TP, 1y (OIi(€) = TP,

PyL C LPy=AP,, e %Py =TepP.
Note that Pye ** = et P,.
Here and in what follows we assume that

2

VZVh 27%7 Wgwh

v+v
where 14, 7, and w; are the constants given in Proposition 4.1.
As for T, we have the following proposition.

Proposition 4.3. ([2, Proposition 5.1]) The operator T has the following properties:
(i) OLT =T0., forl=0,1,---.
(ii) [|0%0L, Tolls < Cllo|l2my for k=0,1,-- ko, 1 =0,1,--- and 0 € L*(R).
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(iii) 7 4s decomposed as

T=T940,, 7TV +02,7%,

where TWo = FT W3] (j =0,1,2) with

As for P, we have the following properties.
Proposition 4.4. ([2, Proposition 5.2]) The operator P has the following properties:
(i) oL, P ="Pa., forl=0,1,---.
(i) [|0L, Pullr2m) < Cllulls for k=0,1,-- ko, 1 =0,1,--- and u € L*().
Furthermore, ||Pul 2wy < Cllully for u e L'(9).

(iii) P is decomposed as

P =P 49, PY+ 52 P,
where PWy = FHPOG] (j = 0,1,2) with

POT = 11100 ()T u™ @) = L(1y12001(£)( Qo).
PO = m|<m}(§)(ﬁ,u )

PEU = ~ 1120 (€) (@ u" P (€)).
Here PY) (5 =0,1,2) satisfy estimates (i) and (i) by replacing P.
Concerning A, we have the following estimates for e**

Proposition 4.5. ([2, Proposition 5.3]) The operator e satisfies the following
estimates.

(i) (|08, e Pull 2y < C(1+ )53 |ull1,
(ii) |04, e P ey < CA+1)" 3732 ||ully, j§=0,1,2,
(i) [|OL, (T — TO)e ™ Pully < C(1+1)"57 ||ul|1,

foru e LY(Q) and 1 =0,1,2---

We next consider the asymptotic behavior of e**. Let us define an operator H(t)
by
'H(t)O' — f—l[e—(i51§+50§2)ta]
for o € L*(R), where k; € R and k¢ > 0 are given by Proposition 4.1. The
asymptotic leading part of e'* is given by #H(t). In fact, we have the following
estimates.
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Proposition 4.6. ([2, Proposition 5.8]) For u € L*()), we set 0 = (Qou). If
u € L'(QQ), then there holds the estimate

18, (e Pu— H(t)o) || 2wy < Ct 52 |ully (1=0,1,---).
Observe that, since
eftLPO — TetAP — T(O)etAP + (7- i T(O))etAP,

we have (4.8) by Propositions 4.3 (iii), 4.5 (iii) and 4.6.

5 Decomposition of Problem

In this section we formulate the problem. The problem (1.5)-(1.8) is written as

d
d—?—%LuzF, wloa =0, uli—o = uo. (5.1)

Here u = T(¢,w); F = F(u) denotes the nonlinearity:
F="(f(¢,w), f(¢,w)).
The local solvability in Z(7T') for (5.1) follows from [12].
Proposition 5.1. If ug = (¢o, wo) satisfies the following conditions;
(i) uwp € H* x (H*N H}),
(ii) —§,01 < ¢o,

then there ezists a number Ty > 0 depending on ||uo||g2 and p1 such that the following
assertions hold. Problem (5.1) has a unique solution u(t) € Z(T) satisfying

oz, t) > —V;pl for V(z,t) € Q x [0,To);
and the following estimate holds
lullZery < Co{l + lluollz }*luoll72
for some positive constants Cy and .

Theorem 3.1 would follow if we would establish the a priori estimates of u(t) in
Z(T) uniformly for T.

To obtain the appropriate a priori estimates, we decompose the solution w into
its Py and P, parts. Let us decompose the solution u(t) of (5.1) as

u(t) = (alu(o))(t) + uq (t) + uoo (1),

where

o1(t) = Pu(t), ui(t) = (T — TO)YPu(t), us(t) = Psul(t).
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Note that Pyu(t) = (o1u@)(t) 4+ ui(t).
Since uy(t) is written as

ui(t) = (T = TOYPu(t) = (05, TV + 02, T )0 (1),
we see from Proposition 4.3 and Proposition 4.4 the following estimates for oy (¢)
and wuy(t).

Proposition 5.2. Let u(t) be a solution of (5.1) in Z(T). Then there hold the
estimates

10L, 01 (8)[l2 < Cllzg01(t)]]2
for1 <1< 3; and

10505, w1 ()2 < C{l|0z,01(£) ]2 + 1001 (£) ]2}
for1 <k+1+2m <3.
We derive the equations for oy (t) and ue(t).

Proposition 5.3. Let T' > 0 and assume that u(t) is a solution of (5.1) in Z(T).
Then the following assertions hold.

01 € [ CU[0,T]: H*(R)), e € Z(T), ¢o0 € C'([0,T]; H").

j=0
Furthermore, o1 and u, satisfy
T
o1(t) = e Puy +/ "IAP R (T)dr (5.2)
0

and
atuoo + Luoo - Foou Woo |8§2: 07 Uso |t:0: Uo,0, (53>

where Foy = Poo F' and uee o = Pootly.

Let u(t) be a solution of (5.1) in Z(7T'). From Proposition 5.2, we obtain

sup (1+ 7)1 {[ur (7)]2 + [0rua (7)]2}

0<r<t
< C sup (14 7)1 {[[0n,01(7)l|2 + | 9-01(7) 12}

0<r<t

and thus, the estimates for wu;(t) follows from the ones for o1(¢). Therefore, as in
[3], we introduce the quantity M;(t) defined by

My(t) = sup (1+7)lor(P)]l2 + sup (14 7)3{||0ey01(7)]l2 + 18-04 (7)1}
0<r<t 0<r<t

and we define the quantity M (¢) > 0 by

ol

M(t)* = My(t)* 4+ sup (14 7)

0<r<t

Ex(r) (t€10,T])
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with
Es(t) = [uso(t)].
We define a quantity Dy (t) for us = (oo, Weo) by

Deco(t) = (Do (t)II1F + [ Dwoo (t)I3-

If we could show M (t) < C uniformly for ¢ > 0, then Theorem 3.1 would follow.
The uniform estimate for M (t) is given by using the following estimates for M, (t)
and F.(t).

Proposition 5.4. There exist positive constants vy, Yo and wg such that if v > vy,

#2; > 2 and w < wy, then the following assertions hold. There is a positive
number €1 such that if a solution u(t) of (5.1) in Z(T) satisfies sup [u(7)]s < €
0<r<t

and M(t) <1 fort € [0,T], then the estimates
My(t) < Clluollz + M(t)*} (5.4)

and

E(t) + /OO eI D (1)dr
0 . (5.5)
< OLe B (0) + (1 +8) 3 M(t)* + / e~ IR ()dr)

hold uniformly for t € [0,T] with C > 0 independent of T. Here a = a(v,v,7) is a
positive constant; and R(t) is a function satisfying the estimate

R(t) < C{(1+ 1) 2 M(t)> + (1 + ) T M(t) Do (1)} (5.6)

provided that sup [u(7)]2 < e and M(t) < 1.
0<r<t

Proposition 5.4 follows from Propositions 6.1, 7.1 and 8.1 below.
As in [3, 11], one can see from Propositions 5.1 and 5.4 that if ||ug||gznr is
sufficiently small, then
M(t) S CHUO“H?ﬁLl

uniformly for ¢ > 0, which proves Theorem 3.1.

6 Estimates for Fy-part of u(t)
In this section, we estimate the Py-part of u(t)
Pou(t) = (o1u)(t) + wi(?),

(t) and uy(t) = (T — TO)Pu(t). We will prove the following

where o1(t) = Pu(t
estimate for M ().
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Proposition 6.1. Let T' > 0 and assume that v > v, #2; > ’yf and w < wy. Then
there exists a positive constant € independent of T such that if a solution u(t) of
(5.1) in Z(T) satisfies sup [u(7)]2 < € and M(t) < 1 for all t € [0,T], then the
<r<t
estimate
Mi(t) < Clluoll + M(t)*}
holds uniformly for t € [0,T], where C' is a positive constant independent of T

Let us prove Proposition 6.1. We decompose the nonlinearity F' into
F=0F + F,,
where
2
Fi=Fa) = (0. sk VP (0.@)(6"@)}, 0).
F,=F —0lF.

Here 0 F;(2') is the part of F' containing only o3 (t) but not d,,01(t), u1(t), ux(t),

o3(t) and so on.

Before going further, we introduce a notation. For a function g we define (g)o
by
(9)0 = F Lgi<roy (£)(@)]-

The nonlinearity F' has the following properties.
Lemma 6.2. There hold the following assertions.
(i) (QoF) = —0u,(pw?).
(i) PF = =0y, (pw?)o + 05, PVF + 02 POF.

Proof. As for (i), we see from integration by parts that (V' - (¢w’)) = 0. It then
follows that

(QuF) = —(div(gw)) = —(0s, (pw”)) = —0u, (p0”).
We next prove (ii). From the definition of P(® and (i), there holds that
POF = F 1 (iyi<r} (€)(QF)] = (QoF)o = i (Pr*)o.

We thus obtain (ii). This completes the proof. O

1 1
Noting that ||o1]le < Cllo1]|3||0xs01]|3, one can obtain the following estimates
by straightforward computations.

Lemma 6.3. There exists a positive constant € such that if a solution u(t) of (5.1)
in Z(T) satisfies sup [u(7)]s < € and M(t) <1 for allt € [0,T], then the following
0<r<t

estimates hold for_t € [0, T with a positive constant C' independent of T
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) 102, (0 ()]l < C(L+ )7 M(2)*.
) 102, (ow?)(B)]ln < C(1+ 1)~ M (1)
(iii) [[{¢w®)(£)]ls < C(1+ )72 M (1),
) IF@)[h < C(L+1)72 M (1)
) 20l < C(L+ )7 M(2)*.
(i) [IF(0)]l; < C(1+ )71 M(1)".
Proof of Proposition 6.1 We see from Proposition 4.5 that
0%, Puoll < CL+1)75 % luoly (1=0,1),
We next consider fot e=IAPF(7)dr. We write it as

/Ot AP R(1)dr = (/05 N /t> S IADE(F)dr = 1, () + Ly(t).

We see from Lemma 6.2 (ii) that
IAPE(7) = TN =0, (pw?)o + 0, PYF + 02, PP F}
= 0y, e TIM o)y + PYF 4 0,, PP FY}.
By Proposition 4.5 and Lemma 6.3 we then have

t

H%AwmSCAWLH—ﬂ**mwwMﬂMwamwr

|+

|~

< 0/2(1+t—7>i (14 7)"3drM(1)?

< CO(1+t) 172 M(t)?
for [ = 0,1. Applying Lemma 6.3 (ii) and (v) we have

t
18 I(0)]ls < 0/ (141 — 745 (1 4 1) ldr M (1)

< CO(1+t) i 2 M(t)?
for [ = 0,1. We thus obtain
108,01 ()]l < C(1+ )77 {Juoll1 + M(1)*}
for [ =0, 1.

Let us estimate the time derivative. Since A\o(§) = —(ir1€+reE2+O(E3)) =

we obtain

1A ()]l2 = 17 [Lni<r} ()X (§)F1 (D] 2 < C1|0z,01.(2)]|2-
This, together with (5.2), (6.1) and Lemma 6.3, implies that

1801 ()12 < CLIuyo1 (B)lla + [ F(0)l]a} < CL+ )73 {Juolly + M (1)}

By (6.1) and (6.2) we deduce the desired estimate. This completes the proof.
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7 Estimates for P,-part of u(t)

In this section we derive the estimates for the P-part of u(t).
Throughout this section, we assume that u(t) is a solution of (5.1) in Z(T") for a
given T' > 0. We show the following estimate.

Proposition 7.1. There ezist positive constants vy (> 1), Yo (> 1) and wo (< wy)
such that if v > vy, #2; > ’yg and w < wy, then

E(t) + /t e~ D(7)dT
< C{e By (0) + (1+ 1) 2 M(t)* + / t e IR(1)dT}.

uniformly for t € [0,T] with C' > 0 independent of T.

Proposition 7.1 is proved by the estimate (4.9) for e */' P, and the Matsumura-
Nishida energy method.

We introduce notations. In what follows C' and C; (j = 1,2, --) denote various
constants independent of 7', v, 7 and v, whereas, C, ... denotes various constants
which depends on v, v, ,--- but not on 7T

We first establish the H'-estimate for u., which follows from the estimate (4.9)
for e ' P.

Proposition 7.2. There exist positive constants vy (> v1), 70 (= 71) and wy (< wy)

such that if
2

VZ”Oa

i > 92, w < W (7.1)

then, for any 0 < a < 2ay,
t
luse(8) 12 + / & s (1) 2
0

S Cuﬁ’y{e_at ||U’0070 |

t
2 4 sup || Fa(r) 2 + / )| o (1) dr ).
0<r<t 0
Proof. We write u.(t) as

t
Uso(t) = e_tLuoqo + / e_(t_T)LFOO(T) dr.
0
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Since uq 0 € H' x H}, we see from (4.9) that
t
ol < Ol ol + [ N o,
0

t
+/ e~ (f — 7)73 || Foo (7) |2 dr }
0

IN

e ucoll3n + sup [ Fuo(r)]l
0<r<t

t
+/ €_a0(t_T)||Foo(T)”H1><ﬁ1 dT},
0

from which we have
t
(Bl < O unallt sup [Pl [ Pl dr} (72

for any 0 < a < 2ap. Set V(t) = [ e ®D||Fy(r)|%: dr. Then V(t) satis-

fies dV/dt + aV = ||Fx|3: and V(0) = 0. It follows that f(f e~V () dr <

[y e || Fo(7)||%: dr for any 0 < a < a. This, together with (7.2), yields the

desired inequality. This completes the proof. O
We next derive the H? estimate for u.(t). In what follows we set

o =QoFw, fo=QFy

and _
Poo = Dipoe + V00000 + W - Ve,
where _
foo = foo —w: Vo
Note that

1Psollr < Com (ool + follan)-

The following Propositions 7.3 — 7.6 can be proved in a similar manner in [1,
Section 4]. So we here give outline of proof.
We begin with the L? energy estimates for dyuc and 92, un..

Proposition 7.3. Under the assumption (7.1) (with vy, Yo and wy' replaced by
suitably larger ones), the following assertions hold.

(i) There exists positive constant ¢ such that the following inequality holds:

1d )1 P’(ps)a 2 9 2

2dt 72 2, 0190 2-1- /s twooH2

+ || Vouws |3 + 7]/ divoyws |3 + C%”H@tciﬁooni (7.3)
< Cupylltcol|mrxmz + |Asl.
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Here

A =3 (106l dw( Aew)) 4 (100w Vg, T2 01020
+ (02,5

220,00 ) + (Oufoes peDiwe ) + CeZ2 10T 3

(i) There exists positive constant b such that the following inequality holds

2
141 P'( s) 2 2 2
EE{V—Q p a ¢ooH —|—H\/EazswooH2}
T I BRI R )
< CZ|02, 6013 + Comy el a2 + | Aoo2]-

Here

Agoz =5 (102 ¢Oo|2 div(Z22w) ) + (02,0 Vidw, 5E202, 6.0

(02,7, 22202 6.0) + (0uy o Oy (9302, 100) ) + CBEE 2, O3
Outline of Proof. We write L as

L=A+ B,
where
A [ V3O ydiv(ps-)
“\vEe) —zan- v, )
B 0 0
- —”ﬁp%s ez ® (Vo))
Note that

(Au, u) = v||[ Vw3 + 7||div wlf3.
In terms of A and B we rewrite problem (5.3) as

(7.5)

Oploe + Allag = —Buioy + Firo. (7.6)

Let j and k& be nonnegative integers satisfying j + 2k = 2. We apply 07 _0F to
(7.6) and obtain

8@5;385%0 + Aaisafuoo = —Baggafuoo + 0l OFF

We take the weighted inner product (-,-) of this equation with ag,gafuoo. One can
then arrive at the desired estimates by using (7.5) and the relations

(ag3ak(w Vooo), 04, 0F doo i) )
§<w,V|ag3af¢oo|2’j£—;;;’) + ([aigaf,w] : Vqﬁoo,@ig@fcboo—i'iﬁi))
_%<|aggaf¢oo|27div<%w>) + ([(9%385,10] : V¢M7ﬁgsaf¢oof;lfﬁs)
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01,0f Poo = —72div (0503, 0 weo) + 02,07 fo.

We note that the lower order norm ||ue ||, ;2 arises from the lower order term
Bug,. O

We next state the interior estimate and the boundary estimates of the tangential
derivatives.

Proposition 7.4. Under the assumption (7.1) (with vy, Yo and wy' replaced by
suitably larger ones), the following assertions hold.

(i) There exists positive constant b such that the estimate

14{yoy/2le) 2¢OOH + [[xovps02 o3}

+ % HXOVﬁQ/wooHQ + HXole82/wOOH2 -+ bV+V HXOaQ ¢oo”% (77)
< (e+C2F)19 ¢oo||2 + Co|[toc 1 72 + |A©)

holds for any € > 0. Here

A =} (1050l div(xE552w) ) + (105w Vo, xE 206

X053,

(83 e 820500) (3 ' foor On (Xopsazxwoo)>
+Cb%ll><o<9§/f£’o\lg-

(i) Let 1 <m < N. There ezists positive constant b such that the estimate
’ . 2 . 2
4] [/ 282205 6|+ (/50020 [}
+ 10X VO O weo|3 + 20| xmdivd* 07 wao 3 + b%f”xm@k@g?)gz.ﬁooﬂg (7.8)
< (e+ CB)026ll3 + Cavnllttooll sz + [ATR|
holds for (k,j) = (2,0), (1,1) and any € > 0. Here
A5 =3(10%08, 0 2, div (42, 2420

00T L
+( )

N[ —=

Xm p,
b (000,72 00400, 600 ) + (047101, fos D2e0 00 00))
+ OO |\ 0% 03, FL 13-
Outline of Proof. Let us consider (ii). We apply 0¥97 to (7.6) to have
0" oo + AV oo = —[0", A0 U — O* B s + 0°0 F.

Here [0%, A] denotes the commutator of 9% and A. We take the weighted inner
product (-,-) of this equation with anakag3uoo. One can then arrive at the desired
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estimate in (i) in a similar manner to the proof of Proposition 7.3. We note that the

lower order norm |[ue |31, ;2 arises from the lower order term Buo, and the term

including the commutator [0%, A]. The estimate in (i) can be obtained similarly. [J
The normal derivatives of ¢, is estimated as follows.

Proposition 7.5. Let 1 < m < N. Under the assumption (7.1) (with vy, 7o and
wy * replaced by suitably larger ones), there exists positive constant b such that the

estimate
[ P'(ps) al+1 qk aj 1
m v2ps an 9 a ) 2u+u

11@
2.dt \ 7?2
DuDhtwlf + 275 (1m0 002 2 (7.9)

. 2
Xm (2pS)a£L+laka;Jp3¢ooH2

+ DX O 0 0L, o |3

< C{ 22162013 + 75
e VL0 |} + [ VRO O ) |
+ o lucollmxrz + AT 4|

holds for j, k,l > 0 satisfying j + k + 1= 1. Here

Az(fim :% > ({3#187‘38%3 Q,div( (ps)w>’

Xm
jkti=1 e
2
+C % w0100, w - Von|
Jk+i=1 2

+ O+ 1) (52 Xm0 0° 0L, S 13 + 1 foo 1) -

Outline of Proof. We transform a scalar field p(z’) on D N O, as
ply) =p@a) (v =", 2’ € DNOL),
where U (') is a function given in section 2. Similarly we transform a vector field
v(@') ="(v!(a"), v*(2),v*(2)) into B(y') = T(T'(y), P (), P*(¥/)) as
v(@') = E(y)o(y)

where E(y') = (e1(y'), e2(v/), e3) with e1(y'), ea(y’) and ez given in section 2. From
the proof of [1, Proposition 4.16], we have

19) 3y1¢oo + 030,30y, oo + %(gs) yl%:o = psh, (7.10)
where
h=— —{0 Wt + I/(rot rot w) + psayl( 2~ >¢ + ng( y/@)15+ 55175301,3@1}

- { ay1vs3ays¢+ 73 a@n (ley<Ps )) -7 ayldwyw}-

Here (roty@) denotes the e;(y’) component of rot,w, and so on. We note that
(rot, rotyﬂ?)l does not contain 97 . See the proof of [1, Proposition 4.16]. Applying
8L Ok 9 to (7.10) and take the L? inner product with y2, 2.2 OOk 01 ¢, OnE

Y1"y2 T3 m ydp, Y27 x3
can obtain the desired result. O

Using the estimate for the Stokes system we have the following estimates.
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Proposition 7.6. Under the assumption (7.1) (with vy, Yo and wy' replaced by
suitably larger ones), the following assertions hold.

(i) There holds the estimate

V2
S 103ws|3 + 5 1020013
< O{521820 3 + 5 100swso 3 + SN 22 + sl foollzn ) (T-11)

+ CVIWHUOOH%{WH?'

(i) Let 1 <m < N. There holds the estimate

5 I m 020wl + 47 Xm0 0050 3
§ C{%meaaﬂ?:aqsooyb V—H/”Xma 8¢ooH% + #;Hatﬁxwoo"g (712)

+ 22 foellie + o5 I ocllin  + Comlluso s are-

(iii) There holds the estimate

l/2
m”aiaxswoong Z,_5_1,”a ax3¢00||2
< C{E)|0000s 000l + 575 100w |3 + SN fL N + 535 1 foo T} (7-13)

+ CV%'”UOO”%{WH?’

Outline of Proof. We write problem (5.3) as

D100 + V200, o0 + V2 div(pstos) + W - Voo = fo, (7.14)
Optoe — £ Mg — LV divits, + V(ng%)

+ Gooes + V30, oo + (W - V02)es = foo, (7.15)

Weo |o0= 0, (7.16)

(o0, Wao) |t=0= (Po0,0; Woo0)- (7.17)

By (7.14) and (7.15), we have

divw, = G,
—Awoo+V< Ps>¢oo) - F (7.18)
woo‘ag = 0.

Here

= %(fo boo — YAdiv ((ps — 1)woo)>,

p="r - — Ps O Wy — —VG + VAUQ Boo€3 + V20, Woe + (W, - V’vg’)eg}.
v v
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Applying the estimate for the Stokes system, we have the estimate in (i). The

estimates in (ii) and (iii) can be obtained similarly by applying x,,0 and 0,, to

(7.18), respectively. O.
We are now in a position to prove Proposition 7.1.

_Proof of Proposition 7.1 Let b; and by be constants satisfying by, b, > 1. Define
Esluse] by

) o %H + HXm o %%Hz}
1 Ps 2 ps 2 2
(e a0

(N wooH2 + IIXmmaazgwooH )

+ HXoJE@iwoollﬁble/fTs R

for e = H(Poo, Woo). We compute

N
bo| 32 {01{(78) -z +(78) lousr=1}

m=1

+(7.9) |@k.5)=(0,1,0) +(7.9) |(l,k,j):(0,0,1)} + (7.7) 4+ b1 (7.4)

+ %_ (7.12) + (7.13).

z D203 + 10202101 3 )

N

W(z Xen 20613 4 D20 6 13)
{015 (X VPl + 100 VO 13) + o VO wclIf + b1 | V2, wic 3

N
+ %25{61 > (Ixmdiv0Pwooll3 + [[XimdivOd, weo[3) + [Ix0divd? w3
m=1

Sl sl } + S S (o 2+ [ 2820, 0,63

< Gy { (€ + 25 + 2210700l + Cm||uoo|lipxm + =[10:0:ws |13 + Ro }

+ Cl{b2m Z (||XmV82woo||2 + HvaaawstOHQ + ||XmV3§3woo||§)

”+”<Z Xm0 0oo |13 + 1|00 ho |12 )}
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for any € > 0. Here

N N
= 5 (145500 + 1AGTAD + 14O+ Aooal + 3 (1ATTp] + ]G]

m=1

Fix b; > 8C', and by > 8%. It then follows that

B N : :
b8l + 05 (52 1,00l + 10,006 )

+ 25 (S Trn020unc B + 0202, 0 )

+ 2 (5 Ien0u0c3 + e ) (7.19)

2
s[5

+Bhoa] + 42 3 ([P 20,00u [} + i 2

< Cb1b2{(€ + =t m) HaZQbong + CﬁV’VUJHuOOH?“{leZ
V+V||5ta woo||2+730}

for any € > 0. Here [ [wy] is given by

N
Ifse] =1 32 (I VO*wc I + 11 VOO0 3)

m=1

+ Ixo V2w |3 + V02, e 3
N

7 3 (I divePws 3 + [ xindivO0, w3

+ IxodivoZ waollf + [ldiveZ, w3}

Let b3 and by be constants satisfying b, by > 1. Define & [us] by

Exfutne] =babsbiEaluce] + s me,/ng 52¢OOH
+ (& \/%at¢m\\2+umatwm|r§)

for e = (Poo, Woo). We compute

N
54{53(7-19) + 2 (7.9) |(l,k,j):(1,0,0)} + (7.11) + b5(7.3).
m=1
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It follows that

thEQ[UOO]+bb4y+y||a2¢00||2 S llOtwal5 + 5 102005

e 25 (5 0203 + 10201, 0 )

N
4otz (2 I 0:06s3 1100003 | + Sbabsba o]

N
2 l,+l, Z HXm (§S)anv¢0<>”% {VHvatmeZ+V||dlvatw00||2+C”+”Hat¢c>0“ }

< Cbl...m{(e + 25+ ZE) (102 booll +
9 N
+ R} + 02{641,1/?17 ZI(HXmanaigwoong + “vaanawswooug

#DHataxwong + C'ezz'yu.)HUOOH%PXH2

+ {1 VO Owoo |15 + (102000 13) }
for any € > 0. Here

N
R =Ro+ 3 [ALG,] + A,
m=1

Fix b3 and by so large that b3 > 8C5 and by > 2%. We assume that v, v and ~ also

satisfy % > 8C’b1 b and 7% > 8Ch, ..., (v + 7). We take € > 0 sufficiently small such
that € < g ——=. It then follows that

I/+
%%5['&] D02 o 13 + 325 1 03wasI3 + 3725110200 13

2v+v
W(z I &2000sc]3 + 1020210 3)

+ 2 In0u00e 3+ 10:01018) (7.20)

+ hwee] + 15 Z meig’s)anV%oH%

2{V||V3twoo||2 + 7| divOywec |13 + 25| OcpocI3 }
<A{Canullusclli > + R}

We thus see that there are positive constants c;, co and C3 such that

jtg [Uoo] + 0182 [Uoo]

+ c2([|03wso 13 + 1020013 + [Pl a2 + 10wec I + 101 13)
< Oy (||too || mr <2 + R).

Since
||a§woo||§ < 77”83@”00”% + CnHwoo”g
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€2
c2+Cy, Uy

holds for any n > 0, taking 1 so small that n < %min{ , 1}, we obtain

%52[%0] + Clgg[uoo]

C .
+ f(llai’woollg + 10200l + l[docllzn + 10wesll7 + [10:60113) (7.21)
< 20,5 ([[ucc [l w22 + R).-

We see from (7.21) and Proposition 7.2 that there exist positive constants ¢, ¢, and
C\i such that

t
Eoltco(t)] + [Juce (t) |71 +52/0 e ) (|03 weo |13 + 10200013 + llucoll 3
+ | GoollZn + N|0sttoc || 2112 ) dT (7.22)

t
< C’Vm{e_clt(é'z [too0] + [[ttoooll7r1) + 0s<u12 | Fioo(T)]|2 +/ e_cl(t_T)RdT}.
<7<t 0

It remains to estimate the term ||0%wq(t)||2. We write the second equation of (5.1)
as
— VAW — ViV = J,  We |90= 0,

where

/ v /,U3
J = _ps{atwoo + V<1i/2(zz)¢oo> + VAzp: ¢0063 + Ugaxgwoo + (w:;o : V,UE)% - foo}
Since J € L?(f2), we obtain, by elliptic estimate,
102w |3 < Cllwsallz + [17113) < Cuy(Exltino] + sl Fn + [ oo ll3)-

From this, with (7.22), we see that

t
Ealuoe(t)] + [luce(t) 1 + 105 we (B)][5 + 2 /0 e D (| 0wso 3 + 10200013
 lluse i + Nésollin + 100usc 71 p2) dr (7.23)

t
< Cuan{e ™! (Elusal + usalli) + sup |Fur)B+ [ e IRar},
<r<t 0

As we will see in section 8 below, it holds that

sup || Foo ()3 < C(1+ )72 M(t)" (7.24)
0<r<t
Proposition 7.1 follows from (7.23) and (7.24). This completes the proof. O

8 Estimates of nonlinear terms

In this section we prove the estimate (7.24) and (5.6).
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We first make an observation. By the Sobolev inequality we have

o)l < Clo")]a2 < Crlu(®)]2

for a positive constant C';. It then follows that

p(x,t) = ps(a’) + 720z, t) = pr — 7 2 o(t) oo = o1 — Cry 2 [ult)]2.

Fix a positive constant €, satisfying e, < i”é’l’l. If Ju(t)]2 < €5, then it holds that

o) lloo < §72p1,  p(x,) > Sp1 > 0.

This implies that QF(t) is smooth whenever [u(t)]> < e,.
We will show the following

Proposition 8.1. If [u(t)]s < €, and M(t) < 1, then

sup [|Fue(r) 3 < C(1+ HEM(t) (8.1)
R(t) < C{1+ 1) 2M(t)® + (1 + ) T M(t) Do (t)} (8.2)

To prove Proposition 8.1, we prepare several lemmas.

Lemma 8.2. (i) For 2 < p < p < oo. If j and k are nonnegative integers
satisfying

0<j<k k>j+nld-1),

then there exists a positive constant C' such that
108 Loy < 1ALzt 1y

Herea=¢(j+5—1%).

o=

(i) For2 <p <oo. If j and k are nonnegative integers satisfying
0<j<k, k>j+3(%—%),
then there exists a positive constant C' such that
1602 f | 2o () < Cl f Nl ar (-
(iii) If f € HY(QY) and f = f(x3) is independent of ' € D, then it holds that

1 1
1@ < CIN s e 19 1 22

for a positive constant C'.

The proof of Lemma 8.2 can be found, e.g., in [11, 16].
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Lemma 8.3. (i) For nonnegatwe integers m and my, (k= 1,--- 1) and multi
index oy, (k= -, 1), we assume that

m >[5, 0< ol <my <2+ (B=1,---,1)

and

l l
Yomp >2(1 1)+ 3 |oul,
k=1

k=1
then the estimate holds

l l
ITT 02 fill, < € TT [l fell s
k=1 k=1

for a positive constant C'.

(i) For 1 < k < m. We assume that F(xz,t,y) is a smooth function on Q X
0, 00) x I with a compact interval I C R. For |a|+ 25 = k the estimates hold

020, F ¢, )] 2]

_ {co@, FUEDLfedir + Calt, AL+ D il HID Sl LoD,
= | Colt, L) felimr + Calt, f t{1+IHDf1H!‘“'“ D fullbnl fol -

where
Co(t, f1(1)) = Z sup’ (020 F) (z,t, fl(x,t))|,
(BDZ (), (BH£00) *
Ci(t, f1(t)) = > sup| (920l0P F) (z,t, fi(z,1))).

(B < (), 1<p<j+lal *
(iiil) For m > 2 the estimates hold
1f1- fallam < Cillfullamll follam,  [f1 - folm < Colfi]mlfolm

for a positive constants Cy and Cs.

See, e.g., [13, 16] for the proof of Lemma 8.3.
We begin with the following preliminary estimates for oy and u; ( j = 1, 00).

Lemma 8.4. We assume that u(t) = T(¢(t),w(t)) = (e1uD)(t) + u1(t) + uso(t) be
a solution of (5.1) in Z(T'). The following estimates hold for all t € [0,T] with a
positive constant C' independent of T

(i) llos(®)lls < C(1+ 1) "1 M (1),
(i) [u(®)]o < C(L+1)"1M(2),
(iil) Do (Dl < C(1+ )3 M (1),
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(iv) [u; ()2 < CA+8)"IM(t), (j=1,00).
(v

)

) llon(®)loo < C(L+1)72M(2),

(i) [fus()lloo < CL+1)TM(1), (= 1,00).
i)

(vii) [|u(t)]loe < C(1+ )72 M(1).

Lemma 8.4 easily follows from Lemma 8.2 and the definition of M (¢).

Let us estimate the nonlinearities. For QoF = —div(¢w), we have the following
estimates.

Proposition 8.5. We assume that u(t) = T(¢(t),w(t)) = (o1u2)(#) +up (t) + uoo ()
be a solution of (5.1) in Z(T). If M(t) < 1 for allt € [0,T], then the estimates hold
with a positive constant C' independent of T'.

Y Todival, < J CAFOTIME? (1=1),
0) lpdive] S{CX1+0@W@F+(L+Q§AN)MDMA)W2(l:m-

(i) lw- Vool < C(1+1)"TM(t)2.

(i) [ V(or6® + 60)]a < O(1+ 1)~ EM (1),

(iv) | (102,00 7. div(%g;)w))) ‘(|a2 Ol div (G5 w) )|
+‘<|8tgboo|2 dlv( ))‘ + Z {J%1‘<|8k+13§;3¢00|2,div(xfnpvlfzz)w))‘
+ > (‘8f1+18k8§33¢00| ,dlv(anZ(gs)w))‘}

k=1

< C(1+1t)"2M(t)Da(t).

(v) H[%,w V]¢oo\|2+||><o[<92/,w~V]¢oo|!2+H[at,w V]deol|2
Tl N R = IR
j+k=1 j+k+I=1 2

< O{(L+ 1) "M(#)? + (1 + )i M(t)\ /D (D)}
(vi) [|0:(pw)lla < C(1+ )~ M(t)*.

Proof. The estimates (i)-(iii) and (vi) can be proved by applying Lemmas 8.2 and
8.3 similarly to the proof of [11, Proposition 8.5]. As for (iv), we have

)(|a§3¢w|2,div(%w))] n \(|a§,¢oo|2,div(xgi<gs>w))) n \(|at¢oo|2,div(%w))‘
+ %{ S ’<|8k+13£3¢00|2,dlv X2 P(ps >‘

m
=1 $jh=1 s

.S ‘(|a;+1akagg¢oo| div(x

GHk+I=1
< ClIDdoo i ([wlloe + [Vewlloo)
< C(1+1t)"2M(t)Duoo(t).
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We next consider (v). We observe that [0"787 ,w - V]ps and [8”18"38%3,

V]pe are written as a linear combination of terms of the forms a[0%, w]V ¢o. and
(w - Va)0ips, with smooth function a = a(2’) and integer g satlsfylng 1<qg<2.
Therefore, applying Lemma 8.3, we obtain the desired estimate. This completes the

proof. O

Let us consider the nonlinearity QF = 7(0, f). We write QF = T(0, f) in the
form _ o
QF = Fy + F\ + F5 + F;,
where F, = 7(0, ) (1=0,1,2,3). Here

xﬂ%

ho = = w- Y+ filpn, ) (0o + =72 (01 + 0))

+ f2(p57 ¢)(_a§301w(0) — 83330'1(92;/71) ))
+ fou (@', @)dor + foo(a', §)0u,01 + fo3(2', 9)P(d1 + Poo),

hi = —div(fi(ps, ) V( )
ho = =V (fa(ps, )div(wi + weo)) + (div(wi + wae)) V' (f2(ps, @),
= V(f3(2',0)p(d1 + o)) — (91 + D)V (f3(2', 9) ).
Here fo; = foi(2',¢) (I =1,2,3) and f3(2', ¢) are smooth functions of 2’ and ¢.

Wi + Weo

Proposition 8.6. We assume that u(t) is a solution of (5.1) in Z(T'). If sup [u(71)]2 <
0<r<t

€s and M(t) <1 for allt € [0,T], then the following estimates hold with a positive
constant C' independent of T

(i) IQF(®)ll2 < C(1+ 1) M(1).

(ii) [ho(D)e < C{(L+ )75 M () + (1 + ) s M()|| Dwas(t) 2}

(ii) 7)< C{L+ )T M + (L +8) s MO)|| Dwsc(t)lll2}, (1 =1,2,3).
(i) [19:u()]lo < C{L+8) "M @) + (1 + ) * M @) Dwss(B)lo},  (1=1,2,3).

Proposition 8.6 can be proved in a similar manner to to the proof of [11, Propo-
sition 8.6] and [3, Proposition 8.6].

Proof of Proposition 8.1 We first prove (8.1). We see from Proposition 8.5 and
Proposition 8.6 that

1QuF > < C(1+ 1)~ TM(1)?,
IQF |l < C(1+1)"1M(1)?,

and hence, B ,
IQF.|3 < C|IF|; < C(1+)"2M(t)*.
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This shows (8.1).
We next prove (8.2). We write

where
1y =] (102, 0l?, v (5220) )| + | (1020, div (E E2220) )|

=
+ ‘(|at¢w12,div(fj§g§>w))] v 2_{ > <|ak+1ag3¢oo|2,div(x?np’ips)w))(

k=1
: 2 .. P(ps
+ > (‘(%ﬂakais Ldiv(x2, ,Y(Z)w)> },

k=1

Iy =| (1023, 0+ V], 220,00 )| + | (B0 0 - V), 20,00 )|

Yips T3

-+ ‘([&:,w - V] oo, Ijizz)atasm)}
£ 5{5 [(alrron w0 Viow, 200 0. )
m=1\j+k=1 a7 o ytp, 3 Poo

+ Z HXm @lj_lakaajcw 'Vy]qboopl(pS)

4
jrktl=1 s

3
bR 20|+ Rzt |+ (07 )

F Y% (00 Tz Ko ig) %)\HW&HZU

m=1 j+k=1
I4 :}(amgfoo,a:vg(psaiwoo | + ‘(a fooa (X0p582’woo } + ‘ atfompsatwoo)l

N . .
+ 32 2 (0%, foo, 00xps 01 04 wec) ) | + [ foo 13-

m=1 j+k=1

From Proposition 8.5 (iv), (v) and Lemma 8.4 we see that
I < 0(1 )72 M(t) Do (1),

(t
I, < C(1+ 1)~ M)/ Deoo(t)[hoo
<C(1+1) 1M(zs 2y/Da(t)
< CL{AU+ ) TM(t)? + (1 + ) T M(t) Do ()}
As for I3 and I, we have
Is + I < C{IIF% N a2 boo a2 + || Foo s | 22
+ 100 F2 120102 + [10: fool |2l Ortsc 2}

Since [QuPxF]; + |QPsF ||y < C[F]y, we find from Proposition 8.5 and Proposi-
tion 8.6 that

1%l + [ foollire + 10efoclls < CL(L 4 6)7AM(8) + (1 + )72 M (@) Dwao ()]}
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It then follows from Lemma 8.4 that

1 £26 22l s 222 + HfooHHleoollm + !\3tfoo!\ Hatwoollz

< C{(L+ 172 M) + (1 + )" M(1)*/Duc(t)}-
It remains to estimate ||, /2 ||2]|8;¢o0||2. Since
Orpoo = —QoL Pt + QoPs F.
we see from Lemma 8.3 and Proposition 8.5 (i) — (iii) that
100l < CLIusbncllin + 10l + [QoFocllin} < C(1+ 1M (1)

This, together with Lemma 8.3 and Proposition 8.5 (i) — (iii), then yields

100 l210u6mc 1 < CL(L+1)2M (1) + (14 )73 M(£)*/Dec(8) },
and therefore, we have

L+ L < C{1+ )72 M) + (1 + 1) "2 M(£) Do () }.
We thus conclude that
R(t) < CL{1+ )72 M(t)? + (1 + )i M(t) Do ()}

This completes the proof. O

9 Asymptotic behavior

In this section we prove the asymptotic behavior (3.2).
Since M (t) < C||ug||grznrr for all ¢ > 0, we see that

_3
lu(t) = (1) ()]s < C(1+ )~ |uo|l 2.
Therefore, to prove (3.2), it suffices to show the following

Proposition 9.1. Let 0 = o(x3,t) be the solution of (3.3) with initial value o= =
(o). Assume that v > 1y, ;f—; > 73 and w < wy. Then there exists € > 0 such that
if [woll irzarr <€, then

loa(t) = o(t)ll2 < CO+)75 |ful| s (3 > 0).

To prove Proposition (9.1), we prepare two lemmas.

In what follows we denote by o = o(x3,t) the solution of (3.3) with initial value
Ult:O = 0p-

It is well-known that o(t) has the following decay properties.
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Lemma 9.2. Assume that o(t) is a solution of (3.3) with 0|9 = 09 € H* N L.
Then

l
“2lloollgrinzr (1=0,1),

HJOHHlﬂLl'

105, 0(®)ll2 < C(L+1)7
lo(®)]lee < CA+1)"

N =

We decompose H(t) into two parts. We define Hy(t) and Hoo(t) by
Ho(t) = F~ Ljycrg) (§)e 0N F (1) = H(E) — Ho(D).
Then H(t) = Ho(t) + Hoo(t) and Ho(t) and Hoo(t) have the following properties.

Lemma 9.3. There hold the following estimates.
0% Ho(t)oull: < C(L+ )74 oo,

18] Hoo (£)o |2 < Ct 2™ 2780,
10%, (e a9 — Ho(t)oo)|l2 < C(L+1)~ i 2HUoHl

Lemma 9.3 can be proved in a similar manner to the proof of [2, Proposition
5.8]; and we omit the proof.

We now prove Proposition 9.1.
Proof of Proposition 9.1. Let oy = (¢y). We define N(t) by

N(t) = sup (14 7)il|oy(t) = o (t) -

0<r<t

We write o as
t
o(t) =H(t)og — ﬁg/ H(t — 7)0s, (0?)(7)dT. (9.1)
0
As for o4(t), by Lemma 6.2 (ii), we have

FIPF] = ~i€1 <00} (€) (90) + Oy, FIPVF] + 02, F[POF]

z3

= — i€k L (yi<r0) (6) (7) = i€1 (g1re) (€) ((90) — (60w 9 (7))
+ 0y, FIPY (01 Fy + F)] + 02, F[PPF),

where K9 = (¢(O)w(0)’3>. Furthermore,

f[P(l)(g%Flﬂ = 1{\77|§r0}(§)<0-%F1’ U*(1)> = 1{\77|§7"0}(§) <F17 U*(1)><J%)
= _’%221{\7757’0}(6) (U%)’
where rgy = —(Fp,u*M). We thus obtain
€(t_T)APF — H2€(t—T)AaI3 (O‘ ) t T Aa { ¢w ¢(O) }
+ A, 4 el T)AJ5.
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Here we set ko = ko1 + Koo,
Jy =0, PO, + 92 PO R,
Js = 02, PP (01 Fy).
It then follows from (5.2) and (9.1) that o1(t) — o(t) is written as

o(t) — olt) = éw,

where

Io(t) = e™Pug — H(t)oo + ﬁg/ Hoo Oy () (1) dr,

/ ot i

L) = —r / (DN Hy(t — 7))0sy (02) () dr,
/%ef A () — (60w o)dr,

L(t) = / (N (Vi (= 4,5).
0
We see from Proposition 4.6 and Lemmas 9.2, 9.3 that
[o(8)]] t
< {0 uollman + / (t = 1) 4 BB o o sy a(r) dr }

. t % 5
< o+t Huolman + [ (¢ =7y B0 14 1) drfuclfos
0
< OO+ uollmor {1+ fullmn )
As for I,(t), we first observe
(o = )]s < o1+ ) D)2l (o1 = 0)(B)ll2 < CL+ )TN (t)l|uol 2.
Since 0% Ho(t) = Ho(t)9L, (k =0,1), we see from Lemma 9.3 that

3

t
okl <C [(ee-n i
0

< C(1+ )7 uo| 2 N (¢)

[NIE

(1+ 7')_1+6d7'HUOHH2mL1N(t)

for k=0,1.
As for I5(t), we see from Lemma 9.3 that

[S1ES

t
y|a§312(t)|\2 < CM(t)2/(1+t—r)3 (14 7)"tdr
0

< C(1+ ) T log(1 + 1) |[uo| 22
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for k=0,1.
As for I5(t), since

[{pw®) (1) = (Pw O3 (7))ot ()1
< C{llo()ll2llu(r) — o1 () u® |2 + lu(®)[2llu(r) — o1 (T)u® |2}
< C(+7)7"M(1)?,

we have

[S1ES

H(9§3[3(t)H2 SCM(t)Z/O (14_7)*%* (1‘*’7')71(17'

< C(1 4 )T log(1 + t)]|uo| 42

for k =0,1.
By Proposition 4.5 and Lemma 6.3, I,(t) is estimated as

t
o5 Liele = | | e, (POR(r) + 01, PO Fa(r)droM ()
0

t -

< [[@rt-ry b n) drunls
0

< O+ )" Tlog(1 + t)[|uo|2znrs

for k =0,1.
As for I5(t), since 0,, PP (1) = PP4a,,, we see from Lemma 6.3 that

%, 15(1) ]l < | / C-DAEHPE) (3, (02 F) (7)dr

sc{/o (14— )i

< O +1) " log(1 + t)||uol 2z

2

m\x-

(14 7)"tdrM(t)?

for k=0,1.
Therefore, we obtain

(o1 = o)D)l < O+ )73 fugll i {1+ ol 2z + [0l + N0}
It then follows that if ||ug||gznrr is sufficiently small, then
N(t) < Clluol|p2ar-
We thus see that if ||ug||g2nr < 1, then
loa(8) = o)l < 1L+ 07 uo 2
This completes the proof. O
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