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Abstract

Stability of parallel flow of the compressible Navier-Stokes equation in a cylin-
drical domain is studied. It is shown that if the Reynolds and Mach num-
bers are sufficiently small, then parallel flow is asymptotically stable and the
asymptotic leading part of the disturbances is described by a one dimensional
viscous Burgers equation.
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1 Introduction

This paper studies the large time behavior of solutions of the initial boundary value
problem for the compressible Navier-Stokes equation

∂tρ+ div(ρv) = 0, (1.1)

ρ(∂tv + v · ∇v)− µ∆v − (µ+ µ′)∇divv +∇p(ρ) = ρg, (1.2)

v|∂D∗ = 0, (1.3)

(ρ, v)|t=0 = (ρ0, v0) (1.4)

in a cylindrical domain Ω∗ = D∗ ×R:

Ω∗ = {x = (x′, x3); x
′ = (x1, x2) ∈ D∗, x3 ∈ R}.

Here D∗ is a bounded and connected domain in R2 with smooth boundary ∂D∗;
ρ = ρ(x, t) and v = T(v1(x, t), v2(x, t), v3(x, t)) denote the unknown density and
velocity, respectively, at time t ≥ 0 and position x ∈ Ω∗; p(ρ) is the pressure that is
a smooth function of ρ and satisfies

p′(ρ∗) > 0
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for a given positive constant ρ∗; µ and µ′ are the viscosity coefficients that satisfy

µ > 0, 2
3
µ+ µ′ ≥ 0;

and g is an external force of the form g = T
(
g1(x′), g2(x′), g3(x′)

)
with g1 and g2

satisfying (
g1(x′), g2(x′)

)
=
(
∂x1Φ(x

′), ∂x2Φ(x
′)
)
,

where Φ and g3 are given smooth functions of x′. Here and in what follows T· stands
for the transposition.

Problem (1.1)-(1.3) has a stationary solution us =
T(ρs(x

′), vs(x
′)) which repre-

sents parallel flow. Here ρs is determined by{
Const.− Φ(x′) =

∫ ρs
ρ∗

p′(η)
η

dη,∫
D∗

ρs − ρ∗dx
′ = 0,

while vs takes the form
vs =

T
(
0, 0, v3s(x

′)
)
,

where v3s(x
′) is the solution of {

−µ∆′v3s = ρsg
3,

v3s |∂D∗= 0.

Here
∆′ = ∂2

x1
+ ∂2

x2
.

The purpose of this paper is to investigate the large time behavior of solutions
to problem (1.1)-(1.4) when the initial value (ρ, v) |t=0= (ρ0, v0) is sufficiently close
to the stationary solution us =

T(ρs, vs).
Solutions of multi-dimensional compressible Navier-Stokes equations in unbounded

domains exhibit interesting phenomenon, and detailed descriptions of large time be-
havior of solutions have been obtained. See, e.g., [6, 7, 16, 18, 19, 20, 21, 22, 24, 25]
for the case of the whole space, half space and exterior domains. Besides these do-
mains, infinite layers and cylindrical domains provide good subjects of the stability
of flows, for example, the stability of parallel flows.

Concerning the large time behavior of solutions around parallel flow, the case of
an n dimensional infinite layer Rn−1× (0, 1) = {x = (xh, xn); xh = (x1, · · · , xn−1) ∈
Rn−1, 0 < xn < 1} was studied in [10, 11, 15]. ( See also [3, 4, 5] for the stability of
time periodic parallel flow.) It was shown in [10, 11, 15] that if the Reynolds and
Mach numbers are sufficiently small, then the parallel flow is stable under sufficiently
small initial disturbances in some Sobolev space. Furthermore, in the case of n ≥ 3,
the disturbance u(t) behaves like a solution of an n − 1 dimensional linear heat
equation as t → ∞, whereas, in the case of n = 2, u(t) behaves like a solution of a
one dimensional viscous Burgers equation.

In the case of cylindrical domain Ω∗, Iooss and Padula [8] considered the lin-
earized stability of parallel flow ūs under periodic boundary condition in x3. It was
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proved in [8] that if the Reynolds number is suitably small, then the semigroup
decays exponentially as t → ∞, provided that the density-component has vanish-
ing average over the basic period domain. Furthermore, the essential spectrum of
the linearized operator lies in the left-half plane strictly away from the imaginary
axis and the part of the spectrum lying in the right-half to the line Reλ = −c for
some number c > 0 consists of finite number of eigenvalues with finite multiplici-
ties. As for the stability under local disturbances on Ω∗, i.e., disturbances which
are non-periodic but decay at spatial infinity, the stability of the motionless state
ũs =

T(ρ∗, 0) was studied in [17]; and it was shown in [17] that the disturbance decays

in L2(Ω∗) in the order t−
1
4 and its asymptotic leading part is given by a solution of

a one dimensional linear heat equation if the initial disturbance is sufficiently small
in H3(Ω∗) ∩ L1(Ω∗), where H3(Ω∗) denotes the L2-Sobolev space on Ω∗ of order 3.
(See also [9] for the analysis in Lp(Ω∗).)

In this paper we will consider the stability of parallel flow ūs under local distur-
bances on Ω∗. After introducing suitable non-dimensional variables, the equations
for the disturbance u = T(ϕ,w) = T

(
γ2(ρ− ρs), v − vs

)
takes the following form:

∂tϕ+ v3s∂x3ϕ+ γ2div(ρsw) = f 0(ϕ,w), (1.5)

∂tw − ν
ρs
∆w − ν̃

ρs
∇divw +∇

(
P ′(ρs)
γ2ρs

ϕ
)

+ν∆′v3s
γ2ρ2s

ϕe3 + v3s∂x3w + (w′ · ∇′v3s)e3 = f(ϕ,w), (1.6)

w |∂Ω= 0, (1.7)

(ϕ,w) |t=0= (ϕ0, w0). (1.8)

Here Ω∗ is transformed to Ω = D × R with |D| = 1; us = T(ρs, vs) and P (ρ)
denote the dimensionless parallel flow and pressure, respectively; ν, ν̃ and γ are the
dimensionless parameters defined by

ν =
µ

ρ∗ℓV
, ν̃ =

µ+ µ′

ρ∗ℓV
, γ =

√
p′(ρ∗)

V

with the reference velocity V which measures the strength of vs; e3 =
T(0, 0, 1) ∈ R3

and ∇′ = T(∂x1 , ∂x2); f
0(ϕ,w) and f(ϕ,w) are the nonlinearities given by

f 0(ϕ,w) = −div(ϕw),

f(ϕ,w) = −w · ∇w + νϕ
(ϕ+γ2ρs)ρs

(
−∆w + ∆′vs

γ2ρs
ϕ
)
− ν̃ϕ

(ϕ+γ2ρs)ρs
∇divw

+ ϕ
γ2ρs

∇
(

P ′(ρs)ϕ
γ2ρs

)
− 1

2γ4ρs
∇
(
P ′′(ρs)ϕ

2
)
+ P̃3(ρs, ϕ, ∂x′ϕ),

where

P̃3(ρs, ϕ, ∂x′ϕ) = ϕ3

γ4(ϕ+γ2ρs)ρ3s
∇P (ρs)− 1

2γ6ρs
∇
(
ϕ3P3(ρs, ϕ)

)
+ ϕ

2γ6ρ2s
∇
(
P ′′(ρs)ϕ

2 + 1
γ2ϕ

3P3(ρs, ϕ)
)

− ϕ2

γ2(ϕ+γ2ρs)ρ2s
∇
(

1
γ2P

′(ρs)ϕ+ 1
2γ4P

′′(ρs)ϕ
2 + 1

2γ6ϕ
3P3(ρs, ϕ)

)
,
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with

P3(ρs, ϕ) =

∫ 1

0

(1− θ)2P ′′′(ρs + θγ−2ϕ)dθ.

See section 2.2 below for the definition of non-dimensional variables.
In [1, 2], spectral properties of the linearized semigroup e−tL was studied in detail.

It was proved that there exists a bounded projection P0 satisfying P0e
−tL = e−tLP0

such that if Reynolds and Mach numbers are sufficiently small, then, for the initial
value u0 =

T(ϕ0, w0), it holds that

∥e−tLP0u0 − [H(t)⟨ϕ0⟩]u(0)(t)∥L2(Ω) ≤ C(1 + t)−
3
4∥u0∥L1(Ω). (1.9)

Here u(0) is some function of x′; ⟨ϕ0⟩ denotes the average of ϕ0 over D, (thus, ⟨ϕ0⟩
is a function of x3 ∈ R); and H(t) is the heat semigroup defined by

H(t) = F−1e−(iκ1ξ+κ0ξ2)tF

with some constants κ1 ∈ R and κ0 > 0, where F denotes the Fourier transform on
R. Furthermore, it was proved that the (I−P0)-part of e

−tL satisfies the exponential
decay estimate

∥e−tL(I − P0)u0∥H1(Ω) ≤ Ce−dt{∥u0∥H1(Ω)×H̃1(Ω) + t−
1
2∥w0∥L2(Ω)} (1.10)

for a positive constant d. Here H̃1(Ω) is the set of all locally H1 functions in L2(Ω)
whose tangential derivatives near ∂Ω belong to L2(Ω).

In this paper, based on the results on spectral properties of e−tL, we investigate
the nonlinear problem (1.5)–(1.8). We prove that if the initial disturbance u0 =
T(ϕ0, w0) is sufficiently small, then the disturbance u(t) exists globally in time and
it satisfies

∥u(t)∥L2(Ω) = O(t−
1
4 ) (1.11)

∥u(t)− (σu(0))∥L2(Ω) = O(t−
3
4
+δ) (δ > 0) (1.12)

as t → ∞. Here σ = σ(x3, t) satisfies the following one dimensional viscous Burgers
equation

∂tσ − κ0∂
2
x3
σ + κ1∂x3σ + κ2∂x3(σ

2) = 0

with initial value ⟨ϕ0⟩.
The proof of (1.11) and (1.12) is given by the factorization of e−tLP0, estimate

(1.10) and the Matsumura-Nishida energy method. We decompose the disturbance
u(t) into its P0 and I − P0 parts as in [3, 11]. We then estimate the P0-part by
representing it in the form of variation of constants formula in terms of e−tLP0 and
employ the factorization result of e−tLP0 obtained in [2]. For the (I − P0)-part
of u(t), we employ the Matsumura-Nishida energy method. In contrast to [3, 11],
we make use of the estimate (1.10) and combine it with the energy method. This
simplifies the argument in [3, 11] where a complicated decomposition is also used in
the energy method to estimate the (I − P0)-part of u(t). In this paper we do not
need to use such a complicated decomposition of the (I − P0)-part in the energy
method due to (1.10).
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This paper is organized as follows. In section 2 we first introduce notations and
non-dimensional variables. We then state the existence of stationary solution which
represents parallel flow. In section 3 we state our main result of this paper. In
section 4 we state some spectral properties of e−tL obtained in [2]. In section 5 we
decompose the problem into the one for a coupled system of the P0 and I−P0 parts
of u(t). Sections 6 is devoted to estimating the P0-part of the disturbance u(t), while
the (I −P0)-part is estimated in section 7. Section 8 is devoted to the estimates for
the nonlinearities. The proof of (1.12) is given in section 9.

2 Preliminaries

In this section we introduce notations throughout this paper. We then introduce
non-dimensional variables and state the existence of stationary solution which rep-
resents parallel flow.

2.1 Notation

We first introduce some notations which will be used throughout the paper. For
1 ≤ p ≤ ∞ we denote by Lp(X) the usual Lebesgue space on a domain X and its
norm is denoted by ∥ · ∥Lp(X). Let m be a nonnegative integer. Hm(X) denotes the
m th order L2 Sobolev space on X with norm ∥ · ∥Hm(X). In particular, we write
L2(X) for H0(X).

We denote by Cm
0 (X) the set of all Cm functions with compact support in X.

Hm
0 (X) stands for the completion of Cm

0 (X) in Hm(X). We denote by H−1(X) the
dual space to H1

0 (X) with norm ∥ · ∥H−1(X).
We simply denote by Lp(X) (resp., Hm(X)) the set of all vector fields w =

T(w1, w2, w3) on X and its norm is denoted by ∥ · ∥Lp(X) (resp., ∥ · ∥Hm(X)). For u =
T(ϕ,w) with ϕ ∈ Hk(X) and w = T(w1, w2, w3) ∈ Hm(X), we define ∥u∥Hk(X)×Hm(X)

by ∥u∥Hk(X)×Hm(X) = ∥ϕ∥Hk(X) + ∥w∥Hm(X).
When X = Ω we abbreviate Lp(Ω) as Lp, and likewise, Hm(Ω) as Hm. The

norm ∥ · ∥Lp(Ω) is written as ∥ · ∥Lp , and likewise, ∥ · ∥Hm(Ω) as ∥ · ∥Hm . The inner
product of L2(Ω) is denoted by

(f, g) =

∫
Ω

f(x)g(x)dx, f, g ∈ L2(Ω).

For uj =
T(ϕj, wj) (j = 1, 2), we also define a weighted inner product ⟨u1, u2⟩ by

⟨u1, u2⟩ = 1
γ2

∫
Ω

ϕ1ϕ2
P ′(ρs)
γ2ρs

dx+

∫
Ω

w1 · w2ρsdx,

where ρs = ρs(x
′) is the density of the parallel flow us. As will be seen in Proposi-

tion 2.1 below, ρs(x
′) and P ′(ρs(x′))

ρs(x′)
are strictly positive in D.

In the case X = D we denote the norm of Lp(D) by | · |p. The norm of Hm(D)
is denoted by | · |Hm , respectively. On D we will consider complex valued functions,
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and in this case, the inner product of L2(D) is denoted by

(f, g) =

∫
D

f(x′)g(x′)dx′, f, g ∈ L2(D).

Here g denotes the complex conjugate of g. For uj = T(ϕj, wj) (j = 1, 2), we also
define a weighted inner product ⟨u1, u2⟩ by

⟨u1, u2⟩ = 1
γ2

∫
D

ϕ1ϕ2
P ′(ρs)
γ2ρs

dx′ +

∫
D

w1 · w2ρsdx
′.

For f ∈ L1(D) we denote the mean value of f over D by ⟨f⟩:

⟨f⟩ = (f, 1) =
1

|D|

∫
D

fdx′,

where |D| =
∫
D
dx′. For u = T(ϕ,w) ∈ L1(D) with w = T(w1, w2, w3) we define ⟨u⟩

by
⟨u⟩ = ⟨ϕ⟩+ ⟨w1⟩+ ⟨w2⟩+ ⟨w3⟩.

We set

[[f(t)]]k =
( [ k

2
]∑

j=0

∥∂j
t f(t)∥2Hk−2j

) 1
2
,

∥|Df(t)∥|k =

 ∥∂xf(t)∥2, k = 0,(
[[∂xf(t)]]

2
k + [[∂tf(t)]]

2
k−1

) 1
2
, k ≥ 1.

We define a function space Z(T ) by

Z(T ) =
{
u = T(ϕ,w) ∈ C0

(
[0, T ];H2 × (H2 ∩H1

0 )
)
∩ C1

(
[0, T ];L2

)
; ∥u∥Z(T ) < ∞

}
where

∥u∥Z(T ) = sup
0≤t≤T

[[u(t)]]2 +
(∫ T

0
∥|Dw(t)∥|22dt

) 1
2
.

Partial derivatives of a function u in x, x′, x3 and t are denoted by ∂xu, ∂x′u,
∂x3u and ∂tu. We also write higher order partial derivatives of u in x as ∂k

xu =
(∂α

xu; |α| = k).
We denote the n × n identity matrix by In. We define 4 × 4 diagonal matrices

Q0 and Q̃ by

Q0 = diag(1, 0, 0, 0), Q̃ = diag(0, 1, 1, 1).

It then follows that for u = T(ϕ,w) with w = T(w1, w2, w3),

Q0u =

(
ϕ
0

)
, Q̃u =

(
0
w

)
.

We denote the Fourier transform of f = f(x3) (x3 ∈ R) by f̂ or F [f ]:

f̂(ξ) = F [f ](ξ) =

∫
R

f(x3)e
−iξx3dx3, ξ ∈ R.
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The inverse Fourier transform is denoted by F−1:

F−1[f ](x3) = (2π)−1

∫
R

f(ξ)eiξx3dξ, x3 ∈ R.

We denote the resolvent set of a closed operator A by ρ(A) and the spectrum by
σ(A).

We finally introduce a function space which consists of locally H1 functions in
L2(Ω) whose tangential derivatives near ∂D belong to L2(Ω). To do so, we first
introduce a local curvilinear coordinate system. For any x′

0 ∈ ∂D, there exist a

neighborhood Õx0 of x′
0 and a smooth diffeomorphism map Ψ = (Ψ1,Ψ2) : Õx′

0
→

B1(0) = {z′ = (z1, z2) : |z′| < 1} such that
Ψ
(
Õx′

0
∩D

)
= {z′ ∈ B1(0) : z1 > 0},

Ψ
(
Õx′

0
∩ ∂D

)
= {z′ ∈ B1(0) : z1 = 0},

det∇x′Ψ ̸= 0 on Õx′
0
∩D.

By the tubular neighborhood theorem, there exist a neighborhood Ox′
0
of x′

0 and a
local curvilinear coordinate system y′ = (y1, y2) on Ox′

0
defined by

x′ = y1a1(y2) + Ψ−1(0, y2) : R → Ox′
0
, (2.1)

where R = {y′ = (y1, y2) : |y1| ≤ δ̃1, |y2| ≤ δ̃2} for some δ̃1, δ̃2 > 0; a1(y2) is the unit
inward normal to ∂D that is given by

a1(y2) =
∇x′Ψ1

|∇x′Ψ1|
.

Setting y3 = x3 we obtain

∇x = e1(y2)∂y1 + J(y′)e2(y2)∂y2 + e3∂y3 ,

∇y =

 Te1(y2)
1

J(y′)
Te2(y2)
Te3

∇x,

where

e1(y2) =

(
a1(y2)

0

)
, e2(y2) =

(
a2(y2)

0

)
, e3 =

0
0
1

 ; (2.2)

J(y′) = |det∇x′Ψ|, a2(y2) =
−∇⊥

x′Ψ1

|∇⊥
x′Ψ1|

with ∇⊥
x′Ψ1 = T(−∂x2Ψ1, ∂x1Ψ1). Note that ∂y1 and ∂y2 are the inward normal

derivative and tangential derivative at x′ = Ψ−1(0, y2) ∈ ∂D∩Ox′
0
, respectively. Let

us denote the normal and tangential derivatives by ∂n and ∂, i.e.,

∂n = ∂y1 , ∂ = ∂y2 .
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Since ∂D is compact, there are bounded open sets Om (m = 1, . . . , N) such that
∂D ⊂ ∪N

m=1Om and for eachm = 1, . . . , N , there exists a local curvilinear coordinate
system y′ = (y1, y2) as defined in (2.1) with Ox′

0
, Ψ and R replaced by Om, Ψ

m and

Rm =
{
y′ = (y1, y2) : |y1| < δ̃m1 , |y2| < δ̃m2

}
for some δ̃m1 , δ̃

m
2 > 0. At last, we take

an open set O0 ⊂ D such that

∪N
m=0Om ⊃ D, O0 ∩ ∂D = ∅.

We set a local coordinate y′ = (y1, y2) such that y1 = x1, y2 = x2 on O0. We note
that if h ∈ H2(D), then h |∂D= 0 implies that ∂kh |∂D∩Om= 0 (k = 0, 1).

Let us introduce a partition of unity {χm}Nm=0 subordinate to {Om}Nm=0, satisfy-
ing

N∑
m=0

χm = 1 on D, χm ∈ C∞
0 (Om) (m = 0, 1, 2 · · · , N).

We denote by H̃1(Ω) the set of all locally H1 functions in L2(Ω) whose tangential
derivatives near ∂Ω belong to L2(Ω), and its norm is denoted by ∥w∥H̃1(Ω):

∥w∥H̃1(Ω) = ∥w∥2 + ∥∂x3w∥2 + ∥χ0∂x′w∥2 +
N∑

m=1

∥χm∂w∥2.

Note that H1
0 (Ω) is dense in H̃1(Ω).

2.2 Non-dimensionalization and stationary solution

In this subsection we rewrite the problem into the one in a non-dimensional form
and state the existence of stationary solution which represents parallel flow. Let
k0 be an integer satisfying k0 ≥ 3. We introduce the following non-dimensional
variables:

x = ℓx̃, v = V ṽ, ρ = ρ∗ρ̃, t = ℓ
V
t̃,

p = ρ∗V
2P̃ , Φ = V 2

ℓ
Φ̃, g3 = V 2

ℓ
g̃3,

V = |v3s|Ck0
∗ (D∗)

=
k0∑
k=0

sup
x′∈D∗

ℓk|∂k
x′v3s(x

′)|, ℓ =
(∫

D∗

dx′
)1

2
.

The problem (1.1)-(1.3) is then transformed into the following non-dimensional prob-

lem on Ω̃ = D̃ ×R:

∂t̃ρ̃+ divx̃(ρ̃ṽ) = 0, (2.3)

ρ̃(∂t̃ṽ + ṽ · ∇x̃ṽ)− ν∆x̃ṽ − (ν + ν ′)∇x̃divx̃ṽ + P̃ ′(ρ̃)∇x̃ρ̃ = ρ̃g̃, (2.4)

ṽ |∂D̃ = 0, (2.5)

(ρ̃, ṽ) |t̃=0= (ρ̃0, ṽ0). (2.6)

Here D̃ is a bounded and connected domain in R2; g̃ = T
(
∂x̃1Φ̃, ∂x̃2Φ̃, g̃

3
)
; and ν and

ν ′ are non-dimensional parameters:

ν =
µ

ρ∗ℓV
, ν ′ =

µ′

ρ∗ℓV
.
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We also introduce a parameter γ:

γ =

√
P̃ ′(1) =

√
p′(ρ∗)

V
.

Note that the Reynolds and Mach numbers are given by 1/ν and 1/γ, respectively.

In what follows, for simplicity, we omit tildes of x̃, t̃, ṽ, ρ̃, g̃, P̃ , Φ̃, D̃ and Ω̃
and write them as x, t, v, ρ, g, P , Φ, D and Ω. Observe that, due to the non-
dimensionalization, we have

|D| =
∫
D

dx′ = 1,

and thus,

⟨f⟩ =
∫
D

f(x′) dx′.

Let us state the existence of a stationary solution which represents parallel flow.

Proposition 2.1. If Φ ∈ Ck0(D), g3 ∈ Hk0(D) and |Φ|Ck0 is sufficiently small,
then (2.3)-(2.5) has a stationary solution us =

T(ρs, vs) ∈ Ck0(D). Here ρs satisfies{
Const.− Φ(x′) =

∫ ρs(x′)

1
P ′(η)
η

dη,∫
D
ρsdx

′ = 1, ρ1 < ρs(x
′) < ρ2 (ρ1 < 1 < ρ2),

for some constants ρ1, ρ2 > 0, and vs is a function of the form vs =
T(0, 0, v3s) with

v3s = v3s(x
′) being the solution of{

−ν∆′v3s = ρsg
3,

v3s |∂D= 0.

Furthermore, us =
T(ρs, vs) satisfies the estimates:

|ρs(x′)− 1|Ck ≤ C|Φ|Ck(1 + |Φ|Ck)k,

|v3s |Ck ≤ C|v3s |Hk+2 ≤ C|Φ|Ck(1 + |Φ|Ck)k|g3|Hk

for k = 3, 4, · · · , k0.

Proposition 2.1 can be proved in a similar manner to the proof of [23, Lemma
2.1].

Setting ρ = ρs + γ−2ϕ and v = vs + w in (2.3)-(2.6) (without tildes), we arrive
at the initial boundary value problem for the disturbance u = T(ϕ,w) written in
(1.5)-(1.8) in section 1.
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3 Main result

In this section we state the main result of this paper. Hereafter we set

ν̃ = ν + ν ′.

Theorem 3.1. There exist positive constant ν0, γ0 and ω0 such that if ν ≥ ν0,
γ2

ν+ν̃
≥ γ2

0 and (ν+ν̃)ω
ν

≤ ω0, then the following assertions hold. There is a positive

number ϵ0 such that if u0 = T(ϕ0, w0) satisfies u0 ∈ H2 ∩ L1 with w0 ∈ H1
0 and

∥u0∥H2∩L1 ≤ ϵ0, then there exists a unique global solution u(t) = T(ϕ(t), w(t)) of
(1.5)-(1.8) in C0([0,∞);H2×(H2∩H1

0 ))∩C1([0,∞);L2); and the following estimates
hold

∥∂l
x3
u(t)∥2 = O(t−

1
4
− l

2 ), (l = 0, 1) (3.1)

∥u(t)− (σu(0))(t)∥2 = O(t−
3
4
+δ) (∀δ > 0) (3.2)

as t → ∞. Here u(0) = u(0)(x′) is a function given in Proposition 4.1 (iii) below;
and σ = σ(x3, t) is a function satisfying

∂tσ − κ0∂
2
x3
σ + κ1∂x3σ + κ2∂x3(σ

2) = 0,
σ |t=0=

∫
D
ϕ0(x

′, x3)dx
′ (3.3)

with some constants κ0 > 0 and κ1, κ2 ∈ R.

As in [3, 11], Theorem 3.1 is proved by combining the local solvability (Propo-
sition 5.1 below) and the appropriate a priori estimates. We will establish the
necessary a priori estimates in sections 6-8.

To establish the a priori estimates, we will use the results on spectral properties
of the linearized semigoup e−tL which will be summarized in section 4. In section
5, we will decompose the problem into the one for a coupled system of the P0 and
I−P0 parts of u(t). The a priori estimates will then be derived in sections 6-8. The
proof of (3.2) will be given in section 9.

4 Spectrum of the linearized operator

In this section we state some results on spectral properties of the linearized operator
established in [1, 2] which will be used in the proof of Theorem 3.1.

We denote the linearized operator by L:

L =

(
v3s∂x3 γ2div(ρs·)

∇
(
P ′(ρs)
γ2ρs

·
)

− ν
ρs
∆I3 − ν+ν′

ρs
∇div + v3s∂x3

)
+

(
0 0

ν∆′vs
γ2ρ2s

e3 ⊗ (∇v3s)

)
,

where L is considered as an operator on L2(Ω) with domain

D(L) =
{
u = T(ϕ,w) ∈ L2(Ω); w ∈ H1

0 (Ω), Lu ∈ L2(Ω)
}
.

Here, for a = T(a1, a2, a3) and b = T(b1, b2, b3), a⊗ b is the 3× 3 matrix (aibj). See
[1] for the details.
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To investigate the spectrum of L, we consider the Fourier transform of (1.5)-(1.8)
in x3 variable with f 0 = 0 and f = 0, which takes the form

∂tϕ̂+ iξv3s ϕ̂+ γ2∇′ · (ρsŵ′) + γ2iξρsŵ
3 = 0, (4.1)

∂tŵ
′ − ν

ρs
(∆′ − ξ2)ŵ′ − ν+ν′

ρs
∇′(∇′ · ŵ′ + iξŵ3) +∇′(P ′(ρs)

γ2ρs
ϕ̂
)
+ iξv3sŵ

′ = 0, (4.2)

∂tŵ
3 − ν

ρs
(∆′ − ξ2)ŵ3 − ν+ν′

ρs
iξ(∇′ · ŵ′ + iξŵ3) + iξ

(
P ′(ρs)
γ2ρs

ϕ̂
)
+ iξv3sŵ

3

+ν∆′v3s
γ2ρ2s

ϕ̂+ ŵ′ · ∇′v3s = 0, (4.3)

ŵ |∂D= 0 (4.4)

for t > 0, and
T
(
ϕ̂, ŵ

)
|t=0=

T
(
ϕ̂0, ŵ0

)
= û0. (4.5)

We thus arrive at the following problem

du

dt
+ L̂ξu = 0, u |t=0= u0, (4.6)

where ξ ∈ R is a parameter. Here u = T
(
ϕ(x′, t), w(x′, t)

)
∈ D

(
L̂ξ

)
(x′ ∈ D, t > 0);

u0 =
T(ϕ0(x

′), w0(x
′)) is a given initial value; and L̂ξ is the operator on L2(D) of the

form

L̂ξ =


0 0 0

0 − ν
ρs
(∆′ − |ξ|2)I2 − ν+ν′

ρs
∇′∇′· −iν+ν′

ρs
ξ∇′

0 −iν+ν′

ρs
ξ∇′· − ν

ρs
(∆′ − |ξ|2) + ν+ν′

ρs
|ξ|2



+


iξv3s γ2∇′(ρs·) iγ2ρsξ

∇′(P (ρs)
γ2ρs

·
)

iξv3sI2 0

iξ P (ρs)
γ2ρs

0 iξv3s

+

 0 0 0
0 0 0

ν∆′v3s
γ2ρ2s

T(∇′v3s) 0


with domain

D
(
L̂ξ

)
=
{
u = T(ϕ,w) ∈ L2(D); w ∈ H1

0 (D), L̂ξu ∈ L2(D)
}
.

Note that D
(
L̂ξ

)
= D

(
L̂0

)
for all ξ ∈ R. Here we set L̂0 = L̂ξ |ξ=0.

We also introduce the adjoint operator L̂∗
ξ of L̂ξ with respect to the weighted

inner product ⟨·, ·⟩. The operator L̂∗
ξ is given by

L̂∗
ξ =


0 0 0

0 − ν
ρs
(∆′ − |ξ|2)I2 − ν+ν′

ρs
∇′∇′· −iν+ν′

ρs
ξ∇′

0 −iν+ν′

ρs
ξ∇′· − ν

ρs
(∆′ − |ξ|2) + ν+ν′

ρs
|ξ|2



−


iξv3s γ2∇′(ρs·) iγ2ρsξ

∇′(P (ρs)
γ2ρs

·
)

iξv3sI2 0

iξ P (ρs)
γ2ρs

0 iξv3s

+

0 0 γ2ν∆′v3s
P ′(ρs)

0 0 ∇′v3s
0 0 0


11



with domain

D
(
L̂∗

ξ

)
=
{
u = T(ϕ,w) ∈ L2(D); w ∈ H1

0 (D), L̂∗
ξu ∈ L2(D)

}
.

Note that D(L̂ξ) = D(L̂∗
ξ) for any ξ ∈ R.

Concerning the spectrum of −L̂ξ for |ξ| ≪ 1, we have the following proposition,
which was proved in [2, Theorem 4.5, 4.7] and [1, Lemma 4.1].

Proposition 4.1. (i) There exist positive constants c0, ν1, γ1, ω1 and r0 such that

if ν ≥ ν1,
γ2

ν+ν̃
≥ γ2

1 and ω ≤ ω1, then it holds that

σ(−L̂ξ) ∩ {λ : |λ| ≤ c0
2
} = {λ0(ξ)}

for each ξ with |ξ| ≤ r0, where λ0(ξ) is a simple eigenvalue of −L̂ξ that has the form

λ0(ξ) = −iκ1ξ − κ0ξ
2 +O

(
|ξ|3
)

as |ξ| → 0. Here κ1 ∈ R and κ0 > 0 are the numbers given by

κ1 = ⟨v3sϕ(0) + γ2ρsw
(0),3⟩ = O(1),

κ0 =
γ2

ν

{
α0

∣∣(−∆′)−
1
2ρs
∣∣2
2
+O

(
1
γ2

)
+
(

ν
γ2 +

1
ν2

)
×O

(
ν+ν̃
γ2

)}
.

Here (−∆′) is the Laplace operator on L2(D) under the zero Dirichlet boundary
condition with domain

D(−∆′) = H2(D) ∩H1
0 (D).

(ii) The eigenprojections Π̂(ξ) and Π̂∗(ξ) for the eigenvalues λ0(ξ) and λ0(ξ) of

−L̂ξ and −L̂∗
ξ are given by

Π̂(ξ)u = ⟨u, u∗
ξ⟩uξ, Π̂∗(ξ)u = ⟨u, uξ⟩u∗

ξ ,

respectively, where uξ and u∗
ξ are eigenfunctions for λ0(ξ) and λ0(ξ), respectively,

that satisfy
⟨uξ, u

∗
ξ⟩ = 1.

Furthermore, uξ and u∗
ξ are written in the form

uξ(x
′) = u(0)(x′) + iξu(1)(x′) + |ξ|2u(2)(x′, ξ),

u∗
ξ(x

′) = u∗(0)(x′) + iξu∗(1)(x′) + |ξ|2u∗(2)(x′, ξ),

and the following estimates hold

|u|Hk+2 ≤ Ck,r0

for u ∈ {uξ, u
∗
ξ , u

(1), u∗(1), u(2), u∗(2)} and k = 0, 1, · · · , k0 with a positive constant

Ck,r0 depending on k and r0. Here u(0) and u(0)∗ are eigenfunctions of −L̂0 and −L̂∗
0

for the eigenvalue 0, respectively.
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(iii) The functions u(0) and u(0)∗ are given by

u(0) = T(ϕ(0), w(0)), w(0) = T(0, 0, w(0),3)

and
u(0)∗ = T(ϕ(0)∗, 0).

Here

ϕ(0)(x′) = α0
γ2ρs(x′)
P ′(ρs(x′))

, α0 =
(∫

D

γ2ρs(x′)
P ′(ρs(x′))

dx′
)−1

;

and w(0),3 is the solution of the following problem{
−∆′w(0),3 = − 1

γ2ρs
∆′v3sϕ

(0),

w(0),3 |∂D= 0;

and
ϕ(0)∗(x′) = γ2

α0
ϕ(0)(x′).

Furthermore, it holds that
⟨u0, u

∗
0⟩ = 1.

We next consider the spectral properties of the semigroup e−tL generated by −L.
We denote the characteristic function of the set {ξ ∈ R : |ξ| ≤ r0} by 1{|η|≤r0}(ξ),
i.e.,

1{|η|≤r0}(ξ) =

{
1, (0 ≤ |ξ| ≤ r0),

0, (|ξ| > r0),
for ξ ∈ R,

where r0 is a positive constant given in Proposition 4.1.
We define the projections P0 and P∞ by

P0 = F−11{|η|≤r0}(ξ)Π̂(ξ)F

and
P∞ = I − P0.

Then P0 and P∞ satisfy
P0 + P∞ = I, P 2 = P,

PL ⊂ LP, Pe−tL = e−tLP

for P ∈ {P0, P∞}. The semigroup e−tL has the following properties. See [2, Theorem
3.1].

Proposition 4.2. If ν ≥ ν1,
γ2

ν+ν̃
≥ γ2

1 and ω ≤ ω1, then e−tLP0 and e−tLP∞ have
the following properties.

(i) If u0 = T(ϕ0, w0) ∈ L1(Ω) ∩ L2(Ω), then e−tLP0u0 satisfies the following
estimates

∥∂k
x′∂l

x3
e−tLP0u0∥2 ≤ Ck,l(1 + t)−

1
4
− l

2∥u0∥1 (4.7)
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uniformly for t ≥ 0 and for k = 0, 1, · · · , k0 and l = 0, 1, · · · ;

∥e−tLP0u0 − [H(t)⟨ϕ0⟩]u(0)∥2 ≤ Ct−
3
4∥u0∥1 (4.8)

uniformly for t > 0. Here

H(t)⟨ϕ0⟩ = F−1[e−(iκ1ξ+κ0ξ2)t⟨ϕ̂0⟩],

where u(0) = u(0)(x′) is the function given in Proposition 4.1; and κ1 ∈ R and κ0 > 0
are the constants given in Proposition 4.1.

(ii) If u0 ∈ H1(Ω) × H̃1(Ω), then there exists a constant a0 > 0 such that
e−tLP∞u0 satisfies

∥e−tLP∞u0∥H1 ≤ Ce−a0t
(
∥u0∥H1×H̃1 + t−

1
2∥w0∥2

)
(4.9)

uniformly for t ≥ 0.

More detailed information of the P0-part of e
−tL is needed to analyze the non-

linear problem; and so we next give a factorization of e−tLP0 which was obtained in
[2, Section 5].

Let us introduce operators related to uξ and u∗
ξ . We define the operators

T : L2(R) → L2(Ω), P : L2(Ω) → L2(R), Λ : L2(R) → L2(R)

by
T σ = F−1[T̂ξσ̂], T̂ξσ̂ = 1{|η|≤r0}(ξ)uξσ̂;

Pu = F−1[P̂ξû], P̂ξû = 1{|η|≤r0}(ξ)⟨û, u∗
ξ⟩;

Λσ = F−1[1{|η|≤r0}(ξ)λ0(ξ)σ̂]

for u ∈ L2(Ω) and σ ∈ L2(R). It follows that

P0 = T P , 1{|η|≤r0}(ξ)Π̂(ξ) = T̂ P̂ ,

P0L ⊂ LP0 = ΛP0, e−tLP0 = T etΛP.

Note that P0e
−tL = e−tLP0.

Here and in what follows we assume that

ν ≥ ν1,
γ2

ν + ν̃
≥ γ2

1 , ω ≤ ω1,

where ν1, γ1 and ω1 are the constants given in Proposition 4.1.
As for T , we have the following proposition.

Proposition 4.3. ([2, Proposition 5.1]) The operator T has the following properties:

(i) ∂l
x3
T = T ∂l

x3
for l = 0, 1, · · · .

(ii) ∥∂k
x′∂l

x3
T σ∥2 ≤ C∥σ∥L2(R) for k = 0, 1, · · · k0, l = 0, 1, · · · and σ ∈ L2(R).
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(iii) T is decomposed as

T = T (0) + ∂x3T (1) + ∂2
x3
T (2),

where T (j)σ = F−1[T̂ (j)σ̂] (j = 0, 1, 2) with

T̂ (0)σ̂ = 1{|η|≤r0}(ξ)σ̂u
(0),

T̂ (1)σ̂ = 1{|η|≤r0}(ξ)σ̂u
(1)(·),

T̂ (2)σ̂ = −1{|η|≤r0}(ξ)σ̂u
(2)(·, ξ).

Here T (j) (j = 0, 1, 2) satisfy estimates (i) and (ii) by replacing T with T (j).

As for P , we have the following properties.

Proposition 4.4. ([2, Proposition 5.2]) The operator P has the following properties:

(i) ∂l
x3
P = P∂l

x3
for l = 0, 1, · · · .

(ii) ∥∂l
x3
Pu∥L2(R) ≤ C∥u∥2 for k = 0, 1, · · · k0, l = 0, 1, · · · and u ∈ L2(Ω).

Furthermore, ∥Pu∥L2(R) ≤ C∥u∥1 for u ∈ L1(Ω).

(iii) P is decomposed as
P = P(0) + ∂x3P(1) + ∂2

x3
P(2),

where P(j)u = F−1[P̂(j)û] (j = 0, 1, 2) with

P̂(0)û = 1{|η|≤r0}(ξ)⟨û, u∗(0)⟩ = 1{|η|≤r0}(ξ)⟨Q0û⟩,
P̂(1)û = 1{|η|≤r0}(ξ)⟨û, u∗(1)⟩,
P̂(2)û = −1{|η|≤r0}(ξ)⟨û, u∗(2)(ξ)⟩.

Here P(j) (j = 0, 1, 2) satisfy estimates (i) and (ii) by replacing P.

Concerning Λ, we have the following estimates for etΛ.

Proposition 4.5. ([2, Proposition 5.3]) The operator etΛ satisfies the following
estimates.

(i) ∥∂l
x3
etΛPu∥L2(R) ≤ C(1 + t)−

1
4
− l

2∥u∥1,

(ii) ∥∂l
x3
etΛP(j)u∥L2(R) ≤ C(1 + t)−

1
4
− l

2∥u∥1, j = 0, 1, 2,

(iii) ∥∂l
x3
(T − T (0))etΛPu∥2 ≤ C(1 + t)−

1
4
− l+1

2 ∥u∥1,

for u ∈ L1(Ω) and l = 0, 1, 2 · · · .

We next consider the asymptotic behavior of etΛ. Let us define an operator H(t)
by

H(t)σ = F−1[e−(iκ1ξ+κ0ξ2)tσ̂]

for σ ∈ L2(R), where κ1 ∈ R and κ0 > 0 are given by Proposition 4.1. The
asymptotic leading part of etΛ is given by H(t). In fact, we have the following
estimates.
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Proposition 4.6. ([2, Proposition 5.8]) For u ∈ L2(Ω), we set σ = ⟨Q0u⟩. If
u ∈ L1(Ω), then there holds the estimate

∥∂l
x3

(
etΛPu−H(t)σ

)
∥L2(R) ≤ Ct−

3
4
− l

2∥u∥1 (l = 0, 1, · · · ).

Observe that, since

e−tLP0 = T etΛP = T (0)etΛP + (T − T (0))etΛP ,

we have (4.8) by Propositions 4.3 (iii), 4.5 (iii) and 4.6.

5 Decomposition of Problem

In this section we formulate the problem. The problem (1.5)-(1.8) is written as

du

dt
+ Lu = F , w|∂Ω = 0, u|t=0 = u0. (5.1)

Here u = T(ϕ,w); F = F (u) denotes the nonlinearity:

F = T(f 0(ϕ,w), f(ϕ,w)).

The local solvability in Z(T ) for (5.1) follows from [12].

Proposition 5.1. If u0 =
T(ϕ0, w0) satisfies the following conditions;

(i) u0 ∈ H2 × (H2 ∩H1
0 ),

(ii) −γ2

4
ρ1 ≤ ϕ0,

then there exists a number T0 > 0 depending on ∥u0∥H2 and ρ1 such that the following
assertions hold. Problem (5.1) has a unique solution u(t) ∈ Z(T ) satisfying

ϕ(x, t) ≥ −γ2

2
ρ1 for ∀(x, t) ∈ Ω× [0, T0];

and the following estimate holds

∥u∥2Z(T ) ≤ C0{1 + ∥u0∥2H2}α∥u0∥2H2

for some positive constants C0 and α.

Theorem 3.1 would follow if we would establish the a priori estimates of u(t) in
Z(T ) uniformly for T .

To obtain the appropriate a priori estimates, we decompose the solution u into
its P0 and P∞ parts. Let us decompose the solution u(t) of (5.1) as

u(t) = (σ1u
(0))(t) + u1(t) + u∞(t),

where
σ1(t) = Pu(t), u1(t) = (T − T (0))Pu(t), u∞(t) = P∞u(t).
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Note that P0u(t) = (σ1u
(0))(t) + u1(t).

Since u1(t) is written as

u1(t) = (T − T (0))Pu(t) = (∂x3T (1) + ∂2
x3
T (2))σ1(t),

we see from Proposition 4.3 and Proposition 4.4 the following estimates for σ1(t)
and u1(t).

Proposition 5.2. Let u(t) be a solution of (5.1) in Z(T ). Then there hold the
estimates

∥∂l
x3
σ1(t)∥2 ≤ C∥∂x3σ1(t)∥2

for 1 ≤ l ≤ 3; and

∥∂k
x′∂l

x3
∂m
t u1(t)∥2 ≤ C{∥∂x3σ1(t)∥2 + ∥∂tσ1(t)∥2}

for 1 ≤ k + l + 2m ≤ 3.

We derive the equations for σ1(t) and u∞(t).

Proposition 5.3. Let T > 0 and assume that u(t) is a solution of (5.1) in Z(T ).
Then the following assertions hold.

σ1 ∈
1∩

j=0

Cj([0, T ] : H2(R)), u∞ ∈ Z(T ), ϕ∞ ∈ C1([0, T ];H1).

Furthermore, σ1 and u∞ satisfy

σ1(t) = etΛPu0 +

∫ T

0

e(t−τ)ΛPF (τ)dτ ; (5.2)

and
∂tu∞ + Lu∞ = F∞, w∞ |∂Ω= 0, u∞ |t=0= u∞,0, (5.3)

where F∞ = P∞F and u∞,0 = P∞u0.

Let u(t) be a solution of (5.1) in Z(T ). From Proposition 5.2, we obtain

sup
0≤τ≤t

(1 + τ)
3
4{[[u1(τ)]]2 + [[∂xu1(τ)]]2}

≤ C sup
0≤τ≤t

(1 + τ)
3
4{∥∂x3σ1(τ)∥2 + ∥∂τσ1(τ)∥2},

and thus, the estimates for u1(t) follows from the ones for σ1(t). Therefore, as in
[3], we introduce the quantity M1(t) defined by

M1(t) = sup
0≤τ≤t

(1 + τ)
1
4∥σ1(τ)∥2 + sup

0≤τ≤t
(1 + τ)

3
4{∥∂x3σ1(τ)∥2 + ∥∂τσ1(τ)∥2};

and we define the quantity M(t) ≥ 0 by

M(t)2 = M1(t)
2 + sup

0≤τ≤t
(1 + τ)

3
2E∞(τ) (t ∈ [0, T ])
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with
E∞(t) = [[u∞(t)]]22.

We define a quantity D∞(t) for u∞ = T(ϕ∞, w∞) by

D∞(t) = ∥|Dϕ∞(t)∥|21 + ∥|Dw∞(t)∥|22.

If we could show M(t) ≤ C uniformly for t ≥ 0, then Theorem 3.1 would follow.
The uniform estimate for M(t) is given by using the following estimates for M1(t)
and E∞(t).

Proposition 5.4. There exist positive constants ν0, γ0 and ω0 such that if ν ≥ ν0,
γ2

ν+ν̃
≥ γ2

0 and ω ≤ ω0, then the following assertions hold. There is a positive
number ϵ1 such that if a solution u(t) of (5.1) in Z(T ) satisfies sup

0≤τ≤t
[[u(τ)]]2 ≤ ϵ1

and M(t) ≤ 1 for t ∈ [0, T ], then the estimates

M1(t) ≤ C{∥u0∥L1 +M(t)2} (5.4)

and

E∞(t) +

∫ ∞

0

e−a(t−τ)D∞(τ)dτ

≤ C{e−atE∞(0) + (1 + t)−
3
2M(t)4 +

∫ t

0

e−a(t−τ)R(τ)dτ}
(5.5)

hold uniformly for t ∈ [0, T ] with C > 0 independent of T . Here a = a(ν, ν̃, γ) is a
positive constant; and R(t) is a function satisfying the estimate

R(t) ≤ C{(1 + t)−
3
2M(t)3 + (1 + t)−

1
4M(t)D∞(t)} (5.6)

provided that sup
0≤τ≤t

[[u(τ)]]2 ≤ ϵ2 and M(t) ≤ 1.

Proposition 5.4 follows from Propositions 6.1, 7.1 and 8.1 below.
As in [3, 11], one can see from Propositions 5.1 and 5.4 that if ∥u0∥H2∩L1 is

sufficiently small, then
M(t) ≤ C∥u0∥H2∩L1

uniformly for t ≥ 0, which proves Theorem 3.1.

6 Estimates for P0-part of u(t)

In this section, we estimate the P0-part of u(t)

P0u(t) = (σ1u
(0))(t) + u1(t),

where σ1(t) = Pu(t) and u1(t) = (T − T (0))Pu(t). We will prove the following
estimate for M1(t).

18



Proposition 6.1. Let T > 0 and assume that ν ≥ ν1,
γ2

ν+ν̃
≥ γ2

1 and ω ≤ ω1. Then
there exists a positive constant ϵ independent of T such that if a solution u(t) of
(5.1) in Z(T ) satisfies sup

0≤τ≤t
[[u(τ)]]2 ≤ ϵ and M(t) ≤ 1 for all t ∈ [0, T ], then the

estimate
M1(t) ≤ C{∥u0∥1 +M(t)2}

holds uniformly for t ∈ [0, T ], where C is a positive constant independent of T .

Let us prove Proposition 6.1. We decompose the nonlinearity F into

F = σ2
1F1 + F2,

where

F1 = F1(x
′) = −T

(
0, 1

2γ4ρs(x′)
∇′{P ′′(ρs(x

′))
(
ϕ(0)(x′)

)2}
, 0

)
,

F2 = F − σ2
1F1.

Here σ2
1F1(x

′) is the part of F containing only σ2
1(t) but not ∂x3σ1(t), u1(t), u∞(t),

σ3
1(t) and so on.
Before going further, we introduce a notation. For a function g we define ⟨g⟩0

by
⟨g⟩0 = F−1[1{|η|≤r0}(ξ)⟨ĝ⟩].

The nonlinearity F has the following properties.

Lemma 6.2. There hold the following assertions.

(i) ⟨Q0F ⟩ = −∂x3⟨ϕw3⟩.

(ii) PF = −∂x3⟨ϕw3⟩0 + ∂x3P(1)F + ∂2
x3
P(2)F .

Proof . As for (i), we see from integration by parts that ⟨∇′ · (ϕw′)⟩ = 0. It then
follows that

⟨Q0F ⟩ = −⟨div(ϕw)⟩ = −⟨∂x3(ϕw
3)⟩ = −∂x3⟨ϕw3⟩.

We next prove (ii). From the definition of P(0) and (i), there holds that

P(0)F = F−1[1{|η|≤r0}(ξ)⟨Q0F̂ ⟩] = ⟨Q0F ⟩0 = −∂x3⟨ϕw3⟩0.

We thus obtain (ii). This completes the proof. □

Noting that ∥σ1∥∞ ≤ C∥σ1∥
1
2
2 ∥∂x3σ1∥

1
2
2 , one can obtain the following estimates

by straightforward computations.

Lemma 6.3. There exists a positive constant ϵ such that if a solution u(t) of (5.1)
in Z(T ) satisfies sup

0≤τ≤t
[[u(τ)]]2 ≤ ϵ and M(t) ≤ 1 for all t ∈ [0, T ], then the following

estimates hold for t ∈ [0, T ] with a positive constant C independent of T .
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(i) ∥∂x3(σ
2
1(t))∥1 ≤ C(1 + t)−1M(t)2.

(ii) ∥∂x3⟨ϕw3⟩(t)∥1 ≤ C(1 + t)−1M(t)2.

(iii) ∥⟨ϕw3⟩(t)∥1 ≤ C(1 + t)−
1
2M(t)2.

(iv) ∥F (t)∥1 ≤ C(1 + t)−
1
2M(t)2.

(v) ∥F2(t)∥1 ≤ C(1 + t)−1M(t)2.

(vi) ∥F (t)∥2 ≤ C(1 + t)−
3
4M(t)2.

Proof of Proposition 6.1 We see from Proposition 4.5 that

∥∂l
x3
etΛPu0∥2 ≤ C(1 + t)−

1
4
− l

2∥u0∥1 (l = 0, 1).

We next consider
∫ t

0
e(t−τ)ΛPF (τ)dτ . We write it as∫ t

0

e(t−τ)ΛPF (τ)dτ =

(∫ t
2

0

+

∫ t

t
2

)
e(t−τ)ΛPF (τ)dτ =: I1(t) + I2(t).

We see from Lemma 6.2 (ii) that

e(t−τ)ΛPF (τ) = e(t−τ)Λ{−∂x3⟨ϕw3⟩0 + ∂x3P(1)F + ∂2
x3
P(2)F }

= ∂x3e
(t−τ)Λ{−⟨ϕw3⟩0 + P(1)F + ∂x3P(2)F }.

By Proposition 4.5 and Lemma 6.3 we then have

∥∂l
x3
I1(t)∥2 ≤ C

∫ t
2

0

(1 + t− τ)−
3
4
− l

2

(
∥⟨ϕw3⟩0(τ)∥1 + ∥F (τ)∥1

)
dτ

≤ C

∫ t
2

0

(1 + t− τ)−
3
4
− l

2 (1 + τ)−
1
2dτM(t)2

≤ C(1 + t)−
1
4
− l

2M(t)2

for l = 0, 1. Applying Lemma 6.3 (ii) and (v) we have

∥∂l
x3
I2(t)∥2 ≤ C

∫ t

t
2

(1 + t− τ)−
1
4
− l

2 (1 + τ)−1dτM(t)2

≤ C(1 + t)−
1
4
− l

2M(t)2

for l = 0, 1. We thus obtain

∥∂l
x3
σ1(t)∥2 ≤ C(1 + t)−

1
4
− l

2{∥u0∥1 +M(t)2} (6.1)

for l = 0, 1.
Let us estimate the time derivative. Since λ0(ξ) = −(iκ1ξ+κ0ξ

2+O(ξ3)) = O(ξ),
we obtain

∥Λσ1(t)∥2 = ∥F−1[1{|η|≤r0}(ξ)λ0(ξ)σ̂1(t)]∥2 ≤ C∥∂x3σ1(t)∥2.
This, together with (5.2), (6.1) and Lemma 6.3, implies that

∥∂tσ1(t)∥2 ≤ C{∥∂x3σ1(t)∥2 + ∥F (t)∥2} ≤ C(1 + t)−
3
4{∥u0∥1 +M(t)2}. (6.2)

By (6.1) and (6.2) we deduce the desired estimate. This completes the proof. □
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7 Estimates for P∞-part of u(t)

In this section we derive the estimates for the P∞-part of u(t).
Throughout this section, we assume that u(t) is a solution of (5.1) in Z(T ) for a

given T > 0. We show the following estimate.

Proposition 7.1. There exist positive constants ν0 (≥ ν1), γ0 (≥ γ1) and ω0 (≤ ω1)

such that if ν ≥ ν0,
γ2

ν+ν̃
≥ γ2

0 and ω ≤ ω0, then

E∞(t) +

∫ t

0

e−a(t−τ)D∞(τ)dτ

≤ C{e−atE∞(0) + (1 + t)−
3
2M(t)4 +

∫ t

0

e−a(t−τ)R(τ)dτ}.

uniformly for t ∈ [0, T ] with C > 0 independent of T .

Proposition 7.1 is proved by the estimate (4.9) for e−tLP∞ and the Matsumura-
Nishida energy method.

We introduce notations. In what follows C and Cj (j = 1, 2, · · · ) denote various
constants independent of T , ν, ν̃ and γ, whereas, Cνν̃γ··· denotes various constants
which depends on ν, ν̃, γ, · · · but not on T .

We first establish the H1-estimate for u∞ which follows from the estimate (4.9)
for e−tLP∞.

Proposition 7.2. There exist positive constants ν0 (≥ ν1), γ0 (≥ γ1) and ω0 (≤ ω1)
such that if

ν ≥ ν0,
γ2

ν + ν̃
≥ γ2

0 , ω ≤ ω0; (7.1)

then, for any 0 < a < 2a0,

∥u∞(t)∥2H1 +

∫ t

0

e−a(t−τ)∥u∞(τ)∥2H1 dτ

≤ Cνν̃γ

{
e−at∥u∞,0∥2H1 + sup

0≤τ≤t
∥F∞(τ)∥22 +

∫ t

0

e−a(t−τ)∥F∞(τ)∥2H1 dτ
}
.

Proof. We write u∞(t) as

u∞(t) = e−tLu∞,0 +

∫ t

0

e−(t−τ)LF∞(τ) dτ.
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Since u∞,0 ∈ H1 ×H1
0 , we see from (4.9) that

∥u∞(t)∥H1 ≤ C
{
e−a0t∥u∞,0∥2H1 +

∫ t

0

e−a0(t−τ)∥F∞(τ)∥H1×Ĥ1 dτ

+

∫ t

0

e−a0(t−τ)(t− τ)−
1
2∥F∞(τ)∥2 dτ

}
≤ C

{
e−a0t∥u∞,0∥2H1 + sup

0≤τ≤t
∥F∞(τ)∥2

+

∫ t

0

e−a0(t−τ)∥F∞(τ)∥H1×Ĥ1 dτ
}
,

from which we have

∥u∞(t)∥2H1 ≤ C
{
e−2a0t∥u∞,0∥2H1+ sup

0≤τ≤t
∥F∞(τ)∥22+

∫ t

0

e−a(t−τ)∥F∞(τ)∥2H1 dτ
}

(7.2)

for any 0 < a < 2a0. Set V (t) =
∫ t

0
e−ã(t−τ)∥F∞(τ)∥2H1 dτ . Then V (t) satis-

fies dV/dt + ãV = ∥F∞∥2H1 and V (0) = 0. It follows that
∫ t

0
e−a(t−τ)V (t) dτ ≤∫ t

0
e−a(t−τ)∥F∞(τ)∥2H1 dτ for any 0 < a < ã. This, together with (7.2), yields the

desired inequality. This completes the proof. □
We next derive the H2 estimate for u∞(t). In what follows we set

f 0
∞ = Q0F∞, f∞ = Q̃F∞

and
ϕ̇∞ = ∂tϕ∞ + v3s∂x3ϕ∞ + w · ∇ϕ∞,

where
f̃ 0
∞ = f 0

∞ − w · ∇ϕ∞.

Note that
∥ϕ̇∞∥H1 ≤ Cνν̃γ

(
∥u∞∥2H1×H2 + ∥f̃ 0

∞∥2H1

)
.

The following Propositions 7.3 – 7.6 can be proved in a similar manner in [1,
Section 4]. So we here give outline of proof.

We begin with the L2 energy estimates for ∂tu∞ and ∂2
x3
u∞.

Proposition 7.3. Under the assumption (7.1) (with ν0, γ0 and ω−1
0 replaced by

suitably larger ones), the following assertions hold.

(i) There exists positive constant c such that the following inequality holds:

1
2

d
dt

{
1
γ2

∥∥∥√P ′(ρs)
γ2ρs

∂tϕ∞

∥∥∥2
2
+
∥∥√ρs∂tw∞

∥∥2
2

}
+ 1

2
ν∥∇∂tw∞∥22 + 1

2
ν̃∥div∂tw∞∥22 + cν+ν̃

γ4 ∥∂tϕ̇∞∥22
≤ Cνν̃γ∥u∞∥H1×H2 + |A1|.

(7.3)
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Here

A1 =
1
2

(
|∂tϕ∞|2, div

(
P ′(ρs)
γ4ρs

w
))

+
(
[∂t, w · ∇]ϕ∞, P

′(ρs)
γ4ρs

∂tϕ∞

)
+
(
∂tf̃

0
∞, P

′(ρs)
γ4ρs

∂tϕ∞

)
+
(
∂tf∞, ρs∂tw∞

)
+ Ccν+ν̃

γ4 ∥∂tf̃ 0
∞∥22.

(ii) There exists positive constant b such that the following inequality holds:

1
2

d
dt

{
1
γ2

∥∥∥√P ′(ρs)
γ2ρs

∂2
x3
ϕ∞

∥∥∥2
2
+
∥∥√ρs∂

2
x3
w∞
∥∥2
2

}
+ 1

2
ν∥∇∂2

x3
w∞∥22 + 1

2
ν̃∥div∂2

x3
w∞∥22 + bν+ν̃

γ4 ∥∂2
x3
ϕ̇∞∥22

≤ C ν+ν̃
γ4 ∥∂2

x3
ϕ∞∥22 + Cνν̃γ∥u∞∥H1×H2 + |A0,0,2|.

(7.4)

Here

A0,0,2 =
1
2

(
|∂2

x3
ϕ∞|2, div

(P ′(ρs)
γ4ρs

w
))

+
(
[∂2

x3
, w · ∇]ϕ∞, P

′(ρs)
γ4ρs

∂2
x3
ϕ∞

)
+
(
∂2
x3
f̃ 0
∞, P

′(ρs)
γ4ρs

∂2
x3
ϕ∞

)
+
(
∂x3f∞, ∂x3(ρs∂

2
x3
w∞)

)
+ Cbν+ν̃

γ4 ∥∂2
x3
f̃ 0
∞∥22.

Outline of Proof. We write L as

L = A+B,

where

A =

(
v3s∂x3 γ2div(ρs·)

∇
(
P ′(ρs)
γ2ρs

·
)

− ν
ρs
∆I3 − ν+ν′

ρs
∇div + v3s∂x3

)
,

B =

(
0 0

ν∆′vs
γ2ρ2s

e3 ⊗ (∇v3s)

)
,

Note that
⟨Au, u⟩ = ν∥∇w∥22 + ν̃∥divw∥22. (7.5)

In terms of A and B we rewrite problem (5.3) as

∂tu∞ + Au∞ = −Bu∞ + F∞. (7.6)

Let j and k be nonnegative integers satisfying j + 2k = 2. We apply ∂j
x3
∂k
t to

(7.6) and obtain

∂t∂
j
x3
∂k
t u∞ + A∂j

x3
∂k
t u∞ = −B∂j

x3
∂k
t u∞ + ∂j

x3
∂k
t F∞.

We take the weighted inner product ⟨·, ·⟩ of this equation with ∂j
x3
∂k
t u∞. One can

then arrive at the desired estimates by using (7.5) and the relations(
∂j
x3
∂k
t (w · ∇ϕ∞), ∂j

x3
∂k
t ϕ∞

P ′(ρs)
γ4ρs

)
= 1

2

(
w,∇|∂j

x3
∂k
t ϕ∞|2 P

′(ρs)
γ4ρs

)
+
(
[∂j

x3
∂k
t , w] · ∇ϕ∞, ∂j

x3
∂k
t ϕ∞

P ′(ρs)
γ4ρs

)
= −1

2

(
|∂j

x3
∂k
t ϕ∞|2, div

(
P ′(ρs)
γ4ρs

w
))

+
(
[∂j

x3
∂k
t , w] · ∇ϕ∞, ∂j

x3
∂k
t ϕ∞

P ′(ρs)
γ4ρs

)
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and
∂j
x3
∂k
t ϕ̇∞ = −γ2div (ρs∂

j
x3
∂k
t w∞) + ∂j

x3
∂k
t f̃

0
∞.

We note that the lower order norm ∥u∞∥2H1×H2 arises from the lower order term
Bu∞. □

We next state the interior estimate and the boundary estimates of the tangential
derivatives.

Proposition 7.4. Under the assumption (7.1) (with ν0, γ0 and ω−1
0 replaced by

suitably larger ones), the following assertions hold.

(i) There exists positive constant b such that the estimate

1
2

d
dt

{
1
γ2

∥∥∥χ0

√
P ′(ρs)
γ2ρs

∂2
x′ϕ∞

∥∥∥2
2
+
∥∥χ0

√
ρs∂

2
x′w∞

∥∥2
2

}
+ 1

2
ν∥χ0∇∂2

x′w∞∥22 + 1
2
ν̃∥χ0div∂

2
x′w∞∥22 + bν+ν̃

γ4 ∥χ0∂
2
x′ϕ̇∞∥22

≤
(
ϵ+ C ν+ν̃

γ4

)
∥∂2

x′ϕ∞∥22 + Cϵνν̃γ∥u∞∥2H1×H2 + |A(0)|

(7.7)

holds for any ϵ > 0. Here

A(0) =1
2

(
|∂2

x′ϕ∞|2, div
(
χ2
0
P ′(ρs)
γ4ρs

w
))

+
(
[∂2

x′ , w · ∇]ϕ∞, χ2
0
P ′(ρs)
γ4ρs

∂2
x′ϕ∞

)
+
(
∂2
x′ f̃ 0

∞, χ2
0
P ′(ρs)
γ4ρs

∂2
x′ϕ∞

)
+
(
∂x′f∞, ∂x′(χ2

0ρs∂
2
x′w∞)

)
+ Cbν+ν̃

γ4 ∥χ0∂
2
x′ f̃ 0

∞∥22.

(ii) Let 1 ≤ m ≤ N . There exists positive constant b such that the estimate

1
2

d
dt

{
1
γ2

∥∥∥χm

√
P ′(ρs)
γ2ρs

∂k∂j
x3
ϕ∞

∥∥∥2
2
+
∥∥χm

√
ρs∂

k∂j
x3
w∞
∥∥2
2

}
+ 1

2
ν∥χm∇∂k∂j

x3
w∞∥22 + 1

2
ν̃∥χmdiv∂

k∂j
x3
w∞∥22 + bν+ν̃

γ4 ∥χm∂
k∂j

x3
ϕ̇∞∥22

≤
(
ϵ+ C 1

γ2

)
∥∂2

xϕ∞∥22 + Cϵνγ∥u∞∥H1×H2 + |A(m)
0,k,j|

(7.8)

holds for (k, j) = (2, 0), (1, 1) and any ϵ > 0. Here

A
(m)
0,k,j =

1
2

(
|∂k∂j

x3
ϕ∞|2, div

(
χ2
m

P ′(ρs)
γ4ρs

w
))

+
(
[∂k∂j

x3
, w · ∇]ϕ∞, χ2

m
P ′(ρs)
γ4ρs

∂k∂j
x3
ϕ∞

)
+
(
∂k∂j

x3
f̃ 0
∞, χ2

m
P ′(ρs)
γ4ρs

∂k∂j
x3
ϕ∞

)
+
(
∂k−1∂j

x3
f∞, ∂(χ2

mρs∂
k∂j

x3
w∞)

)
+ Cbν+ν̃

γ4 ∥χm∂
k∂j

x3
f̃ 0
∞∥22.

Outline of Proof. Let us consider (ii). We apply ∂k∂j
x3

to (7.6) to have

∂t∂
k∂j

x3
u∞ + A∂k∂j

x3
u∞ = −[∂k, A]∂j

x3
u∞ − ∂kB∂j

x3
u∞ + ∂k∂j

x3
F∞.

Here [∂k, A] denotes the commutator of ∂k and A. We take the weighted inner
product ⟨·, ·⟩ of this equation with χ2

m∂
k∂j

x3
u∞. One can then arrive at the desired
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estimate in (i) in a similar manner to the proof of Proposition 7.3. We note that the
lower order norm ∥u∞∥2H1×H2 arises from the lower order term Bu∞ and the term
including the commutator [∂k, A]. The estimate in (i) can be obtained similarly. □

The normal derivatives of ϕ∞ is estimated as follows.

Proposition 7.5. Let 1 ≤ m ≤ N . Under the assumption (7.1) (with ν0, γ0 and
ω−1
0 replaced by suitably larger ones), there exists positive constant b such that the

estimate

1
2

d
dt

(
1
γ2

∥∥∥χm

√
P ′(ρs)
γ2ρs

∂l+1
n ∂k∂j

x3
ϕ∞

∥∥∥2
2

)
+ 1

2
1

ν+ν̃

∥∥∥χm
P ′(ρs)
γ2 ∂l+1

n ∂k∂j
x3
ϕ∞

∥∥∥2
2

+ bν+ν̃
γ4 ∥χm∂

l+1
n ∂k∂j

x3
ϕ̇∞∥22

≤ C
{

ν+ν̃
γ4 ∥∂2

xϕ∞∥22 + 1
ν+ν̃

∥∂t∂xw∞∥22 + ν2

ν+ν̃

(
∥χm∂

l
n∂

k∂j+2
x3

w∞∥22

+ ∥χm∇∂l
n∂

k∂j+1
x3

w∞∥22 + ∥χm∇∂l
n∂

k+1∂j
x3
w∞∥22

)}
+ Cνν̃γ∥u∞∥H1×H2 + |A(m)

l+1,k,j|

(7.9)

holds for j, k, l ≥ 0 satisfying j + k + l = 1. Here

A
(m)
l+1,k,j =

1
2

∑
j+k+l=1

∣∣∣(∣∣∂l+1
n ∂k∂j

x3
ϕ∞
∣∣2, div(χ2

m
P ′(ρs)
γ4ρs

w
)∣∣∣

+ C
∑

j+k+l=1

∥∥∥χm[∂
l+1
n ∂k∂j

x3
, w · ∇]ϕ∞

∥∥∥2
2

+ C(b+ 1)
(
ν+ν̃
γ4 ∥χm∂

l+1
n ∂k∂j

x3
f̃ 0
∞∥22 + ∥f∞∥2H1

)
.

Outline of Proof. We transform a scalar field p(x′) on D ∩ Om as

p̃(y′) = p(x′)
(
y′ = Ψm(x′), x′ ∈ D ∩ Om

)
,

where Ψm(x′) is a function given in section 2. Similarly we transform a vector field
v(x′) = T

(
v1(x′), v2(x′), v3(x′)

)
into ṽ(y′) = T

(
ṽ1(y′), ṽ2(y′), ṽ3(y′)

)
as

v(x′) = E(y′)ṽ(y′)

where E(y′) =
(
e1(y

′), e2(y
′), e3

)
with e1(y

′), e2(y
′) and e3 given in section 2. From

the proof of [1, Proposition 4.16], we have

∂τ∂y1ϕ̃∞ + ṽ3s∂y3∂y1ϕ∞ +
ρ̃sP̃

′(ρ̃s)

ν + ν̃
∂y1ϕ̃∞ = ρ̃sh, (7.10)

where

h =− γ2

ν+ν̃

{
∂τ w̃

1 + ν
(
rotyrotyw̃

)1
+ ρ̃s∂y1

(
P̃ ′(ρ̃s)
γ2ρ̃s

)
ϕ̃+ ν

γ2 ρ̃s
(
∆y′ ṽs

)1
ϕ̃+ ρ̃sṽs

3∂y3w̃
1
}

−
{

1
ρ̃s
∂y1 ṽs

3∂y3ϕ̃+ γ2 1
ρ̃s
∂y1
(
divy(ρ̃sw̃)

)
− γ2∂y1divyw̃

}
.

Here
(
rotyw̃

)1
denotes the e1(y

′) component of rotyw̃, and so on. We note that(
rotyrotyw̃

)1
does not contain ∂2

y1
. See the proof of [1, Proposition 4.16]. Applying

∂l
y1
∂k
y2
∂j
x3

to (7.10) and take the L2 inner product with χ2
m

P ′(ρs)
γ4ρs

∂l+1
y1

∂k
y2
∂j
x3
ϕ∞, one

can obtain the desired result. □
Using the estimate for the Stokes system we have the following estimates.
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Proposition 7.6. Under the assumption (7.1) (with ν0, γ0 and ω−1
0 replaced by

suitably larger ones), the following assertions hold.

(i) There holds the estimate

ν2

ν+ν̃
∥∂3

xw∞∥22 + 1
ν+ν̃

∥∂2
xϕ∞∥22

≤ C
{

ν+ν̃
γ4 ∥∂2

xϕ̇∞∥22 + 1
ν+ν̃

∥∂t∂xw∞∥22 + ν+ν̃
γ4 ∥f̃ 0

∞∥2H2 + 1
ν+ν̃

∥f∞∥2H1

}
+ Cνν̃γ∥u∞∥2H1×H2 .

(7.11)

(ii) Let 1 ≤ m ≤ N . There holds the estimate

ν2

ν+ν̃
∥χm∂

2
x∂w∞∥22 + 1

ν+ν̃
∥χm∂x∂ϕ∞∥22

≤ C
{

ν+ν̃
γ4 ∥χm∂∂x3ϕ∞∥22 + ν+ν̃

γ4 ∥χm∂x∂ϕ̇∞∥22 + 1
ν+ν̃

∥∂t∂xw∞∥22
+ ν+ν̃

γ4 ∥f̃ 0
∞∥2H2 + 1

ν+ν̃
∥f∞∥2H1

}
+ Cνν̃γ∥u∞∥2H1×H2 .

(7.12)

(iii) There holds the estimate

ν2

ν+ν̃
∥∂2

x∂x3w∞∥22 + 1
ν+ν̃

∥∂x∂x3ϕ∞∥22
≤ C

{
ν+ν̃
γ4 ∥∂x∂x3ϕ̇∞∥22 + 1

ν+ν̃
∥∂t∂xw∞∥22 + ν+ν̃

γ4 ∥f̃ 0
∞∥2H2 + 1

ν+ν̃
∥f∞∥2H1

}
+ Cνν̃γ∥u∞∥2H1×H2 .

(7.13)

Outline of Proof. We write problem (5.3) as

∂tϕ∞ + v3s∂x3ϕ∞ + γ2div(ρsw∞) + w · ∇ϕ∞ = f̃ 0
∞, (7.14)

∂tw∞ − ν
ρs
∆w∞ − ν̃

ρs
∇divw∞ +∇

(
P ′(ρs)
γ2ρs

ϕ∞

)
+ν∆′v3s

γ2ρ2s
ϕ∞e3 + v3s∂x3w∞ + (w′

∞ · ∇′v3s)e3 = f∞, (7.15)

w∞ |∂Ω= 0, (7.16)

(ϕ∞, w∞) |t=0= (ϕ∞,0, w∞,0). (7.17)

By (7.14) and (7.15), we have

divw∞ = G,

−∆w∞ +∇
(

P ′(ρs)
νγ2 ϕ∞

)
= F,

w∞|∂Ω = 0.

(7.18)

Here

G =
1

γ2

(
f̃ 0
∞ − ϕ̇∞ − γ2div ((ρs − 1)w∞)

)
,

F =
ρs
ν
f∞ − ρs

ν

{
∂tw∞ − ν̃

ρs
∇G+ ν∆′v3s

γ2ρ2s
ϕ∞e3 + v3s∂x3w∞ + (w′

∞ · ∇′v3s)e3

}
.
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Applying the estimate for the Stokes system, we have the estimate in (i). The
estimates in (ii) and (iii) can be obtained similarly by applying χm∂ and ∂x3 to
(7.18), respectively. □.

We are now in a position to prove Proposition 7.1.

Proof of Proposition 7.1 Let b1 and b2 be constants satisfying b1, b2 > 1. Define
Ẽ2[u∞] by

Ẽ2[u∞] = 1
γ2

N∑
m=1

{
b1

(∥∥∥χm

√
P ′(ρs)
γ2ρs

∂2ϕ∞

∥∥∥2
2
+
∥∥∥χm

√
P ′(ρs)
γ2ρs

∂∂x3ϕ∞

∥∥∥2
2

)
+
∥∥∥χm

√
P ′(ρs)
γ2ρs

∂n∂ϕ∞

∥∥∥2
2
+
∥∥∥χm

√
P ′(ρs)
γ2ρs

∂n∂x3ϕ∞

∥∥∥2
2

}
+ 1

γ2

(∥∥∥χ0

√
P ′(ρs)
γ2ρs

∂2
x′ϕ∞

∥∥∥2
2
+ b1

∥∥∥√P ′(ρs)
γ2ρs

∂2
x3
ϕ∞

∥∥∥2
2

)
+ b1

N∑
m=1

(∥∥χm
√
ρs∂

2w∞
∥∥2
2
+
∥∥χm

√
ρs∂∂x3w∞

∥∥2
2

)
+
∥∥χ0

√
ρs∂

2
x′w∞

∥∥2
2
+ b1

∥∥√ρs∂
2
x3
w∞
∥∥2
2

for u∞ = T(ϕ∞, w∞). We compute

b2

[ N∑
m=1

{
b1
{
(7.8) |(k,j)=(2,0) +(7.8) |(k,j)=(1,1)

}
+ (7.9) |(l,k,j)=(0,1,0) +(7.9) |(l,k,j)=(0,0,1)

}
+ (7.7) + b1(7.4)

]
+

N∑
m=1

(7.12) + (7.13).

Then

1
2

d
dt
b2Ẽ2[u∞] + bb2

ν+ν̃
γ4

( N∑
m=1

∥χm∂x∂ϕ̇∞∥22 + ∥∂x∂x3ϕ̇∞∥22
)

+ ν2

ν+ν̃

( N∑
m=1

∥χm∂
2
x∂w∞∥22 + ∥∂2

x∂x3w∞∥22
)

+ 1
ν+ν̃

( N∑
m=1

∥χm∂x∂ϕ∞∥22 + ∥χm∂x∂x3ϕ∞∥22
)

+ b2
2
ν
{
b1

N∑
m=1

(
∥χm∇∂2w∞∥22 + ∥χm∇∂∂x3w∞∥22

)
+ ∥χ0∇∂2

x′w∞∥22 + b1∥∇∂2
x3
w∞∥22

}
+ b2

2
ν̃
{
b1

N∑
m=1

(
∥χmdiv∂

2w∞∥22 + ∥χmdiv∂∂x3w∞∥22
)
+ ∥χ0div∂

2
x′w∞∥22

+ b1∥div∂2
x3
w∞∥22

}
+ b2

2
1

ν+ν̃

N∑
m=1

(∥∥χm
P ′(ρs)
γ2 ∂n∂ϕ∞

∥∥2
2
+
∥∥χm

P ′(ρs)
γ2 ∂n∂x3ϕ∞

∥∥2
2

)
≤ Cb1b2

{(
ϵ+ 1

γ2 +
ν+ν̃
γ4

)
∥∂2

xϕ∞∥22 + Cϵνγω∥u∞∥2H1×H2 + 1
ν+ν̃

∥∂t∂xw∞∥22 +R0

}
+ C1

{
b2

ν2

ν+ν̃

N∑
m=1

(
∥χm∇∂2w∞∥22 + ∥χm∇∂∂x3w∞∥22 + ∥χm∇∂2

x3
w∞∥22

)
+ ν+ν̃

γ4

( N∑
m=1

∥χm∂x∂ϕ̇∞∥22 + ∥∂x∂x3ϕ̇∞∥22
)}
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for any ϵ > 0. Here

R0 =
N∑

m=1

(|A(m)
0,2,0|+ |A(m)

0,1,1|) + |A(0)|+ |A0,0,2|+
N∑

m=1

(|A(m)
1,1,0|+ |A(m)

1,0,1|).

Fix b1 > 8C1 and b2 > 8C1

b
. It then follows that

1
2

d
dt
b2Ẽ2[u∞] + bν+ν̃

γ4

( N∑
m=1

∥χm∂x∂ϕ̇∞∥22 + ∥∂x∂x3ϕ̇∞∥22
)

+ ν2

ν+ν̃

( N∑
m=1

∥χm∂
2
x∂w∞∥22 + ∥∂2

x∂x3w∞∥22
)

+ 1
ν+ν̃

( N∑
m=1

∥χm∂x∂ϕ∞∥22 + ∥χm∂x∂x3ϕ∞∥22
)

+ b2
2
I1[w∞] + b2

2
1

ν+ν̃

N∑
m=1

(∥∥χm
P ′(ρs)
γ2 ∂n∂ϕ∞

∥∥2
2
+
∥∥χm

P ′(ρs)
γ2 ∂n∂x3ϕ∞

∥∥2
2

)
≤ Cb1b2

{(
ϵ+ 1

γ2 +
ν+ν̃
γ4

)
∥∂2

xϕ∞∥22 + Cϵνγω∥u∞∥2H1×H2

+ 1
ν+ν̃

∥∂t∂xw∞∥22 +R0

}

(7.19)

for any ϵ > 0. Here I1[w∞] is given by

I1[w∞] =ν
{ N∑

m=1

(
∥χm∇∂2w∞∥22 + ∥χm∇∂∂x3w∞∥22

)
+ ∥χ0∇∂2

x′w∞∥22 + ∥∇∂2
x3
w∞∥22

}
+ ν̃
{ N∑

m=1

(
∥χmdiv∂

2w∞∥22 + ∥χmdiv∂∂x3w∞∥22
)

+ ∥χ0div∂
2
x′w∞∥22 + ∥div∂2

x3
w∞∥22

}
.

Let b3 and b4 be constants satisfying b3, b4 > 1. Define E2[u∞] by

E2[u∞] =b2b3b4Ẽ2[u∞] + b4
1
γ2

N∑
m=1

∥∥∥χm

√
P ′(ρs)
γ2ρs

∂2
nϕ∞

∥∥∥2
2

+
(

1
γ2

∥∥∥√P ′(ρs)
γ2ρs

∂tϕ∞

∥∥∥2
2
+
∥∥√ρs∂tw∞

∥∥2
2

)
for u∞ = T(ϕ∞, w∞). We compute

b4

{
b3(7.19) +

N∑
m=1

(7.9) |(l,k,j)=(1,0,0)

}
+ (7.11) + b5(7.3).
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It follows that

1
2

d
dt
E2[u∞] + bb4

ν+ν̃
γ4 ∥∂2

xϕ̇∞∥22 + ν2

ν+ν̃
∥∂3

xw∞∥22 + 1
ν+ν̃

∥∂2
xϕ∞∥22

+ b3b4

{
ν2

ν+ν̃

( N∑
m=1

∥χm∂
2
x∂w∞∥22 + ∥∂2

x∂x3w∞∥22
)

+ 1
ν+ν̃

( N∑
m=1

∥χm∂x∂ϕ∞∥22 + ∥∂x∂x3ϕ∞∥22
)}

+ 1
2
b2b3b4I1[w∞]

+ b4
2

1
ν+ν̃

N∑
m=1

∥χm
P ′(ρs)
γ2 ∂n∇ϕ∞∥22 + 1

2

{
ν∥∇∂tw∞∥22 + ν̃∥div∂tw∞∥22 + cν+ν̃

γ4 ∥∂tϕ∞∥22
}

≤ Cb1···b4
{(

ϵ+ 1
γ2 +

ν+ν̃
γ4

)
∥∂2

xϕ∞∥22 + 1
ν+ν̃

∥∂t∂xw∞∥22 + Cϵνγω∥u∞∥2H1×H2

+R
}
+ C2

{
b4

ν2

ν+ν̃

N∑
m=1

(
∥χm∂n∂

2
x3
w∞∥22 + ∥χm∇∂n∂x3w∞∥22

+ ∥χm∇∂n∂w∞∥22 + ν+ν̃
γ4 ∥∂2

xϕ̇∞∥22
)}

for any ϵ > 0. Here

R = R0 +
N∑

m=1

|A(m)
2,0,0|+ |A1|.

Fix b3 and b4 so large that b3 > 8C2 and b4 > 2C2

b
. We assume that ν, ν̃ and γ also

satisfy γ2 > 8Cb1···b4 and γ2 > 8Cb1···b4(ν + ν̃). We take ϵ > 0 sufficiently small such
that ϵ < 1

8Cb1···b4

1
ν+ν̃

. It then follows that

1
2

d
dt
E2[u∞] + bν+ν̃

γ4 ∥∂2
xϕ̇∞∥22 + 1

2
ν2

ν+ν̃
∥∂3

xw∞∥22 + 1
2

1
ν+ν̃

∥∂2
xϕ∞∥22

+ ν2

ν+ν̃

( N∑
m=1

∥χm∂
2
x∂w∞∥22 + ∥∂2

x∂x3w∞∥22
)

+ 1
ν+ν̃

( N∑
m=1

∥χm∂x∂ϕ∞∥22 + ∥∂x∂x3ϕ∞∥22
)

+ I1[w∞] + 1
ν+ν̃

N∑
m=1

∥χm
P ′(ρs)
γ2 ∂n∇ϕ∞∥22

+ 1
2

{
ν∥∇∂tw∞∥22 + ν̃∥div∂tw∞∥22 + cν+ν̃

γ4 ∥∂tϕ∞∥22
}

≤ {Cϵνγω∥u∞∥2H1×H2 +R}.

(7.20)

We thus see that there are positive constants c1, c2 and C3 such that

d
dt
E2[u∞] + c1E2[u∞]

+ c2
(
∥∂3

xw∞∥22 + ∥∂2
xϕ∞∥22 + ∥ϕ̇∞∥H2 + ∥∂tw∞∥2H1 + ∥∂tϕ∞∥22

)
≤ Cνν̃γ(∥u∞∥H1×H2 +R).

Since
∥∂2

xw∞∥22 ≤ η∥∂3
xw∞∥22 + Cη∥w∞∥22
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holds for any η > 0, taking η so small that η < 1
2
min

{
c2

c2+Cνν̃γ
, 1
}
, we obtain

d
dt
E2[u∞] + c1E2[u∞]

+
c2
2

(
∥∂3

xw∞∥22 + ∥∂2
xϕ∞∥22 + ∥ϕ̇∞∥2H1 + ∥∂tw∞∥2H1 + ∥∂tϕ∞∥22

)
≤ 2Cνν̃γ(∥u∞∥2H1×L2 +R).

(7.21)

We see from (7.21) and Proposition 7.2 that there exist positive constants c̃1, c̃2 and
Cνν̃γ such that

E2[u∞(t)] + ∥u∞(t)∥2H1 + c̃2

∫ t

0

e−c̃1(t−τ)
(
∥∂3

xw∞∥22 + ∥∂2
xϕ∞∥22 + ∥u∞∥2H1

+ ∥ϕ̇∞∥2H1 + ∥∂tu∞∥2H1×L2

)
dτ

≤ Cνν̃γ

{
e−c̃1t

(
E2[u∞,0] + ∥u∞,0∥2H1

)
+ sup

0≤τ≤t
∥F∞(τ)∥22 +

∫ t

0

e−c̃1(t−τ)Rdτ
}
.

(7.22)

It remains to estimate the term ∥∂2
xw∞(t)∥2. We write the second equation of (5.1)

as
−ν∆w∞ − ν̃∇divw∞ = J, w∞ |∂Ω= 0,

where

J = −ρs

{
∂tw∞ +∇

(
P ′(ρs)
γ2ρs

ϕ∞

)
+ ν∆′v3s

γ2ρs
ϕ∞e3 + v3s∂x3w∞ + (w′

∞ · ∇′v3s)e3 − f∞

}
.

Since J ∈ L2(Ω), we obtain, by elliptic estimate,

∥∂2
xw∞∥22 ≤ C(∥w∞∥22 + ∥J∥22) ≤ Cνν̃γ(E2[u∞] + ∥u∞∥2H1 + ∥f∞∥22).

From this, with (7.22), we see that

E2[u∞(t)] + ∥u∞(t)∥2H1 + ∥∂2
xw∞(t)∥22 + c̃2

∫ t

0

e−c̃1(t−τ)
(
∥∂3

xw∞∥22 + ∥∂2
xϕ∞∥22

+ ∥u∞∥2H1 + ∥ϕ̇∞∥2H1 + ∥∂tu∞∥2H1×L2

)
dτ

≤ Cνν̃γ

{
e−c̃1t

(
E2[u∞,0] + ∥u∞,0∥2H1

)
+ sup

0≤τ≤t
∥F∞(τ)∥22 +

∫ t

0

e−c̃1(t−τ)Rdτ
}
.

(7.23)

As we will see in section 8 below, it holds that

sup
0≤τ≤t

∥F∞(τ)∥22 ≤ C(1 + t)−
3
2M(t)4. (7.24)

Proposition 7.1 follows from (7.23) and (7.24). This completes the proof. □

8 Estimates of nonlinear terms

In this section we prove the estimate (7.24) and (5.6).
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We first make an observation. By the Sobolev inequality we have

∥ϕ(t)∥∞ ≤ C[[ϕ(t)]]H2 ≤ C1[[u(t)]]2

for a positive constant C1. It then follows that

ρ(x, t) = ρs(x
′) + γ−2ϕ(x, t) ≥ ρ1 − γ−2∥ϕ(t)∥∞ ≥ ρ1 − C1γ

−2[[u(t)]]2.

Fix a positive constant ϵs satisfying ϵs ≤ 1
4
γ2ρ1
C1

. If [[u(t)]]2 ≤ ϵs, then it holds that

∥ϕ(t)∥∞ ≤ 1
4
γ2ρ1, ρ(x, t) ≥ 3

4
ρ1 > 0.

This implies that Q̃F (t) is smooth whenever [[u(t)]]2 ≤ ϵs.
We will show the following

Proposition 8.1. If [[u(t)]]2 ≤ ϵs and M(t) ≤ 1, then

sup
0≤τ≤t

∥F∞(τ)∥22 ≤ C(1 + t)−
3
2M(t)4, (8.1)

R(t) ≤ C{(1 + t)−
3
2M(t)3 + (1 + t)−

1
4M(t)D∞(t)} (8.2)

To prove Proposition 8.1, we prepare several lemmas.

Lemma 8.2. (i) For 2 ≤ p ≤ p ≤ ∞. If j and k are nonnegative integers
satisfying

0 ≤ j < k, k > j + n(1
2
− 1

p
),

then there exists a positive constant C such that

∥∂j
xf∥Lp(Rn) ≤ ∥f∥1−a

L2(R2)∥f∥
a
Hk(Rn).

Here a = 1
k
(j + n

2
− n

p
).

(ii) For 2 ≤ p ≤ ∞. If j and k are nonnegative integers satisfying

0 ≤ j < k, k > j + 3(1
2
− 1

p
),

then there exists a positive constant C such that

∥∂j
xf∥Lp(Ω) ≤ C∥f∥Hk(Ω).

(iii) If f ∈ H1(Ω) and f = f(x3) is independent of x
′ ∈ D, then it holds that

∥f∥L∞(Ω) ≤ C∥f∥
1
2

L2(Ω)∥∂x3f∥
1
2

L2(Ω)

for a positive constant C.

The proof of Lemma 8.2 can be found, e.g., in [11, 16].
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Lemma 8.3. (i) For nonnegative integers m and mk ( k = 1, · · · , l) and multi
index αk ( k = 1, · · · , l), we assume that

m ≥ [n
2
], 0 ≤ |αk| ≤ mk ≤ 2 + |αk| (k = 1, · · · , l)

and
l∑

k=1

mk ≥ 2(l − 1) +
l∑

k=1

|αk|,

then the estimate holds ∥∥ l∏
k=1

∂αk
x fk

∥∥
2
≤ C

l∏
k=1

∥fk∥Hmk

for a positive constant C.

(ii) For 1 ≤ k ≤ m. We assume that F (x, t, y) is a smooth function on Ω ×
[0,∞)× I with a compact interval I ⊂ R. For |α|+2j = k the estimates hold∥∥[∂α

x∂
j
t , F (x, t, f1)

]
f2
∥∥
2

≤

{
C0(t, f1(t))[[f2]]k−1 + C1(t, f1(t))

{
1 + ∥|Df1∥||α|+j−1

m−1

}
∥|Df1∥|m−1[[f2]]k,

C0(t, f1(t))[[f2]]k−1 + C1(t, f1(t))
{
1 + ∥|Df1∥||α|+j−1

m−1

}
∥|Df1∥|m[[f2]]k−1,

where

C0(t, f1(t)) =
∑

(β,l)≤(α,j), (β,l)̸=(0,0)

sup
x

∣∣(∂β
x∂

l
tF
)(
x, t, f1(x, t)

)∣∣,
C1(t, f1(t)) =

∑
(β,l)≤(α,j), 1≤p≤j+|α|

sup
x

∣∣(∂β
x∂

l
t∂

p
yF
)(
x, t, f1(x, t)

)∣∣.
(iii) For m ≥ 2 the estimates hold

∥f1 · f2∥Hm ≤ C1∥f1∥Hm∥f2∥Hm , [[f1 · f2]]m ≤ C2[[f1]]m[[f2]]m

for a positive constants C1 and C2.

See, e.g., [13, 16] for the proof of Lemma 8.3.
We begin with the following preliminary estimates for σ1 and uj ( j = 1,∞).

Lemma 8.4. We assume that u(t) = T(ϕ(t), w(t)) = (σ1u
(0))(t) + u1(t) + u∞(t) be

a solution of (5.1) in Z(T ). The following estimates hold for all t ∈ [0, T ] with a
positive constant C independent of T .

(i) ∥σ1(t)∥2 ≤ C(1 + t)−
1
4M(t),

(ii) [[u(t)]]2 ≤ C(1 + t)−
1
4M(t),

(iii) ∥|Dσ1(t)∥| ≤ C(1 + t)−
3
4M(t),
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(iv) [[uj(t)]]2 ≤ C(1 + t)−
3
4M(t), (j = 1,∞).

(v) ∥σ1(t)∥∞ ≤ C(1 + t)−
1
2M(t),

(vi) ∥uj(t)∥∞ ≤ C(1 + t)−
3
4M(t), (j = 1,∞).

(vii) ∥u(t)∥∞ ≤ C(1 + t)−
1
2M(t).

Lemma 8.4 easily follows from Lemma 8.2 and the definition of M(t).
Let us estimate the nonlinearities. For Q0F = −div(ϕw), we have the following

estimates.

Proposition 8.5. We assume that u(t) = T(ϕ(t), w(t)) = (σ1u
(0))(t)+u1(t)+u∞(t)

be a solution of (5.1) in Z(T ). If M(t) ≤ 1 for all t ∈ [0, T ], then the estimates hold
with a positive constant C independent of T .

(i) [[ϕdivw]]l ≤

{
C(1 + t)−

5
4M(t)2 (l = 1),

C(1 + t)−
5
4M(t)2 + (1 + t)−

1
2M(t)∥|Dw∞(t)∥|2 (l = 2).

(ii) ∥w · ∇ϕ∞∥H1 ≤ C(1 + t)−
5
4M(t)2.

(iii) [[w · ∇(σ1ϕ
(0) + ϕ1)]]2 ≤ C(1 + t)−

5
4M(t)2.

(iv)
∣∣∣(|∂2

x3
ϕ∞|2, div

(P ′(ρs)
γ4ρs

w
))∣∣∣+ ∣∣∣(|∂2

x′ϕ∞|2, div
(
χ2
0
P ′(ρs)
γ4ρs

w
))∣∣∣

+
∣∣∣(|∂tϕ∞|2, div

(
P ′(ρs)
γ4ρs

w
))∣∣∣+ N∑

m=1

{ ∑
j+k=1

∣∣∣(|∂k+1∂j
x3
ϕ∞|2, div

(
χ2
m

P ′(ρs)
γ4ρs

w
))∣∣∣

+
∑

j+k+l=1

∣∣∣(∣∣∂l+1
n ∂k∂j

x3
ϕ∞
∣∣2, div(χ2

m
P ′(ρs)
γ4ρs

w
))∣∣∣}

≤ C(1 + t)−
1
2M(t)D∞(t).

(v) ∥[∂x3 , w · ∇]ϕ∞∥2 + ∥χ0[∂
2
x′ , w · ∇]ϕ∞∥2 + ∥[∂t, w · ∇]ϕ∞∥2

+
N∑

m=1

{ ∑
j+k=1

∥∥∥χm[∂
k+1∂j

x3
, w · ∇]ϕ∞

∥∥∥
2
+

∑
j+k+l=1

∥∥∥χm[∂
l+1
n ∂k∂j

x3
, w · ∇]ϕ∞

∥∥∥
2

}
≤ C{(1 + t)−1M(t)2 + (1 + t)−

1
4M(t)

√
D∞(t)}.

(vi) ∥∂t(ϕw)∥2 ≤ C(1 + t)−1M(t)2.

Proof . The estimates (i)-(iii) and (vi) can be proved by applying Lemmas 8.2 and
8.3 similarly to the proof of [11, Proposition 8.5]. As for (iv), we have∣∣∣(|∂2

x3
ϕ∞|2, div

(
P ′(ρs)
γ4ρs

w
))∣∣∣+ ∣∣∣(|∂2

x′ϕ∞|2, div
(
χ2
0
P ′(ρs)
γ4ρs

w
))∣∣∣+ ∣∣∣(|∂tϕ∞|2, div

(
P ′(ρs)
γ4ρs

w
))∣∣∣

+
N∑

m=1

{ ∑
j+k=1

∣∣∣(|∂k+1∂j
x3
ϕ∞|2, div

(
χ2
m

P ′(ρs)
γ4ρs

w
))∣∣∣

+
∑

j+k+l=1

∣∣∣(∣∣∂l+1
n ∂k∂j

x3
ϕ∞
∣∣2, div(χ2

m
P ′(ρs)
γ4ρs

w
))∣∣∣}

≤ C∥|Dϕ∞∥|21(∥w∥∞ + ∥∇w∥∞)

≤ C(1 + t)−
1
2M(t)D∞(t).
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We next consider (v). We observe that [∂k+1∂j
x3
, w · ∇]ϕ∞ and [∂l+1

n ∂k∂j
x3
, w ·

∇]ϕ∞ are written as a linear combination of terms of the forms a[∂q
x, w]∇ϕ∞ and

(w · ∇a)∂q
xϕ∞ with smooth function a = a(x′) and integer q satisfying 1 ≤ q ≤ 2.

Therefore, applying Lemma 8.3, we obtain the desired estimate. This completes the
proof. □

Let us consider the nonlinearity Q̃F = T(0, f). We write Q̃F = T(0, f) in the
form

Q̃F = F̃0 + F̃1 + F̃2 + F̃3,

where F̃l =
T(0, hl) (l = 0, 1, 2, 3). Here

h0 =− w · ∇w + f1(ρs, ϕ)
(
−∂2

x3
σ1w

(0) +
∂2
x′vs
γ2ρs

(ϕ1 + ϕ∞)
)

+ f2(ρs, ϕ)
(
−∂2

x3
σ1w

(0) − ∂x3σ1∂x′w(0)
)

+ f0,1(x
′, ϕ)ϕσ1 + f0,2(x

′, ϕ)∂x3σ1 + f0,3(x
′, ϕ)ϕ(ϕ1 + ϕ∞),

h1 = −div
(
f1(ρs, ϕ)∇(w1 + w∞)

)
,

h2 = −∇
(
f2(ρs, ϕ)div(w1 + w∞)

)
+
(
div(w1 + w∞)

)
∇′(f2(ρs, ϕ)),

h3 = ∇
(
f3(x

′, ϕ)ϕ(ϕ1 + ϕ∞)
)
− (ϕ1 + ϕ∞)∇

(
f3(x

′, ϕ)ϕ
)
.

Here f0,l = f0,l(x
′, ϕ) (l = 1, 2, 3) and f3(x

′, ϕ) are smooth functions of x′ and ϕ.

Proposition 8.6. We assume that u(t) is a solution of (5.1) in Z(T ). If sup
0≤τ≤t

[[u(τ)]]2 ≤

ϵs and M(t) ≤ 1 for all t ∈ [0, T ], then the following estimates hold with a positive
constant C independent of T .

(i) ∥Q̃F (t)∥2 ≤ C(1 + t)−
3
4M(t)2.

(ii) [[h0(t)]]2 ≤ C
{
(1 + t)−

3
4M(t)2 + (1 + t)−

1
4M(t)∥|Dw∞(t)∥|2

}
.

(iii) ∥hl(t)∥H1 ≤ C
{
(1 + t)−1M(t)2 + (1 + t)−

1
4M(t)∥|Dw∞(t)∥|2

}
, (l = 1, 2, 3).

(iv) ∥∂thl(t)∥2 ≤ C
{
(1 + t)−1M(t)2 + (1 + t)−

1
4M(t)∥|Dw∞(t)∥|2

}
, (l = 1, 2, 3).

Proposition 8.6 can be proved in a similar manner to to the proof of [11, Propo-
sition 8.6] and [3, Proposition 8.6].

Proof of Proposition 8.1 We first prove (8.1). We see from Proposition 8.5 and
Proposition 8.6 that

∥Q0F ∥2 ≤ C(1 + t)−
5
4M(t)2,

∥Q̃F ∥2 ≤ C(1 + t)−
3
4M(t)2,

and hence,
∥Q̃F∞∥22 ≤ C∥F ∥22 ≤ C(1 + t)−

3
2M(t)4.
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This shows (8.1).
We next prove (8.2). We write

R =
4∑

i=1

Ii,

where

I1 =
∣∣∣(|∂2

x3
ϕ∞|2, div

(P ′(ρs)
γ4ρs

w
))∣∣∣+ ∣∣∣(|∂2

x′ϕ∞|2, div
(
χ2
0
P ′(ρs)
γ4ρs

w
))∣∣∣

+
∣∣∣(|∂tϕ∞|2, div

(
P ′(ρs)
γ4ρs

w
))∣∣∣+ N∑

m=1

{ ∑
j+k=1

∣∣∣(|∂k+1∂j
x3
ϕ∞|2, div

(
χ2
m

P ′(ρs)
γ4ρs

w
))∣∣∣

+
∑

j+k+l=1

∣∣∣(∣∣∂l+1
n ∂k∂j

x3
ϕ∞
∣∣2, div(χ2

m
P ′(ρs)
γ4ρs

w
))∣∣∣},

I2 =
∣∣∣([∂x3 , w · ∇]ϕ∞, P

′(ρs)
γ4ρs

∂x3ϕ∞

)∣∣∣+ ∣∣∣(χ2
0[∂

2
x′ , w · ∇]ϕ∞, P

′(ρs)
γ4ρs

∂x′ϕ∞

)∣∣∣
+
∣∣∣([∂t, w · ∇]ϕ∞, P

′(ρs)
γ4ρs

∂tϕ∞

)∣∣∣
+

N∑
m=1

{ ∑
j+k=1

∣∣∣(χ2
m[∂

k+1∂j
x3
, w · ∇]ϕ∞, P

′(ρs)
γ4ρs

∂k+1∂j
x3
ϕ∞

)∣∣∣
+

∑
j+k+l=1

∥∥χ2
m[∂

l+1
n ∂k∂j

x3
, w · ∇y]ϕ∞

P ′(ρs)
γ4ρs

∥∥2
2

}
,

I3 =
∣∣∣(∂2

x3
f̃ 0
∞, P

′(ρs)
γ4ρs

∂2
x3
ϕ∞

)∣∣∣+ ∣∣∣(∂2
x′ f̃ 0

∞, χ2
0
P ′(ρs)
γ4ρs

∂2
x′ϕ∞

)∣∣∣+ ∣∣∣(∂tf̃ 0
∞, P

′(ρs)
γ4ρs

∂tϕ∞

)∣∣∣
+

N∑
m=1

∑
j+k=1

∣∣∣(∂k∂j
x3
f̃ 0
∞, χ2

m
P ′(ρs)
γ4ρs

∂k+1∂j
x3
ϕ∞

)∣∣∣+ ∥∥f̃ 0
∞
∥∥2
H1 ,

I4 =
∣∣(∂x3f∞, ∂x3(ρs∂

2
x3
w∞)

)∣∣+ ∣∣(∂x′f∞, ∂x′(χ2
0ρs∂

2
x′w∞)

)∣∣+ ∣∣(∂tf∞, ρs∂tw∞
)∣∣

+
N∑

m=1

∑
j+k=1

∣∣(∂k∂j
x3
f∞, ∂(χ2

mρs∂
k+1∂j

x3
w∞)

)∣∣+ ∥f∞∥22.

From Proposition 8.5 (iv), (v) and Lemma 8.4 we see that

I1 ≤ C(1 + t)−
1
2M(t)D∞(t),

I2 ≤ C(1 + t)−
1
4M(t)

√
D∞(t)[[ϕ∞]]2

≤ C(1 + t)−1M(t)2
√
D∞(t)

≤ C
{
(1 + t)−

7
4M(t)3 + (1 + t)−

1
4M(t)D∞(t)

}
.

As for I3 and I4, we have

I3 + I4 ≤ C{∥f̃ 0
∞∥H2∥ϕ∞∥H2 + ∥f∞∥H1∥w∞∥H2

+ ∥∂tf̃ 0
∞∥2∥∂tϕ∞∥2 + ∥∂tf∞∥2∥∂tw∞∥2}.

Since [[Q0P∞F ]]1 + ∥Q̃P∞F ∥2 ≤ C[[F ]]1, we find from Proposition 8.5 and Proposi-
tion 8.6 that

∥f̃ 0
∞∥H2 + ∥f∞∥H1 + ∥∂tf∞∥2 ≤ C

{
(1 + t)−

3
4M(t)2 + (1 + t)−

1
4M(t)∥|Dw∞(t)∥|2

}
.
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It then follows from Lemma 8.4 that

∥f̃ 0
∞∥H2∥ϕ∞∥H2 + ∥f∞∥H1∥w∞∥H2 + ∥∂tf∞∥2∥∂tw∞∥2

≤ C{(1 + t)−
3
2M(t)3 + (1 + t)−1M(t)2

√
D∞(t)}.

It remains to estimate ∥∂tf̃ 0
∞∥2∥∂tϕ∞∥2. Since

∂tϕ∞ = −Q0LP∞u+Q0P∞F .

we see from Lemma 8.3 and Proposition 8.5 (i) – (iii) that

∥∂tϕ∞∥H1 ≤ C{∥v3s∂x3ϕ∞∥H1 + ∥∂xw∞∥H1 + ∥Q0F∞∥H1} ≤ C(1 + t)−
3
4M(t).

This, together with Lemma 8.3 and Proposition 8.5 (i) – (iii), then yields

∥∂tf̃ 0
∞∥2∥∂tϕ∞∥2 ≤ C

{
(1 + t)−2M(t)3 + (1 + t)−

5
4M(t)2

√
D∞(t)

}
,

and therefore, we have

I3 + I4 ≤ C
{
(1 + t)−

3
2M(t)2 + (1 + t)−

1
2M(t)D∞(t)

}
.

We thus conclude that

R(t) ≤ C
{
(1 + t)−

3
2M(t)2 + (1 + t)−

1
4M(t)D∞(t)

}
.

This completes the proof. □

9 Asymptotic behavior

In this section we prove the asymptotic behavior (3.2).
Since M(t) ≤ C∥u0∥H2∩L1 for all t ≥ 0, we see that

∥u(t)− (σ1u
(0))(t)∥2 ≤ C(1 + t)−

3
4∥u0∥H2∩L1 .

Therefore, to prove (3.2), it suffices to show the following

Proposition 9.1. Let σ = σ(x3, t) be the solution of (3.3) with initial value σ|t=0 =

⟨ϕ0⟩. Assume that ν ≥ ν0,
γ2

ν+ν̃
≥ γ2

0 and ω ≤ ω0. Then there exists ϵ > 0 such that
if ∥u0∥H2∩L1 ≤ ϵ, then

∥σ1(t)− σ(t)∥2 ≤ C(1 + t)−
3
4
+δ∥u0∥H2∩L1 (δ > 0).

To prove Proposition (9.1), we prepare two lemmas.
In what follows we denote by σ = σ(x3, t) the solution of (3.3) with initial value

σ|t=0 = σ0.
It is well-known that σ(t) has the following decay properties.
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Lemma 9.2. Assume that σ(t) is a solution of (3.3) with σ|t=0 = σ0 ∈ H1 ∩ L1.
Then

∥∂l
x3
σ(t)∥2 ≤ C(1 + t)−

1
4
− l

2∥σ0∥H1∩L1 (l = 0, 1),

∥σ(t)∥∞ ≤ C(1 + t)−
1
2∥σ0∥H1∩L1 .

We decompose H(t) into two parts. We define H0(t) and H∞(t) by

H0(t) = F−11{|η|≤r0}(ξ)e
−(iκ1ξ+κ0ξ2)tF , H∞(t) = H(t)−H0(t).

Then H(t) = H0(t) +H∞(t) and H0(t) and H∞(t) have the following properties.

Lemma 9.3. There hold the following estimates.

∥∂l
x3
H0(t)σ0∥2 ≤ C(1 + t)−

1
4
− l

2∥σ0∥1,

∥∂l
x3
H∞(t)σ0∥2 ≤ Ct−

l
2 e−

κ0
2
r20t∥σ0∥2,

∥∂l
x3
(etΛσ0 −H0(t)σ0)∥2 ≤ C(1 + t)−

3
4
− l

2∥σ0∥1.

Lemma 9.3 can be proved in a similar manner to the proof of [2, Proposition
5.8]; and we omit the proof.

We now prove Proposition 9.1.
Proof of Proposition 9.1. Let σ0 = ⟨ϕ0⟩. We define N(t) by

N(t) = sup
0≤τ≤t

(1 + τ)
3
4
−δ∥σ1(t)− σ(t)∥H1 .

We write σ as

σ(t) = H(t)σ0 − κ2

∫ t

0

H(t− τ)∂x3(σ
2)(τ)dτ. (9.1)

As for σ1(t), by Lemma 6.2 (ii), we have

F [PF ] = −iξ1{|η|≤r0}(ξ)⟨ϕ̂w3⟩+ ∂x3F [P(1)F ] + ∂2
x3
F [P(2)F ]

= −iξκ211{|η|≤r0}(ξ)(̂σ
2
1)− iξ1{|η|≤r0}(ξ)

(
⟨ϕ̂w3⟩ − ⟨ϕ(0)w(0),3⟩(̂σ2

1)
)

+ ∂x3F [P(1)(σ2
1F1 + F2)] + ∂2

x3
F [P(2)F ],

where κ21 = ⟨ϕ(0)w(0),3⟩. Furthermore,

F [P(1)(σ2
1F1)] = 1{|η|≤r0}(ξ)

⟨
σ̂2
1F1, u

∗(1)⟩ = 1{|η|≤r0}(ξ)⟨F1, u
∗(1)⟩(̂σ2

1)

= −κ221{|η|≤r0}(ξ)(̂σ
2
1),

where κ22 = −⟨F1, u
∗(1)⟩. We thus obtain

e(t−τ)ΛPF =− κ2e
(t−τ)Λ∂x3(σ

2
1)− e(t−τ)Λ∂x3

{
⟨ϕw3⟩ − ⟨ϕ(0)w(0),3⟩σ2

1

}
+ e(t−τ)ΛJ4 + e(t−τ)ΛJ5.
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Here we set κ2 = κ21 + κ22,

J4 = ∂x3P(1)F2 + ∂2
x3
P(2)F2,

J5 = ∂2
x3
P(2)(σ2

1F1).

It then follows from (5.2) and (9.1) that σ1(t)− σ(t) is written as

σ1(t)− σ(t) =
5∑

j=0

Ij(t),

where

I0(t) = etΛPu0 −H(t)σ0 + κ2

∫ t

0

H∞(t− τ)∂x3(σ
2)(τ) dτ,

I1(t) = −κ2

∫ t

0

H0(t− τ)∂x3(σ
2
1 − σ2)dτ,

I2(t) = −κ2

∫ t

0

(
e(t−τ)Λ −H0(t− τ)

)
∂x3(σ

2
1)(τ) dτ,

I3(t) = −
∫ t

0

∂x3e
(t−τ)Λ

(
⟨ϕw3⟩ − ⟨ϕ(0)w(0),3⟩σ2

1

)
dτ,

Ij(t) =

∫ t

0

e(t−τ)ΛJj(τ)dτ, (j = 4, 5).

We see from Proposition 4.6 and Lemmas 9.2, 9.3 that

∥I0(t)∥H1

≤ C
{
(1 + t)−

3
4∥u0∥H1∩L1 +

∫ t

0

(t− τ)−
l
2 e−

κ0
2
r20(t−τ)∥σ∥∞∥∂x3σ∥2(τ) dτ

}
≤ C

{
(1 + t)−

3
4∥u0∥H1∩L1 +

∫ t

0

(t− τ)−
l
2 e−

κ0
2
r20(t−τ)(1 + τ)−

5
4 dτ∥u0∥2H1∩L1

}
≤ C(1 + t)−

3
4∥u0∥H1∩L1{1 + ∥u0∥H1∩L1}.

As for I1(t), we first observe

∥(σ2
1 − σ2)(t)∥1 ≤ ∥(σ1 + σ)(t)∥2∥(σ1 − σ)(t)∥2 ≤ C(1 + t)−1+δN(t)∥u0∥H2∩L1 .

Since ∂k
x3
H0(t) = H0(t)∂

k
x3

(k = 0, 1), we see from Lemma 9.3 that

∥∂k
x3
I1(t)∥2 ≤ C

∫ t

0

(1 + t− τ)−
3
4
− k

2 (1 + τ)−1+δdτ∥u0∥H2∩L1N(t)

≤ C(1 + t)−
3
4
+δ∥u0∥H2∩L1N(t)

for k = 0, 1.
As for I2(t), we see from Lemma 9.3 that

∥∂k
x3
I2(t)∥2 ≤ CM(t)2

∫ t

0

(1 + t− τ)−
3
4
− k

2 (1 + τ)−1dτ

≤ C(1 + t)−
3
4 log(1 + t)∥u0∥2H2∩L1
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for k = 0, 1.
As for I3(t), since

∥⟨ϕw3⟩(τ)− ⟨ϕ(0)w(0),3(τ)⟩σ2
1(τ)∥1

≤ C
{
∥σ1(τ)∥2∥u(τ)− σ1(τ)u

(0)∥2 + ∥u(t)∥2∥u(τ)− σ1(τ)u
(0)∥2

}
≤ C(1 + τ)−1M(t)2,

we have

∥∂k
x3
I3(t)∥2 ≤ CM(t)2

∫ t

0

(1 + τ)−
3
4
− k

2 (1 + τ)−1dτ

≤ C(1 + t)−
3
4 log(1 + t)∥u0∥2H2∩L1

for k = 0, 1.
By Proposition 4.5 and Lemma 6.3, I4(t) is estimated as

∥∂k
x3
I4(t)∥2 = ∥

∫ t

0

e(t−τ)Λ∂x3

(
P(1)F2(τ) + ∂x3P(2)F2(τ)

)
dτ∥2M(t)2

≤ C

∫ t

0

(1 + t− τ)−
3
4
− k

2 (1 + τ)−1dτ∥u0∥2H2∩L1

≤ C(1 + t)−
3
4 log(1 + t)∥u0∥2H2∩L1

for k = 0, 1.
As for I5(t), since ∂x3P(2)(τ) = P(2)∂x3 , we see from Lemma 6.3 that

∥∂k
x3
I5(t)∥2 ≤

∥∥∥∫ t

0

e(t−τ)Λ∂k+1
x3

P(2)
(
∂x3(σ

2
1)F1

)
(τ)dτ

∥∥∥
2

≤ C
{∫ t

2

0

(1 + t− τ)−
3
4
− k

2 (1 + τ)−1dτM(t)2

≤ C(1 + t)−
3
4 log(1 + t)∥u0∥2H2∩L1

for k = 0, 1.
Therefore, we obtain

∥(σ1 − σ)(t)∥H1 ≤ C(1 + t)−
3
4
+δ∥u0∥H2∩L1{1 + ∥u0∥H2∩L1 + ∥u0∥2H2∩L1 +N(t)}.

It then follows that if ∥u0∥H2∩L1 is sufficiently small, then

N(t) ≤ C∥u0∥H2∩L1 .

We thus see that if ∥u0∥H2∩L1 ≪ 1, then

∥σ1(t)− σ(t)∥2 ≤ C(1 + t)−
3
4
+δ∥u0∥H2∩L1

This completes the proof. □
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(1)

MI2010-33 Yoshiyuki KAGEI
Global existence of solutions to the compressible Navier-Stokes equation around
parallel flows

MI2010-34 Nobushige KUROKAWA, Masato WAKAYAMA & Yoshinori YAMASAKI
Milnor-Selberg zeta functions and zeta regularizations

MI2010-35 Kissani PERERA & Yoshihiro MIZOGUCHI
Laplacian energy of directed graphs and minimizing maximum outdegree algorithms

MI2010-36 Takanori YASUDA
CAP representations of inner forms of Sp(4) with respect to Klingen parabolic sub-
group

MI2010-37 Chikashi ARITA & Andreas SCHADSCHNEIDER
Dynamical analysis of the exclusive queueing process

MI2011-1 Yasuhide FUKUMOTO& Alexander B. SAMOKHIN
Singular electromagnetic modes in an anisotropic medium

MI2011-2 Hiroki KONDO, Shingo SAITO & Setsuo TANIGUCHI
Asymptotic tail dependence of the normal copula

MI2011-3 Takehiro HIROTSU, Hiroki KONDO, Shingo SAITO, Takuya SATO, Tatsushi TANAKA
& Setsuo TANIGUCHI
Anderson-Darling test and the Malliavin calculus

MI2011-4 Hiroshi INOUE, Shohei TATEISHI & Sadanori KONISHI
Nonlinear regression modeling via Compressed Sensing



MI2011-5 Hiroshi INOUE
Implications in Compressed Sensing and the Restricted Isometry Property

MI2011-6 Daeju KIM & Sadanori KONISHI
Predictive information criterion for nonlinear regression model based on basis ex-
pansion methods

MI2011-7 Shohei TATEISHI, Chiaki KINJYO & Sadanori KONISHI
Group variable selection via relevance vector machine

MI2011-8 Jan BREZINA & Yoshiyuki KAGEI
Decay properties of solutions to the linearized compressible Navier-Stokes equation
around time-periodic parallel flow
Group variable selection via relevance vector machine

MI2011-9 Chikashi ARITA, Arvind AYYER, Kirone MALLICK & Sylvain PROLHAC
Recursive structures in the multispecies TASEP

MI2011-10 Kazunori YASUTAKE
On projective space bundle with nef normalized tautological line bundle

MI2011-11 Hisashi ANDO, Mike HAY, Kenji KAJIWARA & Tetsu MASUDA
An explicit formula for the discrete power function associated with circle patterns
of Schramm type

MI2011-12 Yoshiyuki KAGEI
Asymptotic behavior of solutions to the compressible Navier-Stokes equation around
a parallel flow

MI2011-13 Vladimı́r CHALUPECKÝ & Adrian MUNTEAN
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