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1 Introduction

Rigidity phenomena in random point sets have attracted a fair amount of attention in
the recent years. At its core, this involves singularity behaviour that can be observed
under spatial conditioning in many natural point processes. While the phenomenon
is interesting, and at first, counterintuitive in its own right, several applications of
rigidity phenomena have been found in natural probabilistic questions concerning
point processes, particularly those of a stochastic geometric flavour. In this article,
we will try to give a brief overview of these results.

The most canonical example of point processes is the Poisson point process on Eu-
clidean spaces (and other Riemannian manifolds). A key characteristic of the Poisson
process is the property that the points in mutually disjoint domains are statistically
independent. For the Poisson process, therefore, spatial conditioning is a triviality,
and as a result, it is not interesting from the point of view of rigidity phenomena.
However, there is a wide range of naturally occuring point processes such that do
exhibit remarkable behaviour with regard to spatially conditioned measures. These
include key examples arising from random matrices and random polynomials.

The basic question in studying rigidity phenomena is the following. Suppose we have
a point process Π on a space Ξ, which in general we will think of as a locally Euclidean
metric space. Let S be the Polish space of locally finite point configurations on Ξ,
which means that the point process Π can be thought of as a probability measure
on S. Let D ⊂ Ξ be a bounded open set. The partitioning Ξ = D ∪ Dc induces
a decomposition S = Sin × Sout, where Sin and Sout are respectively the spaces of
finite point configurations on D and locally finite point configurations on Dc. This
immediately leads to the natural decomposition Υ = (Υin,Υout) for any Υ ∈ S, and
consequently a decomposition of the point process Π as Π = (Πin,Πout).

By abstract nonsense, we can define the conditional law (that is, the regular con-
ditional distribution) of Πin given Πout. We will denote this conditional measure by
ρω, where ω is the value of Πout. In the case of the Poisson process, ρω does not
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In what follows, we will show that for the Ginibre ensemble, the points outside any
bounded open set D determine a.s. the number of points inside D, and in the GAF
zero process, the points outside D determine the number and the sum of the points
inside. If we think of the points as a particle system, then this can be described by
saying that in the Ginibre ensemble, there is local conservation of mass, while in the
standard planar GAF zero process, the mass as well as the centre of mass are locally
conserved. Moreover, they showed that these are the “only” conservation laws in
these ensembles, in a natural sense. To be precise, we quote the relevant theorems
from [GP].

In Theorems 2.1-2.4 we denote the Ginibre ensemble by G and the GAF zero en-
semble by Z. As before, D is a bounded open set in C.

In the case of the Ginibre ensemble, we prove that a.s. the points outside D deter-
mine the number of points inside D, and “nothing more”.

Theorem 2.1. For the Ginibre ensemble, there is a measurable function N : Sout →
N ∪ {0} such that a.s.

Number of points in Gin = N(Gout) .

Since a.s. the length of (the vector of) inside points ζ equals N(Gout), we can assume

that each measure ρ(Υout, ·) is supported on DN(Υout).

Theorem 2.2. For the Ginibre ensemble, a.s. the measure ρ(Gout, ·) and the Lebesgue
measure L on DN(Gout) are mutually absolutely continuous.

In the case of the GAF zero process, we prove that the points outside D determine
the number as well as the centre of mass (or equivalently, the sum) of the points inside
D, and “nothing more”.

Theorem 2.3. For the GAF zero ensemble,
(i)There is a measurable function N : Sout → N ∪ {0} such that a.s.

Number of points in Zin = N(Zout).

(ii)There is a measurable function S : Sout → C such that a.s.

Sum of the points in Zin = S(Zout).

For a possible value Υout of Zout, define the set of admissible vectors of inside points
(obtained by considering all possible orderings of such inside point configurations)

ΣS(Υout) := {ζ ∈ DN(Υout) :

N(Υout)
�

j=1

ζj = S(Υout)}
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depend on ω, and is itself a Poisson point process on D. In the case of naturally
occurring point processes with non-trivial spatial correlation, one would expect that
ρω would still show some regularity, e.g. being absolutely continuous with respect to
the Poisson process on D. However, this turns out to be far from the case. E.g., for
the Ginibre ensemble on R

2, which comes from the canonical non-Hermitian Gaussian
random matrix ensemble, the points outside any bounded open set D determine a.s.
the number of points inside D.

This is an opportune moment to introduce the formal definition of rigidity:

Definition 1. A measurable function fin : Sin → C is said to be rigid with respect to
the point process X on S if there is a measurable function fout : Sout → C such that
a.s. we have fin(Xin) = fout(Xout).

2 Rigidity Phenomena in point processes

In [GP], the authors undertook a systematic study of rigidity phenomena, with par-
ticular reference to the Ginibre ensemble and the Gaussian zero process on the plane.
We briefly discuss these point processes here; for a detailed account we refer the reader
to [HKPV].

The Ginibre ensemble was introduced in the physics literature by Ginibre [Gin] as a
model based on non-Hermitian random matrices. For a positive integer n, consider the
eigenvalues of a n×n random matrix whose entries are i.i.d. complex Gaussians. The
Ginibre ensemble is the weak limit of these (finite-dimensional) eigenvalue processes.

It is a determinantal point process with the determinantal kernel K(z, w) =
∞
�

j=0

(zw)j

j!

and the background measure e−|z|2dL(z), where L denotes the Lebesgue measure on
C. The standard planar Gaussian Analytic Function (abbreviated henceforth as GAF)
is the random entire function defined by the series development

f(z) =
∞
�

k=0

ξk√
k!
zk

where ξk-s are i.i.d. standard complex Gaussians. The zero set of this random analytic
function is the GAF zero process. In comparison to the Ginibre ensemble, it can be
realized as the weak limit of the zero processes of the random polynomials

fn(z) =
n

�

k=0

ξk√
k!
zk

Both the Ginibre and the GAF zero ensembles are translation-invariant and are er-
godic under the action of the rigid motions of the plane.
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Definition 3. Let Π be a point process on a Riemannian manifold Ξ with volume
measure µ. Let D ⊂ Ξ be a bounded open set, and let Λ(Φ0),Λ(Φ1), · · · ,Λ(Φt) be rigid
linear statistics of the point process Πin on D, with Φ0 ≡ 1 and Φ1, · · · ,Φt : D → C

smooth functions.

For an integer m ≥ 0 and s := (s1, · · · , st) ⊂ C
t, consider the submanifold of Dm

Σm,s := {ζ = (ζ1, · · · , ζm) ∈ Dm : Λ(Φj)[δζ ] = sj; 1 ≤ j ≤ t},

where δζ is the counting measure corresponding to the point set {ζi}mi=1.

Then Π is said to be tolerant subject to Λ(Φ0),Λ(Φ1), · · · ,Λ(Φt) if the conditional
distribution (Πin|Πout = ω) is mutually absolutely continuous with the point process
of Λ(Φ0) = N(ω) points sampled independently from the submanifold ΣN(ω),s (where
si = Λ(Φi) = Si(ω), 1 ≤ i ≤ t) equipped with the restriction of the volume measure
µ⊗N(ω).

Theorems 2.2 and 2.4 can be phrased in terms tolerance as defined above. E.g.,
Theorem 2.2 can be rephrased by saying that for any bounded open set D, the Ginibre
ensemble is tolerant subject to the number of points in D.

In view of these results, it is natural to ask whether there are point processes which
exhibit higher levels of rigidity, in the sense that higher moments of the points inside
D are also conserved. In a technical sense, we can formulate this question as follows.

Definition 4. We say that a point process Π on C is rigid at level k if the following
conditions hold for every bounded open set D ⊂ C:

• The linear statistics of Πin given by {Λ(zj)}k−1
j=0 are rigid.

• Π is tolerant subject to {Λ(zj)}k−1
j=0 .

In terms of the last definition, we can say that the Ginibre ensemble is rigid at level
1 and the standard planar GAF zero process is rigid at level 2. In an upcoming paper
[GK], the authors exhibit a family of Gaussian entire functions indexed by a paramter
α, such that the (random) zero set shows phase transitions in its level of rigidity as
α varies, and further, any level of rigidity can be attained by appropriate choice of α.
To be more speficic, they show that

Theorem 3.1. For a real number α > 0, define the α-GAF

fα(z) =
∞
�

k=0

ξk

(k!)α/2
zk.

The α-GAF zero process is rigid at level
�

⌊ 1
α
⌋+ 1

�

.

5

where ζ = (ζ1, · · · , ζN(Υout)).

Since a.s. the length of (the vector of) inside points ζ equals N(Υout), we can assume

that each measure ρ(Υout, ·) gives us the distribution of a random vector in DN(Υout)

supported on ΣS(Υout).

Theorem 2.4. For the GAF zero ensemble, a.s. the measure ρ(Zout, ·) and the
Lebesgue measure LΣ on ΣS(Zout) are mutually absolutely continuous.

In [G-I], the rigidity (of the number of points) in the famous sine kernel process
(on the real line) was established, see Theorem 4.2 therein (which establishes such
behaviour for a more general class of ensembles). On a related note, similar results
were also established for a wide range of translation invariant determinantal point
processes on Z (introduced by Lyons and Steif [LySt]) that correspond to function
spaces characterised by vanishing Fourier transform outside a given set. To be more
precise, let f : T → [0, 1] be a measurable function. Then it is not difficult to check
that one can define a determinantal point process on Z with K(i, j) := f̂(i− j) and
counting measure as the background measure. In Theorem 1.5, [G-I], it has been
shown that whenever f is the indicator function of an interval, the corresponding
determinantal process exhibits rigidity of the number of points in a domain. In par-
ticular, this settles in the negative a conjecture in [LySt] to the effect that essentially
all such processes are insertion and deletion tolerant.

In [OsSh], Osada and Shirai showed that for the Ginibre ensemble, the Palm mea-
sures with respect to different point sets are mutually absolutely continuous if the
conditioning set of points have the same cardinality, and are mutually absolutely con-
tinuous otherwise. Such dichotomy is similar in spirit to the rigidity phenomena under
our consideration.

3 Rigidity Hierarchies

Theorems 2.2 and 2.4 lead to a natural definition of “tolerance” for point processes.
Heuristically, this corresponds to the regularity of the (spatially) conditional measures,
modulo local rigidity constraints. Before making a formal definition, let us recall the
definition of linear statistics:

Definition 2. Let Π be a point proces on Ξ and ϕ : Ξ → C be a measurable function.
Then the linear statistics Λ(ϕ) of Π is defined to be the random variable

Λ(ϕ)[Π] :=

�

Ξ

ϕ(z)d[Π](z).

In the above and in what follows, d[Π] denotes the (random) counting measure
naturally associated with the point process Π.
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is as follows: we want to rule out the possibility that, with positive probability, there
are multiple (but finitely many) infinite clusters (the case of infinitely many infinite
clusters is ruled out because of the amenability of the ambient space R

2, and can be
dealt with in a unified manner for all ergodic point process). In the representative
scenario where there are two infinite clusters with positive probability, we intersect the
two infinite clusturs with a large disk D. Then, fixing the Poisson process outside D,
we introduce N new points uniformly inside D. For N large enough, these new points
can be used to connect the two infinite clusters with positive probability. Thus, having
two infinite clusters with positive probability implies that we can have one infinite
cluster with positive probability. This contradicts the fact that the number of infinite
clusters, being a translation-invariant random variable defined on an ergodic point
process, is a.s. a constant.

The Burton and Keane argument crucially depends on the fact that in a Poisson
point process, conditioned on the points outside a bounded domain D, one can insert
more points inside D with positive probability. In the mathematical physics litera-
ture, this property is sometimes abstracted as the “finite energy condition”, under
which assumption many results can be obtained. However, for the Ginibre ensemble
and the GAF zero process, the rigidity of the number of points precludes the finite
energy condition, and therefore renders a direct application of the Burton and Keane
argument invalid.

In order to remedy this difficulty, we observe that the number of points in a disk D
of (large) radius R is Θ(R2), whereas the distance to be spanned in order to connect
the two infinite clusters (that D intersects) is O(R). Heuristically, therefore, there
are typically “many more points than necessary” in order to connect the two infinite
clusters. This obviates the need to introduce new points, and the question is whether
the points already present in D can be spatially manipulated in order to “connect”
the infinite clusters, at the same time maintaining all the rigidity constraints relevant
to the point process in question. Invoking Theorems 2.2 and 2.4, this approach can be
pushed through rigorously for the Ginibre and the GAF zero processes, and we refer
the interested reader to the proofs of Theorems 1.1 and 1.2 in [GKP] for the (fairly
elaborate) technical issues involved.

In [Os], an understanding of the quasi-Gibbs property, which has a somewhat simi-
lar flavour to our discussion of rigidity phenomena, was exploited to define an infinite
particle SDE for invariant dynamics on the Ginibre process. In a recent work (draft
under preparation), Osada has established a sub-diffusivity behaviour of tagged par-
ticles in the Ginibre interacting brownian motion, which is another manifestation of
the rigidity of the Ginibre ensemble (compared to Poisson). To execute a similar
programme for invariant dynamics on the standard planar GAF zero process involves
new challenges involving the higher level of rigidity in that process, and there is some
hope of advances in this direction in an ongoing work by Osada, Shirai and the author.

7

In the same work, they show that a necessary condition for a determinantal point
process to be rigid is that its kernel is a reproducing kernel:

Theorem 3.2. Let Π be a determinantal point process with kernel K and background
measure µ. Then Π exhibits rigidity in the number of points in a domain only if K is
a projection operator on L2(µ).

4 Applications to stochastic geometry

An understanding of rigidity phenomena has been used in the recent past to answer
various natural questions related to spatially correlated point processes, extending the
state of the art from the case of the Poisson point process. Many of these questions
have a stochastic geometric flavour. In [GKP], the authors used an understanding
of the rigidity behaviour of the Ginibre ensemble and the standard planar GAF zero
process obtained in [GP] in order to study continuum percolation on these models. In
particular, they showed the existence of a non-trivial critical radius for percolation for
GAF zeroes, and established the uniqueness of the infinite cluster in the supercritical
regime for both the Ginibre and the GAF zero processes (the existence of a critical
radius for the Ginibre ensemble was known in the literature).

To briefly describe the continuum percolation model (also known in the relevant
literature as the Boolean model or the Gilbert disk model), we define a random
geometric graph whose vertices are the points of a point process, and where vertices
are connected by an edge if their mutual distance is less than a threshold r. It is easy
to see that the number of infinite clusters in this graph is a non-decreasing function
of r. We say that there is a non-trivial critical radius for percolation if there exists
a 0 < rc < ∞ such that a.s. there is no infinite connected component in the random
geometric graph whenever r < rc, and a.s. there is an infinite connected component
if r > rc. Further, the number of infinite clusters is a translation invariant random
variable, and hence is a.s. a constant whenever the underlying point process is ergodic.

While it would be too much of a digression to give a detailed outline of the proofs, let
us sketch some of the major features, with emphasis on the aspects related to rigidity
phenomena. The existence of a non-trivial critical radius uses the standard Pierls
type argument, and the key property that is required of the underlying point process
is an exponential decay of the probability of having a long vacant (or overcrowded)
circuit. For the GAF zero process, this was not known, and was established in [GKP]
(Theorem 1.3 therein) exploiting an almost-independence phenomenon exhibited by
the GAF and using a Cantor set type construction.

To establish the uniqueness of the infinite cluster, we would ideally like to appeal
to the famous Burton and Keane type argument from the classical Bond percolation
theory. In the setting of continuum percolation, the same argument can be used to deal
with the Poisson process. The main theme of the Burton and Keane type argument

6
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process, is a.s. a constant.

The Burton and Keane argument crucially depends on the fact that in a Poisson
point process, conditioned on the points outside a bounded domain D, one can insert
more points inside D with positive probability. In the mathematical physics litera-
ture, this property is sometimes abstracted as the “finite energy condition”, under
which assumption many results can be obtained. However, for the Ginibre ensemble
and the GAF zero process, the rigidity of the number of points precludes the finite
energy condition, and therefore renders a direct application of the Burton and Keane
argument invalid.

In order to remedy this difficulty, we observe that the number of points in a disk D
of (large) radius R is Θ(R2), whereas the distance to be spanned in order to connect
the two infinite clusters (that D intersects) is O(R). Heuristically, therefore, there
are typically “many more points than necessary” in order to connect the two infinite
clusters. This obviates the need to introduce new points, and the question is whether
the points already present in D can be spatially manipulated in order to “connect”
the infinite clusters, at the same time maintaining all the rigidity constraints relevant
to the point process in question. Invoking Theorems 2.2 and 2.4, this approach can be
pushed through rigorously for the Ginibre and the GAF zero processes, and we refer
the interested reader to the proofs of Theorems 1.1 and 1.2 in [GKP] for the (fairly
elaborate) technical issues involved.

In [Os], an understanding of the quasi-Gibbs property, which has a somewhat simi-
lar flavour to our discussion of rigidity phenomena, was exploited to define an infinite
particle SDE for invariant dynamics on the Ginibre process. In a recent work (draft
under preparation), Osada has established a sub-diffusivity behaviour of tagged par-
ticles in the Ginibre interacting brownian motion, which is another manifestation of
the rigidity of the Ginibre ensemble (compared to Poisson). To execute a similar
programme for invariant dynamics on the standard planar GAF zero process involves
new challenges involving the higher level of rigidity in that process, and there is some
hope of advances in this direction in an ongoing work by Osada, Shirai and the author.
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In the same work, they show that a necessary condition for a determinantal point
process to be rigid is that its kernel is a reproducing kernel:

Theorem 3.2. Let Π be a determinantal point process with kernel K and background
measure µ. Then Π exhibits rigidity in the number of points in a domain only if K is
a projection operator on L2(µ).

4 Applications to stochastic geometry

An understanding of rigidity phenomena has been used in the recent past to answer
various natural questions related to spatially correlated point processes, extending the
state of the art from the case of the Poisson point process. Many of these questions
have a stochastic geometric flavour. In [GKP], the authors used an understanding
of the rigidity behaviour of the Ginibre ensemble and the standard planar GAF zero
process obtained in [GP] in order to study continuum percolation on these models. In
particular, they showed the existence of a non-trivial critical radius for percolation for
GAF zeroes, and established the uniqueness of the infinite cluster in the supercritical
regime for both the Ginibre and the GAF zero processes (the existence of a critical
radius for the Ginibre ensemble was known in the literature).

To briefly describe the continuum percolation model (also known in the relevant
literature as the Boolean model or the Gilbert disk model), we define a random
geometric graph whose vertices are the points of a point process, and where vertices
are connected by an edge if their mutual distance is less than a threshold r. It is easy
to see that the number of infinite clusters in this graph is a non-decreasing function
of r. We say that there is a non-trivial critical radius for percolation if there exists
a 0 < rc < ∞ such that a.s. there is no infinite connected component in the random
geometric graph whenever r < rc, and a.s. there is an infinite connected component
if r > rc. Further, the number of infinite clusters is a translation invariant random
variable, and hence is a.s. a constant whenever the underlying point process is ergodic.

While it would be too much of a digression to give a detailed outline of the proofs, let
us sketch some of the major features, with emphasis on the aspects related to rigidity
phenomena. The existence of a non-trivial critical radius uses the standard Pierls
type argument, and the key property that is required of the underlying point process
is an exponential decay of the probability of having a long vacant (or overcrowded)
circuit. For the GAF zero process, this was not known, and was established in [GKP]
(Theorem 1.3 therein) exploiting an almost-independence phenomenon exhibited by
the GAF and using a Cantor set type construction.

To establish the uniqueness of the infinite cluster, we would ideally like to appeal
to the famous Burton and Keane type argument from the classical Bond percolation
theory. In the setting of continuum percolation, the same argument can be used to deal
with the Poisson process. The main theme of the Burton and Keane type argument

6
23



step in this direction was taken in [G-I], where it was proven that if Λ is a realization
of the sine kernel process (of intensity 1), then it is complete in L2(−π, π) a.s. In
doing so, the rigidity of the number of points in the sine kernel process was exploited.
In fact, the theorem for the sine kernel process was deduced as a special case of a
spanning theorem for rigid determinant point processes, which we explain below.

Consider a determinantal point process with a kernel K and background measure µ
such that K acts as a projection operator onto a subspace H of L2(µ); in other words,
K is a reproducing kernel for H ⊂ L2(µ). If Λ is a realization of this point process,
then it is not hard to see that the (random) set of exponentials {K(·, x) : x ∈ Λ} ⊂ H;
and the question is whether there is equality. In the case where dim(H) < ∞ or the
ambient space is countable, the answer to this question is known to be positive,
for details see [Ly-I]. In general, the answer to this question is not known, and it
ties to many interesting questions, as explained in [Ly-II]. In particular, when the
determinant process is the sine kernel process (of unit intensity) on R, this question
is equivalent to the completeness question on exponentials described above. In [G-I],
this question was settled in the affirmative in the case where the determinantal process
is, in addition, rigid :

Theorem 5.1. Let Π be a determinantal point process with a kernel K(·, ·) on a second
countable locally compact proper metric space (E, d) and a background measure µ which
is a non-negative regular Borel measure. Suppose K(·, ·), as an integral operator from
L2(µ) to itself, is the projection onto a closed subspace H ⊂ L2(µ)

Let Π be rigid, in the sense that for any open ball B with a finite radius, the point
configuration outside B a.s. determines the number of points NB of Π inside B. Then
{K(·, x) : x ∈ Π} is a.s. complete in H, that is, a.s. this set of functions spans H.

References

[GP] S. Ghosh, Y. Peres, Rigidity and Tolerance in point processes: Gaussian ze-
roes and Ginibre eigenvalues, http://arxiv.org/abs/1211.2381, Duke Mathemati-
cal Journal (to appear).

[GKP] S. Ghosh, M.Krishnapur, Y. Peres, Continuum Percolation for Gaussian ze-
roes and Ginibre eigenvalues, http://arxiv.org/abs/1211.2514v1.

[HKPV] J.B. Hough, M.Krishnapur, Y.Peres, B.Virag, Zeros of Gaussian Analytic
Functions and Determinantal Point Processes, A.M.S., 2010.

[DaV] D.J. Daley, D. Vere Jones, An Introduction to the Theory of Point Processes
(Vols. I & II), Springer, 1997.

[G-I] S. Ghosh, Determinantal processes and completeness of random exponentials:
the critical case, http://arxiv.org/abs/1211.2435, Probability Theory and Relted
Fields (to appear).

9

5 Completeness problems

Another class of problems on which rigidity phenomena has been brought to bear in
the recent past is completeness problems for random point sets. To describe this class
of problems in a simple setting, consider the case of the real line. For any λ ∈ R,
define the exponential function eλ ∈ L2(−π, π) by

eλ(x) := eiλx.

For a point set Λ ⊂ R, this defines a set of exponential functions

EΛ := {eλ|λ ∈ Λ}.

Clearly, Span(EΛ) is a closed subspace of L2(−π, π); the question is whether they are
equal. In other words, do the exponentials arising from the set Λ span L2(−π, π);
we say that Λ is “complete” in L2(−π, π) if they do. This question has been of
considerable interest in the classical harmonic analysis literature; the interested reader
can look at the works of Levinson, Beurling, Malliavin and Redheffer, to provide a
partial list. We refer the reader to the comprehensive survey by Redheffer [Re]. For
a more recent discussion of the completeness problem and its generalization to the
world of determinantal point processes, we refer the reader to Lyons’ excellent survey
[Ly-II]

The classical results are usually stated in terms of an asymptotic density of a point
set Λ called the Beurling-Malliavin density. For reasons to be shortly explained, the
exact definition of this density is not particularly germane to our discussion; the
interested reader can look at [Re]. Λ is complete if this density > 1, and is incomplete
if this density < 1. The density 1 case is critical, and simple examples can be given
of two locally finite point sets (e.g. Z and Z \ {0}) which have the same density 1,
but one is complete in L2(−π, π) while the other is not.

It is natural to argue that the counterexample above is rather pathological, in the
sense that it demands a very specific geometry of the point set Λ, and therefore, it is of
interest to try and prove a theorem with regard to completeness for a ”generic” point
set. A canonical way to define a “generic” point set is to think of Λ as a realization
of an ergodic point process on R. For many natural point processes on R (including
the homogeneous Poisson process and the sine kernel process), the Beurling-Malliavin
density turns out to be the same as the one-point intensity (see [Ly-I]), hence the
question boils down to the completeness properties of an ergodic point process of
intensity 1.

Curiously, the only case of this question where the answer is known in the literature
is that of an i.i.d lattice perturbation, where considerable mileage can be derived from
the fact that we are starting from Z, which is an orthogonal basis of L2(−π, π). In
other processes, which are bereft of a “skeleton” like Z, the answer was not known,
including that of the homogeneous Poisson process on R with unit intensity. A first
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