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Abstract. This paper proposes an algorithm for online linear optimiza-
tion problem over permutations; the objective of the online algorithm is
to find a permutation of {1,...,n} at each trial so as to minimize the
“regret” for T trials. The regret of our algorithm is O(n?*v/T Inn) in ex-
pectation for any input sequence. A naive implementation requires more
than exponential time. On the other hand, our algorithm uses only O(n)
space and runs in O(nz) time in each trial. To achieve this complexity, we
devise two efficient algorithms as subroutines: One is for minimization
of an entropy function over the permutahedron P,, and the other is for
randomized rounding over P,.

1 Introduction

Permutation is one of fundamental concepts in discrete mathematics and com-
puter science. Permutations can naturally represent ranking or allocation of fixed
objects. So, they have been applied to ranking in machine learning, information
retrieval, recommendation tasks, and scheduling tasks.

More formally, a permutation o over the set [n] = {1,...,n} of n fixed objects
is a bijective function from [n] to [n]. Another popular way of representing a
permutation o over the set [n] is to describe it as the n-dimensional vector in
[n]™, defined as o = (o(1),...,0(n)). For example, (3,4,2,1) is a representation
of a permutation for n = 4. Let S,, be the set of all permutations over [n], i.e.,
Sp, = {o € [n]"| o is a permutation over [n]}. In particular, all permutations
in S, form a convex hull P,, which is called permutahedron. Permutahedron
has been studied extensively in submodular optimization [12,4] or scheduling
problems [10,9, 11].

We consider the following online linear optimization problem over S,,. For
each trial t = 1,...,T, (i) the player predicts a permutation o; € S, (ii) the
adversary returns a loss vector £; € [0,1]™, and (iii) the player incurs loss o - £;.
The goal of the player is to minimize the regret: Ethl o4 —mingeg, 23:1 o-l;.

To illustrate an application of our linear optimization problem, we consider
the following online job scheduling problem with a single processor. Suppose that
we have a single processor and n fixed jobs to be processed sequentially. Every
day, we determine a schedule represented by a permutation in S,, a priori. Then,
after processing all n jobs, we are given the processing time ¢; € [0, 1] of each
job i (assume that each processing time is normalized up to 1). As a goal, we



might want to minimize the sum of the completion time over all jobs and T days,
where the completion time of job 4 is the sum of processing time of jobs prior to
1 plus the processing time of job ¢. For example, suppose that we process jobs
according to a permutation o = (3,2, 1,4) and each processing time is given as
L = (l1,05,03,04). Here, we interpret o so that job ¢ is processed with priority
o(i). In other words, jobs with higher priority are processed earlier. So, we
process jobs 4, 1,2, and 3 sequentially. The completion time of jobs ¢ =4,1,2,3
are by, by + £y, by + €1 + o, and €4 + {1 + {5 + {3, respectively. So, loss o - £ is
exactly the sum of the completion time.

In this paper, we propose a randomized prediction algorithm whose expected
regret is at most O(n?y/logny/T), which is the best so far. For each trial, our
algorithm runs in time O(n?) using O(n) space. Note that, the competitive ratio
converges to 1 as T increases under the natural assumption that the cumulative
losses of the best permutation is w(v/T).

There is a related previous algorithm, PermELearn [6] proposed by Helm-
bold and Warmuth, that is applicable to our problem though the algorithm was
developed for generalized settings. It can be shown that PermELearn has the
same regret bound of ours. However, the constant factor of the regret bound of
PermELearn is roughly 4/3 worse than that of ours. Further, PermELearn needs
O(n?) space and O(n%) running time. Our preliminary experimental results show
that our algorithm indeed performs better than PermELearn for some artificial
data.

There are other related researches. Online convex optimization (including
online linear optimization) has been extensively studied in Machine Learning
these days (see, e.g., [5]). Originally, the job scheduling problem we illustrated
was considered in the offline setting [7, 8].

2 Preliminaries

For any fixed positive integer n, we denote [n] by the set {1,...,n}. Permuta-
hedron P, is the convex hull of the set of permutations S,,. It is known that P,
coincides with the set of points p € R’} satisfying ) ;¢ p; < Z‘zi‘l(n +1—1) for
any S C [n], and Y1~ p; = n(n+1)/2. For references of the permutahedron,
see, e.g., [12,4].

The unnormalized relative entropy A(p, q) from g € R’} to p € R”} is defined
as A(p,q) =Y i piln % +3 0 @i — Y iy pi- It is known that A(p, ) > 0 and
A(p,q) =0 if and only if p = g. Unnormalized relative entropy is not symmet-
ric in general, i.e., A(p,q) # A(q,p) for some p,q € R’}. Also, unnormalized
relative entropy is a special case of Bregman divergence [2, 3], which generalizes
Euclid distance or natural distance measures.

In this paper, for simplicity, we assume that calculation of any elementary
functions (addition, multiplication, exponential functions, and etc.) can be done
in a unit time.



3 Algorithm

In this section, we propose our algorithm PermutahedLearn and prove its regret
bound.

3.1 Main Structure

The main structure of PermutahedLearn is shown in Algorithm 1. The algorithm
maintains a weight vector p; in R, which represents a mixture of permutations
in S,. At each trial ¢, it decomposes p; into permutations, chooses a permutation
o; randomly according to its coefficient, and predicts the permutation o;. After
the loss £; is assigned, PermutahedLearn updates the weight vector p; in a
multiplicative way and projects it onto the permutahedron P,.

The main structure of our algorithm itself is built on a standard technique in
online learning literature (see, e.g., [6]). Our technical contribution is to develop
efficient projection and decomposition techniques specifically designed for the
permutahedron.

Algorithm 1 PermutahedLearn
1. Let p1 = ((n+1)/2,...,(n+1)/2) € [0,n]".
2. Fort=1,...,T
(a) Run Decomposition(p;) and get py as p; = Zle
Xi >0, >, A =1, and each @ isin S,.
(b) Choose o randomly from {&), ..., e®} according to the distribution A.
(¢) Incur a loss o - £;.
pdate p,, 1 asp,, 1 . =piie "0 /Z, where Z 1s the normalization constant
d) Upd 1+l S Dyl e i /7, where Z is th lizati
such that E;‘:lpwé’i =n(n+1)/2.
(e) Run Projection(pH%) and get p:¢+1, the projection of Pyl onto the permu-

Ao where k < n, each

tahedron P,. That is, p;y+1 = arginfpep, A(p,thr%).

First of all, we prove a cumulative regret bound of weight vectors p;.

Lemma 1 For any T > 1 it holds that

T . T +1
Zpt -y < ninfpep, Yo P b + %lnn.
t=1

1—e?

The proof is standard in the online learning literature (see, e.g., [6]) and is
omitted.

To complete our analysis for our algorithm, we specify the subroutines Pro-
jection and Decomposition, respectively, in the following subsections.



3.2 Projection

We propose an efficient algorithm Projection for computing the projection onto
the permutahedron P,. Formally, the problem is stated as follows: inf, A(p, q)
subject to the constraints that

S|

1
ij<2n—|—1—]) for any S C [n], and ij n—|— ) (1)

jes j=1

Here we omit the positivity constraints p > 0 since relative entropy projection
always preserves positivity.
Apparently, this problem does not seem to be tractable as it has exponentially
many constraints. But, we show that relevant constraints are only linearly many.
For simplicity, we assume that elements in g are sorted in descending order,
ie, g1 > g2 > -+ > ¢n. This can be achieved in time O(nlogn) by sorting q.
First, we show that this projection preserves the order in q.

Lemma 2 Let p* be the projection of q. Then we have p; > ps > --- > pk.

Proof. Assume that the claim is false. Then, there exists 7 < j such that p; < pj}
and ¢; > ¢;. Let r be the vector obtained by exchanging p; and pj in p*. Then,
A(paq)_A(r7q) pzlni—i_p]l 1 (p]_pz)lnqizo7

4j j
where, the last inequality holds since pi > p; and ¢; > ¢;. This contradicts the
assumption that p* is the projection. a

By Lemma 2, observe that if the conditions E;Zl p; < E;Zl(n +1—j), for
i =1,...,n — 1, are satisfied, then other inequality constraints are satisfied as
well since for any S C [n] such that [S| =1, 3, opj < 325, pj-

Therefore, the problem (1) is reduced to the same minimization problem
whose constraints are linearly many:

i i 1
ZmﬁZ(n—&-l—j), fori=1,...,n—1, and ij— n—|— ) (2)
j=1 j

The KKT conditions (e.g., [1]) imply that p* is the projection if and only
if p* satisfies the following conditions: There exist non-negative real numbers
ai,...,0,_1 such that

p*f = qe” i Y7 (fori=1,...,n—1), p, =qu/Z,

ZpJ<Zn+1—] (fori=1,...,n—1), Z n—i—l),

ij ZnJrl—j) =0 (fori=1,...,n—1), (3)



Algorithm 2 Projection
Input: q € RY satisfying that g1 > g2 > -+ > ¢n.
Output: projection p of g onto P,.

1. Let i = 0.
2. Fort=1,...,
(a) Let Cf = L= (r1md)- ZJ N fori=1,...,n and i; = argmin;.;, ,<i<n Cr.

RN
If there are multiple minimizers, choose the largest one as ;.
(b) Set p; = q;Cf, for j =ds—1+1,..., 1.
(¢) If iy = n, then break.
3. Output p.

where Z is the normalization constant so that Y, pf =n(n+1)/2.
Now we describe the detail of the projection algorithm in Algorithm 2.

Lemma 3 (i) Given q, the algorithm Projection outputs the projection of q onto
the permutahedron P,. (ii) The time complexity of Projection is O(n?).

Proof. We show that there exists a1,...,a,—1 and Z such that the output p
satisfies the optimality conditions (3), which completes the proof of the first
statement.

First of all, we show that Ctill < Cft for each iteration ¢. Because of the

definition of C*~! we have Ct ! Cft_l. So, it suffices to prove that C’ft_l < Citt.

1t—1"
To see this, observe that

it—2 N iy Gt—1 it

Spi+cit S =Y m+1-)=>p+c Y g
=1

j=ip_o+1 j=1 i=1 j=ip_1+1
and

Gt—1 it—2 Gt—1 it

Zpﬂrcu Z qJ<ZpJ+Cf,f1 oG+l > g

j=tt—1+1 j=tt_2+1 j=tt—1+1

where the last inequality holds since Cf:_ll < C’f;l. By rearranging the inequal-
ities above, we have C} ' < CY,.
Now we fix each oy, so that e~ % CHl =C!, ie., oy, = In(C/T/CL) and

Tt41
fix Z to be Z = C', where T satisfies i7 = n. Note that since C’fjll > C’ff, each
oy, is strictly positive. For other ¢ ¢ {i1,...,ir}, we set a; = 0. Then, each p;,

can be expressed as
pi, = 45, Cj, = qie” " TV TN [ 7 = grem M T 7,
Similarly, for other ¢ such that i;_; < i < i;, we have

— qlct — qie_o""t _ait+1_"'_an,—1/Z — qie—ai—ai+1—‘“—an—1/Z.



To see if the specified a;s and Z satisfies the optimality conditions (3), observe
that (i) for each i,

it—1

_thj ZPJ+ Z q;C *Z(nJFl*j)

J=tt—1+1 J
and ay;, > 0, and (ii) for each ¢ such that i;_; <i < i,

Tt—1 Tt—1

ij Zp]+ Z q;C, <ij+ Z %Ct Z(n+1_])
=1

Jj=it—1+1 Jj=it—1+1

and «; = 0.

Finally, the algorithm terminates in time O(n?) since the number of iteration
is at most n and each iteration takes O(n) time, which completes the second
statement of the lemma. a

3.3 Decomposition

In this subsection, we describe how to represent a point p € P, by a convex
combination of permutations. For simplicity assume that p; > --- > p,.

To begin with, we define special points in the permutahedron, which we call
permutations with ties. Suppose g € P, satisfies that ¢1 > g2 > -+ > @,.
A permutation with ties ¢ € P, satisfies that if ¢; > ¢;+1 then 25:1 q =
> j=1(n+1—1i) hold for any i € [n]. For example, if g € Ps satisfies g1 = g2 >
g3 = q4 = ¢5, then g is uniquely determined as q = (4.5,4.5,2,2,2). Note that
every permutation with ties g satisfying that ¢; > g2 > - -+ > g, is represented by
a convex combination of (at most) two permutations, namely (o + o’)/2 where
o= (n,n—1,...,1) and o' is a “partially reversed” permutation satisfying
that o/(i) > o'(j) if ¢; > ¢; and o’(i) < o'(i + 1) if ¢; = ¢;11. Note that o’ is
uniquely determined by the permutation with ties ¢ € P,. For example, let ¢ =
(4.5,4.5,2,2,2) and o = (5,4,3,2,1), then its partially reversed permutation o’
is (4,5,1,2,3). Further, for any positive vector p € R} such that p; > --- > py,
we say that o’ is the partially reversed permutation w.r.t. p if there exists a
permutation with ties ¢ € P, such that p; = p;41 if and only if ¢; = ¢;41 for
eachi=1,...,n—1, o’ is the partially reversed permutation w.r.t. gq. Note that
such g is unique.

Now we describe our algorithm to represent p € P, with a convex combi-
nation of permutations. Note that o' = ¢ holds if the input p satisfies that
p; > pit1 for any i € [n — 1].

We will prove the following lemma on Decomposition.

Lemma 4 Decomposition provides a convex combination of at most n + 1 per-
mutations representing an arbitrarily given p € P,. Its running time is O(n?).

To show Lemma 4, we show the following Lemmas.



Algorithm 3 Decomposition
Input: p € P, satisfying that p1 > p2 > -+ > p,.

Output: Permutations o°,...,6% and Xo,...,Ax € Rso s.t. Zfio ot = p,
ZZ'K:O Ai =1,
1. Let 6° = (n,n—1,...,1),p' =pand A= 1.
2. Fort=1,...,
(a) Find a partially reversed permutation o’ with respect to p* and o Let ¢* =
(0" +0o")/2.
. . pi-piiy | 4 t
(b) Let Ay = min {)\7 igrﬁlflu { PL—. | ;i # qi+1}}'

(c) Let p™ = p' — \q@® and let A = X — \,.
(d) If A=0 then let K =t and break.
3. Set Ao =1/2 and A\, = \¢/2 for t € [K].
Output permutations °,...6% and \o,..., k.

Lemma 5 At any iteration t in Decomposition, p' satisfies that p! > pt,, for
any i € [n—1].

Proof. We give an inductive proof with respect to t. In case of ¢t = 1, it is clear.
In case of t > 1, we assume pi~' > pf;% holds for any i € [n —1]. If pi~! = pZ_i,

then ¢/~ = qflll holds, from the definition of g*~!. Thus
t t—1 t—1 _ -1 =1 _ ¢
Po(y =Pi  —Ae-14; = Piy1 — M—1ip1 = Piga

and we obtain the claim. If pz_l > pf;%, then qf_l > qf_?ll holds, and

t t
bi — Pit1
Pt =t pes = el at) = — ab) (5= - ) 20
% i+1

where the last inequality becomes from the definition of \;, followed by

M < min {(pf —pf) /(g — @) | di #ai )
i€[n—1]

Lemma 6 In Decomposition, p"+1 (= p& — \Kq®) =0 holds.

Proof. Without loss of generality, we may assume that p; > py > -+ > p,, for
simplicity of notations. First we show p®*! > 0. Since Lemma 5, if there exists
J € [n] satisfying that pf 1 <0, then pX*! < 0 holds. Thus it is enough to show
pE*tt > 0. Let i* = min{j € [n] | pX = pf}. Then we have pfi =pf, | =--- =
pff and q{f = qff_H =...= qff. Hence, we get pff“ :pi[fﬂ =...= pff"‘l. In
case of i* > 2, pt. _; > pt. holds for any ¢ € [K]|, meaning that ¢}._; > ¢. holds



for any ¢t € [K]. Thus we can see that ZJ 5 = EJ ;+(n+1—7) holds for
any t € [K], from the definition of gq*. Then we obtain

n

n K n
> > My = ZMZ% ZAtZ (nt1-5)= > (n+1-5)< > p;

j=i* t=1 t=1 Jj=u* t=1 Jj=u* Jj=u* Jj=i*

where the last inequality is due to constraints of the permutahedron Z;;_ll pj <

Z;;ll(n +1—j)and 37 p; = 37 (n+1—j). Thus we obtain that

Z? ,*QDJKJr1 D imie ( Zt 1)\th) > 0. As discussed above, pi ! = szﬂ =

= p&+1 holds, and we obtain pZ*! > 0. In case of i* = 1, the proof is done
in a similar way.
Now we show p&+! = 0. Since p € P, > 1p§{+1 =211 (n+1~j) holds.

In a similar way as the proof of pX+! >0,

n K K n K n n
D RVEL PSR WD VETEVES SRS

j=1t=1 t=1  j=1 t=1 j=1 j=1
Since pf+1 >0, pftl =p — Zfil Mgt = 0. O
Lemma 7 The number of iterations K is at most n.

Proof From the definition of )\t, there is at least one i € [n] satisfying that
pt > pl., and pitt = plﬂ If p! = pt,,, then pitt = pfﬁ as discussed in the

proof of Lemma 5. Now the claim is clear. O

Proof of Lemma 4. Since Lemma 6, it is clear that the output ZtK:O Aot by
Decomposition is equal to an arbitrarily given p € P,.

It is not difficult to see that every lines in Decomposition is done in O(n).
Hence, we obtain that the running time is O(n?), since Lemma 7. Finally, we
remark that [{o%,0,...,0%}| <n+ 1 holds, the existence of such representa-

tion is suggested by well-known Caratheodory’s theorem. a

Memory-Efficient Implementation of Decomposition Now we discuss an algo-
rithm with O(n) space and in O(n?) time to obtain a random permutation
w e {0’ ol o} according to the probability );, using a modified version
of Decomposition. Firstly notice that we do not need to memorize o in Decom-
position to compute Ay and o° for s > t. Thus two-paths algorithm is easily
obtained; Thus generate a random number ¢ € (0,1], and find ¢t € {1,..., K}
satisfying that 1 — Z:;i A >E<1-— Zzzl Ai, where 1 — 3. 0\; = 1 for
convenience, then o' is the desired sample in {50, ...,0%} with probability \;.

In fact, we can reduce the time complexity of to O(nlogn) using a heap with
O(n) space, though we omit the detail here.



3.4 Main Result

Now we are ready to prove the main result. Note that by using the algorithm
Decomposition, E[oy - £;] = p;. So, by Lemma 1, we get the following theorem
immediately.

l—e—"m

T ming T a-£,+M Inn
Theorem 1 E [thl oy ~£t} <1 esn 2oty TEt T )

In particular, if we set 7 = 2In(14++/Inn/v/T), since, n < e? —e~ 2 for n > 0,

n 14+1/V/T)?
we have 71— < e? = (1+VInn/VT), and —= = (1/T+/2/\/)T <1+3/T/Inn.
Further, by using the fact that o-£; < n(n+1)/2, we get the following corollary.

Corollary 2 For n = 2In(1 + VInn/VT), the expected regret of Permuta-
hedLearn is at most W\/Tln n.

It can be shown that the regret bound of PermELearn is at most n(n +
1/2)v/T Inn, which is roughly 4/3 times worse than that of PermtahedLearn.
The proof is omitted due to the page constraint.

4 Experimental Results

In this section, we show our initial experi-
ments of our algorithms for artificial data. —
For our artificial data, we fix n = 10. To gen- =
erate a loss vector at each trial ¢, we spec-
ify each i-the element ¢, ; of the loss vec- g
tor £; independently randomly as follows: Let 1
4 ; = 1 with probability r; and ¢;; = 0, oth- 1000 )
erwise. Here, we set r; = i/n so that E[;] = e
(1/n,2/n,...,1). We generate T' = 600 ran- -
dom loss vectors.

The algorithms we compare are Permta-
hedLearn, PermELearn and the best permu- Fig: 1. Regrets of PermtahedLearn
tation in hindsight. As the parameter n, we 2nd PermELearn.
consider 1 € {0.025,0.05,0.1,0.2}. For each
setting of 7, we run algorithms for 3 times and choose the one attaining the
lowest average cumulative losses as the best parameters for each of them. As
a result, we specify 7 = 0.2 for PermtahedLearn and n = 0.1 for PermELearn,
respectively.

We plot the regrets of algorithms with their best parameters in Fig.1. As can
be seen, the regret of PermutahedLearn is much smaller than that of PermE-
Learn. This may be due to the fact that the regret bound of PermutahedLearn is
constant times smaller than PermELearn.

2500

.. 2000

0 100 200 300 400 500 600
t
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Conclusion

In this paper, we propose an efficient algorithm for an online linear optimization
problem over permutations of n items. Our algorithm has the best regret bound
so far, runs in time O(n?) and uses O(n) space at each trial.

An interesting future work includes proving a matching lower bound of the

regret and and investigating the case where permutations to predict have to
meet some partial-order constraints.
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