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Abstract We investigate the effectiveness of approxi-
mation strategy in a surrogate-assisted fireworks algo-
rithm, which obtains the elite from approximate fitness

landscape to enhance its optimization performance. We
study the effectiveness of approximation strategy from
the aspects of approximation method, sampling data se-

lection method and sampling size. We discuss and anal-
yse the optimization performance of each method. For
the approximation method, we use least square approxi-

mation, spline interpolation, Newton interpolation, and
support vector regression to approximate fitness land-
scape of fireworks algorithm in projected lower dimen-

sional, original and higher dimensional search space.
With regard to the sampling data selection method, we
define three approaches, i.e., best sampling method, dis-

tance near the best fitness individual sampling method,
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and random sampling method to investigate each sam-
pling method’s performance. With regard to sample
size, this is set as 3, 5, and 10 sampling data in both

the approximation method and sampling method. We
discuss and compare the optimization performance of
each method using statistical tests. The advantages of

the fireworks algorithm, a number of open topics, and
new discoveries arising from evaluation results, such
as multi-production mechanism of the fireworks algo-

rithm, optimization performance of each method, elite
rank, interpolation times and extrapolation times of
elites are analysed and discussed.

Keywords Fireworks Algorithm · Fitness Landscape
Approximation · Elite Strategy · Surrogate-assisted
Fireworks Algorithm · Dimensionality Reduction

1 Introduction

Evolutionary computation (EC) has demonstrated the

powerful capability to solve complex industrial and en-
gineering optimization problems. From a framework view-
point, there are three parts in an EC based optimiza-

tion system, which include a target system that should
be optimized, an EC algorithm (including an user in-
terface for interactive evolutionary computation (IEC)

[21]) that conducts the concrete optimization opera-
tions, and one or multiple fitness function(s) (includ-
ing a human user for IEC). These three parts encom-

pass the corresponding three study aspects of an EC
based optimization system, i.e., EC applications, EC
algorithms, and EC fitness function(s) or an IEC hu-

man user.
The EC algorithm performance is a serious issue for

its real application. There are three promising study di-

rections aiming to meet this challenge in recent decades
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within EC community [9]. First is to approximate fit-

ness landscape and make an operation or a model to
assist the EC search. Takagi, et. al. proposed to use a
single peak function to approximate fitness landscape

and conduct a local search by using an elite obtained
from approximated landscape [22]. Pei, et. al. extended
this work by conducting the approximation in each low-

er dimensional search space for simplifying the approx-
imation computation [12]. Other approximate methods
by obtaining a frequency component information from

fitness landscape was proposed in [11,16]. Second is to
develop effective search strategy or revise search mech-
anism into an EC algorithm to obtain an accelerated

search convergence. Memetic algorithm was proposed to
conduct individual learning or local improvement pro-
cedures for optimization [7]. It also can be introduced

into the IEC for obtain a better optimization perfor-
mance [15]. A series of search strategies were develope-
d in differential evolution (DE) community, which in-
clude SaDE [18], jDE [1], SaJADE [2], JADE [25], etc.

A triple and quadruple comparison-based DE was pro-
posed in [14], which an opposition-based learning pro-
cess is embedded into the DE selection process. These

novel strategies and mechanisms can be categorized in-
to two aspects, the one is searching in a form of hybrid
global evolutionary algorithm coupled with a learning

procedure capable of local refinements, the other is con-
ducting the different search strategies according to the
knowledge obtained from the search process. Third is

to create a new type of EC algorithm that is inspired by
biological, physical or mathematical schemes and phe-
nomenon, such as the fireworks algorithm [23], chaotic

evolution [8,10], water wave optimization [27], water
cycle algorithm [19], optics inspired optimization [6],
etc. This is the primary subject of investigation in this

paper.

Fireworks algorithm (FWA) is a recently developed

algorithm [23]. It is inspired by the explosion of fire-
works in the night sky, which can illuminate the dark
space. The process of illuminating the nearby space of

a firework position can be considered as the search a-
mong the feasible range. The FWA work mechanism is
described in the following. A number of fireworks are

set off to the feasible range, and each position of the
firework will be evaluated by the fitness function. The
explosion amplitude and spark number for each fire-

work are calculated based on the fitness of the fireworks.
For a minimal objective problem, the principle is that
the firework with smaller fitness will have a smaller ex-

plosion amplitude and a larger number of sparks. The
fireworks are explored under the calculated explosion
amplitude and spark number. Moreover, the Gaussian

explosion sparks are also generated to enhance the di-

versity of the FWA. A number of fireworks are selected

from the candidate sets, which include the fireworks,
regular explosion sparks and Gaussian explosion sparks.
The FWA will continue until the termination condition

is met.

We proposed to use a surrogate model for improving

the performance of FWA. Surrogate-assisted FWA uses
efficient computational models for approximating the
fitness landscape where we obtain the elite from search

space to accelerate FWA search. The method is to ap-
proximate the fitness landscape in the one-dimensional
search space, and obtain and synthesize the elite from

the approximated landscape curves. When the elite is
better than the worst firework, surrogate-assisted FWA
replaces the worst one with this elite into the next gen-

eration to enhance the FWA search. An empirical study
on influence of approximation methods on the FWA
acceleration performance was initially investigated and

analysed [17]. However, some of the problems in apply-
ing this method need further study and investigation.

This paper extends the work of [17] and conducts
a further investigation on the approximation method

and strategy influence on surrogate-assisted FWA. We
especially investigate: (1) several approximation meth-
ods for approximating fitness landscape and their accel-

eration performance, (2) sampling methods and sizes’
influence on acceleration performance. (3) the obtained
elite rank in the population and its effectiveness. (4) the

obtained elite from within or beyond the approximation
interval. (5) statistical test on the proposed methods’
significance. Several related issues are also investigat-

ed and discussed. The evaluation metrics include the
convergent fitness value after the same number of gen-
erations, Wilcoxon signed-rank test, elite rank, and the

number of interpolation and extrapolation, etc.

Following this introductory section, in section 2, an

overview on the FWA is presented. The history, inspira-
tion and development of the FWA are described in de-
tail. In section 3, we introduce several techniques on fit-

ness landscape approximation and theoretically discuss
the computational complexity. The surrogate-assisted
FWA enabled by a technique for reducing dimensional-

ity of the search space is explained, and we show how
elite can be obtained from the regression search space.
The fitness landscape can be approximated in lower di-

mensional space, original space and higher dimensional
space. In section 4, experimental evaluations with 25
benchmark functions with 10 dimension (10-D) and 30-

D are conducted, and their results are analysed and dis-
cussed. Finally, we discuss our proposed methods and
obtained results in section 5, and conclude the analy-

sis and investigation results of the proposed methods,
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present future opportunities and open topics in section

6.

2 An Overview of the Fireworks Algorithm

As one of the swarm intelligence algorithms, the FWA

is inspired by the phenomenon of the explosion of fire-
works in the night sky. When a firework explodes in the
night sky, it illuminates the dark space, which can be

considered as a kind of search process. In the FWA, the
fireworks generate sparks candidates around themselves
in search space. The search operators, which maintain

the exploration ability for the heuristic algorithms, can
be implemented by simulating some fireworks’ explo-
sions in the potential space.

There are three promising research aspects in re-

cent studies of the FWA. The first one is to construc-
t a hybrid optimization framework by using the FWA
with other EC algorithms or computational mechanism-

s. Zheng et. al. proposed a hybrid FWAwith biogeography-
based optimization to enhance the optimization perfor-
mance of canonical FWA [24]. Ding et. al. implemented
a parallel FWA by using a parallel processing architec-

ture, GPU. The second aspect is to establish a FWA op-
timization framework to solve multi-objective optimiza-
tion problems [28], constrained optimization problem-

s, combinatorial optimization problems, etc. The third
aspect is to apply the FWA to the real-world applica-
tions. Janecek et. al. used the FWA with other EC algo-

rithms, such as particle swarm optimization, genetic al-
gorithms, differential evolution, and fish school search,
for improving the initialization of the non-negative ma-

trix factorization problem [4].

In general, given the following single objective func-
tion {minf :Ω ⊆ Rn → R}, the FWA is to find a point
x ∈ Ω, for which x has the minimal value. Algorithm

1 presents the framework of FWA. In each generation
of FWA, N fireworks are randomly initialized in the
feasible search range, and the fitness of each firework

will be evaluated to determine the explosion amplitude
and explosion sparks number. The basic principle for
the explosion amplitude and sparks number is that the

firework with better fitness will have smaller explosion
amplitude and larger population of sparks to increase
the exploited ability, while the firework with worse fit-

ness will have a small population of explosion sparks
and large explosion amplitude to maintain search abili-
ty. After the calculation of the explosion sparks number

and explosion amplitude for each firework, the FWA
performs the explosion process to generate the regular
explosion sparks by Algorithm 2. To increase the diver-

sity of the FWA, it introduces another sparks named

Gaussian sparks generated by Gaussian mutation op-

eration (Algorithm 3). The selection operator is per-
formed to cause the N fireworks from the candidate
set which includes regular sparks, m̂ Gaussian explo-

sion fireworks and N fireworks to remain. The algorith-
m continues until the termination criterion is met, i.e.,
maximum generation or evaluation, maximum running

time, or the optimum is found.

Algorithm 1 The FWA Framework. N is the number
of fireworks, G means generation, and maxIter means
the maximum generation number.
1: Initialization.
2: Randomly generate N fireworks at N locations
3: for G = 1 to maxIter do
4: Generate the regular explosion sparks by Algorithm 2
5: Generate the Gaussian explosion sparks ( i.e., Gaussian

explosion fireworks) by Algorithm 3
6: Obtain N fireworks for the next iteration (the best one

firework is kept, and the rest N−1 fireworks is selected
by the roulette wheel method)

7: end for
8: Return the optima

2.1 Regular Explosion Sparks

Regular explosion operator is one of the crucial opera-
tors in the FWA. For the simulation of the fireworks ex-
plosion process, the FWA generates a number of sparks

si within the explosion amplitude Ai by Eq.s (1) and
(2), where ymax = max(f(xi)) and ymin = min(f(xi)),
i = 1, 2, ...N . Here Â and M are constants which are

determined by a practical optimization problem. After
the calculation of the number of sparks and explosion
amplitude, the fireworks perform the generation of the

regular explosion sparks by Algorithm 2.

si = M · ymax − f(xi) + ε∑n
i=1(ymax − f(xi)) + ε

(1)

Ai = Â · f (xi)− ymin + ε∑n
i=1 (f (xi)− ymin) + ε

(2)

2.2 Gaussian Explosion Sparks

To increase the diversity of the explosion sparks, anoth-
er kind of sparks is introduced, named Gaussian explo-

sion sparks. The generation principle of the Gaussian
explosion sparks is to create the fireworks by a random
value from a Gaussian distribution. The detail of this

process is implemented by Algorithm 3.
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Algorithm 2 – Generating “regular explosion sparks”
in the FWA [26]

1: Initialize the location of the “regular explosion sparks”:
X̂i = Xi

2: Calculate offset displacement: △X = Ai × rand(−1, 1)
3: Set zk = round(rand(0, 1)), k = 1, 2, ..., d
4: for each dimension of X̂k

i , where zk == 1 do

5: X̂k
i = X̂k

i +△X

6: if X̂k
i out of bounds then

7: X̂k
i = Xk

min + |X̂k
i | % (Xk

max −Xk
min)

8: end if
9: end for

2.3 Selection for the Next Generation

After the explosion of fireworks, a number of spark-
s (regular explosion sparks and Gaussian explosion s-
parks) are generated. In the selection of fireworks for

the next iteration, the candidate (fireworks or spark-
s) with the best fitness is always kept, the others are
selected by the roulette wheel method by using the fol-

lowing Eq.s (3) and (4), where the location Xi, the se-
lection probability p(Xi) is calculated. Here, K denotes
the set of all current locations which includes the fire-

works, regular explosion sparks and Gaussian explosion
sparks (without the best candidate).

p(Xi) =
R(Xi)∑

j∈K R(Xj)
(3)

R(Xi) =
∑
j∈K

d(Xi, Xj) =
∑
j∈K

||Xi −Xj || (4)

Algorithm 3 – Generating “Gaussian explosion spark-

s” in the FWA [26]

1: Initialize the location of the “Gaussian explosion sparks”:
X̃i = Xi

2: Calculate offset displacement: e = Gaussian(1, 1)
3: Set zk = round(rand(0, 1)), k = 1, 2, ..., d
4: for each dimension of X̂k

i , where zk == 1 do

5: X̃k
i = X̃k

i × e

6: if X̃k
i out of bounds then

7: X̃k
i = Xk

min + |X̃k
i | % (Xk

max −Xk
min)

8: end if
9: end for

3 Surrogate-assisted Fireworks Algorithm

Framework

3.1 Motivation

Fitness and Fitness landscape approximations are well-
known assisted acceleration techniques in the EC com-

munity over the last decade [5]. In some applications,

the computation of fitness is time-consuming, so fitness

approximation can dramatically save the computation
time so as to improve EC performance. On the other
hand, fitness landscape approximation can obtain the

whole search space structure information to assist EC
search. Unlike the conventional EC algorithms, they use
the least search information that is supported by the

limited individuals’ fitness. The computation of either
fitness or fitness landscape approximations increases an
additional time cost in the EC optimization process.

Some of the conventional approximation methods are
time-consuming, so reducing the approximation time
and developing an efficient approximation method is a

promising subject to improve optimization performance
of the surrogate-assisted EC.

Approximation method selection and data sampling

technique are important issues in the computation of
fitness landscape approximation. We have obtained some
empirical results on the surrogate-assisted FWA in [17]

that shows: (1) The elite strategy is an efficient method
to enhance the FWA search capability significantly. (2)
The sampling method cannot take effect in isolation, it
must be with a proper approximation model to acceler-

ate the FWA search for a certain benchmark function,
i.e., a certain fitness landscape. (3) For some bench-
mark problems, the best sampling method and the ran-

dom sampling method have the same acceleration per-
formance. (4) The surrogate-assisted FWA can be ob-
tained by a fitness landscape approximation with more

sampling size and a proper approximation method. In
our study, the better approximation method is the non-
linear model. (5) From a practical point of view, the

random sampling method is a better sampling way to
obtain the higher acceleration performance in both com-
putational time and final solution quality. However, there

are many remaining issues that we need to further inves-
tigate, such as the approximate method, the sampling
method and the sampling size. These investigations and

analyses are one of original features of this paper.

3.2 Approximation Methods

In this work, we use the following approximation meth-
ods to investigate our proposed acceleration performance

influenced by the approximation method. They are least
square approximation, spline interpolation, Newton in-
terpolation, and support vector regression

3.2.1 Least Square Approximation

The approximation method does not require approxi-
mated curves to pass through all discrete points exactly,

but rather to approach the original curve at its discrete
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points, i.e. (xi, yi), as near as possible. When we define

the error vector norm as 2-norm, the approximation
method is referred to as the least squares method.

There is a function spanning space shown in Eq.
(5), Φ denotes the function class, Span means span-
ning space, and φi(x), (i = 0, 1, ..., n) denotes a func-

tion in the space. We want to find a function that
makes the 2-norm error vector (||δ∗||22) be minimized
as shown in Eq. (6). The approximation function is

shown in Eq. (7), where a∗i , (i = 0, 1, ..., n) are the pa-
rameters that make the Eq. (6) to be minimized. If
we set φ0(x) = 1, φ1(x) = x, and φ0(x) = 1, φ1(x) =

x, φ2(x) = x2 as the approximation function in Eq.
(6), they are called linear least squares approximation
method and 2-degree polynomial least squares approx-

imation method, respectively.

Φ = Span{φ0(x), φ1(x), ..., φn(x)} (5)

||δ∗||22 =
m∑
i=0

δ∗2i =
m∑
i=0

[φ∗(xi)− yi]
2 = min

φ(x)∈Φ
||δ∗||22 (6)

φ∗(x) = a∗0φ0(x) + a∗1φ1(x) + ...+ a∗nφn(x) (7)

3.2.2 Spline Interpolation

Spline interpolation is defined by a polynomial func-

tion. Compared with polynomial interpolation, spline
interpolation has a better approximation performance.
We can obtain the interpolation results by spline inter-

polation with lower degree function, while avoiding the
instability of interpolation due to Runge’s phenomenon.
This shows the advantage of spline interpolation [3].

Suppose that there are different points (xi, yi), (i =
0, 1, ..., n), the objective of spline interpolation finds an

n-degree spline function S(x) defined in Eq. (8), where
Si(x) is a k-degree polynomial function. The linear s-
pline function is given as in Eq. (9).

S(x) =


S0(x) x ∈ [x0, x1]
S1(x) x ∈ [x1, x2]
...

...
Sn−1(x) x ∈ [xn−1, xn]

(8)

Si(x) = yi +
yi+1 − yi
xi+1 − xi

(x− xi) (9)

3.2.3 Lagrangian Interpolation and Newton
Interpolation

The Lagrange interpolation polynomial has the charac-
teristics of linear and unique. For one-dimensional data
from individuals x0, x1, . . . , xn, we can set up an n-

degree polynomial l0(x), l1(x), . . . , ln(x). We set its

type as li(xj) = δij , where the form of δij is as shown

in Eq. (10).

δij =

{
0 if i = j
1 if i ̸= j

(10)

From the definition of l(x), we can obtain Eq. (11),
which is the n-degree interpolation polynomial, where
lk(x) is an n-degree polynomial. The relationships of

the Lagrange interpolation polynomial are shown in E-
q.s (11), (12), (13) and (14).

pn(x) =
n∑

k=0

lk(x)yk = yi (11)

lk(x) = a(x− x0)...(x− xk−1)(x− xk+1)...(x− xn)(12)

When the condition is lk(xk) = 1 in Eq. (12), we can
obtain Eq. (13). Then, Eq. (12) can be re-written as in
Eq. (14). Eq.s (14) and (15) are the n-degree Lagrange

interpolation basis function and the n-degree Lagrange
interpolation polynomial, respectively.

a = [(xk−x0)...(xk−xk−1)(xk−xk+1)...(xk−xn)]
−1(13)

lk(x) =
n∏

i=1,i̸=k

(x− xi)

(xk − xi)
(14)

Ln(x) =
n∑

k=0

lk(x)yk, i = 0, 1, ..., n (15)

Because the polynomial interpolation is unique, the
Newton interpolation has the same form as the La-
grange interpolation shown in Eq. (15).

3.2.4 Support Vector Regression

Support vector regression (SVR) is a kernel method
that is used in regression. If a problem is non-linear,
instead of trying to fit a non-linear model, the SVR

projects the problem from the input space to a higher
dimensional space, i.e. a feature space, to find a linear
model by conducting a non-linear transformation us-

ing suitably chosen kernel functions. It uses the linear
model in the feature space to solve the problem. There
are two aspects in the primary motivation of SVR. One

is to project the original space into a high dimensional
space to find the linearity in such space. The other is
to conduct the regression process with those linearity

characteristics.
There are several training sample data in the orig-

inal space, x1, x2,...,xN , and there is a feature map

function ϕ(xi), i = 1, 2, ..., N , which conducts the fea-
ture map to project the data into a higher dimensional
space (Eq.s (16), (17) and (18), X denotes a matrix

that encompasses all the data that are projected into
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a feature space, y denotes the matrix that the value of

each data xi, i = 1, ..., n.). From the normal equation of
linear regression, we can obtain the support vector re-
gression expression (Eq. (19)). K(x, y) is a kernel func-

tion, which is defined as K(x, y) = exp−||x − y||, i.e.,
a Gaussian kernel function, in our evaluation.

X =

 ϕ(x1)
T

...
ϕ(xN )T

 (16)

X =


ϕ(x1)

T

...

ϕ(xN )
T

 =

1, ϕ(x1)
T

...
1, ϕ(xN )T

 =
[
1N×1, X

]
(17)

y =

 y1
...
yN

 (18)

f(x) = (α1+...+αN )+α1K(x1, x)+...+αNK(xN , x)(19)

α = X(X
T
X)−2X

T
y (20)

3.3 Sampling Selection Methods

When a regression model is established by a given ap-

proximation method, the sample data should be select-
ed with certain criteria to train the model. This is also
a subject of study in this paper. We use three sampling

data selection methods in our investigation to under-
stand differences of the FWA acceleration performance
by these three sample data selection methods. They are

listed as follows.

– The best sampling method selects the best K indi-

viduals as sampling data.
– The distance near the best fitness individual sam-

pling method selects the nearest K individuals to
the best individual using Euclidean distance as sam-

pling data.
– The random sampling method selects K individuals

randomly as sampling data.

3.4 Sampling Sizes

The sampling size is another factor that influences the

approximate model’s accuracy and acceleration perfor-
mance of the FWA. Theoretically, where a large sam-
pling size is applied in the approximation or interpo-

lation process, the better approximation result will be
obtained, if over-fitting does not occur. In this study,
the influence of sampling size on acceleration perfor-

mance of the FWA is also a subject of investigation.

Specifically, we set the sample size as 3, 5, 10 for the

methods that conduct the approximation and interpo-
lation in lower and higher dimensional space, and set
the sampling size as 2 ∗ D + 1 (D is the dimension of

benchmark function) for the approximation and inter-
polation in original space, because the regression model
in original space has 2 ∗D + 1 unknown parameters.

3.5 Surrogate-assisted Fireworks Algorithm

The surrogate-assisted FWA uses an approximation or

interpolation model of fitness landscape as the surro-
gate model to assist FWA search. The approximation
or interpolation can be conducted in lower dimensional

space, original space and high dimensional space. After
we obtain the approximated fitness landscape, we can
apply the elite strategy from the approximated fitness

landscape to enhance optimization performance of the
FWA.

The elite strategy in lower dimensional space for

approximating fitness landscape uses only one of the
n parameter axes at a time instead of all n parameter
axes, and projects individuals onto each 1-dimensional

(1-D) space. Each of the n 1-D spaces has K project-
ed individuals, which come from the different sampling
methods with a different sampling size. We approximate

the landscape of each 1-D space using the projected K
individuals and select the elite from the n approximat-
ed 1-D landscape shapes. The elite are generated from

the resulting 1-D approximated shapes, see figure 1.

The actual least square regression functions used is
polynomial curve fitting, given by Eq. (21), where xij ,

(i = 1, 2, ..., D) and (j = 1, 2, ...,K) are the project-
ed individual of point set Xi, (i = 1, 2, ..., D) and their
fitness values among (xij , yj) in the i-th 1-D regres-

sion space for (i = 1, 2, ..., D) and (j = 1, 2, ..,K), a0,
a1, · · ·, ak are the parameters obtained by least squares
method, t is the power of polynomial function.

xt
11 xt−1

12 . . . x0
1K

xt
21 xt−1

21 . . . x0
2K

...
...

...

xt
D1 xt−1

D2 . . . x0
DK




a1
a2
...

aK

 =


y1
y2
...
yK

 (21)

Least square approximation by a two-degree polyno-
mial function (t=2) simplifies a fitness landscape with

a non-linear curve, and it is easy to obtain its inflec-
tion point from its gradient, using the inflection point
as the elite. Linear least square approximation uses a

linear function (t=1) to approximate the fitness land-
scape. Its gradient is either descent or ascent. A safer
approach, taking into account both descent and ascent,

is to select the average point of the linear approximation
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Fig. 1 Original n-D space and 1-D spaces obtained by reduc-
ing the dimensions of the original one. In our proposed ap-
proximation of fitness landscape in lower dimensional space,
first, we project fitness landscape in each lower dimension (in
this paper, we project it into one dimensional search space,
but it is not limited to one dimensional search space), second,
we conduct approximation in each lower dimensional search
space and obtain elite from each simple shape or surface,
finally, we combine these lower dimensional elite together in
each related dimensional position as the final elite to enhance
FWA optimization performance.

line as the elite. The other approximation and interpo-
lation methods obtain the elite from their shapes by
re-sampling 100 times and selecting the re-sample data

with the best fitness as the elite.

The proposed methods replace the worst individu-
al in each generation with the selected elite. Although

we cannot deny the small possibility that the global
optimum is located near the worst individual, the pos-
sibility that the worst individual will become a parent

in the next generation is also low. Removing the worst
individual therefore presents the least risk and is a rea-
sonable choice.

The whole workflow of the surrogate-assisted FWA
with an elite strategy is shown in Algorithm 4, where
algorithm initialization is in step 2, the optimization of

one generation is presented in steps 3 to 17, and in step
18, the algorithm returns the best obtained solution. It
is the crucial process in step 11 to step 16 that explain-

s the elite strategy. This includes (a). obtain sampling
data with a certain sampling select method and sam-
pling size from N fireworks (step 11), (b). approximate

fitness landscape (step 12), (c). obtain a spark from ap-
proximated curves by elite strategy (step 13), and (d).
if the fitness of the elite is better than that of the worst

firework, the worst one will be replaced (steps 14-16).

Algorithm 4 Pseudo-code of the surrogate-assisted
FWA with an elite strategy.
1: initialization.
2: randomly select N fireworks at N locations
3: for G = 1 to maxIter do
4: evaluate the N fireworks using objective function
5: calculate the number of sparks and explosion ampli-

tude of each fireworks
6: generate regular explosion sparks by Algorithm 2
7: generate Gaussian explosion sparks by Algorithm 3
8: obtain the optimal candidate in the Set which includes

generating sparks, m̂ Gaussian explosion fireworks and
N fireworks

9: randomly select the other N − 1 fireworks
10: obtain N fireworks for the next iteration
11: obtain sampling data with a certain sampling select

method and sampling size from N fireworks
12: approximate fitness landscape
13: obtain a spark from approximated curves by elite s-

trategy
14: if EliteF itness > WorstIndividualF itness then
15: replace the worst individual
16: end if
17: end for
18: return the optima

4 Experimental Evaluation

4.1 Experimental Setting

In our evaluations, the sampling size is set as 3, 5 and
10, i.e., K=3, K=5 and K=10 to investigate the sam-

pling size’s influence on the acceleration performance
of surrogate-assisted FWA. This sampling size setting
is applied in the approximation and interpolation meth-
ods in lower and higher dimensional space. It needs at

least 2∗D+1 sampling number for least squares approx-
imation with one and two degree polynomial functions,
because there are 2∗D+1 unknown parameters. We in-

vestigate least squares approximation with one and two
degree polynomial functions, spline interpolation, New-
ton interpolation for approximating the fitness land-

scape in projected 1-D space, and least squares approx-
imation with two degree polynomial functions for ap-
proximating fitness landscape in original space, and the

SVR with Gaussian kernel function for approximating
fitness landscape in high dimensional space. Three sam-
pling selection methods are applied in each approxima-

tion and interpolation methods with different sampling
sizes.

The number of fireworks (N) and Gaussian explo-
sion firework (m̂) are both set as 8 and other parame-
ters are set as in [23]. Experimental evaluations run 30

trials of 1000 generations on each benchmark function
independently. The experimental platform is MATLAB
2011b, running under Windows 7 on an Intel Core i7-

2600 CPU with 3.7 GHz and 8GB RAM. To validate
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the performance of the proposed algorithm and inves-

tigate the influences of different approximation strate-
gies, two groups of experiments are designed: perfor-
mance comparison on benchmark functions with dimen-

sion set to 10 and 30 (10-D and 30-D). The abbrevia-
tions of the proposed algorithm, sampling method and
sampling size are shown in Table 1.

Table 1 Abbreviation of proposed algorithm, sampling
method and sampling size. In this paper, we use six approxi-
mation methods, three sampling data selection methods and
three sampling sizes in the evaluation experiments. There are
total of 48 algorithms plus one canonical FWA.

abbreviation meaning

LS1 least square approximation with linear
function [12]

LS2 least square approximation with second
degree polynomial function [12]

Spline Spline interpolation

Newton Newton interpolation

OLS least square approximation with a single
peak function in original space [22]

SVR support vector regression [13]

BST best sampling method

DIS distance sampling method

RND random sampling method

3 sampling size is 3

5 sampling size is 5

10 sampling size is 10

4.2 Benchmark Functions

We investigate our proposed algorithms and related
issues by using benchmark functions from CEC2005

benchmark test suite [20]. In the benchmark functions,
25 functions are included, which presents a variety of
fitness landscapes, such as uni-modal and multi-modal,

shifted, rotated, global optimum on bounds, etc. Table
2 presents a detailed description of these benchmark
functions.

4.3 Evaluation Metrics

For comparing and analysing the performance of differ-
ent algorithms, the fitness values, elite rank, elite loca-
tion, approximation interval are recorded. The Wilcox-

on signed-rank test is applied to validate the significant
difference between two algorithms. In our evaluation,
the significance level is set to 5%, i.e., p < 0.05 (pmeans

p-value in Wilcoxon signed-rank test.).

Table 2 Benchmark functions in our evaluation experi-
ments from [20]. (The abbreviations in this table present
as follows. Uni=Uni-modal, Multi=Multi-modal, Sh=Shifted,
Rt=Rotated, GB=Global on Bounds, HC=Hybrid Composi-
tion, NM=Number Matrix)

No. Type Description Bounds Optima
f1 Sh Sphere -450
f2 Sh Schwefel 1.2 -450
f3 Uni Sh Rt Elliptic [−100, 100] -450
f4 f2 with Noise -450
f5 Schwefel 2.6 GB -310
f6 Sh Rosenbrock [−100, 100] 390
f7 Sh Rt Griewank [0, 600] -180
f8 Sh Rt Ackley GB [−32, 32] -140
f9 Sh Rastrigin [−5, 5] -330
f10 Multi Sh Rt Rastrigin [−5, 5] -330
f11 Sh Rt Weierstrass [−0.5, 0.5] 90
f12 Schwefel 2.13 [π, π] 460
f13 Sh Expanded F8F2 [−3, 1] -130
f14 Sh Rt Scaffer F6 [−100, 100] -300
f15 HC Function 120
f16 Rt HC Function 1 120
f17 f16 with Noise 120
f18 Rt HC Function 2 10
f19 f18with Basin 10
f20 Hybrid f18 with GB [−5, 5] 10
f21 Rt HC Funtion 3 360
f22 f21 with NM 360
f23 NC Rt f21 360
f24 Rt HC Function 4 260
f25 f24 without Bounds 260

Tables 3 and 4 present the 10-D benchmark func-
tion’s mean values of each algorithm, and the Wilcox-

on signed-rank test results from comparing the canon-
ical FWA and our proposed surrogate-assisted FWA
with different approximation methods, different sam-

pling methods and sampling sizes. The † mark in these
tables means the proposed method significantly outper-
forms the canonical FWA by Wilcoxon signed-rank in

the significant level p < 0.05. Table 5 shows the av-
erage elite rank from each proposed algorithm for 10-
D and 30-D benchmark functions. Figure 2 describes

the average times of elite obtained outside of approxi-
mation interval, i.e., extrapolation phenomenon occurs.
We discuss and analyse optimization performance of

each method based on these results.

5 Discussion

5.1 Analysis of Approximation Approach Influence

In the approximation method aspect, the approxima-
tion method in low dimensional space and original space

seems to obtain the same optimization results. Howev-
er, the approximation method in the high dimension s-
pace, i.e., support vector regression method, is effective

in a few of the benchmark problems. In the project-
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Table 3 Mean value of F1-F14 with 10 dimension. The Abbreviations used here is in Table 1. The fitness value with † mark
presents that this algorithm is significantly better than canonical FWA by Wilcoxon signed-rank in the significant level p < 0.05.

Method f1 f2 f3 f4 f5 f6 f7 f8 f9 f10 f11 f12 f13 f14
Normal -442.817 194.3666 3529551 2105.924 2656.02 2747.469 -177.339 -119.899 -313.709 -281.939 96.29126 3093.602 -128.999 -296.465
LS1-BST3 -449.86† -101.5† 1419161.51† 132.3† 1911.9 1290.73† -178.12 -119.92 -323.85† -287.4 96.8 1900.35 -129.26† -296.39
LS1-BST5 -449.78† -165.23† 1402447.33† 117.92† 1610.44 1367.29† -178.24 -119.91 -324.89† -285.74 96.89 2028.88 -129.32† -296.44
LS1-BST10 -449.76† -158.04† 788825.5† 43.87† 1333.34† 1651.82† -178.21† -119.89 -323.52† -281.69 97.3† 1748.98† -129.33† -296.46
LS1-DIS3 -436.11 59.34 3435249 524.68† 2480.33 2608.99 -178.17 -119.92 -316.02 -289.1 96.79 3092 -129.08 -296.43
LS1-DIS5 -436.49 -9.53† 1970932 291.02† 2468.56 3171.58 -178.18 -119.9 -317.74 -286.67 96.33 2451.55 -129.22† -296.41
LS1-DIS10 -442.83 -31.6 1764738.82† 111.79† 2569.26 2992.26 -178.05 -119.9 -317.82 -287.97 96.07 2602.44 -129.12 -296.32
LS1-RND3 -448.28† -271.92† 858698.8† -156.2† 1731.47 2417.13 -178.05† -119.91 -320.82† -288.47 96.35 2339.96 -129.23† -296.39
LS1-RND5 -447.61† -279.7† 975242.14† -136.35† 2737.96 3101.7 -178.19† -119.9 -316.39 -289.29 97.13† 2738.46 -129.23† -296.42
LS1-RND10 -447.13† -224.5† 886462.29† -79.06† 2097.08 2393.86 -178.27† -119.9 -318.63 -289.4 96.49 2139.09 -129.05 -296.45
LS2-BST3 -449.89† -257.04† 1192195.74† -15.19† 965.55† 1188.36† -178.57† -119.9 -324.15† -286.98 97.35† 2103.86 -129.17† -296.39
LS2-BST5 -449.89† -215.57† 1414917.38† -83.43† 1402.14† 1858.9 -178.4† -119.91 -323.94† -281.64 97.24† 2949.65 -129.25† -296.44
LS2-BST10 -449.92† -277.6† 1351030.14† -212.34† 1302.74† 1314.58† -178.48† -119.91 -325.06† -284.26 97.66† 1913.94 -129.2 -296.39
LS2-DIS3 -446.63† 32.59 1320490.13† 289.61† 1665.86 2504.29 -178.2 -119.88 -315.95 -288.34 95.41† 3715.42 -129.19† -296.48
LS2-DIS5 -443.47 -21.89† 1277189.38† 121.5† 1640.35 3104.63 -178.43† -119.9 -316.51 -294.73† 95.29† 2721.99 -129.27† -296.39
LS2-DIS10 -444.23 -3.62† 956602.9† 93.92† 1025.44† 1931.72 -178.48† -119.9 -317.39 -291.66 94.79† 1835.85† -129.21 -296.44
LS2-RND3 -449.94† -400.39† 849730.96† -321.26† 1002.5† 1681.65† -178.83† -119.87 -323.14† -286.08 96.8 1596.95† -129.3† -296.47
LS2-RND5 -449.91† -408.07† 670058.42† -346.44† 662.76† 2387.03 -178.87† -119.91 -322.68† -291.16† 96.39 1610.89† -129.24† -296.5
LS2-RND10 -449.29† -395.9† 791469.78† -348.92† -148.03† 2784.89 -178.77† -119.91 -319.99† -293.86† 96.55 2709.44 -129.23† -296.46
Spline-BST3 -449.92† -247.85† 1456508.65† 17.25† 1357.85† 1146.91† -178.3 -119.93 -324.79† -283.57 96.87 1329.48† -129.19 -296.48
Spline-BST5 -449.91† -286.57† 989402.74† -83.7† 1468.55† 1305.05† -178.31† -119.89 -323.28† -288.39 97.14 1760.23† -129.27† -296.47
Spline-BST10 -449.89† -258.16† 894168.3† -140.85† 941.19† 1223.47† -178.46† -119.9 -323.89† -287.49 97.06† 1693.48† -129.25† -296.41
Spline-DIS3 -444.66 11.91 1215298.95† 151.95† 2173.85 2988.47 -178.3 -119.91 -316.77 -288.65 95.94 2265.62 -129.1 -296.31†
Spline-DIS5 -446.31† -27.49† 1564324.95† 155.87† 1397.71 3298.73 -178.01 -119.9 -318.4 -288.17 96.14 3144.26 -129.09 -296.42
Spline-DIS10 -442 189.68 2333430.22† 403.14† 2520.19 3825 -178.31† -119.92 -317.87 -292.67† 96.43 2803.83 -129.21† -296.35
Spline-RND3 -449.96† -390.02† 825508.08† -269.14† 1452.06† 1887.33 -178.99† -119.89 -322.37† -294.82† 96.7 2227.35 -129.23† -296.46
Spline-RND5 -449.04† -378† 912587.82† -285.24† 1068.86† 1582.92† -178.29 -119.9 -322.85† -293.09† 96.72 2681.79 -129.24† -296.5
Spline-RND10 -447.26† -315.03† 1097016.49† -138.69† 1342.57† 3415.72 -178.1 -119.89 -318.63 -297.78† 97.04† 3660.93 -129.13 -296.48
Newton-BST3 -449.92† -222.3† 1088009.58† -24.61† 1320.09† 951.15† -178.28† -119.93 -325.38† -290.73† 97.1† 1499.62† -129.18 -296.37
Newton-BST5 -449.88† -282.92† 1302796.27† -177.06† 1219.89† 1816.16† -178.38† -119.91 -324.09† -283.87 96.96† 1624.2† -129.23† -296.34†
Newton-BST10 -449.91† -269.11† 1043788.28† -192.28† 1037.99† 1046.51† -178.48† -119.89 -324.59† -282.3 96.56 1902.99† -129.28† -296.47
Newton-DIS3 -432.54 -48.45† 926684.82† 182.46† 2591.17 2205.05 -177.98 -119.91 -317.26 -288.24 95.43† 2699.62 -129.25† -296.4
Newton-DIS5 -440.33 -5.52† 1892874.1† 400.36† 2809.02 20998.53 -177.74 -119.87 -314.79 -291.19 96.1 3101.58 -129.16 -296.51
Newton-DIS10 -442.37 64.79 2570233 507.12† 1169.78† 3362.79 -177.25 -119.9 -314.81 -291.8† 96.53 2857.18 -129.15 -296.31†
Newton-RND3 -449.97† -389.88† 569467.54† -305.42† 1524.2 1318.48† -178.5† -119.9 -322.91† -285.49 96.39 1492.15† -129.19 -296.57
Newton-RND5 -448.15† -313.72† 1050597.74† -199.77† 1385.18 2467.76 -178.47† -119.89 -318.66 -293.95† 96.71 1937.32 -129.24† -296.47
Newton-RND10 -443.95 -109.22† 1613831.5† 0.6† 2337.95 2973 -177.39 -119.88 -317.17 -296.4† 96.2 3225.04 -129.12 -296.51
OLS-BST -450† 559.63† 3617660 1343.82† 2393.34 3948.39 -177.58 -119.9 -312.86 -282.75 97.28† 4286.03 -128.92 -296.31†
OLS-DIS -450† 538.24 3539541 1867.47 2305.32 3983.74 -177.6 -119.89 -314.52 -281.25 97.6† 4359.67† -128.84 -296.32†
OLS-RND -450† 376.47 3837140 1652.45 2408.79 15393.14 -177.86 -119.9 -313.87 -282.28 97.44† 3265.02 -128.84 -296.4
SVR-BST3 -426.64 91.3 4065658 790.6† 2458.76 5481.64 -177.02 -119.89 -313.73 -282.11 97.21† 3562.28 -128.87 -296.42
SVR-BST5 -441.55 99.95 2990677 809.31† 2509.09 2112.06 -177.81 -119.89 -316.18 -274.96 97.19† 2761.54 -128.89 -296.26†
SVR-BST10 -442.19 187.68 3023460 738.06† 2057.05 3348.84 -176.97 -119.89 -315.45 -285.85 97.37† 2798.39 -128.79 -296.29†
SVR-DIS3 -444.15 237.32 4064241 941.43† 2055.91 20456.17 -176.72 -119.9 -315.24 -287.89 97.42† 3037.76 -128.85 -296.34
SVR-DIS5 -439.18 263.48 3503445 831.27† 2473.14 2846.32 -177.14 -119.9 -311.29 -283.09 97.56† 3899.99 -128.91 -296.22†
SVR-DIS10 -423.74 420.05 4459042 823.04† 2715.31 3491.04 -177.56 -119.92 -312.53 -284.94 97.22† 3449.06 -128.93 -296.36
SVR-RND3 -442.46 311.95 3303740 734.16† 1900.99 2632.49 -177.13 -119.89 -310.99 -283.3 97.06† 3149.49 -128.94 -296.31†
SVR-RND5 -443.38 227.1 3920565 838.7† 2308.59 2039.71 -177.65 -119.89 -315.4 -284.39 97.39† 3265.26 -128.91 -296.3†
SVR-RND10 -440.78 399.52 2876402 785.14† 2315.02 2544.44 -177.54 -119.9 -309.91 -284.97 97.21† 3501.03 -128.87 -296.42

ed high dimension feature space, linear regression can
be perfectly constructed by the SVR method, however,

this model cannot present the actual fitness landscape
in the original space. The over-fitting issue is the reason
that leads to the worse fitness approximation and op-

timization performance, so, from a practical viewpoint,
the SVR is not a good approximation method that can
be applied in a fitness landscape approximation field.

The same results are also obtained in the work of [13].

Compared with approximation methods in lower di-
mensional space and that in original space, optimiza-
tion results by lower dimensional approximation are

better than that by original dimensional approximation
from the observations of Tables 3 and 4. This indicates
that rough and simple approximation of fitness land-

scape can be useful in EC enhancement application,
and the exact approximation performance sometimes
leads to local optimal. Approximation in original space

needs more time because of many matrix operations,
its computational complexity is higher than that of ap-
proximation in lower dimension space. Along with the

dimension increasing, the computational complexity of

approximation in original space will dramatically rise
up. Comparing these two methods applied in 10-D and

30-D benchmark problems, optimization performance
obtained by approximation in low dimensional space
outperforms that obtained by approximation in original

space. As dimensionality is more higher, the optimiza-
tion result is more better. So, from whatever theoretical
analysis and practical evaluation of these two approx-

imation method, approximation in low dimension by
dimension reduction technique has its advantages and
practical benefits.

Our proposed methods fail to optimize the com-

plex fitness landscape benchmark function (e.g., f18,
f19, and f20) and specific fitness landscape structure
(e.g., f8: optimum at bounds, f12: shifted global op-

timum, etc.). This result indicates a limitation of our
proposed methods, which is effective for the problem-
s with simple fitness landscape. We should analyze the

characteristics of the optimization problem and select a
proper approximation method to obtain the better op-
timization performance before we apply our proposed

surrogate-assisted FWA.
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Table 4 Mean value of F15-F25 with 10 dimension. The Abbreviations used here are as in Table 1. The fitness value with †
mark presents that this algorithm is significantly better than the canonical FWA by Wilcoxon signed-rank in the significant
level p < 0.05.

Method f15 f16 f17 f18 f19 f20 f21 f22 f23 f24 f25
Normal 340.16 354.47 367.22 910 899.05 910 145.75 1312.65 1465.55 1266.35 1233.37
LS1-BST3 357.54 315.17† 358.34 903.36 910 910 1334.14 1287.47 1347.34 1195.87 1211.92
LS1-BST5 344.51 309.48† 339.62 910 910 910 1265.84† 1240.96† 1411.41 1171.43 1243.55
LS1-BST10 262.14† 332.2† 335.6 910 910 906.68 1289.92 1234.98† 1341.27 1195.16 1147.69
LS1-DIS3 308.37 340.78 351.17 910 910 906.69 1294.18 1273.91† 1386.8 1209.28 1032.63
LS1-DIS5 319.88 318.58† 356.68 910 910 910 1388.08 1247.67† 1458.21 1164.79 1044.72
LS1-DIS10 334.73 321.64† 345.82 910 899.25 910 1341.51 1225.36† 1292.33† 1091.6 1027.73
LS1-RND3 397.81 306.97† 345.66 910 910 910 1227.54† 1226.6† 1252.72† 1085.68 1194.81
LS1-RND5 327.68 309.34† 332.2† 906.7 906.69 910 1284.35 1249.68† 1358.92 1112.71 1065.58
LS1-RND10 353.65 295.95† 337.04 910 910 910 1438.49 1255.8 1254.12† 930.92† 1215.71
LS2-BST3 391.73 314.24† 353.79 907.31 910 910 1276.67† 1268.75 1283.6† 985.34† 922.65†
LS2-BST5 324.93 320.25† 323.63† 910 910 902.68 1335.73 1279.87 1246.34† 891.72† 1043.86
LS2-BST10 331.02 324.96† 345.05 910 910 910 1437.01 1270.78† 1185.12† 862.58† 786.74†
LS2-DIS3 306.85 317.02† 319.9† 910 910 910 1338.18 1224.89† 1307.18† 754.94† 859.67†
LS2-DIS5 342.62 301.65† 324.21† 910 910 910 1314.91† 1215.73† 1341.27† 712.9† 632.18†
LS2-DIS10 376.87 295.44† 308.5† 903.45 910 910 1137.49† 1131.81† 1236.72† 642.33† 580.64†
LS2-RND3 348.45 306.21† 305.55† 906.67 910 906.67 1292.36 1228.29† 1323.84† 903.38† 839.89†
LS2-RND5 339.32 302.14† 310.4† 908.17 910 894.02 1331.99 1212.39† 1323.47† 801.76† 841.93†
LS2-RND10 411.44 293.62† 318.24† 906.68 906.69 906.68 1204.18† 1178.71† 1313.45† 771.28† 735.21†
Spline-BST3 360.71 329.85† 340.09 892.53 910 910 1352.12 1228.52† 1255.02† 983.17† 1006.88
Spline-BST5 347.33 308.89† 339.53 910 910 910 1345.99 1257.68 1288.41† 710.01† 703.95†
Spline-BST10 332.89 325.3† 331.46† 910 910 906.69 1360.34 1257.97† 1232.96† 592.28† 664.01†
Spline-DIS3 308.51 307.12† 321.01† 910 897.54 910 1204.07† 1225.84† 1355.62 550.51† 696.96†
Spline-DIS5 269.16 306.49† 317.29† 910 901.41 910 1373.23 1174.35† 1383.61 602.23† 552.81†
Spline-DIS10 322.63 299.11† 326.97† 910 906.8 910 1347.24 1228.09† 1248.46† 586.59† 484.93†
Spline-RND3 376.83 302.59† 322.68† 900.02 906.67 910 1301.39 1250.29† 1245.65† 789.09† 790.49†
Spline-RND5 307.3 292.15† 310.09† 905.16 910 892.54 1444.25 1239.6† 1245.14† 678.41† 694.62†
Spline-RND10 350.39 281.49† 293.82† 896.52 910 906.7 1192.21† 1203.38† 1229.96† 533.59† 554.19†
Newton-BST3 336.2 320.26† 345.13 897.39 910 910 1394.47 1275.63 1260.61† 961.87† 814.9†
Newton-BST5 346.33 316.93† 359.37 908.92 906.68 910 1363.35 1234.88† 1302.64† 793.32† 1039.07
Newton-BST10 373.71 315.97† 350.54 910 910 910 1285.76 1249.44† 1290.51† 537.27† 533.59†
Newton-DIS3 344.12 292.97† 322.62† 910 910 900.19 1331.69 1172† 1348.93 554.34† 779.32†
Newton-DIS5 293.21 300.04† 317.9† 910 910 910 1374.93 1224.84† 1252.63† 644.01† 799.26†
Newton-DIS10 263.68 309.35† 319.67† 910 910 910 1323.63 1259.07† 1329.89 634.88† 702.7†
Newton-RND3 359.21 307.62† 322.73† 910 910 890.43 1243.67† 1211.18† 1303.19† 748.81† 666.79†
Newton-RND5 346.64 298.06† 314.96† 898.75 900.07 910 1349.1 1189.05† 1282.72† 961.56† 809.37†
Newton-RND10 384.83 281.32† 302.47† 910 910 910 1227.61† 1214.41† 1289.92† 730.17† 918.82†
OLS-BST 323.65 334.42† 373.7 910 910 910 1506.18 1310.7 1464.12 1174.51 1205.43
OLS-DIS 418.33 342.6 354.52 910 910 910 1438.71 1299.62 1427.72 1038.17† 1101.28
OLS-RND 337.8 338.82† 381.78 910 910 910 1537.26 1290.63 1438.77 1183.43 1264.36
SVR-BST3 338.64 339.07 352.95 910 910 910 1492.54 1338.57 1417.2 1375.7 1340.49
SVR-BST5 362.44 326.14† 380.58 910 910 910 1419.81 1323.67 1410.95 1414.75 1089.03
SVR-BST10 357.54 357.94 358.49 910 910 910 1445.33 1337.11 1400.47 1250.93 1175.33
SVR-DIS3 304.78 357.39 381.44 910 910 910 1459.13 1326.04 1608.32† 1333.63 1193.76
SVR-DIS5 357.54 359.95 360.65 910 910 910 1469.35 1300.15 1502.86 1233.33 1345.24
SVR-DIS10 357.54 361.12 346.53 910 910 907.12 1531.2 1304.61 1425.09 1201.96 1188.03
SVR-RND3 326.5 341.8 364.48 910 910 910 1499.58 1299.03 1482.22 963.23† 1277.5
SVR-RND5 357.54 335.69 362.71 910 904.7 910 1487.42 1310.99 1430.69 1185.11 1336.99
SVR-RND10 357.54 341.91 371.05 910 910 910 1336.42 1315.77 1347.34 1078.39† 1214.85

5.2 Analysis of Sampling Method Influence

In this work, we propose three sampling data selection

methods, i.e., the BST method, the DIS method, and
the RND method, which mean selecting sampling data
from the best n data, selecting sampling data from n

nearest data from the best data, and selecting sampling
data randomly, respectively. From the optimization re-
sults by comparing these three methods, when the BST

and RND methods can obtain significant optimization
performance, the DIS method cannot obtain the same
result. From this observation, the DIS method seem-

s less useful than other two methods. Sampling data
distribution is a significant factor that influences ap-
proximation effect. The DIS method selects data that

are nearest to the current best point, it leads to local

approximation rather than global approximation that

can be obtained by the other two methods. This maybe
a reason that why the DIS method fails in most of the
benchmark problems.

Both the DIS method and BST method need to use

search and sorting algorithms for selection. However,
the RNDmethod processes the sampling data randomly
with a certain distribution probability. From the prac-

tical viewpoint, the computational complexity of the
RND method is less than that of other two methods,
and the RND method can obtain significantly better

optimization performance from the above observation
and analysis, we conclude that the RND method is a
practical sampling selection method that can be rea-

sonably applied in the real world conditions.
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Table 5 Average elite rank of 10-D and 30-D benchmark
function when generation (G) equals to 10, 100 and 1000.
There are 8 individuals in our evaluation experiments, the
number in this table shows the average rank of elite accord-
ing to its fitness value. The rank with bold font presents the
winner algorithms in each generation of 10-D and 30-D bench-
mark functions.

Method 10-D 30-D
G=10 G=100 G=1000 G=10 G=100 G=1000

LS1-BST3 3.46 3.59 4.03 4.21 4.89 5.34
LS1-BST5 2.48 2.39 2.32 2.84 2.64 2.67
LS1-BST10 2.68 2.30 2.24 2.55 2.27 2.27
LS1-DIS3 6.96 7.29 7.51 6.81 7.59 7.61
LS1-DIS5 6.35 6.49 6.53 6.29 6.58 6.61
LS1-DIS10 6.09 6.12 6.18 5.73 5.76 6.02
LS1-RND3 5.23 5.07 5.04 5.36 5.05 5.07
LS1-RND5 5.29 4.96 5.14 5.12 5.10 5.05
LS1-RND10 5.21 5.29 5.24 5.05 5.19 5.13
LS2-BST3 2.19 1.94 1.96 2.26 1.99 1.97
LS2-BST5 2.14 1.88 1.90 2.15 1.99 1.92
LS2-BST10 2.11 1.91 1.91 2.21 1.97 1.90
LS2-DIS3 5.90 5.72 5.78 5.60 5.70 5.69
LS2-DIS5 5.42 5.31 5.54 4.94 5.12 5.37
LS2-DIS10 4.87 5.37 5.34 4.47 4.89 4.98
LS2-RND3 4.49 4.13 4.10 4.33 4.36 4.31
LS2-RND5 4.49 4.30 4.45 4.32 4.48 4.58
LS2-RND10 4.71 4.94 5.02 4.36 4.76 4.97
Spline-BST3 2.11 2.03 2.06 2.17 2.06 2.01
Spline-BST5 2.32 2.13 2.10 2.51 2.19 2.14
Spline-BST10 2.66 2.26 2.31 2.61 2.30 2.26
Spline-DIS3 5.68 5.51 5.64 5.33 5.33 5.43
Spline-DIS5 6.02 5.82 6.01 5.69 5.79 5.89
Spline-DIS10 6.30 6.26 6.34 5.98 6.12 6.25
Spline-RND3 4.49 4.05 4.07 4.29 4.21 4.18
Spline-RND5 5.19 5.19 5.21 5.05 5.19 5.15
Spline-RND10 5.95 5.91 5.95 5.84 5.98 5.90
Newton-BST3 2.19 2.00 2.07 2.12 2.06 2.03
Newton-BST5 2.43 2.11 2.16 2.34 2.09 2.11
Newton-BST10 2.58 2.27 2.41 2.60 2.38 2.34
Newton-DIS3 5.67 5.56 5.66 5.39 5.28 5.58
Newton-DIS5 6.11 6.07 6.06 5.70 5.87 6.00
Newton-DIS10 6.45 6.48 6.63 6.29 6.51 6.48
Newton-RND3 4.48 4.18 4.08 4.31 4.35 4.24
Newton-RND5 5.59 5.55 5.55 5.50 5.62 5.47
Newton-RND10 6.56 6.62 6.71 6.49 6.59 6.57
OLS-BST 5.65 5.54 5.43 7.25 6.37 6.33
OLS-DIS 7.02 6.95 6.75 7.29 6.56 6.36
OLS-RND 6.96 6.74 6.62 7.51 6.93 6.96
SVR-BST3 7.58 7.21 7.16 7.21 7.05 7.09
SVR-BST5 7.51 7.13 7.21 6.91 6.69 6.69
SVR-BST10 7.36 6.75 6.73 6.99 6.71 6.76
SVR-DIS3 7.62 7.17 7.13 7.29 7.09 7.05
SVR-DIS5 7.46 6.78 6.74 7.02 6.67 6.73
SVR-DIS10 7.55 6.70 6.77 7.14 6.67 6.72
SVR-RND3 8.05 7.56 7.69 7.63 7.43 7.47
SVR-RND5 7.72 7.33 7.30 7.30 7.12 7.18
SVR-RND10 7.06 6.84 6.75 7.01 6.97 7.03

5.3 Analysis of Sampling Size Influence

Theoretical speaking, a large sampling size means more
accuracy in approximation performance, except over fit-

ting issues. From the evaluation results (i.e., Tables 3
and 4), we can obtain the same conclusion by compar-
ing the same approximation method with different sam-

pling sizes. However, more sampling size requires more
time spent in the approximation process. When we ap-
ply one of the approximation methods with a certain

sampling size mentioned in this paper, we should con-
sider the final optimization results and time cost used
in approximation process to achieving a balance state

for a better optimization performance.

5.4 Analysis of Obtained Elite Rank

One characteristic of our proposed method for enhanc-
ing the FWA optimization performance is obtaining an

elite from simplified approximation fitness landscape.
For approximation method in low dimensional space,
we obtain elite in each lower dimension space and com-

bine these elite into original space. The fitness rank of
obtained elite is one of the evaluation metrics for e-
valuating performance of our proposed method. Here,

we discuss this issue based on Table 5, which shows
the average elite rank from our evaluation experiments.
From Table 5, the average ranks of elite obtained by the

BST method, the RND method and the DIS method
are about 2, 5, and 6, respectively. The rank of elite
presents the accuracy and performance of each approx-
imate method and each sampling method.

From this average rank result and mean value of
each method obtained from Tables 3 and 4, we found
that sampling method is an essential factor that in-

fluences the optimization performance of our proposed
surrogate-assisted FWA. The influence of the sampling
method on the optimization performance enhancemen-

t is more effective than that of sampling size. On the
contrary, if the sampling method is inefficient, whatev-
er the sampling size is, the proposed surrogate-assisted

FWA cannot be enhanced and improved significantly.
This is a new discovery arising from our evaluation ex-
periments.

5.5 Analysis of Interpolation and Extrapolation of

Obtained Elite

The primary objective of our proposed method is to ap-

proximate fitness landscape with a simple shape, so that
we can roughly find promising global optimum region to
search from this simple shape. From the approximation

point of view, the elite is obtained from interpolation or
from extrapolation, i.e., the elite is from approximation
range or outside of it. This metric is one of the evalua-

tion factors to evaluate approximation performance of
our proposal.

Figure 2 presents average extrapolation times of each

approximation method applied to 25 benchmark prob-
lems. Except for some special cases of approximation
in lower dimensional spaces, these methods can obtain

the elite from extrapolation, i.e., outside of approxima-
tion range, with about 100 times in 1000 generations.
Although the elite comes from these methods rarely

outside its approximation range, from the evaluation
results, these methods can obtain a better optimization
performance in most benchmark problems. It indicates

that better local search can improve the optimization
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Fig. 2 Extrapolation times of each method, when we obtain the elite from approximated fitness landscape, we judge whether
it comes from the interval of sampling data, if it is out of the interval, we define it as extrapolation one time. This figure
presents that better local search can improve the optimization performance of FWA. X-axe and Y-axe show the number of
average extrapolation times from 25 benchmark functions of each method and each method’s abbreviation, respectively.

performance of surrogate-assisted FWA. The times of
elite from extrapolation by approximation in original
space and high dimension space are more than that of

approximation in low dimension. However, as demon-
strated in Tables 3 and 4, they cannot present better
acceleration performance for most benchmark problem-

s. This result indicates that wrong approximation and
over-fitting problem can happen when applying these
two types of approximation method.

6 Conclusion

In this paper, we investigated and discussed the effec-
tiveness of approximation strategy in surrogate-assisted
FWA. We discussed the effectiveness of approximation

strategy from the aspect of approximation method, sam-
pling data selection method and sampling size. We anal-
ysed and studied the optimization performance of each

method. For the approximation method, we use least
square approximation, spline interpolation, Newton in-
terpolation, and support vector regression to approxi-

mate fitness landscape of FWA in projected lower di-
mensional, original and higher dimensional search s-
pace. We found that approximation in lower dimen-

sional search space can effectively obtain the rough fit-
ness landscape information, and its optimization perfor-
mance outperforms that of approximation in original

and higher dimensional search space. The problem of

over-fitting problem frequently happens when applying
the SVR method in this fitness landscape approxima-
tion problem. In the sampling data selection method

aspect, we defined three sampling data selection meth-
ods, i.e., the best sampling method, the distance near
the best fitness individual sampling method, and the

random sampling method to investigate each sampling
method’s performance. We found that the RND sam-
pling selection method is better than the other two

methods from the viewpoints of computational com-
plexity and performance of optimization . From the
sample size viewpoint, we set it as 3, 5, and 10 sampling

data in each approximation method and sampling selec-
tion method. We notice that we should balance the final
acceleration performance we obtained and time cost in

approximation process we spent. This is a crucial issue
when we apply proposed FWA to a variety of problems
and real-world applications.

One of the advantages of FWA is that the multi-
production mechanism presents in its algorithm. This
means, one firework can generate a number of sparks

within the explosion amplitude in each generation. We
can use this local fitness information and combine sever-
al sparks to explore the global fitness landscape by our

approximation method. This is one aspect of our future
work. The IEC application requires the optimization al-
gorithm to have a better performance with small num-

ber of generations and population size. The fact that



Effectiveness of Approximation Strategy in Surrogate-assisted Fireworks Algorithm 13

the FWA can obtain a relatively better optimization

performance with a small population size, is another
advantage. This characteristic provides an opportuni-
ty to establish an interactive framework of FWA, i.e.,

interactive FWA. Because the evaluation space of hu-
mans is relatively simple, we can obtain a better opti-
mization result when we apply our proposed surrogate-

assisted FWA in interactive FWA by fitness landscape
approximation. Some other opportunities for investiga-
tion, such as surrogate-assisted FWA selection issue,

surrogate-assisted FWA for hard optimization problem-
s, will be involved in our future work.
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