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Abstract: In this paper the problem of ARMAX model identification is studied and an effi-
cient recursive robust identification algorithm applicable to ARMAX model is proposed. When
applying directly LS method to ARMAX model estimation, the asymptotical bias appears. In
order to estimate the bias, inspiring from the bias compensation least squares (BCLS) algorithm
that is proposed by authors, a set of auxiliary linear backward predictors are introduced. With
the help of those found orthogonal properties, a solution to the estimate of the bias is built.
Consequently the consistent estimate for ARMAX model can be obtained via compensating the
estimated bias. Moreover in order to satisfy the need of on-line identification of ARMAX model,
recursive processing of the proposed algorithm is given. Simulation results are presented to illus-
trate the effectiveness of the proposed algorithm.
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1. Introduction

Methods of recursive identification deal with the
problem of building mathematical models of signals
and systems on-line, at the same time as data is
being collected. ARMAX (Auto-Regressive Mov-
ing Average eXogenous) model was introduced into
system identification in 1) and is since then a basic
model. Any linear finite-order system with station-
ary disturbances having a rational spectral density
can be described by ARMAX model. In this paper
we shall consider the problem of ARMAX model
identification from a point of view of recursive pro-
cessing and then propose an efficient recursive ro-
bust identification algorithm applicable to ARMAX
model.

The recursive least squares (RLS) identification
is a well-known technique for on-line parameter es-
timation. Unfortunately, the LS estimate is biased
when directly apply to ARMAX model identifica-
tion. To avoid the bias many methods appeared
and the typical ones of them are the prediction error
(PE) method and the instrumental variables (IV)
method. Using the PE method leads to a more com-
plex method and requires a numerical optimization
of a nonlinear function that depends on the recorded
data.

On the other hand, there are some estimation
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methods via the bias-compensation principle ap-
peared in the control and signal processing lit-
erature such as modified LS (MLS) method?®,
correction LS (CLS) method®, bias-eliminated
LS (BELS) method?, and bias compensated LS
(BCLS) method®. The key to bias compensation
method is how to estimate the asymptotical bias
of the LS estimate. Some devices for estimation of
bias have been proposed in these bias compensating
methods.

Recently, BELS method has been developed to
apply for consistent parameter estimation of AR-
MAX models®. In order to estimate the bias of LS
estimate, in the BELS method, an auxiliary param-
eter vector is introduced to construct an augmented
ARMAX model and the bias estimate is derived
from this auxiliary augmented model. Being differ-
ent from BELS method, in our procedure no aug-
mented ARMAX model appears and it allows us to
estimate fewer parameters than the BELS method.
Moreover in this paper both the recursive process-
ing and the batch-processing are given, but only the
batch form of BELS method is described in 6).

In this paper, in order to estimate the bias, inspir-
ing from the BCLS algorithm?, a set of auxiliary
estimates are introduced. The introduced auxiliary
estimates are used to construct one-step to n-step
backward least-squares predictors. Then the cross-
correlation functions of LS error and backward pre-
diction (BWP) errors can be obtained. Meantime
three useful orthogonal properties are discovered.
One is that ARMAX model has a special property
that the stochastic disturbance is orthogonal to the
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subspace spanned by the outputs. Another one is
the orthogonal property between the LS error and
data vector. The third one is that the introduced
backward prediction errors and input-output data
vector (asymptotically) are uncorrelated, i.e., or-
thogonal. As we shall see, they are very useful to
us to obtain a consistent estimate for bias of LS es-
timate. With the help of these orthogonal proper-
ties, an solution to the estimate of the bias is built.
Consequently the consistent estimate for ARMAX
model can be obtained via compensating the esti-
mated bias. The introduced auxiliary estimates are
constructed in LS sense, so the recursive approaches
to them are very easy to implement.

This paper is organized as follows. Problem state-
ment and description of ARMAX model are pre-
sented in section 2. The proposed method and the
recursive processing implementation are described
in scction 3. Section 4 illustrates simulation results
and conclusions are drawn in section 5.

2. Problem Statement

A general single-input single-output (SISO)
discrete-time system can be described by an AR-
MAX (Auto-Regressive Moving Average eXoge-
nous) model

A(g~Hy(k) = B(g~"u(k) + Clqg~Hw(k) (1)

where u(k) is input, y(k) is output, and ¢~ is the
backward shift operator, i.e., ¢~ lu(k) = u(k — 1),
AlgT) =1+ag + - +ang "
B(g) =big "+ +bmg ™"
Clg™ ) =co+erg™ + - +eng "
Let
=lar-an b1.. m}T
yp=[y(k—1) - —n)]T
uy = [u(k: -1) (k m)]?
¢’k = [_ UZ]

The ARMAX model can be further written as a lin-
ear regression form

y(k) = 67 0 + e(k) (2)
where
e(k) = C(q~ " )w(k) (3

represents the stochastic noise acting on the system,
and w(k) stands for the source of the disturbance.
The following standard assumptions are made.

e (A1) A(:) has all zeros strictly outside the unit
disc.

e (A2) The input u(t) is stationary and persis-
tently exciting of a sufficient order.

o (A3) The disturbance source w(k) is a zero-
mean white noise and statistically uncorrelated
with u(k).

e (A4) The orders of model (n,m) are known.
The problem under study is, using input-output
data {u(k),y(k)} to make a consistent estimation
for the ARMAX model parameter 6.

Based on the least-squares criterion, the LS esti-
mate 8 s can be obtained as

N
(me) 'S gyt (4)
= k=1

/\

R(bcﬁr@y (5)
where
R L X X
Roo = 55 D_udh. Toy = 2 duy(k)
k=1 k=1

and the LS error £(k) is described as follows.

§(k) = y(k) - ¢4 OLs
= ¢ (0~ B1s) + e(k) (6)
By eqn. (4), we found the orthogonal property be-
tween the LS error £(k) and data vector ¢, as
Property 1

N
Z #ré(k) =0

k=1

N
Z¢k(y(k) - ¢g§LS) =
k=1

which will be useful for derivation of the proposed
method.
Substituting eqn. (2) into eqn. (4) yields

N N
Brs =0+ (Z ¢k¢£) 1 > brelk) (7)
k=1 k=1

Taking probability limit, we have

plim Brs =6 + El¢ 0k ) Elgper]
This equation indicates that LS method can not give
consistent estimate for ARMAX model due to the

asymptotical bias. The bias of LS estimate is

h=plim 8.5 — 0= El¢pydk | Elege(k)].
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3. Our Proposed Algorithm

3.1 Bias Compensation

Bias compensation principle proposed by Sagara
and Wada? can be described as

Opcrs =0rs —h

It means that if the noise-induced bias in the LS pa-
rameter estimate is obtained, compensating the LS
estimate for the estimated bias can generate consis-
tent parameter estimate for ARMAX model.

By assumption (A3), the input u(k) is orthogonal
to the stochastic disturbance e(k), the bias estimate
becomes

~ ~ ([ In ] ~
h:—R¢;[ ]'rye.

where

plim 7. = Blye(k)]
then the consistent BCLS estimate for ARMAX
model can be obtained as

~ ~ = 11|~
OpoLs = 0Ls + Ry, [ 0 ] Tye (8)

It is clear that estimation of 7y, becomes the key to
BCLS method and our purpose is to find an efficient
approach for estimation of 7ye.

3.2 Backward Predictor and Predic-
tion Error

By assumption (A3), it is also known that AR-
MAX model has an important feature that the
stochastic disturbance e(k) is orthogonal to the sub-
space spanned by the outputs y(k—n—1),y(k—n—
2),---,y(k — 2n). This property can be described
as

Property 2.

In this paper, utilizing this special property of AR-
MAX model helps us to find an ingenious approach
to solution of the key problem to estimate the bias
resulted from LS estimate.

Introduce the auxiliary estimates ,@i (i=1---n)

defined as

R N 4N
Bo= [ ouol] Dwylk-n—i) (9
k=1 k=1

to construct i-step backward predictor

Gk —n—i) =i B; (10)
and i-step backward prediction error

yk—n—1i)—ylk—n—1)
=y(k —n—1) — &3 B;.
From eqn. (9), it follows that

o~

Gr(y(k —n—1i)— ¢iB;) =0 (11)

M=

k=1

which shows the orthogonal property between data
vector ¢, and the backward prediction error €;(k).
Property 3.

N
. 1 )
117\}1_1}(1)0 N k§~1 ¢rei(k) =0 (i=1--n)

3.3 Cross-Correlation Function of LS
Error and BWP Errors
For clarity and simplicity of presentation, we con-
sider the one-step prediction error.
Denote f; be a cross-correlation function of the
LS error £(t) and one-step backward prediction er-
ror € (t) described as

f E(k)er(k)

I
M=

=
Il
—

(y(k) — @1 Ors)(y(k —n—1) — ¢} By)

I
] =

i
I

By eqn. (6) and the orthogonal property between
data vector ¢, and the backward prediction error
€1(k), f1 can be rewritten as

= "ek)(ylk —n—1) - ¢t By) (12)

M =

S
I
-

Taking probability limit, we have
. 1
plim_— f1 = Ele(k)y(k —n —~1)]
~pim B | 7| Blyseth).

From Property 2, it follows that
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gim_ - = g B | 7| Elyietvl. 9
It is known that computing of n-dimension vector
Tye is a problem involving linear simultancous equa-
tions in n unknowns. Eqn. (13) is only one linear
equation which describes the relationship between
Tye and cross-correlation function f;. In order to
obtain the estimate 7y, we need n linear simulta-
neous equations.

Define f;, (i = 1---n) be a cross-correlation func-
tion of the LS error £(k) and i-step backward pre-
diction error €;(k) described as

N
fi=Y_ &(k)es(k) =
k=t

N

> (k) = $L8Ls.n)(ylk —n— i) — B By),
k=1
Taking probability limit, we have
. T, i o
]19\}1}}100 ﬁfi = Ele(k)y(k — n —1)]

. ~T In
- : E .
gim B || Elwetr)
From Property 2, it follows that
plim ]—V‘f'i = —plim_p; [ o ] Elyge(k)].  (14)
Let

fT = 1:./‘1 '~‘fn]7
we can summarize the above results be
~T
ylk—n—1) - B ¢4
Y y(k—n-2) - By ¢
f _ Z Yy - 2 Pr B(k)
k=1 .
AT
y(k —2n) — B, ¢
N N
=" pre(k) = B> ¢ye(k)
k=1 k=1
and
-1
~ ~ I, 1
_ 2 1
(B[OD o (15)
where
~T
ylk—n—1) ,3:111
ylk—n—2) N 2
pk = . 3 B = .

3.4 Computation of Cross-correlation
Function
From the definition of vector f, Property 1 and
Property 3, we can derive the two forms for com-
puting the cross-correlation function of LS error and
BWP errors.

y(k—n—1)
k*nmﬂ R
~ = Z (y(k) — &1 01s)
(k Qn)
Al A~
=% f; pey(k) — ;;::1 PrPLOLs
=Tpy — R¢p91,s (16)
or
ylk—n-1) B;
1 1N |yk—n—-2) B, |
=% kzzjl 5 S| ok p®
y(k — 2n) BT
N 1 N "
= N Z_: Z dry(k)
= < Br, B (17)

3.5 Recursive Implementation of the
Proposed Algorithm
Based on the above discussions, the recursive
form of the proposed algorithm is given as follows:
Step 1. Calculate the LS estimate ] Ls,~ and the
auxiliary estimate EN by the conventional RLS al-
gorithm:

Py_1¢pn (?JN - ¢’%§L5,N—1)
1+ @5 P16y

Orsy =0rsNn-1+

Py (PN - gN—-1¢N) D
1+ ¢y Py 19y

By =Bn-1+

Py_1¢n¢NPrn-1

Py =Py_1— :
1+ ¢nPrno1dy

Step 2. Calculate fy:
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Toy N =TpyN-1+ PNYN
Ryp,n = Rgpn-1 + dnPN
Ty N = ToyN-1 + PNYN
Fn=TwnN —ARQ{,,,NOLS,N or
=Tpy,N — BNTgy,N
Step 3. Calculate 7y,
?ye = (gN [g])_l%

Step 4. Calculate the consistent parameter esti-
mate for ARMAX model via

o) ) I, ) I, -1
Opcrs,n =0rs N+ Pn {O} (Bn [O}) Iy

Step 5. N=N+1 and return to Step 1 until con-
vergence.
Initial values at N = 0 are given as follows:

Po = aI,/B\LS,O = O,EO = 0,

Tpoy,0 = 0,T¢y0 = O, Rd,p’g = 0.
The batch form is often applied for theoretical anal-
ysis and discussion, so we also summarize the batch
form of the proposed algorithm as follows.

~ ~ ~_ In N
Opcrs =015+ R@; [ 0 ] Tye (18)
y(k—n—1)
~ N y(k_n_Q) TH5-1 -
B=3 : bk Ry = Ry Ry, (19)
k=1 .
y(k —2n)

-1
~ N~ ~ N
Pye = (B [ P D (Fou — R5,005) (20)
or 1

Fye = (E [IOD (7o~ Broy) (21)

4. Simulation Results
Cousider a second-order ARMAX model given by

AlgH =1-15¢"1 4+0.7¢72

B(g™}) =1.0¢7 +0.5¢72

C(gH)=14+1.0¢71+0.2¢72
The input u(k) is taken as white noise with unit
variance. The w(k) is a white noise with zero mean
and variance o2 is chosen as 0.81 and 1.44 that im-
plies the high noise environments.

The mean values of parameter estimates obtained
by RLS method and the proposed algorithm for 20

Table 1 Simulation results.

T N ay ay by D)
TS 0.81 2000  -1.2634 _ 0.4838  0.9865  0.7342
5000 -1.2612  0.4847  1.0064  0.7373
BCLS 0.81 2000  -1.5003  0.7004 _ 0.9878 _ 0.498%
5000  -1.5012  0.7008  1.0004  0.4994
.8 1.44 2000  -1.1483  0.3832  0.9965  0.8481
5000  -1.1602 _ 0.3939  1.0072  0.8361
BCLS T.44 2000  -1.4008  0.6939  0.9915  0.5089
5000  -1.5023  0.7013  1.0070  0.4919

True value 15 0.7 1.0 0.5

runs are listed in Table1l. Data length is chosen
as 2000 and 5000 respectively. Simulation results
demonstrate that the RLS method gives biased re-
sults, but the proposed algorithm can give consts-
tent estimates via compensating the estimated bias.
Moreover it is shown that estimation accuracy is
satisfactory even in high noise environments and it
implies that the proposed algorithm is efficient and
robust.

5. Conclusions

In this paper we describe the efficient robust iden-
tification algorithm applicable to ARMAX model
from a point view of recursive processing. The
contribution of this paper is that a new approach
to estimation for the bias of LS estimate is pro-
posed. It is worthy to find some useful properties
that the stochastic noise is orthogonal to the sub-
space spanned by the outputs, the LS error and
the introduced backward prediction errors are also
(asymptotically) orthogonal to input-output data
vector. With the help of these orthogonal prop-
erties, the efficient algorithm has been established
to provide consistent parameter estimation for AR-
MAX model. Due to the auxiliary estimates are
introduced in LS sense, the recursive implemen-
tations for them are easy to be obtained. More-
over for the purpose of the theoretical analysis, the
batch-processing form of the proposed method is
also given. Simulations have been performed to ver-
ify the efficiency and robustness of the proposed al-

gorithm.
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