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Abstract

We present constructive a priori error estimates for H3-projection into a space
of polynomials on a one-dimensional interval. Here, “constructive” indicates
that we can obtain the error bounds in which all constants are explicitly given
or are represented in a numerically computable form. Using the properties
of Legendre polynomials, we consider a method by which to determine these
constants to be as small as possible. Using the proposed technique, the
optimal constant could be enclosed in a very narrow interval with results
verification. Furthermore, constructive error estimates for finite element HZ-
projection in one dimension are presented. This type of estimates will play an
important role in the numerical verification of solutions for nonlinear fourth-
order elliptic problems as well as in the guaranteed a posteriori error analysis
for the finite element method or the spectral method.
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1. Introduction

In the present paper, we consider the smallest constant C' in a priori error
estimates of the form

|u— P%HHg(A) < Clulgsyy, Yue HF(A)NHY(A), (1)

where P? is an Hg-projection on a one-dimensional interval A, and || - || ;24
0

and | - | H4(A) ATe the norm in HZ and the seminorm in H*, respectively. The
purpose of the present study is to find the upper and lower bounds of optimal
constants in the above estimates. These constants not only play an important
role in theoretically verifying the solutions of differential equations (e.g. [8, 2,
6]), but also contribute to highly reliable computing in numerical simulation
using the finite element method or the spectral method. In general, C' should
be made as small as possible.

In the case of the Hl-projection, for approximation spaces with linear and
quadratic polynomials, the optimal constants can be theoretically determined
as 1 and 5, respectively (see [7, 5]). Such a constant can also be computed
for higher-order polynomials (see [4]), although it is not optimal.

For the HZ-projection, Schultz obtained constructive a priori error esti-
mates based on piecewise cubic interpolation (see [7]), which is not optimal.

In the present paper, we propose a method that is an extension and im-
provement of the technique presented in [4] to obtain a constant very close to
the optimal constant with guaranteed accuracy. Note that the proposed tech-
nique improves Schultz’s result and can also be applied to obtain the optimal
constants in the case of higher-order polynomials. Furthermore, using the
present results, it will be possible to realize more efficient computations in the
numerical verification of solutions related to fourth-order elliptic problems,
such as those described in [2, 6, 9].

2. Legendre polynomials

Let A = (a,b), (a < b € R) be a one-dimensional interval. The Legendre
polynomials on A are defined as a complete orthogonal system in L?*(A), for
an arbitrary non-negative integer n,

Pa) = S () 0 ar -, )



where |A| := b — a. Furthermore, P, has the following properties ([1]):

L (=0 —a)Pie) + 0l + DPux) =0, W00, (3)
A
(Pm>Pn)L2(A) = Qn——i—l(sm’n’ Vm,n > 0, (4)
A
(2n+1)P, = % (PT'LJrl — P,ib_l) , VYn>1, (5)
Pu(a) = (—1)", Pu(b)=1, Vn>0, (6)

where (P, )25 denotes the L?* inner product on A and §,,, denotes
Kronecker’s 6.

Lemma 2.1. For any u € H! (A) and integer n > 1, we have

Al , /
(0P = gy (0 Pty = (W P - ()

Proof: From (5) and (6)

Al , , >
u, Pn 2 — U, Pn - Pn_
(t: Pz ( 2(2n+1) (Prn ! L2(A)

_ A N
= Sny 1)U<b)<Pn+1(b) - Pnfl(b))——z(zn " 1>u(a) (Poyi(a) — Po_y(a))
A ,
- 2(27’L + 1) ((u 3 Pn+1 - Pn—l)L2(A)>
A , )
= —2<2’]|7,—‘|—1) <(U7Pn—l)L2(A) - (U’Pn+1)L2(A)> ,

which implies (7). O

3. Error estimates for H2-projection on a one-dimensional interval
Let HZ(A) be a function space on A defined as
H{(A) = {ue H*(A) ; u(a) = u(b) =u'(a) =u'(b) =0}
with associated inner product
(ua U)Hg(A) = (ulla U//)LZ(A) .

First, we define the following set of functions
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Definition 3.1. For any integer n > 4, an n-th order polynomial ¢, on A
1s defined as

Pn(z) =

(=1)"v2n —3 ( d

(n— 2 [\ ) G- @

Then, we have

Theorem 3.2. The set of functions {¢n}n>a C HZ(A) is a complete or-
thonormal system in HZ(A).

Proof: First, we show the orthogonality. From (8) we have, for arbitrary
n>2,

" _ 2n+1(_1)n i " — Y (r — a)"

_ [2n+1 .
— A

Hence, for any m, n > 2, by using the property given in (4), it holds that

(¢m+27¢n+2)H2(A m+27 n+2 L2(A)
2m + 1 2n + 1
AL Fn AL
2m +1)(2n+1
- \Ar !B Pl
= 5m,n7

which implies that {¢, },>4 is an orthonormal system in HZ(A).
Next, we prove the completeness. For an element u € HZ(A), suppose
that (u, ¢n+2)Hg(A) = 0 for all n > 2. Then, we have

[2n 4+ 1
(u7 ¢n+2)H§(A) = |A| ( Pn)L2(A) y Vn > 2.

(u”, Pn)LQ(A) - O, Vn Z 2

Namely,
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Moreover, by u € HZ(A) we have the following equalities:

(u”, PO)L2(A) = u'(b) —u'(a) =0,
(W', P) oy = — o (o Po) gy, = — o (u(B) — u(a)) = 0

Since { P, }n>0 is a complete orthogonal system in L?*(A), it holds that " = 0
in L2(A). Thus, we have u = 0 in HZ(A), which proves the completeness of

{ontn>a. O

Definition 3.3 (HZ-projection). For an integer N > 4, we define the
finite-dimensional subspace Sy of HZ(A) by Sy = Spany<,<n Pn- Then, we
define the H3-projection P% from HZ(A) into Sy by

(u— PJQVU,UN)HS(A) =0, Yoy € Sy. (9)
We also set S3 = {0} and P} =0.

Now, we have the following basic constructive error estimates for the
HZ-projection of a function u with H%-regularity.

Theorem 3.4. For an arbitrary integer N > 3, there exists a constant
C(JAl,N) > 0 such that

||u — PJ%UHH&(A) < C’(]A| ,N) |u|H4(A) ., Yue Hg(A) N HYA), (10)

where
V3 <%|>z \/2N75(2]\7173)\/2N71’ if N =3,
C(ALN) = V3 <‘A2|> (2N—3)\/(2N1—0i\)[(_2?\7+1)(2N+3)’ if 4< N <38,
V2 (%)2 \/(2N—1)(2N+i)(2N+5)(2N+7)7 if 39<N.
Here, the H* seminorm is defined as |l gragny = " [[22a)-

Proof: From Theorem 3.2, any u € HZ(A) N HY(A) can be expanded by
{¢n}. That is,

= o, (1)
n=4
with  a, = (u, Cbn)Hg(A) : (12)



As aresult of the orthogonality of {¢,,} in H3(A), the H3-projection coincides
with the truncation up to N. Hence, we have

N

P]%,u = Z P,

n=4
Therefore, the Parseval equality implies the following:

00 2

> andn

n=N+1

H“ - PI%“”i{g(A) =

HE(A)

> al (13)

n=N-+1

On the other hand, since {P,} is a complete orthogonal system in L?(A),
u" € L*(A) can also be expanded as

u"
(14)
Z "N Pall2ay ||L2

P,
with b, = [ v, ——— : (15)
Bl ) o,

Taking into account that P,/ ||| 24 is a complete orthonormal system in
L?(A), by the Parseval equality, we have

2 2
’u|H4(A) = HU””HL2(A) = Zbi (16)



Now, for any integer n > 4, observe that by using Lemma 2.1

ap = (Ua ¢n)H§(A)

= (v, (bx,)L?(A)
=V2n =3 |ATY? (W, Pasa) o
|A|1/2
= m (UW7 P, 3 — Pn—l)L2(A)
A AL A AL
— n— —Pn, — 7Pn, _PTL
2y2n — 32(2n —5) (™, P 2)12(8) 2v2n —32(2n — 1) (u 2 Jr2a)
_ |/\|3/2 ]‘ (U/I/// P ) _ |/X|3/2 2 \4 2” B 3 (u///l )
T4 (2n-5)2n—3° VRO 4 n—5)2n—1) MW
|A‘3/2 1 nn
P,
* 4 /2n-32n-1) (W Py
A\
= 7 (an—4bn—4 - 6n—2bn—2 + ’ann) . (17)
Here, a,, (,, and 7, are defined, respectively, as follows:
o — ||Pn—4||L2(A) B 1
" A @2n -5V —3  V2n—7(2n—5)y2n -3
1
namely, «, = , (18)
V2n+1(2n +3)v2n +5
2V =3 |Paallpany 2
" I GEn—5)@2n—1) (2n-5)(2n—1)
2
1 n = , 19
namely,  fu = o T an + 3) (19)
P, 1
1Pl o)

" VIAV2ZR =32n—1)  V2n—=302n—1)v2n+1

Note that a,, 3,, and 7, ~ O(n~?) and are monotonically decreasing se-
quences in n. Then, we obtain the following estimates for each term of the



final equality in (13)

(1A 2
@2 = ('5) (Qnmabuos = Basboms +7abn)

|A’ ! 2 2 2 212
= 7 (an—4bn—4 + 571—2 -2 + Tn b

- 2an74bnf4ﬁn72bn72 - zﬁanbanP}/nbn + 2an74bn74ﬁ)/nbn)
A 4
§3(%) ( an 4o 4+ Br b 2+72b2)

Therefore, from (13), we have the estimates

o0
2 2
le = PRullipy = D o
N+1

n—=

A o0
’ <%> Z Qp— 4bn 4t 5572 2t ’ynb2)
=N+1
= ( ) (a?\f—sb?\f—:z, +ajy oo + (aRy + 1) Wh
+ (o + B+ D> (e + 82 +72) bi)

n=N+1

IN

1\3|>

A oo
<3 (1) max{ad oy @der + Brs o B 48} 2 0
n=N-3
Al 2
<3 (7 max{a?\/—& ar_y + 0% 1, 04?\/+1 + 512V+1 + ’712v+1} |“|H4(A)

C'(|A| N) |U’§{4(A)

Finally, estimating the terms operated on by max{: - -} in the above expres-
sion, we obtain for N = 3 then o_; + 03_; < o&_5 and a3, + (a1 +
Vi1 < aj_y, which implies the following:
IA\) 1

2 ) V2N —5(2N —3)y2N -1’

for 4 < N < 38. Thus, a%_3 < o%_; + 8%_; and ok, + B3 + 7% <

é(|A|,N):\/§(
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a3 _; + B3%_1, which implies the following:

N N VION =3
C(|A],N) —\/§< 5 > (2N_3)\/(2N_1)(2N+1)(2N+3),

for 39 < N then a3 < afyq + 0%y +731 and oy + 8%y +7%41, which
implies

i A !
C(|A|,N) 3\/—( ) \/(2]\/'_1)(2N+1)(2N+5)(2N+7)

Thus, we have the desired result. [

Based on the estimates in Theorem 3.4, we can obtain a smaller constant
by using a method similar to that described in [4].

Lemma 3.5. Let a,, b, € R be as given in the proof of Theorem 3.4. In
addition, let o, Bn, Yo be positive numbers defined by (18), (19), and (20),
respectively. Then, for any integers N > 3 and M > N + 5, there exists a
constant oy n > 0 such that

i a’ < ('A’) Z b2, (21)

n=N+1 n=N-3

where oy = max{ci(N),ca(N),cs(N),di(M),do(M)} and ¢;(N),d;(M)
are defined as follows:
ai(N) = af_s + an—sBn-1 + an_3TN+1,
¢2(N) = an_sfBn-1 + aF_1 + B3_1 + an—108n+1 + Bv—17n+1 + On—1TN 43,
c3(N) = an—_3Yn4+1 + an—18n41 + By-17N41

+ O‘?\/H + ﬁz2v+1 + 712v+1 + ani10n43 + BN VN3 T AN 1N +ss
di(M) = an—7ym—3 + an—sBr—3 + Bu—sYar—3 + Bry_s + Var—s + By—symr—1,
dy(M) = anr—synv-1 + Br—3Vam—1 + Var_1-
Proof: Setting b = (by_3,by_2,- - ,ba)T € RM=Nt4 and taking (17) into

account, reveals that there exists a symmetric and positive definite matrix A
satisfying

M |A| 4 M 9
Z ai = <7> Z (Ofn—4bn—4 - ﬁn—an—Q + /ann) (22)

4
- (% AT
2



2
AN -3
0

—anN-3BN-1
0
QAN _3VN+1

AM—TYM -3

0

Here, A = (Aij)

I<ij<M_N44 CA1L be explicitly written as

ay_o symmetry

0 aX_1 831
—aN-_28N 0 ol + 8%

0 —anN—-18N+1 — BN-1YN+1 0 a?\/+1 + 512v+1 + 712\7+1

0 —apm-56BM—3 — BM—57M—3 0 Bir—s +ir—s
QAN —6VM—2 0 —an—aBM—2 — BM—avM—2 0 Bir_a+ T 2

0 QN —5VM—1 0 —BM-3YM -1 0 Yir-1

0 QN —aYM 0 —BM—27M 0 Vi

The symmetry and positivity of A are clearly followed by the property of the
quadratic form (22). Using Gerschgorin’s theorem, the maximum eigenvalue
of A is bounded by

M—N+4
maxa(A)_lSjénJ\?}NH - [Aij| = o,
1=

where o(A) denotes the set of eigenvalues of A.
Moreover, from the monotonically decreasing property of a,, 3,, and v,
in n, we have

ONM = maX{OZ?\/,g +an_308n-1 + an_3VN+1,
an—3Bv-1+ a1+ By 1+ an-1Bn+1 + By1In+1 + aN_1N4s,
an-3YN+1 tan-18n41 + Bvo1YNer + Oé?vﬂ + 512\/+1 + 712v+1
+ ant10N8+3 + ON+1T7N+3 + AN H1TYN+5,
an—7YM-3 + an—sBn—3 + Br—sTam—3 + Ba_s + Var—s + Bu—37m—1,
ay—sYvm-1+ Bu-3Ym-1+ 7%4_1}-

Thus, we obtain

M 4 4
5 ot () 7 ()

n=N-+1

L2 AN M
bl = <%) ON,M Z bi,

n=N-3

which proves the lemma. [
The following theorem gives alternative estimates to that given in Theo-
rem 3.4, which enables better estimates of each constant to be obtained.
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Theorem 3.6. For each integer N > 3, there exists a constant Co(|A|, N) >
0 such that

lu = Paull ) < CollAl N) Julagny . V€ HEA) N HY(A),  (23)

where

AL ? :
<7> c1(N), if N =3,
CollAlL M) =4 (B ad). i 4<N <19,
(%)2 (N, if 20 <N,

Q

where ¢;(N) are the constants given in Lemma 3.5.
Moreover, ¢;(N) are explicitly written as

1 2

(V) = 2N —5)2N — 322N 1) V2N —5(2N — 3)2\/2N — 1(2N + 1)
AN 5(2N — 3)(2Nl— 1)(2N +1)v2N +3’

W)= AN —seN - 3)§m(21\7 PRI 3)m(2N4+ 1)V2N + 3(2N + 5)
o= 1(2N + 1)(2N1+ 3)(2N +5)v2N + 7 * (2N — 3)2(2N1—0]1V)(_2]::)f +1)(2N +3)’

W) = aN= 5(2N — 3)(2N1 DEN + )VZN 73 | (2N —3)VaIN - 1(2N4+ 1)V2N + 3(2N +5)
TN -DeN £ 1)6(2N T5EN+T) @eN T 1)\/m(2N4+ 5)VZN T 7(2N +9)

1

+ .
2N + 3(2N +5)(2N + 7)(2N + 9)v2N + 11

Proof: For any M > N + 5, using Lemma 3.5 and arguments similar to
those presented in the proof of Theorem 3.4, we have

M

||U_P]%7UHZ§(A): Z a, + Z a,

n=N+1 n= M+1

A o0
s(%') TN Z ba + C(IA], M)? Z by

AN - 2\ |2
=|\5 on + C(A], M)™ | fulya,

11



For arbitrary € > 0, there exists an M such that C'(|A|, M)? < € and d;(M) <
¢;(N), (i =1,2, j=1,2,3). We now fix such an M. Then, we have on =
max{c;(N),c2(N), c3(N)}. From the definition of ¢;(N) in Lemma 3.5, it is
easily seen that

N:3:>CQ<N)<01(N>, Cg(N)<Cl(N),
4 <N <19= ¢;(N) <c2(N), c3(N)<ca(N),
20§N:01<N)<03(N), CQ(N)<03(N).

Hence, setting

(@) Ja), if N=3,
Co(|A|,N) = (@) Va(N), it 4< N <19,
(‘_g|> Jas(N), if 20 < N,

we have ||u — va“”?qg(/\) < (Co(JA], N)?*+¢) |u\12q4(A). Since ¢ is an arbitrary
positive number, it holds that

Hu - P]%TUHH(?(A) < CO(‘A‘ ’N) ’u‘H‘l(A) :

Thus, explicit expressions of ¢;(N) yield the desired results. O
Now, we also obtain the following estimates, which further improve the
constant, by a computer-assisted approach.

Theorem 3.7. For any N > 3 and M > max{N + 5, 20}, there exists a
constant Cyr(|A|, N) > 0 such that

lu = PRl oy < CorlIAl V) [l agy Y€ HEA) N HY(A). (24)

Here,

Cu(JA|, N) (|A|> Vmax o (A) + ez(M), (25)

where A is as defined in Lemma 3.5, and c3(M) is a constant given in Lemma
3.5.

12



Proof: By the same argument in Theorem 3.6, using slightly different esti-
mates, we have, for arbitrary integer L > M + 5,

M

L o)
HU_PJ%UHZ(?(A): Z a, + Z a, + Z a

n=N+1 n=M+1 n=L+1

< H4ETAE+ AT’ Zb2+C|AyL2§:b2
> 9 5 OM,L n

n=M-3 n=L—3

Al ALY (AL L) ) Juf?
< 5 maxo(A) + 5 omr+C(A], L) |U|H4(A)

Here, we used the vector b and matrix A given in Lemma 3.5. For arbitrary
e > 0, there exists an integer L such that C(|A|,L)? < ¢ and d;(L) <
c;j(M), (i = 1,2, 5 = 1,2,3). For such a fixed L, based on the assumption
that M > 20, we have o), = c¢3(M). Therefore, we obtain

((%) 4 max o (A) + (%) 4 cs(M) + 5) [ulbrscay

Since ¢ is arbitrary, the theorem is proven. [

Now, let C(|A|, N) denote the smallest constant satisfying the estimates
given by (10) in Theorem 3.4. Then, we have the following enclosure of the
optimal constant.

IN

[ PJ%/“HZ@(A)

Theorem 3.8. Under the assumptions of Theorem 3.7, we have

(%)2 maxo(A) < C(A], N) < Car(JA], N). (26)

Proof: In the error estimates, we take a particular v € HZ(A) N H*(A) such

that b = (bn—3,---byr) coincides with an eigenvector corresponding to the
maximum eigenvalue of the matrix A, as well as b, = 0,or other n. Then, we

13



have

M 0o

||u—P§,uHi{g(A)= Z a;, + Z a;,
n=N+1 n=M+1
AN SRS
= (=) maxo(A) Z b, + Z a
2 n=N-3 n=M+1

Therefore, the optimal constant C(|A|, N) satisfies
ALY
C(|A|,N) > o3 max o (A),

which proves the theorem.[]

Numerical Verification Results

In this subsection, we present the verified intervals that enclose the opti-
mal constant C(|A|, N) computed by expression given in Theorem 3.8. We
used the following environment for verified numerical computations.

Computer environment. CPU: Intel Core2 Quad Q6700, Memory:
DDR2 8GB, OS: Ubuntu Linux 7.10 AMD64, Compiler: Intel Fortran 10.1,
LAPACK: version 3.1.1, BLAS: Goto BLAS 1.26, Interval arithmetic: INTLIB
3].

Table 1 shows the validated computational results of the lower bound
1y/maxo(A) and upper bounds Cy(|A[, N) A% = 1V/maxo(A) + c3(M)
of the optimal constants C'(|A|, N)|A|™? for 3 < N < 32. Here, we use the
parameter M = N + 10,000. The real numbers in each column in the table
are the lower and upper bounds of intervals given in abbreviated form. For
example, in case of N = 3, there exists an optimal constant C(|A[,3) |A] 7>
in the interval [0.04469616240857, 0.04469616240858]. We also have the
following L? and H] estimates.

14



Table 1: Verification results of C(|A|, N) |A| 2.

N| CIALN)IATY [N COALN)AT® [ N[ C(ALN) A
3 | 4.469616240858E-02 || 13 | 1.163453214823E-03 || 23 | 3.8117279298JE-04
4 [ 1.621459750820E-02 || 14 | 1.004658304062E-03 || 24 | 3.5102747194E-04
5 | 9.009588266473E-03 | 15 | 8.76928404533E-04 | 25 | 3.243743962%E-04
6 | 5.863042102225E-03 | 16 | 7.72558943230E-04 || 26 | 3.00689176301E-04
7 | 4.16384630084%E-03 || 17 | 6.86114130195E-04 || 27 | 2.7954293347 E-04
8 | 3.128902248210E-03 | 18 | 6.13665030965E-04 || 28 | 2.60582052753E-04
9 | 2.44671693045E-03 | 19 | 5.52311700463E-04 || 29 | 2.43512798522E-04
10 | 1.97099111568JE-03 | 20 | 4.9987403321E-04 | 30 | 2.28089486631E-04
11 | 1.6248684793%E-03 | 21 | 4.546862824%E-04 | 31 | 2.14105306883E-04
12 | 1.364545844262E-03 || 22 | 4.15457107299E-04 | 32 | 2.01385135030E-04

Theorem 3.9. Let Cp(|A|,N) > 0 be the constant given in Theorem 3.7.
Then, it holds that

Ju — PJ%’UHLQ(A) < Cu([A], N) H“ - Py

“HHg(A)’

Yu € HZ(A),

(27)

||u - PJ%UHH&(A) < VCu (Al N) ||u— P]%,uHHg(A), Yu € Hi(A). (28)

Proof: The estimates given in (27) are obtained by applying Aubin-Nitsche’s
trick. Next, for arbitrary w € HZ(A), using (27), observe that

o= Pl = (

y

which implies (28). [

-
d2
dz?

(u — P]%,u),u — P]%,u)

u ), - pfvu)>

L2(8)

L2(A)

< Ju - P]%quHg(A) [ P]%quLQ(A)

< Cu(|A],N) |Ju— vau”z?fgm) ’
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4. Error estimates for the finite element method in the one-dimensional
case

In this section, applying Theorem 3.7 and Theorem 3.9, we derive the
constructive a priori error estimates for the finite element method on one-
dimensional intervals. Let €2 be a finite interval ©Q = (wp, wy), (wo < wy) on
R. Let wg =29 < 21 < -++ < 2 = wy be amesh of Q and set ; = (x;_1, ;).
In addition, we set h; = |Q| = 2; — ;1 and h = (hy,--- , hy) € RE. For an
integer vector N = (Ny,---, Ny) € Z* with (N; > 3), let S, x be a finite-
dimensional subspace of H?({2) constituted of piecewise polynomials of degree
N; on ;. Then, S, n is generated by two types of bases, namely, a piecewise
cubic Hermite polynomial whose support is two consecutive elements and a
function whose support is a single element corresponding to a polynomial of
degree > 4 that satisfies (8).

Definition 4.1 (Hermite interpolation). Let II), denote a cubic Hermite
interpolation from H*(Q) to Spn. That is, for each v € H*(Q), Myu € Sy y
satisfies

du dllu

u(xz) = Hhu(xi)v %(.IJ - dx

(), ¥i=0,-- .k  (29)

Definition 4.2 (Hj-projection). Let Py \ denote an Hg-projection from
H3(Q) to Syn. That is, for each u € H5(Q), P yu € Sy is defined as

(u — P,iNu, Uth)Hg(Q) =0, Vvh,N c Sth. (30)

It follows that the Definition 4.2 is well defined, because (-, -)Hg(Q) is a
bounded and coercive bilinear form on Sj n, and Definition 4.2 ensures the
unique existence of P? yu satisfying (30). Moreover, for each v € H*(Q) with
vlg, € H2(SY;), we define Py,v € Sy, v such that supp Py,v = ; and Py,v|q,
is a polynomial of degree NNV; on €); that satisfies (9) for A = ;.

Theorem 4.3. Let Cy(-,-) denote the positive constant defined in Theo-
rem 3.7. Then, we have the following a priori error estimates for the HZ-
projection:

|u— Pf,NuHHg(Q) < max Cor(his Ni) lul ragy,  Yu € Hy(Q) N HY(Q).
(31)
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Proof: For each v € H2(Q2) N H*(Q), from (30), we have

o= By = (0= PRt )

k
= (u — P? yu,u — Ilu — Z Py (u— Hhu)> :
HE (Q)

i=1

Therefore,

k
u— Ipu — Z Py (u — )

=1

Ju — PiiN“”Hg(Q) <

Hg (Q)

Setting u := u—1II,u, note that P]%,id is uniquely determined by the definition
of IT,. In addition, taking into account that the support of P]%,iﬂ coincides
with Q;, we have

k

i— Y Pri

=1

k
- i—Pall?, .
. — H Ny HHS(QZ)

Thus, by Theorem 3.7, we have

k k
S [la = PRlla g < D Carlhi, N)? [l e
i=1

(%)4 (1 — )

k
2
= Cos(hi, No)* " |72,
i=1

2 2
< max Cwmr(his Ni)™ |l s -

2

k
= Cu(hi, Ny)
=1

L2(;)

Here, since (II,u)"”” = 0, we obtain the estimates (31). O
We also have the following L? and H{ error estimates.
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Theorem 4.4. Under the same assumption given in Theorem, the following
error estimates hold:

Hu — P,iNuHLQ(Q) < max Cys(hi, N;) ||u — Pg,Nqug(Q) , Yue Hg(Q),

1<i<k
(32)
Hu — P’iNuHH(}(Q) S 112%}% OM(h“ Nl) Hu — P}iNu”Hg(Q) s Yu € Hg(Q)
(33)

Since the proof of Theorem 4.4 is similar to that of Theorem 3.9, it is not
presented in the present paper.

Remark 4.5. Theorems 4.3 and 4.4 indicate a refinement of the estimates
given in [7]. Namely, as shown in Table 1, the values of C(|A|, N)|A|™>
obtained in the present study are approximately half that of the constant in
the error estimates for the cubic Hermite interpolation (1/7% ~ 0.101321)
presented in [7]

Remark 4.6. For the two-dimensional case, several constructive error esti-
mates for HZ-projection on a rectangular domain are presented in [2], [6].
Since, in these studies, the error estimates are used for the one-dimensional
case, which error estimation can be improved by applying Theorem 4.3.
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