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Abstract

In computer graphics (CG), shape interpolation techniques are widely used
for many applications. In several interpolation techniques, As-Rigid-As Pos-
sible Shape Interpolation (ARAP) proposed by Alexa is known as a interpo-
lation method which preserve rigidity of configurations. ARAP is suitable
for character animation from this characteristics, and various methods have
been proposed. There are many algorithm of shape interpolations, however,
it is not enough to discuss a goodness of a given shape interpolation. It is
an important issue to consider mathematical characterization of these im-
age representations and construct efficient and tractable mathematical mod-
els. Specifically, it is one of our goals to define conditions mathematically
and propose excellent interpolation methods by analyzing existing interpo-
lation techniques. We also investigate fast algorithm of shape interpolation
method.

In Chapter 2, we discuss a ”goodness” of a two-dimensional shape in-
terpolation. Although there are many interpolation methods, it appears
that mathematical discussion for ”goodness” of interpolations are not much.
Our motivation is to construct a useful formulation for 2D shape interpola-
tions. For a realization of a “good” interpolation, we examined and observed
properties of interpolations and transformation matrices for local and global
interpolations. 1) For a local interpolation, we define two “goodness” of in-
terpolations in considering area and norm transforms. We obtained the
mathematical conditions of the goodness for the known method according
to our definitions. 2) For a global interpolation, we formulated an energy
function which use different coordinate for each local transformation. As a
result, the optimal solution of the energy function does depend on a choice
of coordinates. To explain this fact, we show a example. We calculated a
locus of the origin of the coordinate which attains the same value of energy
functions.

In Chapter 3, we propose a faster algorithm of two-dimensional shape
interpolation. It is often useful to compute a lot of matrix exponentials in
computer graphics. The exponential of a matrix is used for the smooth de-
formation of 2D or 3D meshed CG objects [7, 2, 12, 1, 6]. Hence, we need to
compute a large number of the exponentials of 3 x 3 rotational matrices and
3 x 3 real symmetric matrices. For rotational matrices, Rodrigues’ formula
[4] is known to compute their exponentials. We investigated the polynomial
methods introduced by Moler and Van Loan [9] to compute an exponential
of 3 x 3 real symmetric matrices, and we introduce an algorithm for eigen-
values of 3 x 3 real symmetric matrices. We introduce a simple formula for



the matrix exponential of a 3 x 3 real symmetric matrix using a formula in
[6] and Viete’s Formula. Since our matrix exponential algorithm does not
use eigenvectors, we are able to reduce the computational cost using a fast
eigenvalue computation algorithm. Then, we incorporated our implementa-
tion into a shape deforming tool developed in [6]. As a result, we achieved
a notable performance improvement. In fact we show our algorithms for
matrix exponentials is about 4.2 times faster than a standard algorithm for
given 3 X 3 real symmetric matrices. For the deformation of a CG model,
our algorithm was about 1.2 times faster than a standard algorithm.
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Chapter 1

Introduction

2D shape interpolation is widely used in computer graphics (CG) . To gener-
ate shape interpolations, Shoemake and Duff[10, 11] suggested a way using
transformation matrix. For a technique using transformation matrix, there
is a technique called morphing. This technique is introduced by Beier and
Neely [3] in 1992. For given two images, we define a method to trans-
fer one image to another one smoothly. This technique is used for many
visual effects. In 2000, Alexa and Xu suggested new algorithm preserving
rigidity[2, 14] for algorithm of this interpolation. These algorithm consists of
local interpolations and a global interpolation. In 2D shape interpolation,
the local interpolation means an interpolation between one triangle mesh
and another mesh. This deformation from one mesh to another one is de-
cided by a unique affine transformation, and this transformation is described
by a matrix representation. To generate intermediate shapes, we vary this
affine matrix over time. Then, these local interpolations are composed into
a global interpolation which minimizes the energy function defined on over-
all local interpolations. There are many algorithm of shape interpolations,
however, it is not enough to discuss a goodness of a given shape interpo-
lation. Even though “goodness” is a kind of sense, but we are trying to
formalize these sense using mathematical formulas.

In chapter 2, we propose a “good” interpolation for a local interpolation
and a “good” composition for a global interpolation. We start by deter-
mining a “good” interpolation between one triangle mesh and another one.
Then, we find conditional equations of a good local interpolation. Next, for
a global interpolation, we investigate a “good” composition. To construct
a global interpolation, we solve a minimization problem of a given energy
function. In this energy function, every triangle mesh has the same origin.



CHAPTER 1. INTRODUCTION

Generally, this origin is assumed the center of each triangle. On the other
hand, for convenience, we choose a same origin for all local interpolations in
the formula of an energy function of a global interpolation. The first prob-
lem we consider is that this small gap may cause different interpolations,
and we would like to clarify conditions of an initial and target configuration
which cause a critical errors for composing a global interpolation. We choose
a simple figure with two triangles which we call them the first triangle and
the second triangle. We consider the values of the global energy function
when we fix the origin of the first triangle to zero and vary the origin of
the second triangle. Then, we can show contours of the origin of the sec-
ond triangle are quadratic curves. This result shows an answer of our first
problem. The difference of origins cause a different global interpolations.
In chapter 3, we investigate a fast algorithm for matrix exponential com-
putations which have been used for many applications in computer graphics.
For example, mesh-based inverse kinematics provides a tool that simplifies
posing task [12]. In this algorithm, a matrix exponential is used to calcu-
late a deformation gradient of triangular meshes. Alexa investigated a new
interpolation between transformations using operations, addition and scalar
multiplication, which create weighted combination of transformations and
interpolation [1]. For 2D shape interpolation and deformation, there are
several algorithms that preserve rigidity [2, 5]. Kaji et al. improved those
algorithms by using matrix exponentials [7]. Matrix exponentials are also
used for smooth deformations of 2D or 3D meshed CG objects. Our goal
is to provide a fast computation of matrix exponentials. Our motivation
is to improve the performance of many applications using exponentials of
3 x 3 rotational matrices and 3 x 3 real symmetric matrices introduced in
[12, 7, 6]. For the rotational matrices, Rodrigues’ formula [4] is known to
compute their exponentials. We consider an improvement of an exponential
of a 3 x 3 real symmetric matrix rather than a rotation matrix. In general,
there are many approaches for computing n x n matrix exponentials. Moler
and Van Loan provided several methods to compute the matrix exponen-
tials [9]. We focus on the matrix exponential of a special case such as 3 x 3
real matrices used for the affine transformations [6, 8|. First, we investigate
the spectral decomposition method in [9] focusing on 3 x 3 real symmet-
ric matrices. Our algorithm needs only eigenvalues of a given matrix. We
note a method using diagonalization have to compute eigenvectors in addi-
tion to eigenvalues. Hence, our algorithm can compute matrix exponentials
efficiently. In addition, we consider a faster algorithm for computing the
eigenvalues of a 3 x 3 real symmetric matrix. For a given matrix, we need to
solve the characteristic equation of the matrix to calculate its eigenvalues.



We use Viete’s formula to compute the eigenvalues of a 3 x 3 real symmetric
matrix. As a result, we introduce simple formulas of eigenvalues just using
the trace and determinant of a given matrix. To evaluate the performance
of our algorithm, we compare the average runtimes for matrix exponentials
and eigenvalues. We show some experimental results to show the advantage
of our algorithm.
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Chapter 2

A “Good” Interpolation

In this chapter, we investigate useful formulations for 2D shape interpola-
tions. For a local interpolation, we define two “good” interpolations from
the view points of the changes of “area” and “norm”. We consider conditions
for a given initial and target configuration where the interpolation of this
configuration is “good” in our sense. Next, we define a global interpolation
as a minimum of an energy function defined by a sum of energies of local
interpolations. Then, we consider the values of the global energy function
when we fix the origin of triangles.

2.1 2D shape interpolation

For 2D shape interpolation, we follow the As-Rigid-As-Possible Shape In-
terpolation (ARAP) algorithm [2]. Figure 2.1 shows a example of 2D shape
interpolation using the ARAP method. For a given input data which con-
sists of a source and target configuration, this algorithm generate smooth
intermediate configurations between this source and target configuration.
This algorithm preserves rigidity of input configurations, and ARAP is use-
ful for character animations. The ARAP algorithm consists of the following
3 steps.

1. Compatible triangulation: Two input shape data (source and tar-
get) are triangulated, and the meshes between the source and the
target have a one-to-one correspondence.

2. Local interpolation: Let the source vertices be P = (p1, p2, p3) and
the target vertices be Q = (q1, g2, q3) , where vertices with the same

5



CHAPTER 2. A “GOOD” INTERPOLATION

Input Data Output Data

»V ¥sN

Figure 2.1: Example of 2D shape interpolation. Left: input configurations.
Right: output configurations. They are intermediate configurations between
an initial (source) and target configuration.

source target

index correspond. We get an affine map denoted by A. In this pa-
per, AffT(2) is defined by a set of affine maps which have positive
determinant. Then, we construct a homotopy between the 2x2 iden-
tity matrix and A. This homotopy A(t) is parameterized by ¢t € R.
A(t) satisfies A(0) = I and A(1) = A. We follow [6], that is a local

interpolation using the polar decomposition.
AP (t) .= RLSE.

3. Global interpolation: Since most of vertices corresponding to more
than one triangles, a mapping of all vertices could not (in general)
be conforming with all the individual ideal transformations. The col-
lection of local interpolations does not directly assign an ideal global
interpolation. To construct a global interpolation, we use the mini-
mizer of the energy function:

Ey(B) =Y Ei(Ai(t), Bt)) + C(v1(t),. .., vn(t)),
=1

where C' is a constant function.

In this chapter, we assume that input configurations are already trian-
gulated compatibly. For the next section, we denote a “good” interpolation
and consider conditions.

2.2 A “good” interpolation

In this section, we consider conditions for a given source and target con-
figuration where a local interpolation of this configuration is “good” in our

6



2.2. A “GOOD” INTERPOLATION

sense. We define two “good” interpolations from the viewpoints of the change
of “area” and “norm”.

Definition 2.2.1. Let A(t) be a given local interpolation. A(t) is called a
“good” interpolation for the change of area if det A(t) is a monotone function
and det A(t) >0 for 0 <t < 1.

Definition 2.2.2. Let A(t) be a given local interpolation, v € R? and
lv]| = 1. A(t) is called a “good” interpolation for the change of norm if the
norm ||A(¢)v|| is a monotone function over 0 < ¢ < 1.

As a result, we obtain conditions of “goodness” for each known methods
such as linear interpolation, SVD interpolation and polar decomposition
interpolation.

2.2.1 Linear interpolation method

A linear interpolation method is a simple way to construct a local interpo-
lation between a given initial and target configuration. This interpolation
is defined as follows.

Definition 2.2.3. Let A € Aff"(2) and I the identity matrix. A linear
interpolation A;(t) is defined by

At) = (1 —t)I +tA.

In this method, we obtain a condition of “good” interpolation from the
viewpoint of the change of “area”.

Theorem 2.2.1. A linear interpolation A;(t) is a good interpolation for the
change of area if and only if A;(t) satisfies

(trA >detA+ 1)V (2detA <trA <2)V (2 <trA < 2detA).
Proof. The determinant of A;(t) is

1—t—+ta tb
te 1—t+tc

= (1 —t)>+ (1 —t)(ta + td) + t>ad — t*bc
t? (01 —a—d+ad—bc)+tla+d—2)+1
= (1 —trA 4 detA)t* + (trA — 2)t + 1.

det A;(t)
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We note detA;(0) = 1, detA;(1) = detA > 0. The derivative of detA;(t)
with respect to t is,

d
7 det A;(t) =2(1 —trA + det A)t +trA —2

(i) In the case of 1 —trA+det A = 0, det A;(t) is a linear function. Then,
detA;(t) is a monotone function and detA;(t) > 0 for 0 < ¢ < 1. Therefore,
trA = detA + 1 is a condition that detA;(¢) is a monotone function.

d
(ii) Next, in the case of 1 — trA + det A > 0, assume %detAl(to) = 0.

Then, we have
2 —trA

T 2(1 —trA +det A)
Since 0 <t < 1, we have

to

(to <0)V (to > 1) & (2 < trA) V (2det A < trA).

In the case of detA < 1, we have trA < 2 since detA + 1 < 2. Therefore,
2detA < trA < 2is a condition that detA;(¢) is a monotone function. In the
case of detA > 1, we have 2det A > trA since 2det A > det A+ 1. Therefore,
2 <trA < 2detA is a condition that detA;(¢) is a monotone function.

(iii) Finally, in the case of 1 —trA +det A < 0, assume %detAl(tg) =0.

In the same way, we have

2 —trA

to = .
07 2(1—trA + det A)

Since 0 <t < 1, we have
(to<0)V(th >1) <= (2<trA)V (2det A < trA).

In the case of detA < 1, we have 2detA < detA + 1 < trA since (detA +

1) —2detA = 1 — detA > 0. Therefore, trA > detA + 1 is a condition

that detA;(t) is a monotone function. In the case of detA > 1, we have

2 < detA+1 < trA since (detA+ 1) —2 = —1 + detA > 0. Therefore,

trA > detA + 1 is a condition that detA;(¢) is a monotone function.
According to (i), (ii) and (iii), we have

(trA >detA+ 1)V (2detA <trA <2)V (2 <trA < 2detA).
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2.2.2 SVD interpolation method

Let A € AffT(2) and Ry be a 2x2 rotation matrix for  rotations. Then, A
is decomposed into two rotation matrices and a diagonal matrix as below.

A= R,DRj,

x 0
0

called as the singular value decomposition (SVD). By the SVD method, we
define a SVD interpolation as follows.

where D = , x>0,y >0and «a, € [0,27). This decomposition is

Definition 2.2.4. Let A € Aff7(2) and I the identity matrix. A SVD
interpolation Ag(t) is defined by

A(t) = Rio((1 — t)I + tD)Ryp,
where R is a rotation matrix, and D is a diagonal matrix.

In this method, we obtain conditions of “good” interpolation from the
viewpoints of the change of “area” and ‘“norm”.

Theorem 2.2.2. A,(t) is a good interpolation for the change of area if and
only if A satisfies

(trD > detA+ 1)V (2detA < trD < 2) V(2 < trD < 2detA).
Proof. The determinant of A(t) is

det Ag(t) = (det Ryo)(det (1 — ¢)I +tD))(det Ryp)
= det ((1 — ¢)I +tD).

This corresponds to the case of the linear interpolation of D. From The-
orem 2.2.1, a condition of det A4(¢) which satisfies a monotone and positive
function in the range of 0 <t <1 is

(trD > detD + 1) V (2detD < trD < 2) V (2 < trD < 2detD).

Then,
det A = (det R,)(det D)(det Rg) = det D.

Therefore,

(trD > detA+ 1)V (2detA < trD < 2) V (2 < trD < 2detA).
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Theorem 2.2.3. A,(t) is a good interpolation for the change of norm if
and only if A satisfies

(z=DAy=1)V(0<z<HA0<y<T)),

z 0
where, D = (0 y)’ x>0, y>0.
Proof.
lAs(t)o]* = [[(1 =) I +tD)v|?
= ((x =Dt +1)%cos?0 + ((y — 1)t + 1)?sin? 0
Therefore,

1d

5@“1‘15(75)’0”2 = ((z —1)*cos® 0 + (y — 1)*sin® O)¢

+(xz — 1) cos? + (y — 1) sin? 6.

<0
t=1

For the equation ((z — 1) cos?8 + (y — 1)sin? 6 > 0), we assume z > y.
Then,

For all 0 € [0, 27], ||As(t)v]| is a monotone function if

d| As(t)v]*

((a:—l)cos29+(y—1)sin2920)\/( 7

(x —1)cos?0 + (y — 1)sin? 6 > (y — 1)(sin? 6 + cos? 0)

Hence, || As(t)v| is a monotone function if y > 1. In the same way, in
the case of y > z, || As(t)v|| is a monotone function if z > 1.
Therefore
(> 1)A(y > 1),

We assume = > y.

1d|| A (t)v]?

5 0 _ = (z —1)zcos®0 + (y — 1)ysin® 6

< (z — 1)x(cos? # + sin? 6)

=(zx—-1)z

10



2.2. A “GOOD” INTERPOLATION

Then, ||As(t)v| is a monotone function if 0 < x < 1. In the case of
y >z, ||As(t)v|| is a monotone function if 0 < y < 1 in the same way.

O<z<1HAO<y<1).
Therefore,

(@>DA=1)V{0<e<)A0<y<1)

2.2.3 Polar decomposition interpolation method

From the SVD,
A=R,DRs = (R.R3)(R;DRp).

We put R, = R,Rg and S = R%:DR[;. Then, A is decomposed into a

rotation matrix and a positive definite symmetric matrix as below.
A=R,S,

Tz h
h
called as the polar decomposition. By this decomposition, we define a polar

decomposition interpolation as follows.

where § = ,x >0,y > 0and h € R. This decomposition is

Definition 2.2.5. Let A € Aff™(2) and I the identity matrix. We define a
linear interpolation A,(t) as follows:

Ay(t) = R (1= )L +1S),
where R is a rotation matrix, and S is a positive definite symmetric matrix.

In this method, we obtain conditions of “good” interpolation from the
viewpoints of the change of “area” and “norm”.

Theorem 2.2.4. A,(t)is a good interpolation for the change of area if and
only if A satisfies

(trS > detA+ 1)V (2detA < trS <2)V (2 < trS < 2detA).

where S = <z

Z),x>(),y>0, h € R.

11



CHAPTER 2. A “GOOD” INTERPOLATION

Proof.

det A,(t) = (det Ry )(det ((1 —t)I +tS))
=det ((1—t)I +1tS)

This equation corresponds to the case of a linear interpolation of S.
From the result of Theorem 2.2.1,

(trS > detS + 1) V (2detS < trS < 2) V (2 < trS < 2detS).

Then,
detA = (detR,)(detS) = detS

Therefore,
(trS > detA+ 1)V (2detA < trS < 2) V (2 < trS < 2detA).
O

Theorem 2.2.5. A,(t) is a good interpolation for the change of norm if
and only if A satisfies

(=D —-1)=p)A((z+y>2) V(0 <z <1)A(0 <y < 1))
whereS:@ Z) £>0,y>0, heR.

Proof.

[Ap()ol* = [I(1 = )T +tS)v|
= (((x — 1)t + 1) cos@ + thsin0)? + (thcos O + ((y — 1)t + 1) sin §)?

Then,

1d

5%HAP(@UH? = (((x —1)cos @ + hsinf)? + (hcosf + (y — 1) sin0)?)t

+ (x — 1) cos® § + hsin 20 + (y — 1) sin” .
For all 6 € [0, 27],

(x —1)cos? 0 + hsin20 + (y — 1)sin® 6 > 0 (2.1)

12



2.2. A “GOOD” INTERPOLATION

or

2
dt t=1

satisfies the condition of a monotone function.

For equation (2.1), we assume x > y.

(z —1)cos’0 + hsin26 + (y — 1) sin®f

1 2 1-— 2
- (x—1)+%89+(y—1)%9+hsin29
= $+g_2+ (x;y) cos 260 + hsin 26

—9 — )2
:a:+z2/ +U(m 4y) + h? cos(20 + «)

Srty—2 @y

h2.
Z 9 1 +

Then, ||A,(t)v] is a monotone function if the following equation is sat-
isfied:

-2 / _ 2

& day — 4(z +y) + 4 > 4h?
s (x—1)(y—1)>hn%
Therefore,

(e=Dy-1)2r)A(x+y=2).

13



CHAPTER 2. A “GOOD” INTERPOLATION

For equation (2.2), we assume = > y.

1d|| A, (t)v]
5% =(z—1Dxcos?0+ (y — 1)ysin?0 + h? + h(z +y — 1) sin 26
=1
1+ cos26 1 —cos26
= - ey - 1y
+h*+h(zx+y—1)sin20
:(m—l)x—(y—l)yCO820+(f_l)x"‘(y_l)y
2 2
+h? + h(z+y—1)sin20
_ 1
:(33 y)($2+y )c0320+h(x+y—1)sin20
+h2+($—1)x+(y—1)y
2
— )2
:(x—i—y—l)( (= 4y) —|—h2(zos(26‘—|—a)>
-1 -1
prey Bt =Dy
— )2 -1 -1
<oty TS 4y) IENE I )x;(y 2
<0.
Then,

g = < _p2 _

& (z+y—1) (W+h2) < (h2+($—1)$+(y—1)y)2

4 2
ehtd(rt+y—20y— D2+ (x—-1)(y— 1y >0
s M —ry) (P +r+y—2y—1)<0
shtrty—oy—1<0
shr<zy—z—y+1
s h?<(z—1)(y—1). (2.3)

In addition, we need

w—1)$+(y—1)ySoﬁhzg_(x—l)ﬁ(y—l)y

(
h? + > 5 . (24)

14



2.2. A “GOOD” INTERPOLATION

If £ > 1,y >1from (2.3). On the other hand, this condition does not
satisfy the condition (2.4). In the same way, y > 1 does not satisfy the
condition (2.3) and (2.4).

Therefore, we need

O<z<1)AO<y<1). (2.5)
Then,
—1 —1 R T -

R T

1

:§(x2+y2—3x—3y+2:1:y—|—2)

1

— ety -ty D)

We have z +y < 2 by (2.5). If x +y > 1, the condition (2.3) satisfies the
condition (2.4) automatically.
In the case of x + y < 1, the condition (2.4) satisfies the condition (2.3)
automatically.
However,
(z—Dz+(y—1y

- : ~ay= (@ 4y — (@ +))

= @+ ty-1)

> 0.
Since S € Aff*(2), the determinant S is positive, i.e. xy—h? > 0. Therefore,

(z-Dz+(y-1)y

h? <azy < —

This inequality shows that the condition (2.4) is always satisfied.
As aresult, the condition which satisfies || A, (¢)v|| is a monotone function
for all v € St is

(@-Dy -1 2r)A(z+y=22)V(0<z <) A(0<y <)),
O

From the above results, there is a relation between the SVD method and
the polar decomposition method.

15



CHAPTER 2. A “GOOD” INTERPOLATION

Theorem 2.2.6. For a given A € Aff*(2), the following are equivalent:

1. the SVD interpolation method Ag(t) is a good interpolation for the
change of area.

2. the polar decomposition interpolation method A,(t) is a good inter-
polation for the change of area.

Proof. By Theorem 2.2.2 and 2.2.4, it is enough to show trD = trS. In
Section 2.2.3, we have S = R};DRB, where D is a diagonal matrix. R
is a rotation matrix. § € [0,27). Then, we have trS = tr(RgDR). By
tr(XY) = tr(YX) for all X and Y, tr(RgDR) = tr(RRgD) = trD
Hence, trS = trD. O

2.2.4 Example

For two given triangles P = (pi1,p2,p3) and Q = (qi1,q2,q3), we com-
pare results of interpolations using linear, SVD and polar decomposition
methods. Let p; = (0,0), p2 = (0,3) and ps = (2,0), ¢1 = (0,0),
@ = (—9v3/4,-15/4) and q3 = (—1/2,3v/3/2). Then, an affine map

. [ —1/4 —33/4
A from P to @ is <3\/§//4 _5/4/ ) . Let Agq be a SVD of A and Apq
2

be a polar decomposition of A. Then, Asq = Ry /3 (0 ?) R_5;/3 and
Apa = R_yr/3 (_7;/4 ;//“1/4) )

Figure 2.2, 2.3 and 2.4 are interpolation results from a triangle P to
a triangle ) using linear, SVD and polar decomposition method. In this
example, a linear interpolation method is not a “good” interpolation for the
changes of area and norm. Figure 2.5 shows values of det As(t) over 0 < ¢ <1
for a linear interpolation method. However, a SVD interpolation method is
a “good” interpolation for the change of area. On the other hand, a polar
decomposition is a “good” interpolation for not only the change of area
but also the change of norm. This result show that a polar decomposition
interpolation method is the best way from the perspective of our definitions
of “good” interpolations.

2.3 The gap of compositions

For a global interpolation, we define a global interpolation as a minimum
of an energy function defined by a sum of energies of local interpolations.
Generally, we choose the origin of the local transformation as the center of
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Figure 2.2: A interpolation result using a linear interpolation method.

NV =g aNN Vﬂ%

Figure 2.3: A interpolation result using a SVD interpolation method.

the source triangle. On the other hand, for convenience, we choose the same
origin for each local transformation in the formula of an energy function of a
global transformation. We consider that this small gap may cause different
interpolations, and we would like to clarify conditions of a source and target
configuration which cause a critical error with the global interpolation. In
this section, we consider a simple figure consisting of a pair of triangles.

Let 11 and T be this pair of triangles. A; and As are affine maps with
respect to 17 and T5. we call T and T5 as the first triangle and the second
triangle.

We assume the values of origins of the first triangle and the second
triangle are zero. Then, we define an energy function F; as following.

Definition 2.3.1 (The origin is zero). Let A1, Ay € Aff*(2). The energy
function FE; is defined by

Ei(A1, A, By, By) := || A1 — Bi|: + | A2 — Ba| %,
where || - | is the Frobenius norm.

Next, we consider a case if two triangles have different origins. Then, we
define a new energy function E5 as following.

Definition 2.3.2 (The origins are 0; and 02). Let A1, Ay € AffT(2), 0 be
the origin’s coordinates of the first triangle and o- be the origin’s coordinates
of the second triangle. Suppose that o; and oy are represented by column

17



CHAPTER 2. A “GOOD” INTERPOLATION

A 7 p%

Figure 2.4: A interpolation result using a polar decomposition interpolation
method.

Figure 2.5: A graph of detA;(t) for a linear interpolation method.

vectors. Then, the energy function Fs is defined by
EQ(Alv A27 B17 B27 o1, 02) = EI(T(A17 _01)7 T(A27 _02)7 T(B17 _01)7 T(B27 _02))
That is,

E3(Ay, A, By, Bs,01,00) = |T(A1,—01)—T(By,—01)||%+||T(A2, —02)—T(Ba, —02) ||,

where || - || ¢ is the Frobenius norm and

I O; I —O0;

18



2.3. THE GAP OF COMPOSITIONS

We investigate relations between two energies F; and E3. Then, we have
the following problem.

Problem 2.3.1. Let A1, Ay € Aff7(2) and 0; = (,y) a point which satis-
fies the following equation. Does the equation

min El(Al,AQ,Bl,Bg) = min EQ(Al,AQ,Bl,BQ,Ol,Ol)

Bl,BQ 1,D2

hold or not?

We show a counter example which shows the above equation does not
hold. We assume that the source and target configurations consist of four
vertices and two triangles. For an intermediate configuration between the
source and target configurations, this vertices are vq, v, v3 and v4. Then,
the coordinates of v; are described by v; = (viz, viy) Let A be an affine map
of the first triangle from a source configuration to a target configuration
and As be an affine map of the second triangle between them. In addition,
B; and Bs are affine maps of the first and second triangles from a source
configuration to an intermediate configuration. Then, we have

0 2 —z+4+2y 1 2 2y
Ai=|-2 0 4-2z2—y|,A=|-1 0 3—x—y|,
0 0 1 0 0 1
—V1z +V2z  —Vig + U3z D11 —U3g + V4g —Voz + Vs b2
B, = | —viy +v2y —viy+v3y bio|,By= | —v3y +vay —Voy+uvsy b,
0 0 1 0 0 1
where

b1 = — + Vi + 2(—V1p + V2z) + Y(—V1z + V32),
bio = —y +v1y + x(—my + 'UZy) + y(_vly + U3y)a
bo1 = —x + v9y + V3, — ’043356(—1)3;5 + 1)43;) =+ y(_UQx + U4a;)7

boo = —y + oy + v3y — Vayx(—V3y + Vay) + Y(—v2y + Vay).
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CHAPTER 2. A “GOOD” INTERPOLATION

A solution of this minimization problem is

l+z(-1+z+y)

le:2(x2+2xy+y272x72y+3)’
1 1+ (x—1)(—-14+2x+

YA T C TSI
2 e+ 2zy+ys -2z —2y+3
1

UZCC:§7

U2y:2,

’ng—2,

y 7

3y — 5>
2

o (5 et e

) 224+ 2y +y?2 —2x—2y+3)’
1 1+ (x—1)(—-14+2x+

YA e TSR
2 e+ 2zy+ys -2z —2y+3

Then, a minimum value of E5 is given by

. 24 (x— D+ (y—1
min FE3(Aj1, Ag, By, B3,01,01) = 2 ( )2 (y ) ’
BB, 2+ 22y +y? — 22— 2y +3

Hence, 0; = (x,y) which satisfies ming, g, £1 = ming, B, F» is

1
:c2—4:cy+y2+:v+y—Z:0.

In this result, we show that the contour of the origin which satisfies

in F(A1,As, B1,By) = min Ey(A;, Ay, B, B
Bpf,%lg 1( 1, A2, D1, 2) BHll,lgg 2( 1,42, D1, 2501701)
is a quadratic curve (Figure 2.6) . On the other hand, this result shows that
the difference of origins cause a different global interpolation (Figure 2.7) .

2.4 Conclusions

We investigate useful formulations for 2D shape interpolations. For a local
interpolation, we defined two “good” interpolations from the viewpoints
of the changes of “area” and “norm”. We consider conditions for given
source and target configurations where the interpolation of this configuration
is “good” in our sense. We obtained conditions of “goodness” for each

20



2.4. CONCLUSIONS

(%]
T

Figure 2.6: Contours of the origin which satisfies ming, g, F1(A1, A2, B1, B2) =
ming, B, F2(A1, A2, B1,B2,01,01) .

known methods such as linear interpolation, SVD interpolation and polar
decomposition interpolation.

In ARAP method, we define a global interpolation as a minimum of an
energy function defined by a sum of energies of local interpolations. Gen-
erally, we choose the origin of the local interpolation as the center of the
source configuration. On the other hand, for convenience, we choose the
same origin for each local interpolation in the formula of an energy function
of a global interpolation. The first problem we consider is that this small
gap may cause different interpolations, and we would like to clarify condi-
tions of the source and target configuration which cause a critical error with
the ARAP method. We choose a simple figure with two triangles which we
call them the first triangle and the second triangle. We consider the values
of the global energy function when we fix the origin of the first triangle to
zero and vary the origin of the second triangle. Then, we can show contours
of the origin of the second triangle are quadratic curves. This result shows
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CHAPTER 2. A “GOOD” INTERPOLATION

Figure 2.7: Results of global interpolations. Red: origins of two triangles
are zero. Green: each origin of two triangles is barycenter of each triangle.

an answer of our first problem. The difference of origins cause a different
global interpolations.
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Chapter 3

Computation of 3x3 Matrix
Exponentials

In this chapter, we investigate fast algorithms for the matrix exponentials
and eigenvalues of matrix exponentials and eigenvalues of 3x 3 real symmet-
ric matrices. We show that matrix exponentials and eigenvalues of the 3x3
real symmetric matrix can be represented by specific formulas. Then, we
achieve a notable performance improvement using our algorithm.

3.1 Algorithm for Matrix Exponential

Let M, (R) be the set of n x n matrices.
Definition 3.1.1. The set of 3 x 3 real symmetric matrices is defined by
Sym(3) :={S | S =1 € M3(R)}, where 'S is the transpose of S.

Definition 3.1.2. For S € Sym(3), the matrix exponential of S is defined
by
o ok
exp(S) = %
k=0
Although the sum of the infinite series converges, their rate of conver-
gence may not be so high. So we can not have an efficient algorithm by
direct computations.

3.1.1 Algorithml. Diagonalization

First, we introduce the method using diagonalization. This method helps
to compute their exponential easily.
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CHAPTER 3. COMPUTATION OF 3x3 MATRIX EXPONENTIALS

Proposition 3.1.1. Let S be a real symmetric matrix. Then, S is de-
composed by an orthogonal matrix P and a diagonal matrix D, and S is
described as S = PD'P.

Proposition 3.1.2. Let S be an element of Sym(3). Then, the matrix
exponential of S is exp(S) = Pexp(D)'P, where P is an orthogonal matrix
and D is a diagonal matrix. P and D satisfy S = PD'P.

Proof. Since S is a real symmetric matrix, S is also diagonalized with an
orthogonal matrix P and a diagonal matrix D such that S = PD'P.
From definition (3.1.2), exp(5) is

o0 tp\k
exp(S) = exp(PD'P) = Z (PUZ‘P)
k=

o

O]

So we can make an algorithm of a matrix exponential using the diagonal-
ization. The algorithm needs to compute eigenvalues (D) and eigenvectors
(P) to compute the matrix exponential. The computational cost of eigen-
vectors however is more expensive than the cost of eigenvalues. Next, we
review the faster algorithm in [6] to improve this drawback. This method
does not need to compute eigenvectors and is faster than the method using
diagonalization.

3.1.2 Algorithm2. Spectral Decomposition

We describe the algorithm using spectral decomposition [6, 8]. Let A1, Ay and
A3 be the eigenvalues of S € Sym(3). They are the roots of the characteristic
polynomial of S. The characteristic polynomial of S is defined as follows.

Definition 3.1.3. Let ¢5(\) be the characteristic polynomial of S € Sym(3).
ods(A) is defined as ¢g(\) = det (AE — S), where det is the determinant op-
eration.

From the Cayley-Hamilton theorem, the following proposition is satis-
fied.

Proposition 3.1.3. Let ¢g(\) be the characteristic polynomial of S €
Sym(3) and we substitute S for A and the identity matrix for 1 in this
polynomial. Then, ¢g(S) is equal to 0.
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3.1. ALGORITHM FOR MATRIX EXPONENTIAL

Since ¢g(A) is a third degree polynomial in A, ¢5(S) is also a third degree
polynomial in S. Therefore %ﬂ can be described as %C = Qros(S) + Rk,
where Qi is a polynomial in S, and Ry is an at most second degree polyno-
mial in S. Hence, exp(S) = Y 7o (Qr¢ds(S) + Ri). Then, Y 72 Qrds(S) is
equal to 0 from the Cayley-Hamilton theorem, and ;2 , Ry, is an at most
second degree polynomial in S. As a result, exp(S) can be described as
exp(S) = 8% + yS + 2 E, where E is the 3 x 3 identity matrix, and z,y and
z are elements of R.

Hence, exp(S) can be represented by a second degree polynomial in S.
Next step is to decide z,y,z € R to compute exp(S). In Proposition 3.1.2,
exp(S) can be described as exp(S) = Pexp(D)'P.

On the other hand, x5? + yS + zE is described as 25 + yS + zE =
P(zD? + yD + 2E)'P. Therefore, exp(D) = 2D? + yD + zE.

Let A1, A2 and A3 be the eigenvalues of S. The elements of D are the
eigenvalues of S. Then, we have

eM 00
exp(D)=| 0 e 0 |,

0 0 e*

x)\% +yA + 2 0 0
xD? +yD + 2E = 0 A3+ ydo + 2 0
0 0 A3+ yAs + 2
Hence, we can decide x,y and z to solve the following equation.

eM Ao 1 x

Al =X N 1

e = 2 2 Yy

e )\g Az 1 z

The values of x,y and z depend on multiplicity of the eigenvalues of S.
We consider two eigenvalues A and ' are same if |\ — X'| < 1076.

Case 1. When all the three eigenvalues are same, put

r=y=0, z=-exp(\1).

Case 2. When two of them are same, that is Ay = Ao, put
r=0, y=s—1t, 2 =1\ — sz,
where

_ exp(A3)
A2 — A3

B exp(Az)

= t
Ao — A3’

S
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Case 3. When all of them are distinct, put

rT=8+1+u,
y = —s(A2 + A3) + (A3 + A1) +u(A + A2),
z = 8)\2)\3 — t)\g)\l — u)\l)\Q,

where

6 — exp(A1) t = exp(Az) w= exp(As)

(A1 = A2) (M1 — Az)’ (A2 = A3) (A1 — A2)’ (A2 = A3)(As — A1)

Therefore, we have a simple formula for z,y and z. Our algorithm needs
to compute only eigenvalues of a 3 x 3 real symmetric matrix so that we
can compute a matrix exponential more efficiently than the algorithm using
diagonalization.

Next, we will discuss an efficient algorithm for eigenvalues for this matrix
in the next section.

3.2 Eigenvalues Using Viete’s Formula

In this section, we investigate an algorithm using Viete’s formula. This
algorithm achieves a fast computation of eigenvalues in comparison with
the algorithm using diagonalization.

If S € Sym(3) is given, we need to solve the characteristic equation of S.
Let A1, Ao and A3 be the eigenvalues of S. Then, the characteristic equation
is (z — A\1)(x — A2)(z — A3) = 0. This equation is expanded into

x3 — ()\1 + Ao+ )\3)£B2 + ()\1)\2 + AoA3 + )\3)\1)1‘ — A1A9A3 = 0.
Therefore, the characteristic equation of S is described as

(tr5) — |51

3 — (trS)z? + 5

x —detS =0,
where trS is the trace of S, ||S|| is the Frobenius norm of S.

This equation can be solved by using Viete’s formula. For a given S €
Sym(3), let A1, A\ and A3 be the eigenvalues of S. Those are the roots of
the characteristic equation of S:

(trS)% — ||S| %

23 — (trS)z? + 5

xz —detS = 0.
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Let a,b,c, and y be a = —trS, b=
Then,

2_ (a2
(trS) > HSHF7 c=—detS and y =z + %‘

1 2 1
3 2 3
b— - —a” — —ab =0.
Y —i—( 3a>y+<27a 3a —|—c>
Let pand gbep=05b— %ag and ¢ = %a?) — %ab + c¢. Since all eigenvalues
of real symmetric matrices are real numbers, the solutions are also real

numbers. Hence, the discriminant satisfies —(4p3 + 27¢%) > 0, especially
p <0. If p=0, then we find ¢ = 0. Then, A1, A2 and A3 are equal to % So

we consider the case of p < 0. Let t = \/—%p, u=4and k= —%. Then,

the equation is described as
4u —3u—k =0.

Since 4p® + 27¢* < 0, we have |g| < \/—4p3/27, |4¢| < t* and |k < 1.
To solve the equation, we use the cosine’s Triple-angle formula cos36 =
4cos® @ — 3cosh. Let ur,us and us be the roots of the equation, and set
0 = % arccos(k). From this formula, the roots are

1 1 1 k4 2 1 b+ 4
= S| — ar 3 = S| — ar — = S| — ar S - .
U7 COS 3 arccos , U2 COS 3 arccos 37T , U3 COS 3 arccos 37T

From y = 2+ §,u = ¥, the eigenvalues of S are \; = tu; — § (i = 1,2,3).
Therefore, we find a simple formula for the eigenvalues of a 3 x 3 symmetric
matrix.

7 COS <7arccgs(k)> + trS T COS <7arccosgk)+27r) + trS
>\1 = 3 a>\2 = 3 )

r cos (arccos(k)+47r) +trS

3
)\3: 3 )

where

108
r=3t=+/—12p, k= ——Sq,
,

_ (8?38 _ 5 g 1 2
p= G , = 54(tr5) 6trS||S||F detS.

As a result, we obtain the eigenvalues of S. We note that the eigenvalues
of S can be represented by a simple formula using the trace, determinant
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and Frobenius norm of S. The proposed method for computing eigenvalues
involves computation of cosine and arccosine. Cosine is implemented in the
Eigen library. The function comes from Julien Pommier’s SSE math library
which is known as an accurate math library, and arccosine is implemented
in the C++ Standard Library. We consider the speed and accuracy of these
functions are acceptable.

3.3 Applications

We incorporated our implementation of the algorithm discussed above into
the shape deforming tools developed in [6]. For example, Cage-based de-
former gives a target shape and a “cage” surrounding it. The cage can be
any triangulated polyhedron wrapping the target shape. We want to de-
form the target shape by manipulating not directly on it but through the
proxy cage. Essentially this deformation is based on polar decompositions
and matrix exponentials of 3 x 3 real symmetric matrices. We examined our
improvements replacing the exponential part in this deformation program.

3.4 Experimentation

In this section, we compared the computation times of our algorithms with
standard techniques. We use a Intel Core i7 1.9 GHz CPU with 4 GB of
RAM and Windows 8 (64bit) OS. In the experimentations, we implemented
our algorithms in C++ programming language (Microsoft Visual Studio
2010 Ultimate), and the optimization option (/O2) of this compiler was
maximization of the execution speed. Our implementation used the Eigen
library which provides many functions of matrix operations.

First we compared our algorithm for the computation of the eigenvalues
of a 3 x 3 real symmetric matrix with the QR algorithm [13] which uses the
QR decomposition. This algorithm is implemented in the Eigen library as
a class member function which computes the eigenvalues. Before call the
function, we need to create an instance of this class by specifying the size
of matrix. Then, the QR algorithm is restricted to 3 x 3 matrix. For given
107 three dimensional real symmetric matrices randomly, we compared the
running times for the computation of eigenvalues of all given matrices. In
the applications of CG, the eigenvalues of the given matrices should be more
than 0. Hence, we need to obtain positive semi-definite matrices. The way
of generating these matrices randomly is the following. First, we generate
a real matrix M and choose the elements of M from the range [—1,1].
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Next, we compute S = MM to obtain a real symmetric matrix. Then, the
eigenvalues of S are more than 0 because S is a positive semi-definite matrix.
Figure 3.1 shows a comparison of the computation of the eigenvalues using
the QR algorithm and our algorithm using Viete’s formula. Our algorithm
is about 3.2 times faster than the QR algorithm.

The Eigen library provides an algorithm computing the eigenvalues using
Viete’s formula. However, we implemented our algorithm independently
using our formalized formula using the trace, determinant and Frobenius
norm.

Computaion time {seconds)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Number of examples

—e—QR algorithm =e=Qur algorithm

Figure 3.1: Computation time of the eigenvalues of the 3 x 3 real symmetric
matrix. Upper: using the QR algorithm. Lower: using our algorithm.

Next, we compared our algorithm for the computation of the matrix
exponential of a 3 x 3 real symmetric matrix with an algorithm based on
diagonalization. For given 107 three dimensional real symmetric matrices
chosen randomly by the same method in the previous experimentation, we
compared the average running times for computing the matrix exponentials
using the algorithm based on diagonalization (Diag), spectral decomposition
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(SD) and improved spectral decomposition (improved SD) which includes
our algorithm for the computation of the eigenvalues. Figure 3.2 shows a
comparison of the computation of the matrix exponentials using the three
algorithms. As a result, improved SD is the best algorithm among those
algorithms and achieved about 4.2 times faster than Diag.

We consider eigenvalues between 0 and 3, because a transformation ma-
trix induced by an interactive motion does not have large eigenvalues. By
our experiments, the error rate is less than 107% and it is acceptable for
making a deformation of computer graphics. Our method using Viete’s for-
mula may produce small numerical errors, but we have benefits of computing
time using our exponential matrix without computing eigenvectors. Since we
consider A < 3, the error rate of the difference of cases in our algorithm are
bounded. Experimentally, the computation of deformations are acceptable.

Finally we incorporated the implementations of Diag and improved SD
into the Cage-based deformer algorithm in [6]. For a dragon model with
50,000 vertices, 100,000 triangles, we compared the average running times
of deforming this model using two algorithms. Figure 3.3 shows the com-
parison of the computation times, and the average runtime of improved
SD is about 1.2 times faster than Diag. Compared with the result for the
eigenvalues, this improvement in speed for the application may not look like
significant. This is because the application has other heavy computations.
In more detail, the application computes affine transformations for all trian-
gular meshes of a given model and logarithms of matrices obtained from the
affine transformations. In addition, the application needs a weighted sum
calculation to decide the shape deformation.

Therefore, our algorithm can be useful for a practical deformation tool.

3.5 Conclusions

We investigate fast algorithms for the matrix exponentials and eigenvalues
of 3 x 3 real symmetric matrices. We show that the matrix exponential
and eigenvalues of the 3 x 3 real symmetric matrix can be represented by
specific formulas using the trace, determinant and Frobenius norm of the
matrix. Our algorithms are implemented in C++ programming language
as functions which compute the matrix exponential and eigenvalues of the
3 x 3 real symmetric matrix. For the computation time of the matrix expo-
nential, we compare our algorithm with other algorithms. In addition, we
incorporate the implementations into a practical deformation tool. Using
the deformation tool, we evaluate the computation time of our algorithm
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Figure 3.2: A comparison of average runtimes for the computation of the ma-
trix exponential of 3 x 3. Left: using diagonalization (Diag). Center: using
spectral decomposition (SD). Right: using the improved spectral decompo-
sition (improved SD) which includes our algorithm for the computation of
the eigenvalues.

for the deformation of a given model.

In conclusion, we achieve a notable performance improvement using our
algorithm. In fact, we compare the computation of the eigenvalues using
the QR algorithm and our algorithm using Viete’s formula. Our algorithm
is about 3.2 times faster than the QR algorithm. Next, we compare the
computation of the matrix exponentials using an algorithm based on di-
agonalization, our algorithm based on spectral decomposition and our im-
proved algorithm which includes our algorithm computing the eigenvalues
using Viete’s formula. Then, our improved algorithm is the best algorithm
among those algorithms and achieved about 4.2 times faster than the al-
gorithm using diagonalization. Finally we incorporate the implementations
of the algorithm using diagonalization and our improved algorithm into the
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Figure 3.3: A comparison of average runtimes for the deformation of a
dragon model. Left: using diagonalization (Diag). Right: using improved
spectral decomposition (improved SD) which includes our algorithm for the
computation of the eigenvalues.

Cage-based deformer. For a dragon model, we compare average running
times of deforming this model using two algorithms. As a result, the aver-
age runtime of our improved algorithm is about 1.2 times faster than the
algorithm based on the diagonalizaion.

We have not estimated the accurate numerical error of our matrix expo-
nential algorithm. In this paper, we just show that the benefits of compu-
tational costs and acceptable results of applications of deformations.
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