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Abstract: This paper is concerned with the stability of a parallel flow of the
compressible Navier-Stokes equation in a cylindrical domain. The spectrum of the
linearized operator is analyzed for the purpose of the study of the nonlinear stability.
It is shown that if the Reynolds and Mach numbers are sufficiently small, then the
linearized semigroup is decomposed into two parts; one behaves like a solution of
a one dimensional heat equation as time goes to infinity and the other one decays
exponentially. Some estimates related to the spectral projections are established,
which will also be useful for the study of the nonlinear problem.
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1 Introduction

We consider the initial boundary value problem for the equations for a barotropic
motion of viscous compressible fluid

Op + div(pv) = 0,
p(Ow +v - Vv) — pAv — (u+ p')Vdive + Vp(p) = pg,
v lap= 0,

(P, v) |t=0= (po, vo)
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in a cylindrical domain 2 = D x R
Q={z=(2,23); 2’ = (x1,22) € D,x3 € R}.

Here D is a bounded and connected domain in R? with a smooth boundary 9D;
p = p(z,t) and v = T(v(z,t),v*(x,t),v3(z,t)) denote the unknown density and
velocity at time ¢ > 0 and position z € Q, respectively; P(p) is the pressure that is
a smooth function of p and satisfies

P'(ps) >0

for a given positive constant p,; p and p' are the viscosity coefficients that satisfy
>0, Fu+p >0;

and g is an external force of the form g = 7(g*(2'), g*(2'), ¢*(2’)) with ¢* and ¢
satisfying
(gl (ZE,), 92(x,)) - (amlq)(m/>7 a$2q)(x,))7
where ® and ¢3 are given smooth functions of 2’. Here and in what follows 7- stands
for the transposition.
It is known that problem (1.1)-(1.3) has the stationary solution u, = *(p,(2"), vs(2"));
P, is determinated by

Const. — ®(2') = fZS @dn,
JpPs = puda’ = 0;

and 7, takes the form
7, = (0,0,73(2")),

3

3(2') is the solution of

where U

_MA/EE = ﬁ593>
3 |op= 0.

Here A" = 92 + 02,. The stationary solution u, represents a parallel flow in €.

We are interested in the large time behavior of solutions to problem (1.1)-(1.4)
when the initial value (p,v) |t=o= (po, vo) is sufficiently close to the stationary solu-
tion u, = 1(p,,v,). In [1] the decay estimates of the linearized semigroup for (1.1)
- (1.4) were established. In this paper we study the spectral properties of the lin-
earized semigroup in more detail, which play an important role in the analysis of
the nonlinear problem.

As for the asymptotic behavior of multidimensional compressible Navier-Stokes
equations on unbounded domains, a lot of results have been obtained. See, e.g.,
[5, 6, 11, 13, 14, 15, 16, 17, 19] and references therein.

For the stability of parallel flow, detailed descriptions of large time behavior
of disturbances have been obtained in the case of an n dimensional infinite layer

R x (0,1) = {z = (zp,zn); zn = (v1,- ,xp1) € R"H0 <z, < 1}. Tt
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was proved in [10] that asymptotic behavior of solutions of the linearized problem
is described by an n — 1 dimensional linear heat equation, if Reynolds and Mach
numbers are sufficiently small. The nonlinear problem was then studied in [9]; it was
shown that if Reynolds and Mach numbers are sufficiently small, then the parallel
flow is stable under sufficiently small initial disturbances in some Sobolev space.
In the case of n > 3, the disturbance u(t) behaves like a solution of an n — 1
dimensional linear heat equation as t — oo, while, in the case of n = 2, u(t) behaves
like a solution of a one dimensional viscous Burgers equation. See also [2, 3, 4] for
the stability of time periodic parallel flow.

As for the case of the cylindrical domain €2, Iooss and Padula [7] studied the lin-
earized stability of a stationary parallel low under the periodic boundary condition
in x3 with vanishing average condition on the basic period cell for the density-
disturbance and proved that if the Reynolds number is suitably small, then the
linearized semigroup decays exponentially as ¢t — oo.

On the other hand, stability under the non-periodic but local disturbances (i.e.,
belonging to some L? Sobolev space on ) was studied in [12] in the case of the
motionless state @, = Z(ps,0). It was shown that the disturbance decays in L*()
in the order ¢~1 and its asymptotic leading part is given by a solution of a one
dimensional linear heat equation. (See also [8] for the analysis in LP(€2).)

The linearized stability of parallel low under non-periodic local disturbances on
Q) was then studied in [1]. It was shown that the linearized semigroup e~ satisfies
the decay estimate

11 ~
1050, e ol 2y < CL(L+ 87472 Jlugll e 2oy + € “luollm@y (15

fort > 0 and 0 < k+1 < 1, provided that the Reynolds and Mach numbers are
sufficiently small and that p, is sufficiently close to p,. In view of the argument in [9],
estimate (1.5) is not enough to show the global in time solvability of the nonlinear
problem. The purpose of this paper is to derive more detailed spectral information
of the linearized operator which will be available for the nonlinear analysis.

The main results of this paper are summarized as follows. We consider the
linearized problem whose non-dimensional form is written as

O+ Lu=0, ul|i=o= up. (1.6)

Here u = T(¢, w) is the unknown; and uy = ¥(¢g, wy) is a given initial value; and L
denotes the linearized operator on L*(2) defined by

. Y2div(py)
L= P’ vAv v vtv/ 1 7
V(T )+ - pAL =V o V4V

with domain
D(L) = {u="(¢,w) € L*(Q); w € H)(Q), Lu € L*(Q)},

where SNZ, IN), ps, Vs and ]S(ps) are the non-dimensional forms of 2, D, p,, v, and
p(p,) respectively; I3 denotes the 3 x 3 identity matrix; v, / and y are some positive
constants.



We will show that there exists a bounded projection Py satisfying Pye ' =

et Py such that if Reynolds and Mach numbers are sufficiently small, then
e Pyug — (UU(O))(t)HLQ(Q) <C(1+ t)_%||u0||L1(Q). (1.7)

Here v is some function of 2/, and o is a function of z3 and t; and o is a solution
of one dimensional linear heat equation

1.8
0 |i=0= fol Go(7', x3)dr3 (18)

with some constants kg € R and k; > 0. Some estimates for operators related to
Py are established; and, as in [2, 4], we will give a factorization of e~*L' Py which is
useful in the study of nonlinear problem. As for the I — P, part of e~**, we will
establish the exponential decay estimate

{ Oy — m@ia + KkpOpy0 = 0,

_ _ 1
le (1 — Py)uol| (o) < Ce dt{HuO”Hl(Q)xfll(Q) + 2 [Jwol| 2 () } (1.9)

for a positive constant d. Here H*(Q) is the set of all locally H* functions in L2(£2)
whose tangential derivatives near 9 belong to L*((2).

The linear problem (1.6) will be investigated through the Fourier transform F
in x3 € R that leads to the problem on D, written in the form,

O+ Leu =0,  u |i=0= uo,

where £ € R denotes the dual variable. The operator L, has different properties
|€] < 1o and || > 1o, where rg is a positive number sufficiently small.

The spectrum of —Lg for |{| < ry can be regarded as a perturbation from the
one with & = 0, and we will show that the spectrum near the origin is given by a
simple eigenvalue \o(§) = —ikol — k1€% + O(€]?) as |€] — 0. Furthermore, we will
establish the boundedness of the eigenprojection I1(£) for the eigevalue Ag(£) in some
Sobolev space by investigating the regularity of the corresponding eigenfunctions.
Setting Py = F ' 1qj¢j<ro3 IL(§)F with a frequency cut-off function 1y¢<,,} such that
Lgje)<ry = 1 for |€] < 1 and 1ygj<yoy = 0 for [£| > 7, we find the desired asymptotic
behavior of e Py as described in (1.7) and (1.8). As for the complimentary part
e (I — Py), we have already shown in [1] that

le™(I — Po)uoll ey < e |luoll i (q)-

In this paper we will improve the class of initial value ug and will show that the expo-
nential decay estimate holds for ug € H'(Q) x H'(Q2) as in (1.9). This improvement
will be also useful in the study of the nonlinear problem.

This paper is organized as follows. In Section 2 we first rewrite the problem into
the system of equations in a non-dimensional form and then present the existence
of a stationary solution of parallel flow. We state the main result of this paper in
Section 3. In Section 4 we will investigate the spectrum of —L¢ for [£| < 7o, and
in Section 5 we will establish a factorization of e /Py and prove (1.7). Section 6 is
devoted to the proof of (1.9).



2 Preliminaries

In this section we introduce notations and then rewrite the problem into a non-
dimensional form. In the end of this section we state the existence of stationary
solution which represents parallel flow.

2.1 Notation

We first introduce some notations which will be used throughout the paper. For
1 < p < 0o we denote by LP(X) the usual Lebesgue space on a domain X and its
norm is denoted by || - ||zr(x). Let m be a nonnegative integer. H™(X) denotes the
m th order L? Sobolev space on X with norm || - ||gm(x). In particular, we write
L*(X) for H(X).

We denote by CJ*(X) the set of all C™ functions with compact support in X.
HJ'(X) stands for the completion of CJ*(X) in H™(X). We denote by H!(X) the

dual space of Hg(X) with norm || - ||g-1(x).

We simply denote by LP(X) (resp., H™(X)) the set of all vector fields w =
Tw!, w? w?) on X and its norm is denoted by || - lzecx) (vesp., || - [[amx)). For u =
(¢, w) with ¢ € H*(X) and w = H(w!, w?, w?) € H™(X), we define ||u||Hk X)xH™(X)
by ([ull e x)yxmmxy = (9l + l[wllamx

When X =  we abbreviate LP((2) as LP, and likewise, H™(Q2) as H™. The
norm || - ||r(q) is written as || - ||», and likewise, || - || gm(q) as || - || #m-

In the case X = D we denote the norm of LP(D) by | - |,. The norm of H™(D)
is denoted by | - |gm, respectively. The inner product of L?(D) is denoted by

/f ' fge L3(D).

Here g denotes the complex conjugate of g. For u; = T(¢;,w;) (j = 1,2), we also
define a weighted inner product (uq,us) by

(U1, ug) = /¢1¢2 . <) g/ +/ wy - Wapsda',

where ps = ps(2’) is the density of the parallel flow us. As will be seen in Proposi-

tion 2.1 below, ps(z’) and % are strictly positive in D.

For f € L'(D) we denote the mean value of f over D by (f):

1 /
<f>=(f,1):m/l)fd:r,

where |D| = [, da’. For u = (¢, w) € L'(D) with w = (w', w? w?®) we define (u)
by
(u) = (@) + (w1) + (w2) + (ws).

Partial derivatives of a function w in z, 2/, x3 and t are denoted by d,u, 0, u,
Opsu and Gyu. We also write higher order partial derivatives of u in x as 0%u =

(07 u; || = k).



We denote the n x n identity matrix by [,,. We define 4 x 4 diagonal matrices
Qo and @ by

Qo = diag(1,0,0,0), Q = diag(0,1,1,1).

It then follows that for u = T(¢, w) with w = T(w!, w? w?),

() 0= (2)

We denote the Fourier transform of f = f(z3) (z3 € R) by f or F[f]:

£(6) = FLAE) = /R fas)e— ndn,,  €€R.

The inverse Fourier transform is denoted by F~!:

FUf) () = (20) /R f(e)€sde,  ay € R,

We denote the resolvent set of a closed operator A by p(A) and the spectrum by
a(A).

We finally introduce a function space which consists of locally H' functions in
L?(Q2) whose tangential derivatives near dD belong to L*(2). To do so, we first
introduce a local curvilinear coordinate system. For any T, € 0D, there exist a
neighborhood (’350 of T, and a smooth diffeomorphism map ¥ = (¥, ¥s) : (556 —
B1(0) = {2 = (21, 22) : |2'| < 1} such that

U(Oz N D) = {2 € By(0) : z1 > 0},
U (Og NID) = {2 € B1(0) : z; = 0},
detV, ¥ #£0 on Oy N D.

By the tubular neighborhood theorem, there exist a neighborhood Oz of Zj and a
local curvilinear coordinate system y' = (y1,y2) on Oz, defined by

7' =yrai(yp) + U H0,1) 0 R — Oz, (2.1)

where R = {y/ = (y1,52) : |y1] < 01, |ya] < 82} for some &y, 95 > 0; ay (1) is the unit
inward normal to dD that is given by

ar(ye) = 2t
1 92 - ‘Vx/\lfl‘

Setting y3 = x3 we obtain

Vx =€ (yQ)ayl + ‘](y/)e2(y2)ay2 + 638y37



where

e1(y2) = (al%y2)> , e2(yp) = <a2(0y2)) , €3= § ; (2:2)

—ViU,

J(y") = |detV V|, = L =

(y) | € | a2(y2) |vi/\1/1’
with VLU, = 7(-9,,¥;, 9,,¥;). Note that d,, and 9,, are the inward normal
derivative and tangential derivative at 2’ = U~1(0,4,) € 9D N Oz , respectively. Let

us denote the normal and tangential derivatives by 0, and 0, i.e.,
Op =0y, 0=0,,.

Since 0D is compact, there are bounded open sets O, (m = 1,..., N) such that
0D Cc UN_,0,, and for each m = 1,..., N, there exists a local curvilinear coordinate
system ¢y’ = (y1,y2) as defined in (2.1) with Oz, ¥ and R replaced by O,,, ¥™ and
R ={v = (y1,12) : |y| < o || < 5;”} for some 6™, 07 > 0. At last, we take
an open set Oy C D such that

Y 0, DD, OynaD = 0.

We set a local coordinate 3y’ = (y1,y2) such that y; = x1, yo = x5 on Oy. We note
that if h € H%(D), then h |sp= 0 implies that O*h |sprom= 0 (k =0, 1).
Let us introduce a partition of unity {x,,}_, subordinate to {O,,}2

0, Satisfy-
ing

N
> Xn=lonD, xum€CF(On) (m=01,2--,N).

m=0

We denote by H'(£2) the set of all locally H* functions in L2(Q) whose tangential
derivatives near 99 belong to L?(2), and its norm is denoted by wll 710

N
lwllzin @) = lwll + 19astwlls + [xoGewlla + 2 [xmOwllo.
Note that H}(€) is dense in H(€).

2.2 Stationary solution

In this subsection we rewrite the problem into the one in a non-dimensional form
and state the existence of stationary solution which represents parallel flow. Let
ko be an integer satisfying ky > 3. We introduce the following non-dimensional
variables:

x=VLlx, v=Vv, p=pp, t:ét,



p=pV°P, =170 ¢=T7,

1
= |[v° sup £F|0% T3 (2))|, €= /dm'2
THlotoin, = 25 sup AoEai], (= ( [ )

The problem (1.1)-(1.4) is then transformed into the following non-dimensional prob-
lemon 2 =D x R:

Ogp + divz(pv) = 0, (2.3)

PO+ - Vi) — vA0 — (v + V)Vadivat + P'(5)Vap = 57, (2.4)
v lop =0, (2.5)

(ﬁa 5) |t~:0: (/70,50). (2 6)

Here D is a bounded and connected domain in R?; § = T(@glé, 05, P, ¢*); and v and
V' are non-dimensional parameters:

!/

= L ]// = M
LV’ p LV’

We also introduce a parameter :

v =P = Y2,

Note that the Reynolds and Mach numbers are given by 1/v and 1 / 7, respectively.
In what follows, for simplicity, we omit tildes of Z, ¢, ¥, 7, 7, P D, D and
and write them as z, ¢, v, p, g, P, ®, D and €. Observe that, due to the non-

dimensionalization, we have
|D| = / dr' =1,
D

_ /Df(x’

Let us state the existence of a stationary solution which represents parallel flow.

and thus,

Proposition 2.1. If ® € C*(D), ¢*> € H* (D) and |®|cx, _is sufficiently small,
then (2.3)-(2.5) has a stationary solution u, = T(ps,v,) € C* (D). Here p, satisfies

Const. — ®(x fls )Pl 2 g,
Jp psda’ =1, Pl<Ps( )<,02 (p <1< po)

for some constants py, ps > 0; and v, is a function of the form v, = (0,0, v3) with

v3 = v3(2') being the solution of

—vA'v} = pig,
Ug |8D: 0.



Furthermore, us, = T(ps, vs) satisfies the estimates:
|ps(2) — 1w < Cl®]er (1 + |®]cr)",
03 ]cr < Clod|gier < COl®|cn (14 |@]cn)* g | e
fork=3,4,---  kg.

Proposition 2.1 can be proved in a similar manner to the proof of [18, Lemma
2.1].

3 Main results

We set p = p, + 7 2%¢ and v = v, + w in (2.3)-(2.6) (without tildes) and omit the
nonlinear terms of ¢ and w. We then arrive at the linearized problem

ou+ Lu=0, u= T(qb, w), w |gp=0, u |=0= uo, (3.1)

where

I vg -V 2div(ps+)
o V(M') + &lg& —LAI; — VZSVIVdiV +vs-V+es® (va) '

Y2 ps ¥2p? ps

Here, e3 = 1(0,0,1); and, for a = T(ay, as, az) and b = 7(by, by, b3), a®@ b is the 3 x 3
matrix (a;b;).
We consider L as an operator on L?*(2) with domain

D(L) = {u="(¢,w) € L*(Q); w € Hy(), Lu e L*(N)}.

As was shown in [1] (see also [7]), —L generates a Co-semigroup e~ on L*(Q).
Furthermore, if ug € H'(Q) x H'(Q), then

ety € C([0,T); HY(Q) x HY(Q)) N C((0,T]; HY(Q) x HL(Q)),

~ - (3.2)
VQe "y € L*(0,T; H(Q))

for all T > 0. The regularity property (3.2) of e~*% can be proved as follows. It is
not difficult to see that if ug € H'(Q2) x H}(Q), then e *ruy satisfies

e uOEC([O T); H'(Q) x Hy (9 ))

)
VQe ug € L2(0,T; H'(Q2)). (3.3)
3

Since Hj () is dense in H(€2), one can see from (3.3), Lemma 6.5 and Lemma 6.6
below that e~"Luq satisfies (3.2) if ug € H'(Q) x H'(Q).

In what follows we set
w = ”ps - 1||Ck0~

We have the following estimates for e*uy.

9



Theorem 3.1. There exist positive constants vy, Yo and wy such that if v > vy,

2 .
2;/11/ > 702 and w < wy, then ey is decomposed as

e Hug = e Pyug + e Pooug.

Here Py and P, are projections satisfying
Py+P,=1 P>’=P
PL C LP, Petl=¢tp
or I” 0, foof, Gna e "y ana e ~ have the following properties.
P Py, P, de P de "'P h he folloun '

1 Uy € N , then e "~ Fyug satisfies the following estimates
i) [ LY Q)N L3(Q), th tLp, ' he follown ‘

1050% e~ Pyug|ly < Crp(141)7572 Jugx (3.4)
uniformly fort > 0 and for k =0,1,--- kg and l =0,1,---;

le™*= Poug — [H(t)(¢0)]u® |2 < Ct4]|ug] s (3.5)
uniformly fort > 0. Here

H()(9o) = F~H e st (gy)],

where u®) = w0 (2') is the function given in Lemma 4.1 below; and ko € R and
k1 > 0 are some constants satisfying

Ko = O(l),
= O+ 0(5) + (4 + ) % O(2)),
where C'is a positive constant.
(i) If up € HY(Q) x HY(Q), then there exists a constant d > 0 such that e~*L' P, uy

satisfies )
lle™ Poio|| i < Ce™ (Juol| e i + 2 lwoll2) (3.6)

uniformly for t > 0.

Remark 3.2. [t is well-known that if uy = (¢g, wo) € L (), then |H(t){do) |2 =
O(t*i), and o = o(x3,t) = H(t)(Po) satisfies

0,0 — /ﬁ@iSJ + KkoOyy0 = 0,
0 |t=0= fD ¢o(x', x3)dx’.

More detailed properties of Py and e~** P, will be given in Section 5 below, where
we will establish a factorization of e **P, which will be useful in the nonlinear
analysis.

10



To prove Theorem 3.1, we consider the Fourier transform of (3.1) in 3 variable
which is written as

0 + i€vip + V' - (psw') + i€ psw® = 0, (3.7)
Ol — £ (&~ €~ AT i)+ V(220) +iei =0, (39)
O’ — L(A = ) — (Vw4 igw®) +ig (T ) + igudn?

_{_721;3 A/Ufjgb + w' - VIUS - Oa (39)
w |opp=0 (3.10)
for t > 0, and
T(Cb, w) |i=0= T(Qbo,wo) = Uog- (3.11)
Therefore, we arrive at the following problem
d
d—tf +Leu=0, ulo=uo, (3.12)

where £ € R is a parameter. Here u = T(qﬁ(x’,t),w(x’,t)) € D(Lg) (' € D, t>0),
up is a given initial value, and L¢ is the operator on L?*(D) of the form

where
0 0 0
ae= |0 g -gpn st ey |
0 iy (A e+ e
03 Awii . 2
ngs ’Y V (ps ) Z’}/ psg 0 0 O
Be= | V/(52)) gl 0o |.c = 0 0 0
v 1,3 T(x7/,,3
g0 A V) 0

with domain
D(L¢) = {u="(¢,w) € L*(D); w € Hy(D), Leu € L*(D)}.
Note that D(Lg) = D(LO) for all £ € R. Here and in what follows, we denote
A= +0, V' ="0s,0,)

As in the case of L, we can see that —L, generates a Co-semigroup on L*(D).

Furthermore, if ug € H'(D) x H*(D), then
e ey € C([0,T); HY(D) x HY(D)) N C((0,T]; H'(D) x HY(D)),

9 Qe Leuy € L2(0,T; HY(D))

for any T > 0.

In Section 4 we will investigate the spectrum of —L¢ for |{| < 1. In Section 5
we will give the proof of Theorem 3.1 (i). In Section 6 we will prove Theorem 3.1

(ii).

(3.13)

11



4 Spectrum of —L; for || < 1

In this section, we consider the spectrum of —Lg for |¢| < 1. For simplicity, in what
follows, we denote v + 1/ by 7, i.e.,

v=v+.
Let us consider the resolvent problem
A+ Lgu=f

with || < 1, where u = T(¢,w) € D(L¢) = D(Lo) and f =7(f°,g) € L*(D).
We introduce the adjoint operator Li of L¢ with respect to the weighted inner
product (-, -). The operator L is given by

LZ = AZ + Bg +C}
with domain of definition

D(Lf) = {u="(¢,w) € L*(D); w € Hy(D), Ltu € L*(D)}.

Here
Ai=Ae, B =B
and 2 s
Y2vAv
. (Y0 Py
Co=1{0 0 Vv
00 0

Note that D(L¢) = D(Lg) for any £ € R.
We begin with a lemma on the zero eigenvalue of Ly and L which was proved
in [1, Lemma 4.1]. Here Ly and L{ stand for L and Lg with § = 0, respectively.

Lemma 4.1. ([1, Lemma 4.1)) (i) There ezists a constant wy > 0 such that if
w < wy, then A =0 is a simple eigenvalue of Ly and L.
(i) The eigenspaces for X = 0 of Ly and L§ are spanned by u® and w0, respec-
tively, where

uw©® — T(qg(ﬁ)’w(o))’ w©® — T(0707w(0),3)

and

Here

©) (1 — o ps(a) _ 72 ps (@) /)1.
¢ (2) = a0 prg iy O‘O_</DP'<ps<x'>>df :

and w3 is the solution of the following problem

w3 lop=0;

{ — A3 = — L A3,

12



and
6 (@) = £

Furthermore, ¢© = O(1), ag = O( ) and w(0)73 =0(y7?) as v — 0.
(i) The eigenprojections 11O and TIO* for X =0 of Lo and L} are given by

My = <u7u(0)*>u(0) - <Q0u>u(0)

MO%y — (1, u®) O

for u = (gb w) respectively.
(iv) Let u® be written as u® = (0) + ug ) where

uf’ ="(6,0), u? ="(0,0).
Then
and
(u,u) = %(p) + (w®, w7 p,)

for u="1(¢,w) =1, w', w?).

We next establish the resolvent estimate for || < 1. To do so, let us consider
the resolvent problem for £ =0

=2

(A + Lo)u = f, (4.1)
where u = 7(¢,w) € D(Lg) and f =T(f°, g) € L*(D). Decomposing u in (4.1) as
U = (gb)u(o) + U

with
U = (I — H(O))u,

we obtain

A({(@)u + wy) + Lous = f.
Applying 1 and I — II® to this equation, we have

{ @) = (%), 42)

Auy + Louy = fi,
where f; = (I — 1)) f. We see from the first equation of (4.2) that if A # 0, then
(@) = x(f).
This implies that

(6)] < H1Fs. (4.3)
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On the other hand, the u;-part has the following properties. The second equation
of (4.2) is written as

Aoy + 2V - (pawh) = f7,

>\w/1 . pLsA/wll N p%vlv/ . wll + V,(%ﬁbl) = 937 (4.4)
Nt — £ AR + S N+l - Ve = g,

where Uy = T<¢17w1) = T(¢1a w/17w%) and fl - T(f?agl) = T(flovg/17gi)))'~
To state the estimates for the ui-part, we introduce a quantity Do[w;] defined
by B
Dolw] = [V'wn|3 + V" w3
for wy = T(w), w?).
Proposition 4.2. There ezist constantsgjo >0, 70 > 0 and wy > 0 and an energy
functional Eo[uq] such that if v > vy, #ﬁ > 2 and w < wy, then there holds the

estimate ~
(ReA) Eo[ua] + ¢(|¢1[5 + Dolwi]) < C|filafurlo,
where ¢ and C' are positive constants independent of uy and X\; and Egluq] is equiv-

alent to |uy 3.

Proposition 4.2 can be proved in a similar manner to the proof of [1, Proposition
4.7] by replacing £ with Re) and taking £ = 0 there.

The Poincaré inequality yields Dolwy] > Clw;|2 with a positive constant C.
Therefore, the resolvent estimates for — Ly now follow from (4.3) and Proposition 4.2.

Proposition 4.3. There exist constants vy > 0, 79 > 0 and wg > 0 such that if
2
v >, #; > 12 and w < wy, then there is a positive constant co > 0 such that

Yo={A#0: ReA > —c¢o} C p(—Ly).

Furthermore, the following estimates

1

_ 1
[(A+ Lo) ™ fl2 < C{W|f0|2 + mh‘ﬂz},
1 1
1Al (Re/\+co)1/2|f1|2}

hold uniformly for A € ¥Xy. The same assertions also hold for — L.

0400+ Lo) 1, < O S 17h +

Based on Proposition 4.3, we have the resolvent estimates for —L¢ with |£]| < 1.

T!leorem 4.4. There exist constants vy > 0, v9 > 0 and wg > 0 such that if v > vy,
#; > 2 and w < wy, then the following assertions hold. For any n satisfying
0 <n <2 there is a number ro = 1o(n) such that

Y1={A#0: Al >0, Red > =2} C p(—Lg)
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for [&| < ro. Furthermore, the following estimates
(A + Le) ™' fl2 < Cl 2,

0, {QN + L) £}, < CIfl:

hold uniformly for A € ¥y and £ with || < ro. The same assertions also hold for
—L:.
3

Proof. Let us decompose L¢ as

Le = Lo+ LW + 2L,

where
v 0 s 0 0 0
LW—;| 0 V3, —2V', L@ =0 zI, 0
i fo 0 o
For u = T(¢,w) € L*(D) x H}(D) we have
ILDuly < Clulexmr, |LPuly < Cluls. (4.5)

Therefore, we see from Proposition 4.3 that for any 0 < n < ¢ there exists rg > 0
such that if || < rg, then

(€LY + L) (A + Lo) ' f|, < 31l (4.6)
It then follows that
Y ={A: Al >n, Red > =9} C p(—Le),

and that, if A € ¥, then ()\ + Lg)_1 is given by the Neumann series expansion

(A Le) "=+ Lo) ™+ i: (DN (LM + LAY (A + L) ]

N=0

for [¢| < 1y, and it holds that

|(A+ Le) "' fl < C|fl2 (4.7)

for A € ¥; and |£] < ry. We thus obtain the desired estimates. This completes the
proof. Il

As for the spectrum of —L¢ near A = 0, we have the following result.
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Tgleorem 4.5. There exist positive constants vy, Yo, wo and ro such that if v > vy,
V’YTI; > 73 and w < wq, then it holds that

o(—=Le) N{A: [Al < 9} ={X()}
for & with €] < ro, where \o(§) is a simple eigenvalue of —L¢ that has the form
Xo(€) = —iroé — r1&2 + O(|¢]?)
as £ = 0. Here kg € R and k1 > 0 are the numbers given by

ko = <U§¢(O) + ’72psw(0)73> = O(l)v

{aol(=a)Hp,fy + O(%) + (% + &) x O(22) }.

Y

’Y2

14

K1 =

where —A denotes the Laplace operator on L*(D) under the zero Dirichlet boundary

condition with domain
D(-A") = H*(D) N Hy(D).

Proof. For u € L?*(D) x H}(D) we see from Theorem 4.4 and (4.5) that
|L(1)U|2 S C'(|L0u|2 + |U|2), |L(2)U|2 S C|U|2

Therefore, since 0 is a simple eigenvalue of — L, we see from the analytic perturba-
tion theory that there exists a positive constant ry such that

o(=Le) N{A: A< 9} = {Ao(§)}

for all £ with |£] < ro. Here A\o(€) is a simple eigenvalue of —L,. Furthermore, Ag(€)
and the eigenprojection II(§) for \g(§) are expanded as

Mo(€) = A+ A0 + €A 4 O(l¢f?),

1) = 9 + ¢ + O(¢ ) (4.8)
with
A0 =,
AL — _<L(1)u(0)7 u(O)*>7
A2 — —<L(2)u(0), u(O)*> + <L(1)SL(1)U(O), u(O)*>’
ny = 11O r,0g S’L(I)H(O),
where

~1
s ={(1 =) Lo(1 -1)} .
We first consider A(Y). Since

vio” + 42 psw @
FONCNPY A O

Qo + v?w(o)’B’
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we obtain

A = <L(1 ©) 4 > — _<Q0 > - —z’<v§¢(0) + ’Yst’w(O)’3> =10(1)
as y% — oo.
We next consider A®). Since QyL( =0, we have

(LOuO oy @) = (QL®@u®) = 0
It then follows that
2 — (LW SLOuO, 4O = (QuLVSLWu®).
We define u by
= SLWyO,
which satisfies
Lot = (I — TIOY LWy @ = [1,0) 1 A1)y
(¢) = 0.
Note that @ = 7(¢, @) € iR* and A1) € iR. We rewrite A\ as
2 = <Q0L(1)ﬂ> = <iv§$+ i’yzp8@3>,

where @ = 7(¢, @) = T(¢, @', @3). To show the strict negativity of A, we estimate
u. The problem (4.9) is wrltten as

(

V2V (pst') = &3¢0 4 in? pw(©3 + XV pl0),
—ENG - ZOV -+ V' (ZG) = 20,
Ps

—VA/ 3+VA2’[;¢_|_~/ V/UB_Z,Y(I))¢(O)+7;U§'LU +)\ ,w(O

w ‘BD 07

(@) =0,

\

ie.,u="¢ w) =" @, @) is a solution of

V' - = FO[@'/]7
—VAW + V') = G, W), (410)
ﬁ}i |8D: 07
(¢) =0
and ~
. 153 — (13 ~
w® |aD= 0,
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where FO[@'], G'[¢, @] and G3[¢, @] are defined as
Fola') = i{iv?’é(o) + w% w®? + ADgO Y — " (1= py)a),
[, @] = —ivV'w 0P + DV FO[@] + V' (1- ps)g)
+(V'ps)o + psV’{ (1 Eiee) ) }¢,
16, W) = po{ L6 4 iv] w(0)3 F A3 = p G i VIl
As for the problem (4.10), since AV = —i{v2¢© + 42p,w@3) it holds that
(FOlw']) = 0. Furthermore, we have
[FOL']ls < C{35 (IA]10@)2 + [0V ] + 72 [0 ®]5) + w|V'@']2 }
< CwlV'@' + O(55),
|G, @]+ < C{PIV'w O 1 + V|V'FO[ e+ V(1= p)9)] s
Vsl + [ou((1 = 522)9) 1)
< Cw{|gls + PIV'@|o} + O(%)

Since (¢,@0") € X = {(p.v') € LA(D) x HL(D) : (p) = 0} and it is a solution of
the Stokes system (4.10), we see from estimate for the Stokes system (see, e.g., [20])
that there holds the estimate

63 + V'3 < v {Cw?|T 3+ O(4) } + {Cw?(I63 + PV 3) + O(%)}
< G {|o + (v + DPVE R} + o).

. . 1 . v \2
Therefore, if w is so small that w? < Yo mm{l, (m) }, then

915 + vV 3 = O (2. (112)
As for the problem (4.11), since
G, @]s < C{AD [P + K60 + [w 2], + L[dls + |}
< O[3+ [} + O(2)
we have G3[¢, @] € L*(D). It then follows that
@ = (-A) G,
Since ¢(¥ = I;’,(ps) (see Lemma 4.1 (ii)), we find that
(pi®) = L{p, (") 'GP, @])
= (ps(=A) " (iaops))
+ l<ps(— A _1{ipsv§w(0)’3 + p AW @3 _ 1;%_’:925_ RTE V’v§}>
:i%u_A/) 2p5|2

i %<ps 1{@,0 030 @3 4 p AW (03 IIVAZ—:?(E_ psW' - V’U§}>.
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Furthermore, since & = (¢, @') € iR* and A € iR, we see from (4.12) that

(pu(=A)HipwPw @ 4 p DO — LG p i V)Y
=i0(35) +i(2 + 52) x O(4%).

1/2
It then follows that
(pui) = 12| (—A) Hpify +i2{O(H) + (% + %) x O(2F) }.

By (4.12) we also have

We conclude that

A® = (03¢ + ir?p, )
1

for sufficiently small = and ”*” We thus obtain the desired estimates. This com-

pletes the proof. O

We next establish some estimates related to H(£) in H*(D). We first consider
estimates for higher order derivatives of (/\ + LO) f

Proposition 4.6. For any f = 1(f° g) € H*(D) x H*"1(D). There exist positive
constants vy, Yo, wo and ¢ such that if v > 1y, #2; > w<wyand X € Xy = {\ #
0: [A <}, then (A+ Lo) ™' f € H¥(D) x (H*(D) N Hg(D)) fork=0,1,--- , ko.
Furthermore, the following estimate holds:

’()\ + L0>_1f|Hk><Hk+1 S C(]. + ‘_§\|)|f|Hk><Hk*17

where C' is a positive constant independent of X € ¥o. The same assertions also

hold for —L§.
Proof. For a given f =1(f° g) € H*¥(D) x H*"1(D), we consider the problem

W lop=0
for U = T(®,W). Here L, is differential operator given by
2v/ (pswl)
LoU = | —2AW = Z9V - W'+ V' (22 0)

—”AW3 S R AR v}
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for U = 7(®,W). To solve the problem (4.13), we decompose ® and f° as
=0+, fO=f+(f),
where 0 = (®), ®; = ® — o and f) = f° — (f°). Note that
(@) =0, (f)=0
Then (4.13) is equivalent to the problem
Ao = (f%),
ADy+ V" (p W) = f7,
AW — LAW' — 2V W +v’( (a+ ®,)) =g,
AP — LA 4+ 5% (6 4 @) — W’-v’v;j =g’
with W |gp= 0. If A # 0, then we ﬁnd from (4.14) that
= 3.
Substituting o = +(f°) into (4.16) and (4.17), we obtain

APy + V- (p W) = f7,
AW — AW — 2 W4 V' (2]
AWS — LW ”M O =WV

<I>) 9 - %fW’(P{(Z:)a

Y2ps

with W |gp= 0. Let us write the problem (4.19) as

VW' = FOlo, W' f7),
—vA'W' +V'® =GP, W' : 0,4,

W' lap=10
and
—I/A/WS — G3[(I)1’ WI, WS . fO’g?)]’
w3 lop=0.
Here

FO[®y, W' f7] = —5A®y + V'« (1= p)W') + 7,

=
e
S Ot

(4.18)

(4.19)

(4.20)

(4.21)

G101, W' f. g1 = =AW + DV FO[@, W2 f7]1 4+ V' ((1 = ps)®1) + V' ps®;

LT (B4) + 5.5 (1 - Z)01) +

¥2ps

Go @, W, WP 2 0, 6% = —Ap WP — S35 L(f0) — 550y — p W V'0F + pog®

72pE A

We now define a set X by
Xi = {(p,v") € HY(D) x (H*'(D)n Hy(D)) : {p) = 0}
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with norm
[(p, V)| 5, = Plar + V[0 |grs

For a given (2131, W’ ) € X}, we consider the problem

VW = FO[dy, W Y],

—VAW' + V'O = G0, W' : 0, 4], (4.22)

W' |ap= 0.
It holds that

(F[o,, W' : f2)) =0, F°[&,W': f] € H*(D),
G0, W' 0, ¢ € HY(D).

In fact, we see that

(FL80, W2 J1]) = =5M@1) + (V- (L= p)W')) + (D) =0,

[, T ]| < ORI ol + 51101}
and
‘G/[(AISDW/ : fovg/HHk—l
< C{W| s + PO @1, W )]+ 9] 1| e + 3 1O 419 v}
< CL(FIN + @)@ g+ v G+ Z) W | + (5 + )L e + 19l }

for a positive constant C' independent of A. From [20], we see that there is a unique
solution (®1, W’) € X, of (4.22) and there holds the estimate

|(I>|Hk +V|W,|Hk+1
< C{V|FO[(AI;1:WV/ : f{)HHk + }G/[Ef)l?fWVI : fo’g/Hkal}
< C{(ZZ A+ w) [@1] ;e + VEIN + Z2w) W]

(2 4 )L 419 e )

(4.23)

for a positive constant C' independent of A. Let us define a map I'y : Xj, — X}, such
that o
F1(<I>1,W’) = (&, W),

where (&, W') € X}, is a solution of (4.22). From (4.23), for (®41, Wl’), (D15, WQ’) €
X}, the estimate

lrl(&;l,la /W{) - Fl(&;l,% /V[72,) |Hk « Hk+1
< (57 + D) + (222 4 1)@y — oo T~ 7))

[
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holds for a positive constant Cy independent of A. If w and [A[ are so small that

w < TFIQ and |A| < 20 , then Ty : X, — X} is a contraction map. This implies

that there is a unique (®,, W’) € X, such that T'y (O, W) = (&1, W), i.e., there is a
unique solution (®;, W’) € Xj, of (4.20). Futhermore, from (4.23), (®,, W’) satisfies
the estimate

@1 e + (W s < C{(1+ ﬁ)|f0|Hk + 19 [} (4.24)

where C' is a positive constant independent of .
As for (4.21), for a given W3 € H*™(D) N H}(D), we consider the problem

. / 3: 3 /~3. 0 3
{ VAW = G, W, W3 0, g%, (4.25)

W? |ap= 0,
where (&1, W’) € X, is a solution of (4.20). It holds that
GO, W, W2 : f°,¢°] € H*(D).
In fact, we have
|G3[@1, W, W22 £, 6% s
< C{IMW] s + @1 | s + (W] s + 0% + 1O} (4.26)
< G s + (14 )1/ + lglimes)

for a positive constant Cy independent of A. If |A| is sufficiently small satisfying
Al < min{3{-, &}, then there is a unique solution W* € H**'(D) n H(D) of
(4.21). Furthermore, from (4.26), W3 satisfies the estimate

(W grer < CL(L+ ) [ + 19l } (4.27)
where C' is a positive constant independent of .
Now we set
So={A#0: | < min{ﬁ, C%}}
Since ¢ = o + &1, we see that if w < % e and A\ € Y, then there is a unique

solution (®,W) € H*(D) x (H*™(D) N H}(D)) of (4.13). Moreover, from (4.18),
(4.24) and (4.27), ® and W satisfies the estimate
(@l pr A+ [Wgrer < o] + 1@ | e + W |gres + WP e
< CL(L+ ) 1O Lar + gl }
for a positive constant C' independent of \ € ¥,.

Since D(Ly) D Hk(D) x (H**Y(D)NHg (D)), we can replace Ly with Lo; and we
find that if w < 52~ - and A € ¥y, then (A\+Lo) " f € H*(D)x (H*"'(D)NH{(D)).

20 1/+l/
Furthermore, (A + L)™' f satisfies the estimate

|(A + Lo)flf’HkakH < C{(l + ﬁ)|f0|Hk + ‘g‘Hk71}7
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where C' is a positive constant independent of A € ¥5. We thus obtain the desired
estimates. The assertions for L can be proved in a similar manner. This completes
the proof. O

We finally obtain the following estimates for the eigenfunctions ug and ug asso-

ciated with A\o(€) and (&), respectively, which yields the boundedness of II(¢) on
H*(D).

Theorem 4.7. There exist positive constants vy, Yo and wy such that if v > vy,
2
2= > 2 and w < wy, then there exists a positive constant ro such that for any £ € R

v+v

with [§] < 1o the following assertions hold. There exist ue and ug eigenfunctions
associated with \o(&) and Xo(€), respectively, that satisfy

<u€7u2> =1,
and the eigenprojection IL(E) for A\o(§) is given by
I(&)u = <u,uZ>u§.
Furthermore, ug and ug are written in the form
ug(z') = u (@) +iculV (@) + [¢Pu® (', €),
ug(a') = uO(a') + i€V (2') + |EPur® (', ),
and the following estimates hold
’u‘H’“” < Ckﬂ’o

for u € {ug, uf, u™ ™ u® WY and k = 0,1,---  ko: and a positive constant
Cr.ro depending on k and ry.

We can prove Theorem 4.7 by using Proposition 4.6, similarly to the proof of [9,
Lemma 4.3]. We thus omit the proof.

5 Spectral properties of e P,

In this section we give a a factorization of e7**' Py and prove Theorem 3.1 (i).

We denote the characteristic function of a set {£ € R : [£] < 7o} by 1gig<ro),
ie.,
17 |§| < To,

Lipi<ry (§) = { 0. I > o

We define the projection Fy by

Py = F  1g<r} 11(E) F.
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Py is a bounded projection on L?(2) satisfying
P()L C LP(), Poe_tL = G_tLP().

As in [2, 4], to investigate e ** P, we introduce operators related to ug and wuj.
We define the operators T : L*(R) — L*(Q), P : L*(Q) — L*(R) and A : L*(R) —
L*(R) by

To=F'[Teol,  Teo = L{jg<nouco;

Pu == .7:_1[73511], Pgu == l{mgm}(u, uE),
Ao = F 7 [Ljg<ropro(€)0]
for u € L*(Q) and ¢ € L*(R). It then follows that

Py=TP, e'tPy=Te"P.

We investigate boundedness properties of 7, P and e**.
As for T, we have the following

Proposition 5.1. The operator T has the following properties:
(i) OLT =T, forl=0,1,---.
(ii) [|0%0L, Tolla < Cllol|zmy for k=0,1,---ky, 1 =0,1,--- and 0 € L*(R).

(iii) T is decomposed as

T=T9+0, 7Y +02T7?.
Here TWo = FHTWo] (j =0,1,2) with

T = Lyg<ryou,

7’(1)0- = 1{|§|S7‘0}O-u(1)()7
T = ~1g<rou (- 9),

where u9) (j = 0,1,2) are the functions given in Theorem 4.7. The assertions (i)

and (i) hold with T replaced by TW (j = 0,1,2).

Proof. It is clear that (i) is true. As for (ii), we can prove the estimates by using
the properties of u¢ in Theorem 4.7 and the Sobolev inequality. From the expansion
of ug given in Theorem 4.7, we can expand 7T as in (iii). O

As for P, we have the following properties.

Proposition 5.2. The operator P has the following properties:

(i) oL, P =Po., forl=0,1,---.

(i) [|0L, Pullr2my < Cllulls for k=0,1,---ko, 1 =0,1,--- and u € L*().
Furthermore, ||Pul 2wy < Cllully for u e LY().

(iii) P is decomposed as

P =P +9,PY + 02 P2
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POu = Lgjg1<rop (u, 1™ ?) = 1yjei<r03 (Qour),

POu = 1¢<r0) (u, u*h),
POu = —1{g1<r0y (u, w@ (€)),

where u* (j = 0,1,2) are the functions given in Theorem 4.7. The assertions (i)
and (i) hold with P replaced by PY) (j =0,1,2).

Proof. It is clear that (i) holds true. As for (ii), we can prove the estimates by
using the properties of uf in Theorem 4.7 and the Sovolev inequality. From the
expansion of ug given in Theorem 4.7, we can expand P as in (iii). O

As for A, we have the following decay estimates for e’
Proposition 5.3. The operator e“\l satisfies the following decay estimates.
. 1
(i) 105,e"Pullzmy < O +1)7772 |[ul|,

l

(it) (|05, PYull 2wy < C(1 +t>‘%‘§||g||1l, j=0,1,2,
(i) 105, (T = TO)e Pully < C(L+ )75 ful|y,
forue LYQ) and 1 =0,1,2---.

Proof. Since \o(§) = —iro€ — k1&2 + O(|€[*), we see from Theorem 4.7 that
105, PVl 2wy < C/ Ljgi<rop €[ e 0RoS 18 (), ) PPdg
R

—t(iki K1€2
: C/Rlﬂagmna”e et u(€)[rdg (5.1)

2
<ol
72 .

This implies (i) and (ii). As for (iii), since 7 — T = 9,, 7® 4 92, T, we obtain
the desired estimate from (i) and Proposition 5.1. O

The estimate (3.4) in Theorem 3.1 follows from Propositions 5.1 and 5.3.

We next investigate the asymptotic behavior of e7*£. Recall that H(t) is defined
by

H(t)o‘ — fﬁl[ef(inog‘i’”lég)to-]

for o € L*(R), where ko € R and k; > 0 are given in Theorem 4.5. We first
introduce the well-known decay estimate for H(t).

Proposition 5.4. There holds the estimate
11
10, (H(t)o) 2y < CE T2 lollpw)  (1=0,1,--)
for o € L'(R).

We next consider the asymptotic behavior of e**. The asymptotic leading part
of e"P is given by H(t). In fact, we have the following
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Proposition 5.5. Foru € L*(2), we set 0 = (Qou). Ifu € LY(2), then there holds
the estimate

0%, (¢ Pu —~ H(B)0) |2y < CEH 2 ully (1 =0,1,--).
Proof. By Proposition 5.2 we have
P = PO 4 9,,eMPW 4 32 PR
Set o = (Qou). Since e POy = F 11y <pyeM 0], we see that
Fle*POu—H(t)o] = (Lezrey — Ve g 4 g0y (2O — e (sl g,

By using the relation
Xo(€) + (iko€ + r1€%) = O(I€]%)
we obtain
M © o= (iros+r€)t _ —(iro&+r1€)t (€(A0(5)+if<0€+5152)t _ 1)

= e s gz,

It then follows that

—(iK K1£2 2 —2k1£2
/l |€’2l|<6>\0(5)t —e (iko€+r1€ )t)0| df < C/ |€|2(l+3)t26 2k1& tdSHJH%l(R)
1€1<ro

1€1<r0

<c / (€[22 2HD emEe o2, g
€| <ro
—K 2
<C |7 DemmE e o]|71 Ry
[€]<ro

<t ol m)-

On the other hand, we also have

[ (0 e < o
We thus obtain
/|| |£‘2l‘(€)\0(§)t _ e*(mo&mé?)t)g‘?dg <c( "‘t)i%ilHUH%l(R)'
€l<ro
Similarly, we have
1(Lgrey — D)e~R0EEN 5|12 < Cpale™ bt g2, 5.
We thus see that
1A POu — H(t)o || 2y < CE T2 |ug||1.
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This estimate and Proposition 5.3 (i) give the desired estimate. This completes the
proof. O

We are now in a position to prove estimate (3.5) in Theorem 3.1 (i). In fact, we
have

e Pyu — [H(t)olu® = (T — TO)et APy + (e Pu — /H(t)a}u(o).

This, together with Proposition 5.3 (iii) and Proposition 5.5, yields the desired
estimate (3.5).
We finally state the estimates for the projection F .

Theorem 5.6. The projection Py has the following properties:
(1) (%SPO:PO(%g fO?”l:O,L"'.
(i) ||0%0L Poulls < Cillully for k=0,1,---ko, I =0,1,--- and u € L*(Q).

z' Y3
(ii) Py is decomposed as

0 1 2
Py= P +0,,P" + &2 P,
where PPy = F1 PP (5= 0,1,2) with

PO =TOPO - 1(e1<roy 1T, (5.2)
By = TOP 4 TO{PY 40, PO} + TO{PO 10, PV + 02 PP} (5.4)

Furthermore, Po(j) (7 = 0,1,2) satisfy assertions (i) and (i) by replacing Py with
By,

Proof. It is clear that (i) is true. Estimates in (ii) are given by Propositions 5.1,
5.2. As for (iii), it is easy to see that alx3P()(j ) = py )8563. The estimates

1858, P ully < Clullr

can also be obtained by Propositions 5.1, 5.2. The relations (5.3) and (5.4) can be
verified by equating the coefficients of each power of £ in the expansions of II(£) in
(4.8) and (u, uf)ue. This completes the proof. O

6 Decay estimate for e '*(I — )
In this section we prove Theorem 3.1 (ii). We set
P =1-PF.

To prove Theorem 3.1 (ii), we first introduce the decay estimate of e=** P, uy for

up € HY(Q) x HY(Q).
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Proposition 6.1. There exist constants vy, Yo and wy such that if v > vy, % > 2
and w < wy, then e L' Pyug have the following properties. If ug € HY(Q) x H (),
then there exists a constant d > 0 such that e~** Pyoug satisfies

le™™ Poto]| g1 < Ce™||ugl| (6.1)
fort > 0.
Proof. P, is written as B
Poo = 1'0,0 + Pom

where
Poo,ou = Fﬁl[Poo,()U], Pooyou = 1{|§|STO}<[ — Po)u,

Pt = F Y Put], Patt = (1 — Lijgj<p) ).

The estimate ||e~"* Pooug|| g1 < Ce%|uo|| sz was proved in [1, Theorem 3.3]. As for
Py part, since p(—L¢ |(1-mye)yr2) C {A € C: Red > —2} by Theorem 4.4, we
have

e P gigla < Ce™ 7 ug) . (6.2)
We now apply the argument of the proof of [1, Proposition 4.20] to u(t) = e~ P, guy.
Due to (6.2), one can replace e‘d%‘5|2t|u0|§ in the inequality (4.72) of [1] by e~ %" |u|2

to obtain Eﬁ) [u](t) < Ce™2Mt|yq|%, for a positive constant d;. Integrating this over
|€] < 7o and using the Plancherel Theorem, we have

||€_tLP0070u0||H1 S C’e_dt||u0||H1

for a positive constant d. Combining the estimates for et~ P ug and e~ Py oug we
obtain the desired estimate. This completes the proof. U
We next consider the estimate for e *2u for 0 < ¢t < 1.

Proposition 6.2. Let T > 0. Ifuy € H(Q)x HY(Q), then e~"uq satisfies e Fug €
HY(Q) x H}(Q) fort >0 and

_ _1
le™Fuollm < Cr{lluoll iz + 2 lwoll2 } (6.3)

forO <t <T.

Let ug € HY(Q) x H'(Q). Applying Proposition 6.2 with ¢ = 1, we have u; =
e gl € HY(Q) x HF () and

lug || < C”UOHHlxﬁll‘

This, together with Proposition 6.1 and Proposition 6.2, implies Theorem 3.1 (ii).
It remains to prove Proposition 6.2.
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Lemma 6.3. Let T' > 0. There hold the following estimates for 0 <t <T':
(i) for ¢ =0,1,

t
105, u(®)]13 +C/ IV Oy, w3 + [ldiv &g wl3dr < Crl|0g,uoll3,
0

t
IxoBuru(®)[2 + ¢ / 10V w(r) 2 + |xodiv Ay 2dr
0

t
< Cr{lunll + 100l + Ixodirwall + [ 007 e}

(iii) for1 <m < N,
t
: 2
| XmOu(t) |5 + c/ Xm VOw||3 + || xmdiv 8wH2dT
0

t
< Cr{ uollg + 10y o l13 + I xmu13 + / |0.6l3dr }.

Lemma 6.3 can be proved by the energy method as those in the proof of [1,
Propositions 4.7, 4.15, 4.17]. Note that here are no restrictions on v, v and 7 but
Cr depends on T

We next consider the L? estimate of the normal derivative for ¢.

Lemma 6.4. Let T' > 0. For 1 <m < N, there holds the estimate for 0 <t <T:
Xm0 (t)113
t
< Cr{lual} + 10us 00l + [l + [xnutnll + | 0wl .
Proof. Let us transform a scalar field p(z’) on DN O,, as
p) =) (y =¥"(), 2’ € DNOy),

where U™ (2') is a function given in Section 2. Similarly we transform a vector field
h(z') =T(h!(a"), B ('), h*(2')) into h(y') =T (h'(y), R*(y'), (/) as

h(z') = E(y)h(y)

where E(y') = (e1(y), e2(y'), e3) with e1(y’), e2(y/) and e3 given in Section 2. From
the proof of [1, Proposition 4.16], we have

- - 22
0:0,,0 + (a + b0y, ) 0,0 = pul — 3 f;a@l, (6.4)
where .
aty) = ZEP) iy i),

v+v
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I=— ;% y(rotyrotyw) —l—psayl(~ )(b—l— st( /vs) qﬁ—i—psvsga w }
- {ﬁ%aylﬁégaysg"‘ 725%%1 (divy (Ps@)) — 7*0y, div,@ }.

Here (roty&?)l denotes the e;(y’) component of rot,w, and so on. We note that

(rotylrotyzﬁ)1 does not contain ;. See the proof of [1, Proposition 4.16]. We also
note that there is a positive constant ay such that

a(y’) > ag >0

for any y' € V(D).
We denote by e~#@*%s) the semigroup generated by —(a + bd,,), i.e,

G_t(a+b6y3)$0 — F—l[e—(a( )+i€b(y )t¢0]

Then it is easy to see that

| Xme™ Hatbdy;) ¢0||2 <e a°t||Xm¢0||2

Dys)

In terms of e~*@+%us) 9, ¢ is written as

t
ay1¢(t) _ et(a+b3y3)ayl¢0+/ ef(tf-r)(a+b8y3)ﬁs](7_)d7_
0

2°2 t

_Ps / (=) @+b0,) 5 g
v+

= J1 + JQ + Jg.

As for J; and J5, we have
IXmJ1ll2 < €[ XimOy, doll2,

t
H%mjﬂbfsC{/‘aotfuxm (7) |adr.
0

As for J3, integrating by parts, we have

7252 t
Jy = —= [e*“a*bays)wg — @' (t) + (a + bdy,) / Ut On) gl (7 )dT]
vV+v 0

We thus obtain
t
[Tl < C{e IRl + T ()] + | €700 () adr .
0

Furthermore, we have

IXm I (7)ll2 < CIIRm& ()2 + 1K)l + X @)l
F X Vg0 (7)o + X Vy Oy, @(7) |2 + [1Xim ¥y Oy 0(7

)2}
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It then follows that
1%n 0y 6@l < C e ([TndysGollo + K@i l2) + K@ ()]
</ DBl + [Rndipd) e + [T
IR V@Ol + 1K V() + Ko Vo Dy (7 2 7]

Inverting to the original coordinates 2’ and noting that d,, = 0,, 9,, = 0, we see
that

[XmOnd(E)]2 < C{G_GOt(lemancbollg + xmwoll2) + [omw" ()12

t
+ [ IOl + Iondes (o) + o)
+ I Veo(r) 2 + Ixm VOW) 2 + 1| Vg 0(7) o }.

This, together with Lemma 6.3, yields the desired estimate. This completes the
proof. O

By Lemma 6.3 and Lemma 6.4, we have the following estimate.

Lemma 6.5. Let T' > 0. There exists a positive constant ¢ such that the estimate
t
[1C] s +0/ IVw ()l + [[divi(r) |3 + | VOuw(T)[I5 + [[divos,w(r)|3
0

+ V) + xodivdhu (DI + 3 {1 Vou(r) [ + xndivou ()] har
< Orlluoll3: .
holds for 0 <t <T.
We finally consider the L? estimate for d,.w.
Lemma 6.6. Let T' > 0. There holds the estimate
02w (®ll2 < Collluollnn +t 2 woll2}
forO<t<T.

Proof. We see that w satisfies the equation
Oyw + Aw + Bu =0,
where A is the 3 x 3 operator defined by

A =LA - Vv,
Ps Ps
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B is the 3 x 4 operator defined by

. V/( 72 p ) Ugaxglg 0
B = / 1,,3
Ony (ZH22) + 5% T(V'03) 130,

We write w(t) as

w(t) = e Mwy + /t e~ ABu(T)dr.
0
Then
Vw(t) = V'e_tAwo—k/ V'e 4 Bu(7)dr. (6.5)
0
Since A is strongly elliptic, we have
||V’e_tzw0H2 < C’t_%||w0||2

for 0 <t <T. Furthermore, we see from Lemma 6.3 and Lemma 6.5 that

t —
H/ V'e DABu(r)dr
0

t
< c/ (t = 7)1 Bu()|odr
2 0

t
<c / (t = 1) Hu(r) |

(6.6)
t
_1
< Clluolege | (¢ =) Har
0
< OT2luoll g1 g
for 0 <t < T. It then follows from (6.5) and (6.6) that
1
00w (t) 2 < Cr{lluoll g + 2 ol } (6.7)
for 0 <t < T. This completes the proof. 0

Proof of Proposition 6.2. Let u(t) = e 'fuy. It is not difficult to see that if
up € HY(Q) x H}(Q), then u(t) satisfies

we C([0,T]; HY(Q) x H (), Que L*(0,T; HX()). (6.8)

Using Lemma 6.5 and Lemma 6.6, we obtain the estimate
o)+ [ Dutul(ar < Collunliy, g + ¢l
for 0 < ¢t <T. Here
D [w] =(|Vwl)3 + divw|)3) + (IVOswl3 + [[divos,w(3)

N
+ (IxoVowwl3 + [ xodivowwl|3) + > (Ixm VOw|3 + [ xmdivow]3).

m=1
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We thus obtain estimate (6.3) if ug € H'(Q) x Hy(2). Since Hy(?) is dense in
H'(€2), one can see from Lemma 6.5, (6.3) and (6.8) that if ug € H'(Q2) x H*(Q),
then wu(t) satisfies

we O([0,T); HH(Q) x H(Q)) N C((0,T); HY(Q) x HE ()
and estimate (6.3). This completes the proof. O
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