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Abstract

This paper studies basic properties of probabilistic multirelations which are
generalized the semantic domain of probabilistic systems and then provides two
probabilistic models of complete IL-semirings using probabilistic multirelations.
Also it is shown that these models need not be models of complete idempotent
semirings.
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1. Introduction

In this paper we generalize semantic domain of probabilistic distributed systems.
McIver and Weber (2005) introduced a notion of probabilistic programs in the form of
subsets of (A ∪ {⊤}) × D1(A ∪ {⊤}) where ⊤ is a special state assumed to be not
in A and D1(A) is the set of all probabilistic distributions over a set A. And they
proved that the set of all probabilistic programs forms a probabilistic Kleene algebra,
with three restrictions called up-closed, convex and Cauchy-closed. Using probabilistic
Kleene algebras, Cohen’s separation theorems (cf. Cohen (2000)) are generalised for
probabilistic distributed systems and the general separation results are applied to Ra-
bin’s solution (cf. Rabin (1982)) to distributed mutual exclusion with bounded waiting
(cf. McIver, Cohen, and Morgan (2006)). This result shows that probabilistic Kleene
algebras are useful to simplify a model of probabilistic distributed system without nu-
merical calculations which are usually required and makes difficult to analyze systems
while we consider probabilistic behaviors. However a model of probabilistic systems
used in these results is too complicated because it includes probabilistic calculus. So it
is difficult to put their verification method using probabilistic Kleene algebra in practi-
cal use. Then we have to find more abstract semantic domain for probabilistic systems,
before their verification method can be put into practical use. For that purpose, it is
necessary to clarify the algebraic properties of semantic domain of probabilistic systems.

Complete idempotent left semiring (IL-semiring) is introduced by Möller (2004)
as a relaxation of complete idempotent semiring (or quantale) related Kleene algebra
deeply. In fact, it has already known that every complete idempotent semiring forms a
Kleene algebra. Though the relational models of complete IL-semirings are studied by
Nishizawa, Tsumagari and Furusawa (2009) using up-closed multirelation which is an
extention of binary relations, the probabilistic models of this algebraic structure have
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never been discussed. This paper would be the first one to introduce probabilistic models
of complete IL-semirings.

By the way, probabilistic programs introduced by McIver et al — in the form of
subsets of (A∪{⊤})×D1(A∪{⊤}) — could be translated to subsets of A×D(A) where
D(A) is the set of all probabilistic sub-distributions. Using this simple form, we introduce
a notion of probabilistic multirelations and study basic properties of them. And then
we show that the set of all finitary 0-included down-closed and convex probabilistic
multirelations forms a complete IL-semiring preserving all right directed join and the
right 0. Additionally we also show that the set of all total D1-convex probabilistic
multirelations forms a complete IL-semiring preserving the right 0.

This paper is organized as follows. Section 2. reminds us the definition of com-
plete idempotent left semiring and shows well-known relational models of it. Section
3. provides basic notions for probabilistic distributions which will appear in this paper.
In section 4. we introduce the definition and basic properties of probabilistic multirela-
tion. Section 5. provides a probabilistic model of complete IL-semirings, using finitary
0-included down-closed and convex probabilistic multirelations. Finally we introduce
another notion of probabilstic multirelations with the different restrictions and provide
another probabilistic model of complete IL-semirings, using total D1-convex probabilistic
multirelations in section 6. and 7..

2. Complete Idempotent Left Semiring

We recall the definition of idempotent left semirings introduced by Möller (2004).

Definition 2.1. Let (K, 0, 1,+, ·) be a tuple of a set K, two elements 0 and 1 of
K, and two binary operations + and · on K. An idempotent left semiring (IL-semiring)
is a tuple (K, 0, 1,+, ·), satisfying the following properties:

1. (K,+, 0) is an idempotent commutative monoid, that is

0 + a = a (1)

a+ b = b+ a (2)

a+ a = a (3)

a+ (b+ c) = (a+ b) + c (4)

2. (K, ·, 1) is a monoid, that is

a(bc) = (ab)c (5)

1a = a (6)

a1 = a (7)

3. The left semi-distributive laws:

ab+ ac ≤ a(b+ c) (8)

ac+ bc = (a+ b)c (9)

0a = 0 (10)

for all a, b, c ∈ K, where · is omitted and the order ≤ is defined by a ≤ b iff a+ b = b.
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An IL-semiring (K, 0, 1,+, ·) is called complete if it has joins (the least upper
bounds).

Definition 2.2. A complete IL-semiring is a tuple (K, 0, 1,+, ·,
∨
) with the fol-

lowing properties:

1. (K, 0, 1,+, ·) is an IL-semiring.

2. (K,≤) has the join
∨
S for each subset S of K.

3. (
∨

S) · a =
∨
{x · a|x ∈ S}.

A complete IL-semiring also has the meet (greatest lower bound) for each subset.
A typical example of complete IL-semirings is given by multirelations. A multirelation
over a set A is a subset of A × ℘(A) where ℘(A) is the powerset of A. A multirelation
R is called up-closed if (a,X) ∈ R ∧X ⊆ Y =⇒ (a, Y ) ∈ R.

Example 2.3. For a set A the set K of all up-closed multirelations over A forms a
complete IL-semiring (K, 0, 1,+, ·,

∨
) where

• R+Q is the binary union of R and Q,

• 0 is the empty set,

• (a,X) ∈ R ·Q ⇐⇒ ∃Y.(a, Y ) ∈ R and ∀y ∈ Y.(y,X) ∈ Q,

• 1 = {(a,X) | a ∈ X,X ⊆ A}, and

•
∨

is the union operator.

This example is given by Nishizawa, Tsumagari and Furusawa (2009).

Complete IL-semirings are relaxations of complete I-semirings (or quantales). In
fact, a complete IL-semiring could be called a complete I-semiring, satisfying some ad-
ditional restrictions.

Definition 2.4. A subset S of a lattice is called directed if each finite subset of S
has an upper bound in S.

A directed set always has an element, since a directed set must have an upper bound of
the empty subset.

Definition 2.5. A complete IL-semiring (K, 0, 1,+, ·,
∨
) preserves

• the right 0 if a · 0 = 0 for each a ∈ K,

• the right + if a · (b+ c) = a · b+ a · c for each a, b, c ∈ K, and

• all right directed joins if a ·
∨
S =

∨
{a ·x | x ∈ S} for each a ∈ K and each directed

S ⊆ K,

respectively.
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A tuple (K, 0, 1,+, ·,
∨
) is a complete I-semiring (or a quantale) if and only if it is

a complete IL-semiring preserving the right 0, the right +, and all right directed joins.
This fact has shown by Nishizawa, Tsumagari and Furusawa (2009).

Example 2.6. For a set A the set K of all binary relations over A forms a complete
IL-semiring (K, 0, 1,+, ·,

∨
) where

• R+Q is the binary union of R and Q,

• 0 is the empty relation,

• R ·Q is the composition of R and Q,

• 1 is the identity (diagonal) relation on A, and

•
∨

is the union operator.

Actually this tuple is a complete I-semiring.

3. Probabilistic Distribution

For a set A we denote ℘f (A) for the set of all finite subsets of A. A probabilistic
sub-distribution over a set A is a mapping d from a set A to the interval [0, 1] such that∑

a∈Ad(a) ≤ 1 where
∑

a∈Ad(a) := sup{
∑

a∈Sd(a) | S ∈ ℘f (A)}. We denote D(A) for
the set of all probabilistic sub-distributions over A. Also a probabilistic sub-distribution
d over a set A is simply called probabilistic distribution if d satisfies

∑
a∈Ad(a) = 1. We

denote D1(A) for the set of all probabilistic distributions over A. For convenience, we
often call a sub-distribution simply a distribution.

Also we denote spt(d) for the support of d ∈ D(A) defined by

spt(d) := {a ∈ A | d(a) > 0}

If spt(d) is finite, d is called finitary. And Df (A) denotes the set of all finitary proba-
bilistic distributions over A.

The order ⊑D on D(A) is defined by d ⊑D d′ ⇐⇒ ∀a ∈ A. d(a) ≤ d′(a) for each
d, d′ ∈ D(A).

We write δx and 0 for the point distribution at x ∈ A and the zero distribution
respectively, defined by

δx(a) :=

{
1 (a = x)
0 (a ̸= x)

, 0(a) := 0, for each a ∈ A .

Let p be a real number in [0, 1], and d a distribution. Then we write p · d for the
p-weighted distribution of d, defined by (p · d)(a) = p · d(a). Also for p ∈ [0, 1] and
distributions d, d′ ∈ D(A), we write d p⊕ d′ for the p-weighted sum of d and d′, defined
by

(d p⊕ d′)(a) = p · d(a) + (1− p) · d′(a) .
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4. Probabilistic Multirelation

The binary multirelations are studied by Rewitzky (2003) and Brink (2006) as a
semantic domain of programs. An multirelation over a set A is defined as a subset of
A× ℘(A) but now we define the probabilistic multirelation using D instead of ℘.

Definition 4.1. A probabilistic multirelation over a set A is a subset of A×D(A).

For a probabilistic multirelation R over A and a ∈ A, we denote R[a] for the set {d ∈
D(A) | (a, d) ∈ R}.

Next we introduce a fundamental restriction for probabilistic multirelations.

Definition 4.2. A probabilistic multirelation R over a set A is convex if

(a, d), (a, d′) ∈ R =⇒ (a, d p⊕ d′) ∈ R

for each a ∈ A, d, d′ ∈ D(A) and p ∈ [0, 1].

pMR(A) denotes a set of all convex probabilistic multirelations. The partial order
on pMR(A) is the inclusion ⊆ on sets.

Next, we introduce three restrictions — finitary, 0-included and down-closed —
for probabilistic multirelations, and then we provide a probabilistic model of complete
IL-semirings. This model is laxer than the model for probabilistic systems given by
McIver and Weber (2005), without Cauchy-closed.

Definition 4.3. A probabilistic multirelation R ∈ pMR(A) is called

- finitary if R[a] ⊆ Df (A) for each a ∈ A,

- 0-included if (a, 0) ∈ R for each a ∈ A, and

- down-closed if (a, d) ∈ R∧d′ ⊑D d implies (a, d′) ∈ R for each a ∈ A, d, d′ ∈ D(A).

We denote pMR0,d,f (A) for the set of all finitary 0-included down-closed and convex
probabilistic multirelations over a set A.

We prove that pMR0,d,f (A) forms a complete IL-semiring preserving the right 0
and all right directed join. First, we consider the arbitrary join and the least element
on pMR0,d,f (A). We have the following lemma.

Lemma 4.4. For each subset χ of pMR0,d,f (A), the union
∪
χ is finitary, 0-included

and down-closed.

Proof. Let χ be a subset of pMR0,d,f (A). Obviously
∪
χ is finitary and 0-

included. If (a, d) ∈
∪

χ and d′ ⊑D d, then there exists Q ∈ χ such that (a, d) ∈ Q. We
have (a, d′) ∈ Q since Q is down-closed. Therefore (a, d′) ∈ Q ⊆

∪
χ. ⊓⊔

However, P ∪Q need not be convex for each P,Q ∈ pMR0,d,f (A).
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Example 4.5. Let A be a set {x, y} and P,Q ⊆ A×D(A) as follows:

P = {(a, d) | a ∈ A, d ⊑D δx} ,

Q = {(a, d) | a ∈ A, d ⊑D δy} .

P and Q are finitary, 0-included, down-closed and convex, that is P,Q ∈ pMR0,d,f (A).
Then (x, δx 1

2
⊕ δy) ̸∈ P ∪Q though (x, δx), (x, δy) ∈ P ∪ Q. Therefore P ∪ Q is not

convex.

We introduce the convex hull to construct the binary join on pMR0,d,f (A).

Definition 4.6. For a probabilistic multirelation R ∈ pMR(A), the convex hull
Hc(R) of R is defined by{

(a,
∑
i∈I

d(i) · F (i)) ∈ A×D(A) | I : finite set, d ∈ D1(I), F : I → R[a]

}
.

Hc(R) is the smallest convex set containing R ∈ pMR(A).

Remark. Hc is a closure operator on pMR(A).

We obtain the followings immediately.

Lemma 4.7. If R ∈ pMR(A) is finitary (resp. 0-included), then Hc(R) is finitary
(resp. 0-included).

Lemma 4.8. If R ∈ pMR(A) is down-closed, then Hc(R) is down-closed.

Proof. Let R ∈ pMR(A) be down-closed. And assume that (a, h) ∈ Hc(R) and
h′ ⊑D h. Then there exists a finite set I, d ∈ D1(I), and F : I → R[a] satisfying
h =

∑
i∈I

d(i) · F (i).

We take F ′ : I → R[a] as follows

F (i)(a) =


d′(a)

d(a)
F (i)(a) (d(a) > 0)

0 (d(a) = 0)

Therefore h′ =
∑

i∈Id(i) · F ′(i) ∈ Hc(R). ⊓⊔

For each subset χ of pMR0,d,f (A), the join
∨
χ of χ is given by as follows.∨

χ := Hc

(∪
χ
)

Especially, we denotes P + Q for the binary join of P,Q ∈ pMR0,d,f (A). The operator
+ is monotone, i.e.

P ⊆ P ′ ∧ Q ⊆ Q′ =⇒ P +Q ⊆ P ′ +Q′

for P, P ′, Q,Q′ ∈ pMR0,d,f (A).
The least element 0 on pMR0,d,f (A) is given by

0 := {(a, 0) | a ∈ A} .

We immediately obtain that 0 ⊆ P , P = 0 + P , P + Q = Q + P , and P + P = P for
each P,Q ∈ pMR0,d,f (A).
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Lemma 4.9. The operator + is associative, that is

(P +Q) +R = P + (Q+R)

for P,Q,R ∈ pMR0,d,f (A).

Proof. It is sufficient to show that (P + Q) + R ⊆ P + (Q + R) since + is
commutative. P + Q ⊆ P + (Q + R) and R ⊆ Q + R ⊆ P + (Q + R) hold since + is
monotone. Therefore P + (Q + R) is a convex set containing P + Q and R. We have
(P +Q) +R = Hc((P +Q) ∪R) ⊆ P + (Q+R) by the definition of Hc. ⊓⊔

Therefore the following property holds.

Proposition 4.10. (pMR0,d,f (A),+, 0 ) is an idempotent commutative monoid.

For X ∈ ℘(A), a mapping F : X → D(A) and Q ∈ pMR(A), F ⊑ Q denotes that
(u, F (u)) ∈ Q for each u ∈ X.

For P,Q ∈ pMR0,d,f (A), the composition P ·Q of P and Q is defined by{
(a,

∑
u∈A

d(u) · F (u)) | d ∈ P [a], F : A → D(A) s.t. F ⊑ Q

}
.

Lemma 4.11. pMR0,d,f (A) is closed under the composition ·.

Proof. Suppose P,Q ∈ pMR0,d,f (A). We show that P ·Q ∈ pMR0,d,f (A).
First we prove that P · Q is 0-included. We have (a, 0) ∈ P for each a ∈ A. Let

F : A → D(A) be a mapping such that F (u) = 0 for each u ∈ A. Then F ⊑ Q holds.
Therefore

(a, 0) = (a,
∑
u∈A

0(u) · F (u)) ∈ P ·Q .

We prove that P · Q is finitary. If (a, h) ∈ P · Q then there exists d ∈ P [a] and
F : spt(d) → D(A) satisfying F ⊑Q and h =

∑
u∈Ad(u) · F (u). Then

spt(h) =
∪

u∈spt(d)

spt(F (u)) .

Since spt(d) and spt(F (u)) are finites sets, then spt(h) is finite.
Next, we prove that P ·Q is down-closed. Suppose (a, h) ∈ P ·Q and h′ ⊑D h then

there exists d ∈ P [a] and F : A → D(A) satisfying (u, F (u)) ∈ Q for each u ∈ A and
h =

∑
u∈Ad(u) · F (u). We take F ′ : A → D(A) as follows

F ′(u)(a) =


d′(a)

d(a)
· F (u)(a) (a ∈ spt(d))

0 (a ̸∈ spt(d))

Since d′ ⊑D d, F ′(u) ⊑D F (u) holds for each u ∈ A. So we obtain that F ′ ⊑Q by the
fact that Q is down-closed. Therefore

(a, d′) = (a,
∑
u∈A

d′′(u) · F ′(u)) ∈ P ·Q .
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P ·Q is down-closed.

Finally, we prove that P ·Q is convex. Suppose that h, h′ ∈ (P ;Q)[a]. Then there
exists d, d′ ∈ P [a], F : A → D(A), and F ′ : A → D(A) such that h =

∑
u∈Ad(u) · F (u)

and h′ =
∑

u∈Ad
′(u) · F ′(u). Then for each s ∈ A and p ∈ [0, 1], we obtain that

(h p⊕ h′)(s) = p ·
∑
u∈A

d(u) · F (u)(s) + (1− p) ·
∑
u∈A

d′(u) · F ′(u)(s)

=
∑
u∈A

(p · d(u) · F (u)(s) + (1− p) · d′(u) · F ′(u)(s)) .

For u ∈ A, let F ′′ be a mapping from A to D(A) such that

F ′′(u) := F (u) q(u)⊕ F ′(u)

where q(u) =
p · d(u)

p · d(u) + (1− p) · d′(u)
. We have F ′′ ⊑ Q since Q is convex. Then

(h p⊕ h′)(s) =
∑
u∈A

(d p⊕ d′)(u) · F ′′(u)(s)

holds. And we have d p⊕ d′ ∈ P [a] since P is convex. Therefore P ·Q is convex. ⊓⊔

The composition operator is monotone, i.e.,

P ⊆ P ′ ∧ Q ⊆ Q′ =⇒ P ·Q ⊆ P ′ ·Q′

for P, P ′, Q, Q′ ∈ pMR0,d,f (A).

Lemma 4.12. The composition operator · is associative, that is

(P ·Q) ·R = P · (Q ·R)

for P,Q,R ∈ pMR0,d,f (A).

Proof. For (P ·Q) ·R = P · (Q ·R) it is sufficient to prove ((P ·Q) ·R)[a] = (P ·
(Q·R))[a] for each a ∈ A. First, we show that the inclusion ((P ·Q)·R)[a] ⊆ (P ·(Q·R))[a]
holds. Let h ∈ ((P · Q) · R)[a]. Then there exists d ∈ (P · Q)[a] and F : A → D(A)
satisfying ∀u ∈ A. (u, F (u)) ∈ R and

h =
∑
u∈A

d(u) · F (u)

holds. Also there exists d′ ∈ P [a] and F ′ : A → D(A) such that F ′ ⊑Q and

d =
∑
t∈A

d′(t) · F ′(t)
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holds. Then we have

h =
∑
u∈A

d(u) · F (u)

=
∑
u∈A

(∑
t∈A

d′(t) · F ′(t)(u)

)
· F (u)

=
∑
u∈A

∑
t∈A

(d′(t) · F ′(t)(u) · F (u))

=
∑
t∈A

∑
u∈A

(d′(t) · F ′(t)(u) · F (u))

=
∑
t∈A

d′(t) ·
( ∑

u∈A

F ′(t)(u) · F (u)

)
=

∑
t∈A

d′(t) ·
( ∑

u∈A

F ′(t)(u) · F (u)

)
=

∑
t∈A

d′(t) · F ′′(t)

where F ′′ : A → D(A) is defined by

F ′′(t) =
∑
u∈A

F ′(t)(u) · F (u) .

Since F ′′ ⊑Q ·R, we have h ∈ (P · (Q ·R))[a].

Conversely, if h ∈ (P · (Q · R))[a], then there exists d ∈ P [a] and F : A → D(A)
satisfying F ⊑Q ·R and

h =
∑
u∈A

d(u) · F (u) .

In addition, for each u ∈ A, there exists eu ∈ Q[u] and Gu : A → D(A) satisfying
Gu ⊑R and

F (u) =
∑
t∈A

eu(t) ·Gu(t) .

Since R is 0-included, 0 ∈ R[t] for each t ∈ A. For u ∈ A let G′
u : A → D(A) be as

follows:

G′
u(t) :=

{
Gu(t) (t ∈ spt(eu))
0 (t ̸∈ spt(eu)) .



96 N. Tsumagari

Obviously G′
u ⊑R. We have

h =
∑
u∈A

d(u) · F (u)

=
∑
u∈A

d(u) ·
(∑

t∈A

eu(t) ·Gu(t)

)
=

∑
u∈A

d(u) ·
(∑

t∈A

eu(t) ·G′
u(t)

)
=

∑
u∈A

∑
t∈A

(d(u) · eu(t) ·G′
u(t))

=
∑
t∈A

∑
u∈A

(d(u) · eu(t) ·G′
u(t))

=
∑
t∈A

(∑
u∈A

d(u) eu(t)

)
·
∑
u∈A

 d(u) · eu(t)∑
u∈A

d(u) · eu(t)
·G′

u(t)



=
∑
t∈A

(∑
u∈A

d(u) eu(t)

)
·
∑

u∈spt(d)

 d(u) · eu(t)∑
u∈spt(d)

d(u) · eu(t)
·G′

u(t)




Let G : A → D(A) be a mapping satisfying

G(t) :=
∑

u∈spt(d)

 d(u) · eu(t)∑
u∈spt(d)

d(u) · eu(t)
·G′

u(t)

 .

Then we have G(t) ∈ R[t] for each t ∈ A, since spt(d) is finite, R is convex and∑
u∈spt(d)

d(u) · eu(t)∑
u∈spt(d)

d(u) · eu(t)
= 1 .

Let d′ ∈ D(A) as follows.

d′(t) :=
∑
u∈A

d(u) · eu(t) .

Then it holds that d′ ∈ (P ·Q)[a]. Therefore

h =
∑
t∈A

d′(t) ·G(t) ∈ ((P ·Q) ·R)[a] .

⊓⊔

Proposition 4.13. Let R ∈ pMR0,d,f (A). 0 · R = 0 and R · 0 = 0 �

Proof. We have 0 ⊆ 0 ·R and 0 ⊆ R ·0 because it already has been proved that
0 · R and R · 0 are 0-included in the lemma 4.11.

If (a, h) ∈ 0 · R, then there exists d ∈ 0 [a] and F : spt(d) → D(A) such that
F ⊑ R and h =

∑
u∈Ad(u) · F (u). Since d = 0 by the definition of 0 , we have h =∑

u∈A0(u) · F (u) = 0 . Therefore (a, h) = (a, 0) ∈ 0 .
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Finally we show that R · 0 ⊆ 0 . If (a, h) ∈ R · 0 , then there exists d ∈ R[a]
and F : spt(d) → D(A) such that F ⊑ 0 and h =

∑
u∈Ad(u) · F (u) . Therefore h =∑

u∈Ad(u) · 0 = 0 ∈ 0 [a]. ⊓⊔

The identity 1 ∈ pMR0 ,d,f (A) is defined by

1 := {(a, d) | a ∈ A, d ⊑D δa} .

Lemma 4.14. The identity satisfies the unit law, that is

1 · R = R and R · 1 = R

for each R ∈ pMR0,d,f (A).

Proof. First, we prove that 1 ·R = R. If (a, h) ∈ 1 ·R then there exist d ∈ 1 [a]
and F : A → D(A) such that h =

∑
u∈Ad(u) · F (u) and F ⊑ R . Since the definition of

1 , we have
h =

∑
u∈A

d(u) · F (u)

= d(a) · F (a) .

Then (a, F (a)) ∈ R and h ⊑DF (a). Therefore (a, h) ∈ R since R is down-closed.
Conversely, suppose (a, h) ∈ R. If we take F : A → D(A) such that

F (u) =

{
h (u = a)
0 (u ̸= a) ,

then we have

(a, h) =

(
a,
∑
u∈A

δa(u) · F (u)

)
∈ 1 · R .

Next we show that R · 1 = R. Suppose (a, h) ∈ R · 1 . Then there exists d ∈ R[a]
and F : A → D(A) such that h =

∑
u∈Ad(u) · F (u) and F ⊑ 1 . By the definition of the

identity, we have F (u) ⊑D δu for each u ∈ A and

h =
∑
u∈A

d(u) · F (u) ⊑D
∑
u∈A

d(u) · δu = d .

Therefore (a, h) ∈ R since R is down-closed.
Conversely, assume (a, h) ∈ R. If we take F : A → D(A) such that F (u) = δu for

each u ∈ A, then

(a, h) =

(
a,
∑
u∈A

h(u) · F (u)

)
∈ R · 1 .

⊓⊔

Lemma 4.12 and 4.14 show the following property.

Proposition 4.15. A tuple (pMR0,d,f (A), ·, 1 ) is a monoid.
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Next, we consider the left distributivity.

Proposition 4.16. Let χ be a subset of pMR0,d,f (A). Then

(
∨

χ) ·R =
∨
Q∈χ

Q ·R

for each R ∈ pMR0,d,f (A).

Proof. Obviously, it is satisfied
∨

Q∈χQ·R ⊆ (
∨
χ)·R by the monotonicity of the

composition ·. We show that (
∨
χ)·R ⊆

∨
Q∈χQ·R. If (a, h) ∈ (

∨
χ)·R then there exists

d ∈ (
∨
χ)[a] and F : A → D(A) such that h =

∑
u∈Ad(u) ·F (u) and F ⊑ R. Also, there

exists I ∈ ℘f (A)� d′ ∈ D1(I), and F ′ : I → (
∪
χ) [a] such that d =

∑
i∈Id

′(i) · F ′(i).
So, we have

h =
∑
u∈A

d(u) · F (u)

=
∑
u∈A

(∑
i∈I

d′(i) · F ′(i)(u)

)
· F (u)

=
∑
u∈A

∑
i∈I

(d′(i) · F ′(i)(u) · F (u))

=
∑
i∈I

∑
u∈A

(d′(i) · F ′(i)(u) · F (u))

=
∑
i∈I

d′(i) ·
( ∑

u∈A

F ′(i)(u) · F (u)

)
Therefore (a, h) ∈

∨
Q∈χQ ·R since

∑
u∈A

F ′(i)(u) · F (u) ∈

∪
Q∈χ

Q ·R

 [a] .

for each i ∈ I. ⊓⊔

Also we have (P +Q) ·R = P ·R+Q ·R for P,Q,R ∈ pMR0,d,f (A). Therefore, we
obtain the following property by Proposition 4.10, 4.13, 4.15 and 4.16.

Proposition 4.17. A tuple (pMR0,d,f (A), 0 , 1 ,+, ·) is an idempotent left semiring.

5. First Probabilistic Model of Complete IL-semiring

We have already shown that a tuple (pMR0,d,f (A), 0 , 1 ,+, ·,
∨
) is a complete IL-

semiring preserving the right 0 by Proposition 4.13, 4.16 and 4.17. Additionally, it also
preserves all right directed joins.

Lemma 5.1. If χ ⊆ pMR0,d,f (A) is directed�
∪

Q∈χQ is convex.

Proof. Assume that χ ⊆ pMR0,d,f (A) is directed, and p ∈ [0, 1]. We show that
(a, d), (a, d′) ∈

∪
Q∈χQ implies (a, d p⊕ d′) ∈

∪
Q∈χQ. If (a, d), (a, d′) ∈

∪
Q∈χQ then

there exists P, P ′ ∈ χ such that (a, d) ∈ P , (a, d′) ∈ P ′. Since χ is directed, there
exists R ∈ χ such that P ⊆ R and P ′ ⊆ R. Therefore (a, d p⊕ d′) ∈ R ⊆

∪
Q∈χQ since

d, d′ ∈ R[a] and R is convex. ⊓⊔
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By Proposition 4.4 and Lemma 5.1,
∪

Q∈χQ is 0-included finitary down-closed and

convex. This fact indicates that the directed join
∨
χ of χ ⊆ pMR0,d,f (A) is given by

the union of all probabilistic multirelations in χ, that is,∨
χ =

∪
Q∈χ

Q .

Proposition 5.2. Let χ be a directed subset of pMR0,d,f (A). Then

R ·
(∨

χ
)
=
∨
Q∈χ

R ·Q

for each R ∈ pMR0,d,f (A).

Proof. Obviously, it is satisfied
∨

Q∈χR · Q ⊆ R · (
∨
χ) by the monotonicity of

the composition ·. We show that R · (
∨

χ) ⊆
∨

Q∈χR ·Q.
Assume that (a, h) ∈ R · (

∨
χ).Then there exists d ∈ R[a], F ⊑

∨
χ such that

h =
∑

u∈Ad(u) · F (u)� Since χ is directed,

F (u) ∈
(∨

χ
)
[u] =

∪
Q∈χ

Q[u]

for each u ∈ A. Then there exists Qu ∈ χ satisfying F (u) ∈ Qu[u] for u ∈ A. Since
χ is directed and {Qu | u ∈ spt(d)} is finite, there exists P ∈ χ satisfying Qu ⊆ P for
u ∈ spt(d) . Then we have

h =
∑
u∈A

d(u) · F (u) =
∑

u∈spt(d)

d(u) · F (u) ∈ (R · P )[a] ⊆
∪
Q∈χ

(R ·Q)[a] .

Therefore (a, h) ∈
∨

Q∈χ R ·Q� ⊓⊔

The following theorem summarises this discussion.

Theorem 5.3. A tuple (pMR0,d,f (A), 0 , 1 ,+, ·,
∨
) is a complete IL-semiring pre-

serving all right directed joins and the right 0.

Using previous results given by Nishizawa, Tsumagari and Furusawa (2009), we
also obtain the following lemma from the above theorem.

Lemma 5.4. pMR0,d,f (A) forms a lazy Kleene algebra satisfying the 0-axiom and
the D-axiom, or a probabilistic Kleene algebra.

The following example shows that

P ·Q+ P ·R = P · (Q+R)

need not hold on pMR0,d,f (A).
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Example 5.5. Let A be a set {x, y}, and P,Q ∈ pMR0,d,f (A) be as follows.

P =
{
(a, d) | a ∈ A ∧ ∀u ∈ A. d(u) ≤ 1

2

}
Q = {(a, d) | d(a) = 0}

Then, we have (x, δx) ∈ P ; (Q+ 1 ) because

δx = 1
2 · δx + 1

2 · δx
= d(x) · δx + d(y) · δx

and δx ∈ (Q+ 1 )[u] for each u ∈ A. On the other hand, we have P ·Q+P · 1 = P since
P ·Q ⊆ P and P · 1 = P . Therefore (x, δx) ̸∈ P = P ·Q+ P · 1 .

6. Another Probabilistic Multirelation

The previous probabilistic model of complete idempotent left semirings preserves
all right directed join and the right 0. In this section, we study a probabilistic model of
complete idempotent left semiring preserving the right 0 and show that this model need
not preserve all directed join.

We treat only the subsets of A × D1(A) as probabilistic multirelations from this
section. pMR1(A) denotes the set of all probabilistic multirelations in the form of subsets
of A×D1(A), that is

pMR1(A) = {R ∈ pMR(A) | ∀a ∈ A. R[a] ⊆ D1(A)} .

The partial order on pMR1(A) is the inclusion relation ⊆.

Definition 6.1. R ∈ pMR1(A) is called

- total if
R ̸= ∅ =⇒ ∀a ∈ A. R[a] ̸= ∅ .

- D1-convex if ∑
i∈I

d(i) · F (i) ∈ R[a]

for each a ∈ A where I is a finite set, d ∈ D1(I) and F : I → R[a].

We denote pMRt,1(A) for the set of all total D1-convex probabilistic multirela-
tions over a set A. We prove that pMRt,1(A) forms complete idempotent left semiring
preserving the right 0.

First, we think the arbitrary join and the least element on pMRt,1(A). P ∪Q need
not be D1-convex for each P,Q ∈ pMRt,1(A).

Example 6.2. Let A be a set {x, y} and P,Q ⊆ A×D1(A) be as follows:

P = {(a, δx) | a ∈ A} ,

Q = {(a, δy) | a ∈ A} .



Probabilistic relational models of complete IL-semirings 101

Then P and Q are total and D1-convex. Obviously we have (P ∪Q)[x] = {δx, δy}. Let
2 be {0, 1}. Assume that d ∈ D1(2) satisfies d(0) = d(1) = 1

2 and F : 2 → (P ∪ Q)[x]
satisfies F (0) = δx, F (1) = δy, then∑

i∈2

d(i) · F (i) = d(0) · F (0) + d(1) · F (1) =
1

2
· δx +

1

2
· δy = δx 1

2
⊕ δy

Therefore P ∪Q is not D1-convex since δx 1
2
⊕ δy ̸∈ (P ∪Q)[x] .

We define the D1-convex hull to construct the join on pMRt,1(A).

Definition 6.3. For a total D1-convex probabilistic multirelation R ∈ pMR1(A),
the D1-convex hull H1(R) of R is defined by{

(a,
∑
i∈I

d(i) · F (i)) | I : finite set, d ∈ D1(I), F : I → R[a]

}
.

H1(R) is the smallest D1-convex set containing R ∈ pMR1(A).

Remark. H1 is a closure operator on pMR1(A).

For each subset χ of pMRt,1(A), the arbitrary join
∨
χ is given by as follows.∨

χ := H1

(∪
χ
)

Especially, we write P +Q for the binary join of P,Q ∈ pMRt,1(A).
The operator + is monotone, i.e.,

P ⊆ P ′ ∧ Q ⊆ Q′ =⇒ P +Q ⊆ P ′ +Q′

for P, P ′, Q,Q′ ∈ pMRt,1(A).
The least element on pMRt,1(A) is the emptyset ∅. Obviously it holds that ∅ ⊆ P ,

P = ∅+ P , P +Q = Q+ P , and P + P = P for P,Q ∈ pMRt,1(A).

Lemma 6.4. The operator + is associative, that is

(P +Q) +R = P + (Q+R)

for P,Q,R ∈ pMRt,1(A).

Proof. It is sufficient to show that (P + Q) + R ⊆ P + (Q + R) since + is
commutative. P + Q ⊆ P + (Q + R) and R ⊆ Q + R ⊆ P + (Q + R) hold since + is
monotone. Therefore P +(Q+R) is a D1-convex set containing P +Q and R. We have
(P +Q) +R = H1((P +Q) ∪R) ⊆ P + (Q+R) by the definition of H1. ⊓⊔

Therefore the following property holds.

Proposition 6.5. (pMRt,1(A),+, ∅) is an idempotent commutative monoid.

The composition P ·Q of P,Q ∈ pMRt,1(A) is defined as follows:{(
a,
∑
u∈A

d(u) · F (u)

)
| d ∈ P [a], F : A → D1(A) s.t. F ⊑Q

}
.
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Lemma 6.6. pMRt,1(A) is closed under the composition ·.

Proof. We show that P ·Q ∈ pMRt,1(A) for each P,Q ∈ pMRt,1(A).

First we prove that P ·Q is total. If P ·Q ̸= ∅ then there exists (a, h) ∈ P ·Q. By
the definition of the composition, there exists d ∈ P [a] and F : A → D1(A) such that

h =
∑
u∈A

d(u) · F (u)

and F ⊑Q. We obviously have P is not empty by d ∈ P [a]. Since P is total, there exists
d ∈ P [a] for each a ∈ A. We also obtain that Q is not empty, because F : A → D1(A)
satisfies F ⊑Q. Therefore Q satisfies that for each u ∈ A there exists fu ∈ D1(A) such
that (u, fu) ∈ Q since Q is also total. It holds that

(a,
∑
u∈A

d(u) · fu) ∈ P ·Q .

for each a ∈ A. Therefore P ·Q is total.

Finally, we prove that P ·Q is D1 convex. Let I be a finite set, d ∈ D1(I) and
F : I → (P ·Q)[a]. We show that∑

i∈I

d(i) · F (i) ∈ (P ·Q)[a] .

By the assumption, for each i ∈ I there exists ei ∈ P [a] and Gi : A → D1(A) satisfying
Gi ⊑Q and F (i) =

∑
u∈Aei(u) ·Gi(u). Then we have

∑
i∈I

d(i) · F (i) =
∑
i∈I

d(i) ·

(∑
u∈A

ei(u) ·Gi(u)

)
=

∑
i∈I

∑
u∈A

(d(i) · ei(u) ·Gi(u))

=
∑
u∈A

∑
i∈I

(d(i) · ei(b) ·Gi(u))

=
∑
u∈A

(∑
i∈I

d(i) · ei(u)

)
·
∑
i∈I

d(i) · ei(u)∑
i∈I

d(i) · ei(u)
·Gi(u)


=

∑
u∈A

d′(u) ·G(u) ,

where

d′ :=
∑
i∈I

d(i) · ei and G(u) :=
∑
i∈I

d(i) · ei(u)∑
i∈I

(d(i) · ei(u))
·Gi(u) .

It holds that (a, d′) ∈ P since P is D1-convex. And also we have G ⊑ Q since Q is
D1-convex. Therefore we obtain

∑
i∈Id(i) · F (i) ∈ (P ·Q)[a]. ⊓⊔
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The composition operator is monotone, i.e.,

P ⊆ P ′ ∧ Q ⊆ Q′ =⇒ P ·Q ⊆ P ′ ·Q′

for P, P ′, Q, Q′ ∈ pMRt,1(A).

Lemma 6.7. The composition operator · is associative, that is

(P ·Q) ·R = P · (Q ·R)

for P,Q,R ∈ pMRt,1(A).

Proof. First, we show that (P · Q) · R ⊆ P · (Q · R) holds. Suppose (a, h) ∈
(P ·Q) · R. Then there exists d ∈ (P ·Q)[a] and F : A → D1(A) such that F ⊑R and
h =

∑
u∈Ad(u)·F (u). Also since d ∈ (P ·Q)[a], there exists d′ ∈ P [a] and F ′ : A → D1(A)

such that F ′ ⊑Q and

d =
∑
t∈A

d′(t) · F ′(t) .

Then we have

h =
∑
u∈A

d(u) · F (u)

=
∑
u∈A

(∑
t∈A

d′(t) · F ′(t)

)
(u) · F (u)

=
∑
u∈A

∑
t∈A

(d′(t) · F ′(t)(u) · F (u))

=
∑
t∈A

∑
u∈A

(d′(t) · F ′(t)(u) · F (u))

=
∑
t∈A

d′(t) ·

(∑
u∈A

F ′(t)(u) · F (u)

)
=

∑
t∈A

d′(t) · F ′′(t)

where

F ′′(t) =
∑
u∈A

F ′(t)(u) · F (u).

Since F ′′ ⊑Q ·R, we have (a, h) ∈ P · (Q ·R).

Conversely, if (a, h) ∈ P · (Q · R), then there exists d ∈ P [a] and F : A → D1(A)
satisfying F ⊑Q ·R and h =

∑
u∈Ad(u) ·F (u). In addition, for each u ∈ A, there exists

eu ∈ Q[u] and Gu : A → D1(A) satisfying Gu ⊑R and F (u) =
∑

t∈Aeu(t) ·Gu(t). Then
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there exists ft ∈ R(t) for each t ∈ A since R is non-empty and total. We have

h =
∑
u∈A

d(u) · F (u)

=
∑
u∈A

d(u) ·

(∑
t∈A

eu(t) ·Gu(t)

)
=

∑
u∈A

∑
t∈A

(d(u) · eu(t) ·Gu(t))

=
∑
t∈A

∑
u∈A

(d(u) · eu(t) ·Gu(t))

=
∑
t∈A

(∑
u∈A

d(u) · eu(t)

)
·
∑
u∈A

 d(u) · eu(t)∑
u∈A

d(u) · eu(t)
·Gu(t)


Let

d′ :=
∑
u∈A

d(u) · eu and G(t) :=
∑
u∈A

 d(u) · eu(t)∑
u∈A

d(u) · eu(t)
·Gu(t)

 .

It is satisfied that G′
u ⊑ R. Since R is D1-convex, we have G ⊑ R. Also it holds that

d′ ∈ (P ·Q)[a]. Therefore

h =
∑
t∈A

d′(t) ·G(t) ∈ ((P ·Q) ·R)[a] .

⊓⊔

Lemma 6.8. Let R ∈ pMRt,1(A). ∅ ·R = ∅�

Proof. By the definition of ∅, ∅ ⊆ ∅ · R holds obviously. Conversely, we show
that ∅ ·R = ∅. Assume (a, h) ∈ ∅ ·R. Then there exists d ∈ ∅[a]. However it contradicts
the fact that ∅[a] = ∅. ⊓⊔

Lemma 6.9. Let R ∈ pMRt,1(A). R · ∅ = ∅�

Proof. It holds that ∅ ⊆ R · ∅ obviously. Conversely, we show that R · ∅ = ∅.
If (a, h) ∈ R · ∅, then there exists d ∈ R[a] and F : A → D1(A) such that F ⊑ ∅ and
h =

∑
u∈Ad(u) · F (u). However there is no such mapping F . ⊓⊔

The identity 1 ∈ pMRt,1 (A) is defined by

1 := {(a, δa) | a ∈ A} .

Lemma 6.10. The identity satisfies the unit law, that is

1 · R = R and R · 1 = R

for each R ∈ pMRt,1(A).



Probabilistic relational models of complete IL-semirings 105

Proof. First, we prove that 1 ·R = R. If (a, h) ∈ 1 ·R then there exist d ∈ 1 [a]
and F : A → D1(A) such that F ⊑ R and h =

∑
u∈Ad(u) · F (u). By the definition of

the identity, we have

h =
∑
u∈A

d(u) · F (u) =
∑
u∈A

δa(u) · F (u) = F (a) .

Therefore (a, h) = (a, F (a)) ∈ R since F ⊑ R. Conversely, suppose (a, h) ∈ R. Then
there exists fu ∈ R(u) for each u ∈ A because R is total. Let F : A → D1(A) as follows:

F (u) =

{
h (u = a)

fu (u ̸= a)

Then we have

(a, h) = (a, F (a)) = (a,
∑
u∈A

δa(u) · F (u)) ∈ 1 · R .

Next we show that R · 1 = R. Assume (a, h) ∈ R. Let F : A → D1(A) be a mapping
satisfying F (u) = δu for each u ∈ A. Then

(a, h) = (a,
∑
u∈A

h(u) · F (u)) ∈ R · 1 .

Conversely, assume that (a, h) ∈ R · 1 . Then there exists d ∈ R[a] and F : A → D1(A)
such that

h =
∑
u∈A

d(u) · F (u)

and F ⊑ 1 . By the definition of the identity, we have

(a, h) = (a,
∑
u∈A

d(u) · δu) = (a, d) ∈ R

⊓⊔

Lemma 6.7 and 6.10 show the following property.

Proposition 6.11. A tuple (pMRt,1(A), ·, 1 ) is a monoid.

Next, we consider the left distributivity.

Proposition 6.12. Let χ is a subset of pMRt,1(A), then

(
∨

χ) ·R =
∨
Q∈χ

Q ·R

for each R ∈ pMRt,1(A).

Proof. Obviously, it is satisfied
∨

Q∈χQ · R ⊆ (
∨
χ) · R by the monotonicity of

the composition. We show that (
∨

χ) ·R ⊆
∨

Q∈χQ ·R . Assume that (a, h) ∈ (
∨
χ) ·R.
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If R = ∅, then (
∨
χ) · ∅ = ∅ ⊆

∨
Q∈χQ · R. Suppose that R ̸= 0. Then there exists

d ∈ (
∨
χ)[a] and F : A → D(A) such that F ⊑R and h =

∑
u∈Ad(u) ·F (u). In addition,

there exists d′ ∈ D1(A), and F ′ : A → (
∪

χ) [a] such that

d =
∑
i∈A

d′(i) · F ′(i) .

So we have

h =
∑
u∈A

d(u) · F (u)

=
∑
u∈A

(∑
i∈A

d′(i) · F ′(i)(u)

)
· F (u)

=
∑
u∈A

∑
i∈A

(d′(i) · F ′(i)(u) · F (u))

=
∑
i∈A

∑
u∈A

(d′(i) · F ′(i)(u) · F (u))

=
∑
i∈A

d′(i) ·

(∑
u∈A

F ′(i)(u) · F (u)

)
.

Let G be a mapping from A to
(∪

Q∈χQ ·R
)
[a] such that

G(i) :=
∑
u∈A

F ′(i)(u) · F (u) .

Therefore h =
∑

i∈Ad
′(i) ·G(i) ∈ (

∨
Q∈χQ ·R)[a] . ⊓⊔

From the above we obtain (P+Q) ·R = P ·R+Q ·R for P,Q,R ∈ pMRt,1(A). Therefore,
we obtain the following property by Proposition 6.11.

Proposition 6.13. A tuple (pMRt,1(A), ∅, 1 ,+, ·) is an idempotent left semiring.

7. Second Probabilistic Model of Complete IL-semiring

We have already shown that a tuple (pMRt,1(A), ∅, 1 ,+, ·,
∨
) is a complete IL-

semiring by Proposition 6.12 and 6.13. In addition, we have the following theorem by
Lemma 6.9.

Theorem 7.1. A tuple (pMRt,1(A), ∅, 1 ,+, ·,
∨
) is a complete IL-semiring preserv-

ing the right 0.

Using previous results given by Nishizawa, Tsumagari and Furusawa (2009), we also ob-
tain the following lemma from the above theorem.

Lemma 7.2. pMRt,1(A) forms a lazy Kleene algebra satisfying the 0-axiom.

The following example shows that complete IL-semiring pMRt,1(A) need not pre-
serve the right +, that is

P ·Q+ P ·R = P · (Q+R)

need not hold for P,Q,R ∈ pMRt,1(A).
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Example 7.3. Let A be a set {x, y}, and P,Q probabilistic multirelations such that

P =
{
(a, δx 1

2
⊕ δy) | a ∈ A

}
Q = {(x, δy), (y, δx)} .

Then P,Q ∈ pMRt,1(A).
We have (x, δx) ∈ P · (Q+ 1) since

δx =
∑
u∈A

(δx 1
2
⊕ δy)(u) · δx

and δx ∈ (Q+1)[u] for each u ∈ A. On the other hand, we have P ·Q+P · 1 = P since
P ·Q ⊆ P and P · 1 = P . Therefore (x, δx) ̸∈ P = P ·Q+ P · 1.

In addition, complete IL-semiring pMRt,1(A) need not preserve all right directed
join, that is,

P ·
(∨

χ
)

=
∨
Q∈χ

P ·Q

need not hold for P,Q ∈ pMRt,1(A) and directed subset χ ⊆ pMRt,1(A).

Example 7.4. Let N be a set of all natural numbers, and P a probabilistic multirelation

P = {(0, d)} ∪ {(a, δa) | a > 0}

where d ∈ D(N) satisfies d(n) =
1

2n+1
for each n ∈ N. For i ∈ N, let Qi be a probabilistic

multirelation as follows.

Qi = {(a, δ0 p⊕ δ1) | a ≤ i, p ∈ [0, 1]} ∪ {(a, δ1) | i < a} .

Then it holds that P ∈ pMRt,1(N) and {Qi ∈ pMRt,1(N) | i ∈ N} is directed.
Note that (i, δ0) ∈ Qi for each i ∈ N. Let F : N → D1(N) be a function such that

F (i) = δ0 for each i ∈ N. Then δ0 =
∑
i∈N

d(i) · F (i). Since d ∈ P [0] and F ⊑
∨

i∈NQi, we

have

(0, δ0) ∈ P ·

(∨
i∈N

Qi

)
.

Now we prove that (0, δ0) ̸∈
∨

i∈NP ·Qi. It is sufficient to show that

(0, h) ∈
∨
i∈N

P ·Qi =⇒ h(0) < 1 .

If (0, h) ∈
∨

i∈NP · Qi, then there exists a finite set J , e ∈ D1(J) and a mapping

F : J →
(∪

i∈NP ·Qi

)
[0] such that

h =
∑
j∈J

e(j) · F (j) .
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We consider F (j) ∈
(∪

i∈NP ·Qi

)
[0]. For j ∈ J , there exists kj ∈ N satisfying F (j) ∈

P ·Qkj [0]. Then there exists dj ∈ P [0] and Gj : N → D1(N) such that

F (j) =
∑
u∈N

dj(u) ·Gj(u)

and Gj ⊑Qkj
. By the definition of P , dj = d for each j ∈ J . Then we have

F (j) =
∑
u∈N

dj(u) ·Gj(u)

=
∑
u∈N

d(u) ·Gj(u)

=
∑

u≤kj

d(u) ·Gj(u) +
∑

u>kj

d(u) ·Gj(u)

=
∑

u≤kj

d(u) · (δ0 pj
u
⊕ δ1) +

∑
u>kj

d(u) · δ1 .

That is, F (j)(0) =
∑

u≤kj

d(u) · pju. Therefore we obtain h(0) < 1 because

h(0) =
∑
j∈J

e(j) · F (j)(0)

=
∑
j∈J

e(j) ·
∑

u≤kj

d(u) · pju

≤
∑
j∈J

e(j) ·
∑

u≤kj

d(u)

=
∑
j∈J

e(j) ·
(
1− 1

2kj+1

)
<

∑
j∈J

e(j)

= 1 .

Therefore (0, δ0) ̸∈
∨

i∈NP ·Qi though (0, δ0) ∈ P · (
∨

i∈NQi).

8. Conclusion

In this paper we provided two probabilistic relational models of complete IL-
semirings. At first we have introduced a notion of probabilistic multirelations which
is generalized semantic domain of probabilistic distributed systems given by McIver et
al. And then we proved that pMR0,d,f (A) — the set of all finitary 0-included down-closed
and convex probabilistic multirelations — forms a complete IL-semiring preserving all
right directed joins and the right zero, and it also forms even a probabilistic Kleene
algebra.

In addition we have studied another type of probabilistic multirelations, and have
proved that pMRt,1(A) — the set of all total D1-convex probabilistic multirelations —
forms a complete IL-semiring preserving the right 0.
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