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A REMARK ON THE GLOBAL EXISTENCE OF A THIRD ORDER DISPERSIVE FLOW
INTO LOCALLY HERMITIAN SYMMETRIC SPACES

E1Jl ONODERA

ABSTRACT. We prove global existence of solutions to the initial value problem for a third order dis-
persive flow into compact locally Hermitian symmetric spaces. The equation under consideration gen-
eralizes two-sphere-valued completely integrable systems which model the motion of vortex filament.
Unlike one-dimensional Scdinger maps, our third order equation is not completely integrable under
the curvature condition on the target manifold in general. The idea of our proof is to exploit two con-
servation laws and an energy which is not necessarily preserved in time but does not blow up in finite
time.

1. INTRODUCTION

Let (N, J, g) be a compact almost Hermitian manifold with an almost complex structumed a
Hermitian metricg. Let V be the Levi-Civita connection with respectgoConsider the initial value
problem(1VP) for a third order dispersive partial differential equation of the form

up = aViuw + Ju Vg +bg(ug, uz)u, in RxX, (1)
u(0,7) = ug(z) in X, (2)

wherew is an unknown mapping dR x X to N, (¢,z) € R x X, X denotesR or T(= R/Z),
uy = du(9/0t), u, = du(9/0x), du is the differential of the mapping, uo is a given initial curve
on N, anda,b € R are constantu(t) is a curve onN for fixedt¢ € R, andu describes the motion
of a curve subject to (1)V . is the covariant derivative induced from in the directionz along the
mappingu, and.J,, denotes the almost complex structure.atV.

The equation (1) geometrically generalizes two-sphere-valued completely integrable systems which
model the motion of vortex filament. In [4], Da Rios first formulated the motion of vortex filament as

Up = U X Ugyg, (3)

wherei = (u',u?, u?) is anS?-valued function of(¢, ), S? is a unit sphere iiR? with a center at
the origin, andx is the exterior product ifR3. The physical meanings af andz are the tangent
vector and the signed arc length of vortex filament respectively. Wher= 0, (1) generalizes (3)
and solutions to (1) are called one-dimensional 8dimger maps. In [6], Fukumoto and Miyazaki
proposed a modified model equation of vortex filament

L L . 3 . L
Up = U X Upg + @ umerE{uxx(uqu)}m ) 4)

Whenb = a/2, (1) generalizes (4). We call solutions to (1) dispersive flows.

In recent ten years, the generalized form (1) has been studied in order to understand the relation
between the structure of (1) as a partial differential equation and the geometric setti¥ig lfiothis
article, having same motivation in mind, we are concerned with the existence (and the uniqueness) of
solutions to the IVP for (1)-(2).

For S?-valued physical models such as (3) and (4), time-local and global existence theorem is
well studied. More precisely, Sulem, Sulem and Bardos proved time-local and global existence of a
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2 E. ONODERA

unique solution to the IVP for (3) in [19]. Nishiyama and Tani showed time-local and global existence
theorem for (4) in [14] and [20]. In their results, some conservation laws of the equation played the
crucial parts.

Restricting to the case ofdhler manifolds agv, short-time existence results for (1)-(2) have al-
ready been well established. Roughly speaking, thkl& conditionV.J = 0 ensures that the equa-
tion behaves as symmetric hyperbolic systems and hence the mix of the classical energy method and
geometric analysis works to their proof. Wherb = 0, Koiso showed the short-time existence of a
unique solution in the clasg™+!(T; N) for any integern > 1. See [8] (see [18] ifX = R). His
work was pioneering in the sense that fifebased bundle-valued Sobolev sp&fé (X ; TN) for u,
was revealed to be suitable to understand the structure of the equation for the first time. After that,
short-time existence results for higher-dimensional 8dimger maps were established. See, [5], [12]
and references therein. When£ 0,6 € R, the author showed the short-time existence of a unique
solution in the clasgl™*!(X; N) for any integemm > 2 (see [15]).

If VJ #£ 0, a loss of one derivative occurs in the equation and the classical energy method does
not work well. However, very recently, Chihara succeeded to prove short-time existence theorem for
higher-dimensional Scidinger maps without assuming thétder condition in [2]. Also for the third
order equation (1), he and the author showed short-time existence theorem whémandb € R
without assuming the &hler condition. See [3] and [17]. The idea of their proof is to construct a gauge
transformation on the pull-back bundle ' T'N to eliminate the seemingly bad first order derivative
loss. These results require more regulamity> 4 for the class of the solution.

On the other hands, global existence results for (1)-(2) have been studied by adding some more
conditions onN. Whena, b = 0 andX = T, Koiso proved that the solution exists globally in time if
the Kahler manifoldXV is the locally Hermitian symmetric spac® = 0) by finding a conservation
law in [8]. Pang, Wang and Wang obtained the same results whier= 0 and X = R in [18].

Being inspired with Hasimoto’s pioneering work in [7], Chang, Shatah and Uhlenbeck constructed
a good moving frame along the map and rigorously reduced the equation for the one-dimensional
Schibdinger map to a simple form of a complex-valued nonlinear &tihger equation to discuss the
global existence of the Sabdinger map into Riemann surfaces. Though their argument is restricted
only to the case wher& = R and the map is assumed to have a fixed poinf\oasz — —oo,

this reduction gives us understandings on an essential structure of one-dimensioddirgenmaps.

(see [1]). For the case # 0, the author proved the global existence theorem by assuming that
N is the compact Riemann surface with constant Gaussian curvAtumadb = aK/2 in [15].

Under the condition, (1) behaves as completely integrable systems and some conservation laws of
the equation work in the proof. However, without such assumption, (1) cannot be expected to be
completely integrable in general, everMik = 0 is assumed as in the casgh = 0.

The aim of this article is to establish a global existence theorem for (1)-(2) under the condition
VR = 0 also whena # 0, without the previous assumption in [15]. The main theorem is the
following:

Theorem 1. Let (N, J, g) be a compact locally Hermitian symmetric spage# 0,b € R, and let
m be a positive integer satisfying > 2. Then, for any,c H™1(X; N), the initial value problem
(1)-(2) admits a unique solutioncC(R; H™1(X; N)).

Theorem 1 gives not only an extension of the previous result by the author in [15] for the g£a&e
but also an analogue of the result by Koiso in [8] for the ecage= 0.

To prove the theorem, we apply two conservation laws and an energy quantity for this equation.
More precisely, we use the following integral quantities of the form

b
El(u) =a HVGCUIH%Q - 5 /X (g(uxaux))z dr — /Xg(ua:a vaux)dﬂ?, (5)

B (u) = 3a [ V2uy |2, — 10b / (9(tta, Vo))’ da
X



DISPERSIVE FLOW 3

—5b / 9z, Uuz)g(Vatia, Vaug)dz + 2a / 9(R(ug, Vg )y, Vg )dz.  (6)
X X

While [|u,(t)||2, and E; (u(t)) are preserved in timefs (u(t)) is not necessarily preserved in time.
However, the a priori estimate itself f§7Zu.(t)||2, can be obtained by careful computation. They
imply a bound foru,(t) in H?(X;TN), which, in view of the local existence result, prevents the
formation of a finite-time singularity.

The idea of finding such quantities comes from [10] and [16]. To explain this, assum¥ ibat
compact Riemann surface with constant Gaussian curvafueed X = R. From [16, Theorem 1],
the equation (1) fou(¢, x) : R, x R, — N which has a fixed point oV asz — —oc can be reduced
to a third order dispersive equation with constant coefficient of the form

a a 3 v—1
4t — zrz — V—1qzr = (§K + 26) l91¢2 — <§K - b) G+ 5 Klal*g 7)
for complex-valued functiog(t, z) : R; x R, — C. This reduction is obtained via the relation
U =qre+qade, qg=q +vV—-1q, Vgze=0, 8)

where{e, Je} is the moving frame along introduced by Chang, Shatah and Uhlenbeck in [1]. On
the other hands, the global existence theorem for the equation of the form

Gt + AQuze — V—1Bqz = —V—1alq*q + Bla|2q + V]q* = ©)

was established in the clag® (X ; C) by Laurey in [10], whered, B, o, 3,7 € RandA # 0, 8 # 0.
The key idea of her proof was to exposit nice quantities of the form

= 3480aalp - 5 (54 ) lallf + V-1 (B8 +9) ~340) [ agude. (00
X

3A | guall? + (68 + 47) /X lq/2lgz[2dz + (45 + 7) Re /X PP, (1)

and||q||3, where|| - |, is the standard.?-norm for complex-valued function oX. See (5.8), (5.12)
and (5.4) respectively in [10]. If we set

A=—-a,B=1, a=-K/2, 3=b—aK/2, y=b+aK (12)
and take (10) 83, (11) x —1, we get
b _
ool — 5lalf + V=T | ageda, 13)
30 qaa |3 — (ak + 10) / |4l*|ga|*dx — (—ak + 5b) Re / ¢*qzda. (14)
X X

In fact, via the relation (8), these quantities (13), (14) &pits are reformulated a& (u), F2(u) and

||t HQL2 respectively. These quantities make sense and work effectively to prove Theorem 1 also when
X = T or when the solution has no fixed pointaas— —oo, as far as the Khler manifoldV satisfies

the conditionVR = 0. Therefore, we can say th&t/ = VR = 0 is the assumption for the original
equation (1) to behave essentially as a third order complex-valued nonlinear dispersive equation with
constant coefficients, whose global existence result is well known. The proof of Theorem 1 itself will
be given in the next section.

Remark2. It seems to be reasonable to state the difference between our result and previous ones
through the nonlinear structure of the equation (7). It is known that the equation (7) is not necessarily
completely integrable whet # 0 andb € R, which is unlike the case far,b = 0. See, e.qg., [6],

[11], [21]. However, ifa # 0 andb = a K /2, the equation (7) is so-called the Hirota equation which is
completely integrable. This is strongly related to the fact that there exists a conservation law to control
V2u,(t) if N is a Riemann surface with constant curvatif@ndb = aK /2. See [15, Lemma 6.1].
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2. PROOF OF THE TIMEGLOBAL EXISTENCE THEOREM

First, we recall basic notation and facts to get estimation. We make use of basic techniques of
geometric analysis of nonlinear problems. See [13] for instanceu F&f — N, I'(u~'TN) denotes
the set of the section of TN, and||-|| ;2 is @ norm of L2(X; T N) defined by

||V\|%2=/Xg(V,V)dm for VeT(u'TN).

For positive integek, H*+1(X; N) denotes the set of all continuous mappingsX — N satisfying
u, € H*(X;TN), that s,

k k
HUIH%NV(X;TN) = ZHanUIH%Q = Z/)(gu(x)(VfEux(x),Vlzux(x))dx < +o0.
=0 =0

The main tools of the computation below are

/ g(VV,W)dx = / g(V,V . W)dz, (15)
X X
qut = Vtux, (16)
k—1
Vit =V, VEu, + 3V [R(ux, ut)v’;*l“)ux} , keN, (17)
1=0
R(V,W)=—-R(W,V), inparticular R(V,V) =0, (18)
g(R(V1, V2)V3, Vy) = g(R(V3, Va)V1, V2) (19)
for V,W,V; e (v 'TN), j = 1,2, 3,4, whereR is the Riemannian curvature tensordn In addi-
tion, the notation like” or C(, ..., -) will be sometimes used to denote a positive constant depending

on certain parameters, sucha®$, geometric properties of N, et al.

We start the proof of Theorem 1 from a short time existence result. Since the locally Hermitian
symmetric space is thedler manifold, short-time existence is ensured by the following:

Theorem 3(Theorem 1.1 in [15] and Theorem 1.2 in [L7])et (NN, J, g) be a compact Ehler man-
ifold and leta # 0 andb € R. Then for anyupc H™1(X; N) with an integerm > 2, there exists
a constantl’ > 0 depending only om, b, N and||ug.|| = such that the initial value probleifl)-(2)
possesses a unique solutieaC ([T, T); H™(X; N)).

Let T be the largest number such that a solutigh z) with the initial datauy € H™*! exists on
the intervald < ¢ < T. If ||uy(¢)]| = is uniformly bounded ofD, T"), then we can extend the solution
beyondT’, which implies that the maximal existence time is infinite. Therefore, it suffices to show the
following.

Proposition 4. Letu(t, ) be a solution of1) with initial datauy, € H™™(X; N) on[0,T), where
T is positive and finite number. Thén,(¢)|| gz~ is uniformly bounded ofo, T').

Proof of Propositiord. We show the proof only for the casé = T, since the argument for the case
X = R is essentially parallel to the cadge = T. We sometimes use Sobolev’s inequality of the form

IVIZe < CUVIE(IV 2 + IV VI z2) (20)

for V € T'(u~1TN) below with no mention. See, e.g., [9, Lemma 1. 3. and 1. 4.] for the proof,
Now, we establish two conservation laws and a semi-conservation |3y i of the form

Clua®)l3 =0, 21)
9 Fy(u(t)) =0, (22)

dt
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S Ba(ult) = F(u(?)) 23)

for the solutionu(t, x), where
|[F(u())] < Clasb, N, [Juz(t)]| ) (1 + [[Vaua (1)1 72)- (24)

Proposition 4 is proved by (21)-(24) in the following manner: If (21) is true, thepnt)||;: =
|luo. || holds fort € [0,7). In addition, if (22) is true, by integrating (22) ihand by using the
inequality (20), we have

b
oNVeuelie = 5 [ (otursu)Pdot [ gl IV )i + B

< Ci(a, by [Juoz || 1) + Co(b, [[uox | 2) (1 + ([ Vaual|z2) -

It means thaf|u,(t)|| ;1 is uniformly bounded by some constaiita, b, ||uoz || z1) on[0,T"). Thus if
(23) and (24) are also true, after integrating (23),iwe get

w%w@ﬁfﬂ%/

(9(te, Vatia))? (£)dz + 5b / (e 12)9(V st Vi) (£)dt
X

X

— 2a /Xg(R(ux,Vzum)ux,vxux)(t)dx—|—E2(u0)+/O F(u(r))dr

t
< Calab N, Juoal2) + Cala b, N el ) [ (14 [V ()32
0

Therefore, Gronwall's lemma implies thd&2u,(t)|| .2 is uniformly bounded orj0, ') and thus
|luz (2)] g2 1s uniformly bounded o0, T'). Finally, the desired?™-uniform estimate is obtained by
using the estimate

%Ilux(t)\lqu < C(a,b, N)P(|luz (&) 1) 1w () 5 (25)

inductively for3 < k < m, whereP(-) is some polynomial function oR. The estimate (25) has
already been shown in [15, Lemma 4.1] to prove the short-time existence theorem.

From now on, we check (22)-(24). (First conservation law (21) is obvious, so we omit the compu-
tation.) We often use (15)-(20) with no mention below.

To obtain (22), we first deduce

d
7 [aHVmumH%g] :2a/ 9(Vaug, ViVaug)dx
X
:2a/ g(vxumviut)dx'i_za/g(vxumR(utaux)ux)d‘T
X X

=2 [ (Vs uds —2a [ g(R(ur, Vousur ude.  (@6)
X X

Sinceu(t, z) solves the equation (1), we have
2a/ 9(V3ug, up)dx —2&/ 9(V3ug, a Viug)de
X b'e
—|—2a/ 9(V3ug, IV pug)dz
X
+2a/ g(viuxabg(uxaux)ux)dx
X

:2ab/ g(Viuw,g(ux,ux)ux)dm
X



6 E. ONODERA
= —4ab /Xg(qux,ux)g(uw,Viuw)dz
— 2ab /Xg(um,uw)g(vruz,vguz)dw
= | 9(Vttrus)g Vs, Vo), 27)
—2a /Xg(R(ux,qux)ux,ut)dx:—2a /Xg(R(ux,qux)ux,aViux)dz
—2a /Xg(R(uw,qux)um,Jqux)dx
—2a /Xg(R(ux,qux)um,bg(um,ux)um)dw
= —2a° /Xg(R(ux,Vzuz)ux,Vgux)d$
—2a /Xg(R(ux,qux)ux,JVzuI)dx
=a? /Xg((VR)(uI)(ux,qux)um,Vmux)dx

—2a/ 9(R(ug, Vaug )z, JV g )dz. (28)
X

Remark that the second equality of (28) follows from (18) and the final equality of (28) follows from
(15) and (19). Substituting (27) and (28) into (26), we obtain

d
7 [a||quxH%2} :6ab/ 9(Vaug, uz)g(Vaty, Vauy)dz
X
42 / G((VR) () (t12, Vit iz, Vot ) de
X

_20’/g(R(umavxux)um,vaux)diL‘. (29)
X

In the same way, we deduce
i |5 [ o) o]
= —2b /Xg(ux,ux)g(ux,vtum)dx
= —2b /Xg(ux,ux)g(um,vmut)dm
=40 [ oV gl w)de +25 [ glueu)o(Voeu)da

—4b/ 9(V sz, ) g (g, @ Viug)dx
X

+4b / 9(Vatg, ug)g(uz, JVaug)de
X

+4b/ 9(Vatg, uz)g(tz, b g(ty, uy)uy)dx
X

—1-26/ g(uz,ux)g(vxux,aV§ux)dx
X



DISPERSIVE FLOW
+20 g(“m uw)g(vxuma vauw)dx

+ 2b (g, ug)g(Vatg, b g(tuz, uy)uy)de

——

=4ab | g(Vitg,uz)g(us, Viug)dx

+4b

\><\

9(Vatg, Up)g (e, JVauy)dz
+ 2ab / g(ug,uz)g(V um,V Ugy)dx
= —Gab/
+ 4b /){g(kuw,ux)g(uz,Jqux)dm.

Note that the final equality of (30) comes from

xumugc vmuma vmum)dx

/X (91t 12))? 91t Vi) e = é /X [(6(0e0))*]_do =0,

Furthermore we deduce

d
7 [—/Xg(uw,JVmum)daz}
/ 9(Viug, JV, ux)dx—/ 9(ugy, JVVyuy)dz
X

/ 9(Vyuy, JV, um)dx—/ g, IV2us + JR(uy, ug )ug )da
X X

2/ g ut,JV Uy d:n—/ 9(R(ug, Jug)uy, up)dz
X X

2

><\><\><\

9(bg(ug, uy ux,JV Uy )dx
g(R(ug, Juy) ux,aV Uy )dx

9(R(ug, Juz)uy, JV puy)dx.

Here, for each term of right hand side of the above, a simple computation shows

2/Xg(bg(um,ux)uz,=]vgux)d:v
— b [ o(utzsu2)glier IV )
—/Xg(R(um,Jux)ux,avgux)dx
:a/g((VR)(um)(uw,Jux)um,vmum)dx
+a Vg, Jug )y, Vo, )de
+a

Ugy IV gy ) Uy, Vpliy ) dx

X
/X 9(R(
/X g(R(

(30)

(31)

(32)
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—a | GUVR) ) ur, T, Vi)
X
—|—2a/ 9(R(ug, Vaug)ug, JV uy)de, (33)
X

— / 9(R(ug, Juyz)ug, JV uy)dx
X

3

:—/ 9(R(ug, Jug)ug, JV uy)dx
4 Jx

1
+ 1 | a(TR o) . Tus e, T
1

+/ J(R(V pug, Jug )y, Jug)dx
4 Jx

1
—I—/ 9(R(ug, JV pug )y, Juy)dx
4 Jx

1

+/ 9(R(ug, Juy) Vg, Juy)dx
4 Jx

1

= 4/Xg((VR)(ux)(ux,Jux)ux,Jum)da:. (34)

Substituting (32)-(34) into (31), we obtain

d
o7 [—/Xg(ux,Jqux)d:c}

b [ 9Vt u)g(ua, I )
o [ a(TR) ), T, Vo)
+ 2a /XQ(R(UwaUx)Ux,JVmUm)dJU
v /X (VR () (s Ttz i, Juiy) . (35)
Consequently, by adding (29), (30) and (35), we obtain
d b

% |:GHV1?U$H%2 - 2/ (g(uzauw))Q dx_/ g(umaJszz)dx
X X

:aQ/g((VR)(um)(uz,Vzuz)uw,vmux)dzr
X
-l-a/Xg((VR)(ux)(ur,Juz)ux,vxux)d:z

+7 [ a(TR o). Tus s, T

and the right hand side of the above vanishes due to the assunipfios 0. Thus we obtain the
conservation law (22).
We next show (23). A simple computation gives

d
p [3a |V2ug|72]

= 6a / 9(ViViug, Viug)dx
X
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= 6a /X (V3 + Vo [R(ug, uz)ug] + R(ug, ug) Vatiy, Viug)d
——60,/ 9(V3uy, up)da
b's

+6a/ g(R(ux,Vium)ux,ut)ah

~ 60 [ GR(V 0, V)t )
——Ga/ (Vg b g(ug, ug)uy)da

—|—6a/ g(R(ux,Viux)um,aViux)dx

+6a/ g(R(uz,Viuz)ux,Jqux)d:U

—Ga/ 9(R(V iy, Viug g, a Viug)dx

— 6a / 9(R(V iz, Viug g, JV pug)d. (36)
X
Here, the integration by parts and the property of the Riemannian curvature tensor yield

/ 9(Vouy, (g, ug)ug)de = — 10/ 9(V2ug, Vaug) g(Viug, ug )da
X X

o / (V21 V21 )g (Vg ), (37)
X

/g(R(ugc,Vium)uI,V?:uI)da:——/ 9(R(V gz, Viug g, Viug)d
b's X
1

5 [ 9(VE)(ua)(ua, Viug)ug, Viug)dz,  (38)

S~

/ 9(R(ug, Vg’:u%)ugg7 IV puy)dr = — 9((VR)(ug) (g, Vium)um, JV ug)dx
X

g(R(V uy, Viux)ux, IV ug)dx

9(R(uyg, Vﬁux)vxux, IV puy)dx

(R (g, Viug)ug, JV2uy)dz. (39)

———i—

By substituting (37)-(39) into (36), we obtain

d
— [3a HV%%H%Q] = —12a°

o 9(R(V uy, Viux)um, Vium)daj

+ 60ab g(Viux, qux)g(Viux, Uy )dx

+ 30ab g(V%uw, V%uw)g(vmum, Ug)dx

+ FOa (40)

ST~
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where

:—12(1/ g( VIUI,V?CUI)UI,Jquz)dx
X

— 6a g( ux,V Ug )V gy, JV iy )dx
—6a | g(R(ug, Viug)ug, JV2u,)dx

- Sa g((VR) (ux)(uma viur)u:py Viuyc)d-r

\x\x\

X

— 6a / 9(VR) (uz) (s ViU U, TV puy)d. (41)
X
Here, F; has the same estimate as (24). To get the estimate, note that (20) implies

IVata(®)llze < Clllua(®)ll) (1+ [ Vaua(®)]22) . (42)
Then, it is easy to get
|Fol < Cla, N){|ugllee [ Vata| 12| Vatiel e | Vaue | 22
+ (HUIH%OO + ||U:c||%°°) HViUxH%Q
+ e 2o | Vatta || 22| Vive | 2}
< C(a, N, g || ) (1 + Va3 |72).- (43)

To cancel the terms with higher order derivatives in the right hand side of (40) excef, fare
apply the rest part of the enerds,. To neglect the effect of the lower order terms sucli@sve use
the notationf = 0 for any functionf(¢) on [0, T') if

[F(O)] < Cla, b, N, [luz ()] 1) (1 + [ V2ua(t)]172). (44)

As we can see also from (41)-(43), the integral where the sum of the order of the covariant derivative
operator is less than five can be estimated as (44). In other words, we have only to pay attention to the
integral where the sum of the order of the covariant derivative is five.

Having them in mind, we first deduce

jt { 105/)(( (s, Virtty))?

= —20b (g, Vauz)g(ug, ViVuy)de
—20b [ g(ug, Vauz)g(Viug, Vyug)de
=200 [ g(ug, Voua)g(us, Viu)de
—20b [ g(ug, Vaug)g(ug, R(ug, ug)uy)dx

— 200

g(uxa vxum)g(vat, qux)d:v
= 20b / [9(te, Vaug)], 9(uz, Vouy)de
X

:—206/ g(ux,Viux)g(ux,ut)d:v
X
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—60b | g(Vaug, Vatag)g(ue, ur)dz

—20b 9(Vatg, Vaug)g(Vaug, ug)de
— 200 9(uy, Vium)g(kuw, ug)dx
=200 | g(ug, Viuy)g(ug,a Viug)dx
—60b | g(Viug, Vaoug)g(ug, a Viug)de
—20b | g(Vatg, Vate)g(Vate, a Viug)ds

—20b

T

9(uy, Vium)g(vxux, a Viuz)dx

:—60ab/ 9(V iz, Viug)g(ug, Viug)de,
X

where the last equality follows from

/ g(uzy viuz)g(um Vﬁuﬁdw = _/ g(v:va vgzcuas)g(u:u V:Qz:u;t)dxa
X X

1
/ g(qux,qux)g(vxum,Vium)daz = / [(g(qux,qux))ﬂ dx = 0.
X X

4

x

Moreover, we deduce

S [ stona Ve, Vo]
=—10b /Xg(uw,ux)g(qux,VtV;Bux)dm

100 [ g(Vitt )g Vot Vo)
=—10b /){g(um,ux)g(vxux,VEut)dx

— 106 /Xg(um,ux)g(vzum,R(ut,ux)um)dx

— 10b /Xg(Vzut,uI)g(qux,qux)d:U
=106 [ gl 0o (Vs wo)da

— 40b /Xg(Vmux,um)g(ViuI,ut)dw

— 200 /Xg(Vium,uw)g(quw,ut)dx

100 | glus,ug (R, Vo, )da

=20 [ 9(Tutte, V02)o(F sz,

11

(45)

(46)

(47)
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+20b | g(Vitg, Vate)g(ue, u)da

+ 10b 9(Vatg, Vaug)g(Vaug, ug)de
=—10b | g(us,us)g(Viug,aViug)dx
—40b | (Ve tz)g(Vitg, a Viug)ds
—20b | g(VZiug, uz)g(Vatg, aViug)de
—10b | g(Vatg, Vaue)g(Vate, a Viug)ds

+ 200 g(Vﬁuz, V) g(ts, a Vium)dx

— 300 / 9Vt 1) g (V2 tt, V21 )z (48)
X

Note that the last equality follows from (47) and

/ g(umux)g(v?cuxa viux)dx = _/ g(kumux)g(viuma Vium)dx.
X X

In the same way, we get

d
— [2@/ g(R(ugg,Vggux)ux,qux)dx}
dt b%

=4aq /Xg(R(Vtugc,V$u$)ux,vmum)d$

+ 4a /Xg(R(um,Vthux)um,quz)dm
—ta [ g(R(T0, V) V)

+4a | g(R(ug, Viug)ug, Vg )ds
+ 4a 9(R(ug, R(ug, ug)ug )y, Vayuy)de
=—4q 9(R(ug, Vpuy)uy, Vium)da:
—8a | g(R(Vaus, Vour)us, Vaty)ds
+ 4a

—4a /
X

+4a g(R(ux, viuaz)ux, ut)dl‘

9(R(ug, Vyug)ug, R(ug, ug)uy)de

(R(vmumv Vium)u:ﬂ, Ut)dl'

Q

+12a Q(R(UI, V?zuz)vxuxa ut)dl‘

T
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+ 8a /Xg(R(ux,qux)Viux,ut)dx
—4a /Xg(R(uz,R(ux,unw)um)um,ut)dx
=4a /Xg(R(Vmuz,Viuz)um,aVium)da:
+4a /Xg(R(ux,ViuI)ux,aViux)dx
+ 12a /Xg(R(ux,Viux)vmum,aVinux)da:
4 8a /Xg(R(ux,qux)vgum,avggux)dx (49)

El2a2/g(R(ux,Viux)Vzuz,Viuz)dx. (50)
X
Note that the last relation comes from the computation

X

= —/ g(R(qux,Viux)ux,Viux)dx
X

1

—3 /X G((VR) (1) (1t V1 i, V203

= —/ g(R(qux,Viux)ux,Viux)dx,
X

and the fact that the last integral of the right hand side of (49) vanishes because of (18).
As a consequence, if we add (40), (45), (48) and (50), we oljthiit) E>(u) = Fy = 0, which
implies desired (23) and (24). Thus we complete the proof. O
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