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A linear time algorithm foiL(2, 1)-labeling of trees

Toru HasunumaToshimasa IshjiHirotaka Onéand Yushi Uné

Abstract

An L(2, 1)-labeling of a grapl® is an assignment from the vertex seV(G) to the set of non-
negative integers such thd{x) — f(y)| > 2 if xandy are adjacent and (x) — f(y)| > 1 if xandy are
at distance 2, for alk andy in V(G). A k-L(2, 1)-labeling is an assignmeifiit: V(G) — {0,...,k},
and thelL (2, 1)-labeling problem asks the minimuknwhich we denote by(G), among all possible
assignments. It is known that this problem is NP-hard evemfaphs of treewidth 2, and tree is
one of a very few classes for which the problem is polynomisdilvable. The running time of the
best known algorithm for trees had beem\®{n) for more than a decade, however, am&f)-time
algorithm has been proposed recently, which substantrajlyoved the previous one, whesds the
maximum degree of andn = |V(T)|. In this paper, we finally establish a linear time algoritton f
L(2,1)-labeling of trees.
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1 Introduction

Let G be an undirected graph. A2, 1)-labeling of a graphG is an assignment from the vertex set
V(G) to the set of nonnegative integers such tfigt)— f (y)| > 2 if xandy are adjacent and (x)— f(y)| >
1if x andy are at distance 2, for ad andy in V(G). A k-L(2, 1)-labeling is an assignmelifit: V(G) —
{0, ..., Kk}, and theL(2, 1)-labeling problemasks the minimunk among all possible assignments. We call
this invariant, the minimum valule, the L(2, 1)-labeling numbeiand is denoted by(G). Notice that we
can usek + 1 different labels when(G) = k since we can use 0 as a label for conventional reasons.
The original notion ofL(2, 1)-labeling can be seen in the context of frequéditgnnel assignment,
where ‘close’ transmitters must receivefdrent frequencies and ‘very close’ transmitters must vecei
frequencies that are at least two frequencies apart saiyatan avoid interference. Due to its practical
importance, thd.(2, 1)-labeling problem has been widely studied. From the gthpbretical point of
view, since this is a kind of vertex coloring problem, it hasacted a lot of interest [3, 7, 9, 12]. In
this contextL(2, 1)-labeling is generalized intio(p, g)-labeling for arbitrary nonnegative integgrsand
g, and in fact, we can see thi(1, 0)-labeling ((p, 0)-labeling, actually) is equivalent to the classical
vertex coloring. We can find a lot of related resultslqip, g)-labelings in comprehensive surveys by
Calamoneri [2] and Yeh [13].

Related Work: There are also a number of studies onltii2 1)-labeling problem from the algorithmic
point of view [1, 5, 11]. It is known to be NP-hard for generedhs [7], and it still remains NP-hard for
some restricted classes of graphs, such as planar graphsjtei graph, chordal graphs [1], and recently
it turned out to be NP-hard even for graphs of treewidth 2 [d]contrast, only a few graph classes are
known to have polynomial time algorithms for this probleng.ewe can determine thg2, 1)-labeling
number of paths, cycles, wheels within polynomial time [7].

As for trees, Griggs and Yeh [7] showed thigT) is eitherA + 1 or A + 2 for any treeT, and also
conjectured that determininT) is NP-hard, however, Chang and Kuo [3] disproved this bggnéng
a polynomial time algorithm for computing(T). Their polynomial time algorithm exploits the fact that
A(T) is eitherA + 1 or A + 2 for any treeT. Its running time is O4*°n), whereA is the maximum
degree of a tre@ andn = [V(T)|. Recently, an O(mifm’ ">, A%®n}) time algorithm has been proposed
[8], which substantially improves the previous result.

Both algorithms are based on dynamic programming (DP) a&mtwovhich checks whetheh ¢ 1)-
L(2, 1)-labeling is possible or not, from leaf vertices to a roettex in the original tree strcucture,
and the principle of optimality requires to solve at eachtaseof the tree the assignments of labels
to subtrees. The assignments are formulated as the maximatahimg in a bipartite graph with @Qf
vertices and Qf?) edges, that is, it takes &%) time [10]. Since the assignment at each vertex should be
solvedA? times to fill the DP table up, the total running time of Chand &uio’s algorithm is O4*°n).
The Oq'’®)-time algorithm in [8] circumvents this heavy computatioy two ways: one is that it is
sufficient to solve the bipartite matching nat times but essentiallA times at each vertex; the other
is an amortized analysis, in which we can show that the bfpamatching problems should be solved
roughly only Of/A) times in average with respect to degrees. Note that thengdigm is derived from
the fact that the assignments near leaf vertices can bedseffieiently. We give a concise review of
these two algorithms in Sections 2 and 3, respectively.

Our Contributions: In this paper, we present a linear time algorithm lf¢2, 1)-labeling of trees. It is
based on the similar DP approach to the preceding two poliaidime algorithms [3, 8]. In our new
algorithm, besides using their ideas, we introduce theonatif “label compatibility”, which indicates
how we flexibly change labels with preserving its{{1)-L(2, 1)-labeling. Interestingly, we can show that
only O(log, n) labels are essential f&(2, 1)-labeling in any input tree by using this notion. By uiitig
this fact, we can replace the bipartite matching of graphé wie maximum flow of much smaller
networks as the engine to find the assignments. Furtherrtteeargument of the label compatibility



explains that, in the DP, a subtree with size at mifs{c is some constant) can be considered a so-
called generalized leaf. This enables us to do a more deiteortized analysis than the previous factor
O(n/A). Consequently, our algorithm finally achieves its linaaning time.

Organization of this Paper: The rest of this paper is organized as follows. Section 2sghasic
definitions and introduces as a warm-up the idea of Chang asKO(\*°n) time algorithm based on
dynamic programming. The improved i(®)-time algorithm and its ideas are described in Section 3.
Section 4 introduces the notion of label compatibility tbah bundle a set of compatible vertices and
reduce the size of the graph constructed for computing tiipanatchings. Moreover, this allows us to
use maximum-flow based computation for them. In Section Sgimeprecise analyses to achieve linear
running time.

2 Preliminaries

2.1 Definitions and Notations

A graphG is an ordered set of its vertex 3&{G) and edge sd€E(G) and is denoted b = (V(G), E(G)).
We assume throughout this paper that all graphs are unglitesimple and connected, unless otherwise
stated. Therefore, an edge= E(G) is an unordered pair of verticesandv, which areend verticeof
e, and we often denote it bg = (u,v). Two verticesu andv are adjacentif (u,v) € E(G). A graph
G = (V(G), E(G)) is calledbipartite if the vertex sel(G) can be divided into two disjoint set4 and
V> such that every edge IB(G) connects a vertex iW1 and one iVy; suchG is denoted byV1, V2, E).

For a graphG, the ©pen neighborhoodof a vertexv € V(G) is the setNg(v) = {u € V(G) |
(u,v) € E(G)}, and theclosed neighborhoodf v is the setNg[v] = Ng(v) U {v}. The degreeof a
vertexv is [Ng(V)|, and is denoted byg(v). We useA(G) to denote the maximum degree of a graph
G. A vertex whose degree i8(G) is calledmajor. We often dropG in these notations if there are
no confusions. A vertex whose degree is 1 is callddad vertex or simply aleaf. A pathin G is
a sequenceq, Vo, ..., Vp of vertices such thatv(,vi,;) € Efori = 1,2,...,¢ — 1, or equivalently, a
sequencevy, Vo), (V2,V3), ..., (Ve_1,Vp) of edges ¥, vi;1) fori =1,2,..., - 1. Apathvy,v,, ...,V isa
cycleif vi = vp. A graph is areeif it is connected and has no cycle.

In describing algorithms, it is convenient to regard theuirtpee to be rooted at a leaf vertexThen
we can define the parent-child relationship on vertices énubual way. For a rooted tree, lisightis
the length of the longest path from the root to a leaf. For amyexv, the set of its children is denoted
by C(v). For a vertew, defined’ (v) = |C(V)|.

2.2 Chang and Kuo's Algorithm

We first review some significant properties b2, 1)-labeling of graphs or trees that have been used so
far for designingd_(2, 1)-labeling algorithms. We can see théG) > A+ 1 holds for any grapks. Griggs

and Yeh [7] observed that any major vertexdmmust be labeled 0 ak + 1 wheni(G) = A + 1, and that

if A(G) = A + 1, thenNg[V] contains at most two major vertices for amye V(G). Furthermore, they
showed thafi(T) is eitherA + 1 or A + 2 for any tre€T . By using this fact, Chang and Kuo [3] presented
an O(A*°n) time algorithm for computing(T).

Next we review the idea of Chang and Kuo’s dynamic progranmgnailgorithm (CK algorithm) for
theL(2, 1)-labeling problem of trees, since our linear time aldoritalso depends on the same formula of
the principle of optimality. The algorithm determinesi{fT) = A + 1, and if so, we can easily construct
the labeling withi(T) = A + 1.

Before explaining the idea, we introduce some notationsa¥geme for explanation thatis rooted
at some leaf vertek. Given a vertex, we denote the subtree ®frooted atv by T(v). Let T(u,Vv) be a



tree rooted ati that formsT (u,v) = ({u} U V(T (V)), {(u,v)} U E(T(v))). Note that thisu is just a virtual
vertex for explanation andi(u, v) is uniquely determined by (v). ForT(u, V), we define

whereA(T(u,V) | f(u) = a, f(v) = b) denotes thé.(2, 1)-labeling number oif (u, v) under the condition
that f(u) = aand f(v) = b, i.e., the minimunk of k-L(2, 1)-labeling onT (u, v) satisfyingf(u) = a and
f(v) = b. This¢ function satisfies the following formula:

1, ifthere is an injective assignmegt {wq,Wo, ..., Wy )} = {0,1,...,A+ 1}
o((u,v), (& b)) = —{a,b-1,b,b+ 1} such that((v, w), (b, g(w;)) = 1 for eachi,
0, otherwise,

wherews, ..., Wy () are the children of. The existence of such an injective assignnpist formalized
as the maximum matching problem: For a bipartite gr&gh, v, a,b) = (C(v), X, E(u, v, a, b)), where
C(v) = {wy,Wo,...,Wg}, X =1{0,1,...,A,A+ 1} andE(u,v,a,b) = {(w,c) | 6((v,w),(b,c)) = L,ce
X—{a},w € C(v)}, we can see that there is an injective assignrgetws, Wy, ..., Way} — {0,1,..., A+
1} —{a,b-1,b,b+ 1} if there exists a matching of sizB(v) in G(u, v, a, b). Namely, forT (u, v) and two
labelsa andb, we can easily (i.e., in polynomial time) determine the eabfis((u, v), (a, b)) if the values
of § function forT(v,w;) and any two pairs of labels are given. Nowi@f) be the time for calculating
o((u,v), (x, %)) for vertexv. CK algorithm solves the bipartite matching problems oAD{ertices and
0O(A?) edges O4?) times for eactv, in order to obtairs-values for all combinations of labetsandb.
This amountg(v) = O(A%%) x O(A?) = O(A*®), where the first Q§%®) is the time complexity of the
bipartite matching problem [10]. Thus the total runningeiia ¥,y t(v) = O(A*®n).

3 An O(n'")-time Algorithm and its Ideas

In this section, we review the ideas of ther®{®)-time algorithm presented in [8]. The algorithm is
described in Algorithm 1, and it contains two subroutinefgfithms 2 and 3).

Algorithm 1 LaBEL-TREE

1: Do PreprocessiNG (Algorithm 2).

2: If N[v] contains at least three major vertices for some verte¥/, output “No”. Halt.

3: If the number of major vertices is at mast- 6, output “Yes”. Halt.

4: ForT(u,v) with v € Vg (its height is 2), let((u, v), (&, 0)) := 1 for each labeh # 0,1,5((u,v), (8, A+ 1)) =1
for each labeb # A, A + 1, ands((u, v), (+, *)) := 0 for any other pair of labels. Lét:= 3.

5. For all T(u,v) of height h, computes((u,v), (x, %)) (Computes((u,V), (x,b)) for eachb by MaINTAIN-
marcHING(G(u, v, —, b)) (Algorithm 3).

6: If h = h* whereh* is the height of root of T, then goto Step 7. Otherwise let= h + 1 and goto Step 4.

7: If 5((r,v), (a, b)) = 1 for some &, b), then output “Yes”. Otherwise output “No”. Halt.

Algorithm 2 PREPROCESSING

1: Check if there is a leaf whose unique neighbarhas degree less than If so, remover and edgey, v) from
T until such a leaf does not exist.

2: Check if there is a path component whose size is at least 4358y . . ., v, and letvg andv,,; be the unique
adjacent vertices of; andv, other thanv, andv,_;, respectively. If it exists, assunieis rooted atv;, divide
T into T1 := T(v1, Vo) andT, := T(va, v5), and remover, andvs. Continue this operation until such a path
component does not exist.




Algorithm 3 MaNTaIN-M arcainG(G(U, v, —, b))
1: Find a maximum bipartite matching of G(u, v, —, b). If G(u, v, —, b) has no matching of sizé’(v), output
6((u, v), (x, b)) asd((u, v), (i, b)) = O for every label.
2: Let X’ be the set of unmatched vertices untier For each label vertekthat is reachable from a vertex in
X’ via M-alternating path, led((u,V), (i,b)) = 1. For the other verticeg let 6((u, V), (j,b)) = 0. Output
o((u, V), (x, b))

The running time Of-"°) is roughly achieved by two strategies. One is that the probtan be
solved by a simple linear time algorithmAf = Q(+/n). The other is that we can solve the problem for
any input trees in Q{*®n) time. The ideas used in the latter strategy play key roksialour new linear
time algorithm. In the following subsections, we will seemndetailed ideas.

Efficient Search of Augmenting Paths in Solving Bipartite Matclings

Recall that CK algorithm computes the maximum bipartiteahiziy to calculaté((u, v), (a, b)) for every
pair of labelsa andb; the bipartite matching is solvetf times pers((u, v), (+, )). The first idea of the
speedup is that, we do not solve the bipartite matching problevery time from scratch, but reuse the
obtained matching structure. We focus on the fact that thplgG(u, v, a, b) andG(u, v, &, b) has almost
the same topology except edges from vertices corresponaiaagr &. To utilize this fact, we solve the
bipartite matching problem fdg(u, v, —, b), whereE(u, v, —, b) = {(w, ¢) | 6((v,w), (b,C)) =1,ce X, we
C(v)}, instead ofG(u, v, a, b) for a specifica. A maximum matching of thi&(u, v, —, b) satisfies the
following properties:

Property 1 (Lemma 3 [8])If G(u, v, —, b) has no matching of siz€(@), thens((u, v), (i, b)) = 0 for any
label i. m]

Property 2 (Lemma 4 [8])6((u, V), (i, b)) = 1if and only if vertex i can be reached by an M-alternating
path from some vertex in’Xn G(u, v, —, b), where M denotes a maximum matching ¢b,®, —, b) (of
size d(v)). m]

From these properties, we can see that AlgorithmNvhin-M arcaing (Algorithm 3) correctly computes
6((u,v), (x,b)). Since Step 2 of Mintain-MarcHiNG iS performed by a single graph search, the total
running time of MuntaIN-M atcainG is O(A2d’ (V) + O(Ad’ (v)) = O(AY ' (v)) (for solving the bipartite
matching ofG(u, v, —, b), which has OA) vertices and Q{d’(v)) edges, and for a single graph search).
Since this calculation is done for d| we havet(v) = O(A%°d’(v)), which improves the running time
t(v) = O(A*®) of the original CK algorithm.

Preprocessing Operations and Amortized Analysis

The other technique of the speedup is based on preprocegsargtions and amortized analysis. We
introduce preprocessing operations for an input treerffdcessing, Algorithm 2), where a sequence of
consecutive verticeg, Vo, . .., V¢ is called gpath component (vi,vi;1) e Eforalli=1,2,...,{—1and
divy) = 2foralli =1,2,...,¢ and¢ is called thesizeof the path component. They are carried out (1)
to remove the vertices that are ‘irrelevant’ to th, 1)-labeling number, and (2) to divideinto several
subtrees that preserve th&, 1)-labeling number. It is easy to show that neither of theatpens d@fects
the L(2, 1)-labeling number. Note that, these operations may nataedhe size of the input tree, but
more importantly, they restrict the shape of input trees¢ctvienables an amortized analysis.

After the preprocessing operations, the input trees gatisf following properties.

Property 3 All vertices connected to a leaf vertex are major vertices. m|



Property 4 The size of any path component of T is at nBost m]

By Property 3, if we go down the resulting tree from a rootnthree reach a major vertex whose
children are all leaves. For the 9é of such vertices, we can observe the following: (1) oz Vg
6((u,v),(a b)) = 1ifand only ifb = 0 orA + 1 andja— bl > 2, (2) Vol < n/A. Note that (1)
implies that we do not need to solve the bipartite matchinghti@ings-values. Also (2) and Property 4
imply that|V — Vg — V| = O(n/A), whereV, is the set of all leaf vertices. (This can be obtained by
pruning leaf vertices and regardiMg vertices as new leaves.) Since we do not have to computeitepar
matchings foiv € Vi U Vg, and this implies thakl,cy t(V) = O(Xvev-v, v, t(V)), which turned out to be
O(A%® T vev-v,-vo d”(V)), whered” (v) = [C(v) - VL|. SINCeYyev-v, vy d”(V) = IV =VL=Vql+[Vql-1=
O(n/A), we obtainyey_y, -v, t(V) = O(A1n).

4 Label Compatibility and Flow-based Computation ofé

As mentioned in Section 3, we can achieve fiitient computation of-values by reusing the matching
structures, which is one of keys of the running timef) of Algorithm 1. In this section, we introduce
another technique of the speedup of the computatiofr\@lues. The faster computation &values

is based on a maximum flow algorithm instead of a maximum niragchlgorithm used in Section 3.
Seemingly, this sounds a bit strange, because the time eaitypbf the maximum flow problem is
larger than the one of the bipartite matching problem. Tio& is that the new flow-based computation
uses a smaller network (graph) than the gr&gh, v, —, b), which is used in the bipartite matching. To
this end, we introduce the notion of label compatibility §Section 4.1), which enables us to treat several
labels equivalently under the computationsefalues (Subsection 4.2).

4.1 Label Compatibility and Neck/head Levels

LetLp ={h,h+1,...,A—-hA-h+1}. LetT be a tree rooted at, andu ¢ V(T). We say thafl is
headLy-compatibleif 6((u, V), (a, b)) = 6((u,v), (&, b)) for all a,& € Ly, andb € Lo with |a—b| > 2 and
|a’ — b| > 2. Analogously, we say that is neckLy-compatible if6((u, v), (a, b)) = 6((u, V), (a,b’)) for
alla e Lgandb,b’ € L, with |a—b| > 2 andla- b/| > 2. The neck and head levels Bfare defined as
follows:

Definition 1 Let T be a tree rooted at v, andauV(T).

(i) Theneck level fesp.,head levellof T isO if T is neck-lg-compatible(resp., head-g-compatiblg.
(ii) Theneck level tesp.,head levelpf T is h(> 1) if T is not neck-k_1-compatible(resp., head-k-1-
compatiblé but neck-l,-compatible(resp., head-k-compatibl@.

An intuitive explanation of necks,-compatibility (resp., headly,-compatibility) ofT is that if for T (u, v),
a label inLy, is assigned t@ (resp.,u) under A + 1)-L(2, 1)-labeling ofT(u, v), the label can be replaced
with another label irL, without violating a properA + 1)-L(2, 1)-labeling; labels i, are compatible.
The neck and head levels Bfrepresent the bounds bf-compatibility of T.

For the relationship between the ndodad levels and the tree size, we can show the following lemma
although the proof has been moved to the Appendix, due taedjaitation:

Lemma 2 Let T be a subtree of T. IV(T’)| < (A - 3-2h)"2 -1 andA - 2h > 10, then the head level
and neck level of Tare both at most h.

By this lemma, we obtain the following theorem:

Theorem 3 For a tre€T, both the head and neck levelsTofire O(logV(T)|/ log A).



4.2 Flow-based Computation ot

Now we are ready to explain the faster computatiod-@hlues. Recall thaé((u,V), (a, b)) = 1 holds
if there exists a matching d&(u, v, a,b) in which all C(v) vertices are just matched; which vertex is
matched to a vertex iX does not matter. From this fact, we can treat verticeX torresponding to
Ly equally in computing, if T is neck- and headly-compatible. The idea of the fast computation of
é-values is that, by bundling compatible vertices<inf G, we reduce the size of a graph (or a network)
to compute the assignments of labels, which is no longer tisemmum matching; the maximum flow.
Algorithm Maintain-M archinG in Section 3 compute&-values not by solving the maximum match-
ings of G(u, v, a, b) for all pairs ofa andb but by finding a maximum matchinigl of G(u, v, —, b) once
and then searchinifl-alternating paths. In the new flow-based computation, voptithe same strategy;
for a treeT (v) whose head and neck levels are at niifg}, we prepare not a network for a specific pair of
(a,b), sayN(u,v, a b), but a general network/(u, v, —, b) = ({s, t} U C(v) U Xnw), E(V) U Ex U E;, cap),
where Xy = {C € (Lo — Lhw) U {h(W}}, E(V) = {(sw) | w € C(V)}, Ex = {(C,) | C € Xpw}s
Es = {(w,c) | w e C(v), c € Xn)}, andcap(e) function is defined as follows: fofe € E(v), cape) = 1,
for e = (w,c) € Es, cape) = 1if §((v,w), (b,c)) = 1, caple) = 0 otherwise, and foe = (c,t) € Ex,
cap(e) = 1if ¢ # h(v), cap(e) = |Lny) — {b,b+ 1,b—1}| if ¢ = h(v). See Figure 1 for an example of
N(u,v, —, b) in Appendix.
For a maximum flowy : e » R*, we redefineX” as{c € Xy | cap((c,t)) — ¥((c,1)) > 1}. By the flow
integrality and arguments similarly to Properties 1 and & can obtain the following properties:

Lemma4 If N(u,v, —, b) has no flow of size’@V), thens((u, v), (i, b)) = 0 for any label i. m|

Lemma5 6((u, V), (i,b)) = 1if and only if vertex i can be reached by #@ralternating path from some
vertex in X in N(u, v, —, b). O

Here,y-alternating path is defined as follows: Given a flgya path is calleg/-alternatingif its edges
alternately satisfgap(e) —y(€e) = 1 andy(e) > 1. By these lemmas, we can obtafiu, v), (x, b))-values
for b by solving the maximum flow oN(u, v, —, b) once and then applying a single graph search.

The current fastest algorithm for solving the maximum flowlpem runs in O(mifmt/2, n%/3)
mlog(n?/m) logU) = O(n*®mlognlogU) time, whereU, n andm are the maximum capacity of edges,
the number of vertices and edges, respectively [6]. Thusuheing time of calculating((u, v), (a, b))
for a pair @, b) is

O((h(v) +d”(v))*3(h(V)d” (v)) log(h(v) + d” (W) log A) = OA%3(h(V)d” (v)) log® A),

sinceh(v) < A andd”(v) < A (recall thatd”(v) = |C(v) — V_|). By using a similar technique of updat-
ing matching structures introduced in [8], we can ob(iu, v), (x, b)) in O(A%3(h(v)d” (v)) log? A) +
O(h(v)d” (v)) = O(A%3(h(v)d” (v)) log® A) time. Since the number of candidates lfids also bounded by
h(v) from the necfhead level property, we have the following lemma.

Lemma 6 6((u, V), (x, *)) can be computed in @%3(h(v))2d” (v) log? A) time, i.e., {v) = O(AZ/3(h(v))?
d”(v) log? A). O

Combining this with}’ .y, d”’(v) = O(n/A) shown in Section 3, we can show that the total running
time for computingL(2, 1)-labeling number is @(maxh(v)})2(A~Y/3log? A)). By applying Theorem 3,
we have the following theorem:

Theorem 7 For trees, the (2, 1)-labeling problem can be solved in(@in{nlog? n, A°n}) time. Fur-
thermore, if n= O(APPMI°94)) 'it can be solved in () time. O

Only by directly applying Theorem 3 (actually Lemma 2), weadh much faster running time than
the previous one. In the following section, we present alirtiene algorithm, in which Lemma 2 is used
in a different way.



5 Proof of Linear Running Time

As mentioned in Section 3, in [8], one of keys of the achievanoéthe running time Q{*°n) = O(n"°)

is equation};y, d”(v) = O(n/A), whereV; is the set of vertices in whicbrvalues should be computed
via the matching-based algorithm; since the computatiofraflues for eaclv is done in OA%%d” (v))
time, it takesy ey, O(A%°d”(v)) = O(A°n) time in total. This equation is derived from the fact that in
leaf vertices we do not need to solve the matching to computdues, and any vertex with height 1 has
A — 1 leaves as its children after the preprocessing operation.

In our new algorithm, we generalize this idea: By replacieaf lvertices with subtrees with size at
leastA* in the above argument, we can obtiRey, d”’(v) = O(n/A%), and in total, the running time
DIVEVA O(A%5d”(v)) = O(n) is roughly achieved. Actually, this argument contains eatimg, because a
subtree with size at mo&t* is not always connected to a major vertex, whereas a leatighws well
utilized to obtainy’ .y, d”(v) = O(n/A). Also, whereas we can neglect leaves to computalues, we
cannot neglect such subtrees. We resolve these problemasbyitilizing the properties of neglead
levels and the maximum flow techniques introduced in Seeion

5.1 Hficient Assignment of Labels for Computings

In this section, by compiling observations and techniqu@saksigning labels in the computation of
o((u,v), (x, %)) for v € V, given in Sections 2—4, we will design an algorithm to runimear time within
the DP framework. Throughout this section, we assume thatpan treeT satisfies Properties 3 and 4.
Below, we first partition the vertex s#tinto five types of subsets defined later, and give a linear time
algorithm for computing the value éffunctions, specified for each type.

We here start with defining such five types of subsgt§ = 1,...,5). Throughout this section, for
a treeT’, we may denotdV(T’)| simply by |T’|. Let V\u be the set of vertices € V such thatT (V)
is a “maximal” subtree off with [T(v)| < A®; i.e., for the parenti of v, [T(u)| > A®. Divide Vy into
two setsvﬁ,ll) ={veVu|ITV) > (A-19%} andV,E,lz) ={veVul| TV < (A - 19} (notice that
VL € Usev, V(T(W)). Defined(v) := IC(V) - V| (= &' (v) — IC(v) N VZ)). Let

Vi o= Uy V(T(V)),

Vo = {veV-Vq|dV) > 2,

Vi = (veV-Vi|dVv) =1CMHn VD -Vv) =0},

Vi = (VeV = (ViUV3) [dW) = L Bpecyn@ v, ITWI < AA - 19),
Vs = {veV-—(V1UVa)|dv) =1, S wecunv@ vy [TWI > A4 - 19),

Notice thatV = V; U V> U V3 U V4 U V5, and thatv; NV, = 0 for eachi, j withi # j.

Here we describe an outline of the algorithm for computit@, v), (x, *)), v € V, named GmpuTE-
6(v), which can be regarded as a subroutine of the DP framewotkelsubsequent subsections, we show
that for eachV;, 6((u, v), (+, ¥)), v € Vi can be computed in linear time in total; i.e., Qg t(v)) = O(n).
Namely, we have the following theorem.

Theorem 8 For trees, the 2, 1)-labeling problem can be solved in linear time.

The proof forVs and the proofs of several lemmas have been moved to the Append

5.2 Computation ofé-value for V;

For eachv € Vi, we have OF ety t(w)) = O(T(V))), by Theorem 7 angll' (v)| = O(A®). Hence, we
have O ey, t(V)) = O(V1)).



Algorithm 4 Compute-6(V)

1. /** Assume that the head and neck levelsidf/) are at mosh. **/

2: If ve Vi U Vs, then for eaclb € (Lo — L) U {h}, computes((u, v), (x, b)) by the max-flow computation in the
network N (u, v, —, b) defined in Subsection 4.2.

3: If v € V3, execute the following procedure for eabhe Lo in the case ofC(v) N V. = 0, and for each
b e {0,A + 1} in the case oC(v) NV # 0. /** Let w* denote the unique child efnot |nV ) Ry

3-1: If |{c| 6((v, w*), (b, C)) = |> 2 then lets((u, v), (x, b)) := 1.

32 If {c| 8((v, W), (b,c)) = 1} = {c*}, then lets((u, v), (c*, b)) := 0 ands((u, v), (& b)) := 1 for all other labels
ag {b 1,b,b+1}.
33 If {c | 8((v, w*), (b, ©)) = 1}| = 0, then lets((u, v), (x, b)) := 0.

4: If v e V4 U Vs, then similarly to the case efe Vi U V,, computes((u, v), (x, x)) by the max-flow computation
in a network such as/(u, v, —, b) specified for this case (details will be described in Subged and 5.5).

5.3 Computation of§-value for V,

By Lemma 6, we can observe thtey, t(v) = O(Zev, A¥3d’'(Vh?log? A) = O(A82 log? A Tyev, d' (V)
(note thath < A andd”(v) < d’(v)). Now, we haved’(v) < d(v) + A < Ad(v). It follows that ey, t(V) =
O(A310g? A Yyev, d(V)). Below, in order to show thaE,y, t(v) = O(n), we prove thal.y, d(v) =
o(n/A%).

By definition, there is no vertex whose all children are wedi inv?, since if there is such a vertex
v, then for eaclw € C(v), we havelT(w)| < (A — 19)* and hencdT(v)| < A%, which contradicts the
maximality of T(w). It follows that each leaf vertex belongs Vﬁ) in the treeT’ obtained fromT by

deleting all vertices iv; — V{7 (note thatv/(T’) = VP UV, U V3 U V4 U Vs). Hence,

V(T = 1=I|ET) =2 ZveV(T 1y 0/ (V)
= 2(|VM | + ZVEV2UV3UV4UV5(d(V) +1)-1)

2(IV N+ Zvevz(d(v) +1)+2V3l + 2|V4I +2\Vs| - 1)

> ZIVMRA |+ 3IVo| + V3| + V4| + V5| — 3

(the last inequality follows froni(v) > 2 for all v € V,). Thus, |V(1)| — 1> |Vo. Therefore, we can
observe thalyey, d(v) = [E(T’)| = [Val = Val = Vsl = V(| + V2 - 1 < 2V - 2. Notice that the

first equality follows fromlE(T")| = 3 vev,uvsuvauvs d(v) = PIVEVA d(v) + Vs + |V4| + |Vs| and that the

second equality follows fronE(T’)| = V(T')| -1 = V(l)l + |Vo| + |Va| + [V4] + V5| — 1. It follows by

Vil = O(/A%) that Yyey, d(v) = O(/A%).

5.4 Computation of§-value for V,

We first claim thatV4] = O(n/A). Since each leaf is incident to a major vertex by Propertyog that
for eachw € Vy — V,, we haveT(w)| > A. Q)

Now, by definition, we hav€(v) N (Vﬁ,zl) — VL) # 0 and hencéV,4| = O(n/A), which is derived from the
fact that the total number of descendants of a chiltiﬁﬁ% — V_ of each vertex in/4 is at leastA|Vy|.
Here, we first observe several properties of verticegibefore describing an algorithm for comput-

ing 5-values. Letv € V4. By (1) andZWEC(V)m(V@_VL) IT(wW)| < A(A - 19), we have
M

cW)n (V& -Vl <A-19 2)
Intuitively, (2) indicates that the number of labels to bsigised for\/ﬁ,zl) — V_ is relatively small. Now,

the head and neck levels ©fw) are at most 8 for eacl € Vlf,lz) 3)
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by Lemma 2 andT (w)| < (A — 19)* (note that we assume that> 26, since otherwise the original CK
algorithm is already a linear time algorithm). Hence, we @laserve that there are many possible feasible
assignments on/,E,l2 —V,; i.e., we can see that if we can assign labels to some restrattildren ofv
properly, then there exists a proper assignment for theevtiuldren ofv, as observed in the following
Lemma 9. For a labdd, we divideC(v) N (V,(vzl) — V) into two subset€,(b) := {we C(V) N (Vlf,lz) -V) |
o((v,w), (b,c)) = 1forallc € Lg—{b—1,b, b+1}} andCy(b) := {w e C(v)m(Vlf,lz)—VL) | 6((v,w), (b,c)) =0

for all c € Lg — {b— 1,b,b + 1}} (notice that by (3), the neck level af(w), w € C(v) N (V& — ), is

at most 8, and hence we ha@) N (V2 — V|) = Cy(b) U Co(b)). Letw* be the unique child of in
C\v) - Vﬁ). By the following property, we have only to consider the gsgients fo{w*} U C,(b).

Lemma9 Let a and b be labels witlp — a| > 2 such that be LoifC(v) NV, =0and be {0,A + 1}
otherwise. Them((u, v), (& b)) = 1if and only if there exists an injective assignment{g/} U C,(b) —
Lo—{a,b—1,b, b+ 1} such thats((v, w), (b, g(w))) = 1 for each we {w*} U Cy(b).

Below, we show how to comput&(u, V), (x, b)) for a fixedb, whereb € Ly if C(v) n V. = 0 and

b € {0,A + 1} otherwise. If|Cy(b)| > 17, thendé((u,Vv), (x, b)) = O because in this case, there exists
somew € Cy(b) to which any label inLy — Lg cannot be assigned sinfe) — Lg| = 16. Assume that
|C2(b)| < 16. There are the following three possible cases: (Caséddw*), (b, ¢)) = 1 for at least two
labelscy, ¢ € Lg, (Case-2)((v, w*), (b, ¢1)) = 1, for exactly one labet; € Lg, and (Case-3) otherwise.

(Case-1) By assumption, for amy 6((v, w*), (b, c)) = 1 for somec € Lg — {a}. This, together with
Lemma 9, implies that we have only to check whether therdsais injective assignment: C,(b) —
Lo—Lg—{a b-1,b,b+ 1} such that((v,w), (b, g(w))) = 1 for eachw € C,(b) (note that by definition,
6((v,w), (b,c)) = 0 for anyw € Cy(b), c € Lg). According to Section 4.2, this can be done by utilizing
the maximum flow computation on the subgrawhof N (u, v, —, b) induced by{s, t} U C»(b) U X" where
X ={0,1,...,7,A-6,A-5,...,A + 1}. Obviously, the size oN’ is O(1) and it follows that its time
complexity is O(1).

(Case-2) For alb # c1, the value of5((u, v), (a, b)) can be computed similarly to Case-1. Consider
the case whera = c;. In this case, it5((v, w*), (b,c)) = 1 holds, then it turns out that € Ly — Lg.
Hence, by Lemma 9, it $fices to check whether there exists an injective assignmefw*} U C,(b) —

Lo — Lg — {b - 1,b,b + 1} such thats((v,w), (b,g(w))) = 1 for eachw € {w*} U Cy(b). Similarly
to Case-1, this can be done in O(1) time, by utilizing the saplg N’ of N(u,v,—,b) induced by
{st} U(Cao(b) U{w} UX.

(Case-3) By assumption, é{(v, w*), (b, €)) = 1 holds, then it turns out thate Ly — Lg. Similarly to
the case o& = c¢; in Case-2, by usingv”’, we can compute the valuesd{u, v), (x, b)) in O(1) time.

Finally, we analyze the time complexity for computitg{u, v), (x, *)). It is dominated by that for
computingCy(b), Cx(b), andd((u, v), (x, b)) for eachb € Lg. By (3), we haveCi(b) = Ci(b’) for all
b,b’ € Lg andi = 1,2. It follows that the computation fd€1(b) andCy(b), b € Lg can be done in
Oo(C(v)n (V,E,lz) —V\)|) time. On the other hand, the valuesséfu, v), (x, b)) can be computed in constant
time in each case of Cases-1, 2 and 3 for a fized'hus, we can observe that the time complexity for
computings((u, v), (x, *)) is O(C(v) m(Vl(\/Zl) —V0)|+A) = O(A). This together withVy| = O(n/A) implies
that the values a#((u, v), (+, *)) for vertices inV4 can be computed in @) time.

5.5 Computation ofé-value for Vs

In the case oWy, since the number of labels to be assigned is relativelyIsmalcan properly assign
labels toC;(b) even after determining labels fon*} U Cy(b); we just need to solve the maximum flow
of a small network in which vertices correspondingXdb) are omitted. In the case &, however, the
number of labels to be assigned is not small enough, andligciiuis sometimes tight. Thus we need
to assign labels carefully, that is, we need to solve the mari flow problem in which the network
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contains vertices corresponding@a(b). Instead of that, we can utilize the inequalit| <
O(n/A?), which is derived frO"EweC(v)m(v(Z)—vL) [T(wW)| > A(A - 19).
M
Below, in order to show that Q. t(v)) = O(n), we prove that the values 6{(u, v), (x, b)) can be

computed in O4) time for a fixedb. A key is that the childremv € C(v) N Vlf,lz) of v can be classified
into 217 (= O(1)) types, depending on itsvalues §((v,w), (b,i)) | i € (Lo — Lg) U {8}), since for each
suchw, the head and neck levels B{w) are at most 8, as observed in (3). We denote the charaitterist
vector 6((v,w), (b,i)) | i € (Lo — Lg) U {8}) by (Xw). Furthermore, by the following lemma, we can
see thav((u, V), (x, b)) can be obtained by checkirdf(u, v), (a, b)) for O(1) candidates of, where we
let w* be the unique child o¥ not in Vlf,lz); namely, we have only to cheegke (Lo — Lg) U {8} if |{c €
Lg—{b—1,b,b+1}|s((v,w),(b,c)) =1} # 1,anda e (Lo—Lg)u{c’} wherec’ € Lg—{b—1,b,b+1,c"}

if {ceLg—{b-21,b,b+1}|d((v,w),(b,c)) =1} ={c}.

Lemma 10 If 6((u,Vv), (az, b)) # 6((u, V), (a2, b)) for some @,a, € Lg —{b— 1,b,b + 1} (say, 5((u, v),
(az, b)) = 1), then we havé((v, w*), (b, a)) = Lands((v, w*), (b,a)) = Oforalla € Lg—{ap, b-1, b, b+1},
and moreover((u,v), (a,b)) = 1forallae Lg—{ay,b—1,b,b+ 1}.

n —_
AB-19) —

From these observations, itfliges to show tha&((u, v), (a, b)) can be computed in @j time for a
fixed paira, b. We will prove this by applying the maximum flow techniquesetved in Section 4.2 to
the networkN’(u, v, a, b) with O(1) vertices, O(1) edges, and & (units of capacity, defined as follows:

N’(u,v,a,b) = ({s,t} UUg U {w*} U Xg, Eg U E} U E}, cap),

whereUg = {(Xy) | We C(V)}, Xg ={0,1,...,7,A-6,A—=5,...,A+ 1} U {8}, Eg = {s} x (Ug U {w*}),

E; = (Us U {w'}) X Xg, E = Xg x {t}. We note that Xw)c = 6((v,w), (b,c)). For example, fow,

vector (ky) = (101...1) means thatv satisfies Xy)o = d((v,w), (b,0)) = 1, (Xw)1 = 5((v,w), (b, 1)) =

0, (xw)2 = o((v,w),(b,2)) = 1,...,(%w)a+1 = o((v,w),(b,A + 1)) = 1. Notice thatUg is a set of O-
1 vector with length 17, and its size is bounded by a const&vihen we refer a vertek € Xg, we
sometimes use; instead ofi to avoid a confusion. For the vetex sets and the edge setsafig)

function is defined as follows: Fa = (s, (X)) € {s} x Ug c Eg, cape) = |{w | (X) = (xw)}|. For
(sw") € Eg, cap(e) = 1. If ae Xg - {cg}, then fore = (U, a) € Ej with v € Ug U {w*}, cap(e) = 0. For
e = ((xw),C) € Ug x (Xg — {a, cs}) C Ej, cap(e) = (Xw)c, and fore = (W*, ¢) € Ej with c € Xg - {a, cg},

cape) = o((v,w),(b,c)). Fore = ((xw).Cs) € Ug x {cg} C E}, cape) = |Lg — {a,b—1,b,b + 1} if

(xw)s = 1, andcap(e) = 0 otherwise. Forw*,cg) € E;, caple) = 1 if 6((v,w*), (b,c)) = 1 for some
celg-{ab-1bb+1}, andcape) = 0 otherwise. Foe = (c,1) € (Xg — {Cg}) X {t} C E, cap(e) = 1.

Fore = (cg,t) € E{,caple) = |Ls—{a,b—1,b,b+ 1}].

This network is constructed fiierently from N (u,v, —, b) in two points. One is that in the new
N’(u,v, & b), not only label vertices but al€(v) vertices are bundled tdg. For each are = ((xy), Cg) €
E;, cap(e) is defined bylLg — {a,b — 1,b,b + 1}| if (x4)s = 1 and 0 otherwise. This follows from the
neck level of T(w) for w € C(v) — {w*} is at most 8; i.e., we hav&((v,w), (b,c)) = d((v,w), (b, c))
forall c,c € Lg —{b-1,b,b+ 1}. The other is that the aref, cg) is set in a diferent way from
the ones inN(u,v,—,b). Notice that neck level off (w*) may not be at most 8ap(w*,cg)) = 1
does not imply that((v, w*), (b, c)) is equal for anyc € Lg. Despite the dference of the definition
of cap functions, we can see thaf(u, v), (a,b)) = 1 if and only if there exists a maximum flow from
sto t with sized’(v) in N’(u,v,a,b). Indeed, even for a maximum flow with sized’(v) such that
w(w,cg) = 1 (say,o((v,w*),(b,c*)) = L forc* € Lg—{a,b— 1,b,b + 1}), there exists an injective
assignmeng : C(v) - Lo—{a,b—1, b,b+ 1} such that((v, w), (b, g(w))) = 1 for eachw € C(v), because
we can assign injectively the remaining labelsLig (i.e., Ls — {a,b — 1,b,b + 1,c*}) to all vertices
corresponding to, with y((Xy), cg) > 0.

To constructN’(u, v, & b), it takes O¢'(v)) time. SinceN’(u,V, a,b) has O(1) vertices, O(1) edges
and at mosA units of capacity, the maximum flow itself can be solved ino@Q) time. Thus, the values
of 6((u, v), (x, b)) can be computed in @{(v) + logA) = O(A) time.
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A APPENDIX

This appendix provides the proofs of the results that have ben omitted due to space reasons. They
may be read to the discretion of the program committee.

A.1 Figure in Section 4

cap= 5((v, wa). (b, 0))

cap=1

v% ILh—{b,b+1,b-1} -1

Figure 1: An example oN(u, v, —, b) whereh = h(v).

A.2 Proofs of Lemma 2 and Theorem 3

For a treel”’ rooted atv, denote byT”’ + (u, v) the tree obtained fromi’ by adding a vertex ¢ V(T’) and
an edge(, V). This is similar toT (u, v) defined in Subsection 2.2, however, T, v), u is regarded as
a virtual vertex, while foiT’” + (u, v), u may be an existing vertex.

Proof of Lemma 2: Whenh = 1,2, we haveT’| < A — 6 and henc\(T’ + (u,v)) < A — 6, wherev
denotes the root of’. It follows thatT’ + (u, v) can be labeled by using at mas{fT’ + (u,v)) +3 < A-3
labels. Thus, in these cases, the head and neck levels &aré.bot

Now, we assume by contradiction that this lemma does not Ha@tT, be such a counterexample
with the minimum size, i.eT; satisfies the following properties (4)—(7):

Tl < (A=3-2h)"2 - 1. (4)

- The neck or head level df; is at leash + 1. (5)

-h > 3 (from the arguments of the previous paragraph). (6)
- For each tre@” with |T’| < |T4], the lemma holds. (7)

By (5), there are two possible cases (Case-l) the head Iéval is at leash + 1 and (Case-Il) the neck
level of T1 is at leash + 1. Letv, denote the root of ;.



(Case-l) In this case, ifi; + (u, v1) with u ¢ V(T,), for some labeb, there exist two labels, &’ € L,
with |b —a > 2 and|b — &| > 2 such that((u, v1), (a, b)) = 1 andé((u,v1),(@',b)) = 0. Let f be a
(A + 1)-L(2, 1)-labeling withf(u) = a and f(v;) = b. If any child of v; does not have labal’ in the
labeling f, then the labeling obtained frorh by changing the label fon from a to & is also feasible,
which contradicts((u, v1), (&, b)) = 0.

Consider the case where some childbf v; satisfiesf(w) = &. Then by|T(w)| < [T1| and (7),
then the neck level of (w) is at mosth. Hence, we havé((vi, w), (b, &)) = 6((v1,w), (b, a)) (= 1) by
a,a € Ly. Let fy bea @+ 1)-L(2,1)-labeling onT (w) + (v, w) achievings((vi, w), (b,a)) = 1. Now,
note that any vertex € C(v;) — {w} satisfiesf (V) ¢ {a, &'}, sincef is feasible. Thus, we can observe that
the labelingf; satisfying the following (i)—(iii) is af + 1)-L(2, 1)-labeling onTy + (u, v1): (i) fo(u) := &,
(iiy fo(v) := fi(v) for all verticesv € V(T (w)), and (iii) fo(v) := f(v) for all other vertices. This also
contradictss((u, v1), (&, b)) = 0.

(Case-ll) By the above arguments, we can assume that thddwehdf T, is at mosh. In Ty +(u, v1)
with u ¢ V(T1), for some labeh, there exist two labelb, b’ € Ly, with [b—a] > 2 and|b’ — al > 2 such
thaté((u, v1), (&, b)) = 1 andé((u, v1), (a,b’)) = 0. Similarly to Case-I, we will derive a contradiction by
showing that((u, v1), (&, b)) = 1. Now there are the following three cases: (II-1) theretexdsch a pair
b, b’ withb = b-1, (1I-2) the case (lI-1) does not hold and there exists sughirb, b’ with b’ = b+ 1,
and (11-3) otherwise.

First we show that we have only to consider the case of (Irdinely, we can see that if

(1I-1) does not occur for ang, bwitha ¢ {b—2,b—1,b,b+ 1} and{b - 1,b} C Ly, (8)

then (11-2) does not occur and that (11-3) does not occur.ufvss that (8) holds. Consider the case (lI-2).
Then, since we haw&{(u, v1), (A+1-a, A+1-Db)) = 6((u, v1), (& b)) = 1 ands((u, v1), (A+1-a,A-b)) =
6((u,v1), (&, b + 1)) = 0, which contradicts (8). Consider the case (II-3); theneagairb, b’ such that
lb—b’| = 1. Namely, in this case, for sonaes Ly, we haves((u, v1), (a, h)) # &((u, v1), (a, A+1-h)) and
6((u,v1), (8, b1)) = 6((u,v1), (& b)) only if (i) b <a-2,i=1,2o0r ()b =a+2,i =1,2. Then, since
the head level of'; is at mosth, it follows by a € Ly,» thats((u, v1), (8, h)) = 6((u, v1), (A + 1 — a, h)).
By 6((u, v1), (A +1-a,h)) = 6((u, ), (8, A + 1-h)), we haves((u, v1), (& h)) = o((u, v1), (&, A+ 1-h)),
a contradiction.

Below, in order to show (8), we consider the casé/'of b— 1. Letf be a A + 1)-L(2, 1)-labeling
with f(u) = aand f(v;) = b. We first start with the labelind, and change the label fa from b to
b — 1. Let f; denote the resulting labeling. fi is feasible, then it contradict(u, v1), (a,b — 1)) = 0.
Here, we assume thdt is infeasible, and will show how to construct anoth&r(1)-L(2, 1)-labeling by
changing the assignments for verticed/ifT1) — {v1}. Notice that sincd is infeasible, there are

some childw of v; with fy(w) =b -2, or 9)
some grandchilc of v; with fi(X) = b - 1. (20)

Now we have the following claim.

Claim 1 Let ' be a(A+1)-L(2,1)labeling on T, and T(v) be a subtree of . There are at mogi—2h-4
children w of v with f(w) € Ly and|T(w)| > (A — 2h + 1)(+2)/2

Proof. LetC’(v) be the set of childrew of vwith f’(w) € Ly and|T(w)| > (A—2h+1)"-2/2_ |f this claim
would not hold, then we would hav&y| > [T(V)| > 1+ Y pecr ) ITW)| > 1+(A—2h-3)(A-2h+1)1-2)/2 >
1+ (A —2h-3)"2 > T4, a contradiction. O

This claim indicates that given a feasible labelifigon T’, for each vertex € V(T’), there exist at least
two labels?y, £, € Ly such thatf; is not assigned to any vertex {m, p(v)} U C(v) (i.e., &i ¢ {f'(V') |
V' € {v, p(v)} U C(v)}) or assigned to a child; € C(v) with [T(w)| < (A — 2h + 1)("2/2 _ 1 since



ILh — {f"(p(V)), f'(v) — 1, f'(v), f'(v) + 1}| = A — 2h — 2, wherep(v) denotes the parent ef For each
vertexv € V(T1), denote such labels W(v; f') and such children bg;(v; f) (if exists) fori = 1,2. We
note that by (7), ici(v; f’) exists, then the head and neck level§ ¢d;(v; f)) are at mosh — 2.

First consider the case where the vertex of (9) exists; @esath vertex byv;. We consider this
case by dividing into two cases (lI-1-b)> h+ 2 and (II-1-2)b<h+1,i.e.,b=h+1byb- 1€ L.

(II-1-1) Suppose that we hav&(vi; f) # b — 2, andcy(vq; f) exists (other cases can be treated
similarly). By (7), the head and neck levelsfw) are at mosh for eachw € C(v;1), and especially, the
head and neck levels df(c,(vy; f)) are at mosh — 2. Hence, we have

0((v1, wa), (b, £1(v1; 1))

5((V1a Wl)a (b’ b - 2))

= ((ve,wa), (b - 1, £1(vy; 1)), (11)
0((v1, ca(ve; ), (b, €a(va; 1)) = o((va, ca(va; 1)), (b = 1, £1(vy; )))
= O((ve,ce(vy; 1)), (b - L b+ 1)), (12)

sincel1(vy; f) ¢ b-2,b-1b,b+ 1} and{b— 2 b - 1,b,{1(vy; )} C Ly (note that in the case where
ci(vy; f) does not exist, (12) is not necessary). Notice thatl ¢ L, may hold, however we have
b+1e€ Lhybyb e Ly By these observations, there exits labelirigsind f; on T(wy) + (v1, w;) and
T(ca(va; F))+(v1, calva; F)), achievings((va, wa), (b—1, €1(vy; f))) = Lands((va, ca(va; ), (b-1,b+1)) =
1, respectively. Leff* be the labeling such that'(v) = b -1, f*(v) = f{(v) for all v e V(T(wy)),
f(v) = £5(v) for all v e V(T (cy(va; ))), and f*(v) = f(v) for all other vertices.

(11-1-2) In this case, we have+ 2,h + 3 € L, by A — 2h > 10. Now we have the following claim.

Claim 2 For T(wz) + (v1, w1), we haves((vi, wp), (h,h+2)) = 1.

Proof. Let f; be the labeling such thdt(vy) := h, fi(wq) := h+2, andfy(v) := f(v) for all other vertices
v. Assume thaff is infeasible toTl (w;) + (v1, w;) since otherwise the claim is proved. Hence, (A) there
exist some childk of wy with fi(X) € {h+ 2,h + 3} or (B) some grandchilg of w; with fi(y) = h+ 2
(note that any child of wy has neither labéi norh + 1 by f(wy) = h-1andf(v)) = h+ 1).

First, we consider the case where vertices of (A) exist. 8spphat there are two childreq, x, €
C(wy) with f1(x1) = h+ 2 andfi(xo) = h+ 3, we havegéy(wa; f), fo(wy; f)} n{h+2 h+ 3} = 0, and both
of ci(wsq; f) andcy(ws; f) exist (other cases can be treated similarly). e Ly — {h,h+ L, h+ 2 h+
3 h+4,01(wg; T) = 1, 60(wy; ), €a(wy; F) + 1, £o(wy; T) — 1, £2(wa; T), £2(We; ) + 1} (suchb” exists by
A+2-2h>12).

Now by (7), the head and neck levels Dfx;) (resp.,T(ci(wy; f))) is at mosth (resp.,h — 2) for
i =1,2. Hence, we have

o((w, x1), (h—1,h + 2)) o((wa, xa), (h =1, £2(wa; 1)) (13)
8((wi, ca(wy; 1)), (h =1, 62(w; 1)) = 6((wa, calwy; 1)), (b7, €a(wy; 1))
= (W, ca(w; f)), (b7, h - 2))
= o((wy, cr(wa; ), (h+ 2, h - 2)), (14)
(w1, X2), (h—=1,h+3)) = (Wi, X2), (h— 1, £2(wy; f))) (15)
(W, Ca(wy; ), (h= 1, &a(wy; F))) = (i, Ca(wy; F)), (b7, £2(Wa; 1))
= 5((w, c2(w; f)), (b”,h - 1))
= o((wy, c2(wy; 1)), (h+2,h = 1)), (16)
since{f1(wq; ), £2(wy; f)in{h—2,h-1,h,h+1, h+2 h+3} = 0. Notice thath—2 > 0 by (6). By (13)—(16),

there exist4 + 1)-L(2, 1)-labelingsf/, ], f, and f; on T(x1) + (w1, X1), T(ce(wa; f)) + (Wy, Co(wa; f)),
T(X2) + (W1, X2), andT(cz(wy; f)) + (wi, c2(wy; f)), achievings((wi, x1), (h = 1, é(w; f))) = 1, 6((wa,



ci(wy; 1)), (h+2,h=-2)) = 1,6((wa, X2), (h— 1, La(wa; 1)) = 1, ando((wa, co(wy; f)), (h+2,h-1)) =1
respectively. Leff; be the labeling off (w1) + (v1, wy) such thatfa(vy) = h, fa(wi) = h+2, f(v) = f{(v)
forall v e V(T(xy)), fa(v) = f3(v) for all v e V(T (ca(wy; f))), fa(v) = f5(v) for all v € V(T (x2)),
fo(v) = f4(v) for all v e V(T(cz(wa; f))), and fo(v) = f(v) for all other vertices. Observe that we
have fa(x1) = €1(wa; ), fa(ca(wy; f)) = h =2, fa(x2) = fa(wy; f), and fa(cz(we; f)) = h -1, and
f2(X) ¢ {(h,h+ 1, h+ 2 h+ 3} for all xe C(wy), every two labels itC(w,) are pairwise disjoint, and}, is

a (A + 1)-L(2, 1)-labeling on each subtrdgx) with x € C(wy).

Assume thatf; is still infeasible. Then, there exists some grandchkilof w; with fo(y) = h+ 2.
Observe that fronf(w;) = h—1, no sibling of such a grandchijdhas labeh—1 in the labelingf,, while
suchy may exist in the subtre€(x) with x € C(wy) — {c1(wz; f), co(wy; f)}. Also note that for the parent
Xp = p(y) of suchy, we havef (xp) ¢ {h—2,h—1,h}. Suppose that;(xp; f2) # h+2 holds and(xp; f2)
exists (other cases can be treated similarly). Now, by (®,nteck level ofT (y) (resp.,T(c1(Xp; f2)))
is at mosth (resp.,h - 2). Hence, we havé((Xp,Y), (f2(Xp), h + 2)) = 6((Xp,Y), (f2(Xp), £1(Xp; f2)))
ands((Xp, C1(Xp; f2)), (f2(Xp), €1(Xp; 12))) = 6((Xp, C1(Xp; f2)), (f2(Xp), h —1))). It follows that there exist
(A +1)-L(2,1)-labelingsf;” and f}" on T(y) + (Xp, y) and T (Ca(Xp; f2)) + (Xp, C1(Xp; f2)) which achieves
((Xp, ), (f2(Xp), €1(Xp; F2))) = 1 ando((Xp, C1(Xp; f2)), (f2(Xp), h = 1))) = 1, respectively. It is not
difficult to see that the labelinfy” such thatf”(v) = f;(v) for all v e V(T(y)), f”(v) = f}/(v) forall v e
V(T (ce(Xp; 12))), andf”’(v) = f(v) for all other vertices is a + 1)-L(2, 1)-labeling onT (xp) + (W1, Xp).

Thus, by repeating these observations for each grandgloifdv, with fo(y) = h+ 2, we can obtain
a (A + 1)-L(2 1)-labeling f3 on T (wy) + (v1, W) with f3(v1) = hand fz(w;) = h+ 2. |

Let f* be the labeling such thdt(v) = f3(v) for all v € {v;} U V(T (wy)) and f*(v) = f(v) for all other
vertices.

Thus, in both cases (ll-1-1) and (11-1-2), we have const&det labelingf * such that we havé*(u) =
a, f*(vi) =b-1,andf*(w) ¢ {a,b—- 2 b— 1, b} for all w € C(v1), every two labels ifC(v,) are pairwise
disjoint, andf* is a (A + 1)-L(2, 1)-labeling on each subtr@gw) with w € C(vy).

Assume thatf* is still infeasible. Then, there exists some grandchildf v; of (10). Notice that
for each vertew € {p(X)} U V(T(X)), we havef*(v) = f(v) from the construction;f*(p(x)) ¢ {b -
1,b,b+ 1} and f*(x') # b for any siblingx’ of x. Moreover, by (7), the neck level d@f(x) is at most
h; 6((p(x), X), (f*(p(x)), b — 1)) = ((p(X), X), (f*(p(X)),b)) = 1. Hence, there exists & & 1)-L(2, 1)-
labeling f on T(X) + (p(X), X) which achieves((p(x), X), (f*(p(x)), b)) = 1. It follows that the labeling
f”” such thatf” (v) = f/(v) for all ve V(T(x)) and f”(v) = f*(v) otherwise, is af + 1)-L(2, 1)-labeling
onT(p(X)) + (v, p(X)). Thus, by repeating these observations for each gralddochi;, of (10), we can
obtain a A + 1)-L(2, 1)-labeling f** for Ty + (u, v1) with f**(u) = aand f**(v;) = b— 1. This contradicts
o((uva), (@ b-1))=0. O

Proof of Theorem 3: The case of = O(logn/ log A) is clear. Consider the case whére- Iosg'?f/”z) +6.

Then, forh = Z%9% we have

og (A/2)’
logn
A (4logn 4logn | o3
(A-3-2n)F > (2422890 ) g ZOONLTE
2 | log$% log 5
= n
Now note thatA — 2h > Io‘g"(’f/”z) +6> 10. Hence, by Lemma 2, it follows that the head and neck levels
of T are both at mosﬁgg'z’Tg/”z O

A.3 Proofs of Lemmas in Section 5

Proof of Lemma 9: The only if part is clear. We show the if part. Assume thatéhexists an injective
assignmeng; : (W'} UCy(b) - Lo —{a,b—1,b,b+ 1} such thats((v,w), (b,g1(w))) = 1 for each

v



w e {w*} UCy(b). Notice that by definition o€,(b), all w € C,(b) satisfieqy;(w) € Lo— Lg. Hence, there
exist at leasfLg—{a,b—1,b, b+1, g1(W")}| (= A—19) labels which are not assigneddpy By (2), we can
assign such remaining labels to all vertice€irfb) injectively; letg, be the resulting labeling oG, (b).
Notice that for allw € C4(b), we haves((v, w), (b, g2(w))) = 1 by definition ofC4(b) andg,(w) € Lg. It
follows that the functiorys : C1(b) U Co(b) U {W*} — Lo —{a,b— 1, b, b+ 1} such thagz(w) = gi(w) for
all w e Cy(b) U {w*} andgs(w) = go(w) for all w € Cy(b) is injective and satisfie§((v, w), (b, gz(w))) = 1
for all w € C1(b) U Cy(b). Thus, ifC(v) NV, = 0, then we have((u, V), (a, b)) = 1.

Consider the case whe@Vv) N V| # 0. Letb = 0 without loss of generality. Then by Property3,
is major. HencelC(v) NV | = A — 1 —|C1(0)] — |C2(0)| — [{w*}|. Notice that the number of the remaining
labels (i.e., labels not assigned @) is |Lo — {0, 1, a} — C1(0) — C2(0) — {w*}| = A — 2—|C1(0)| — |C2(0)|.
Hence, we can see that by assigning the remaining labelsrticagein C(v) N V| injectively, we can
obtain a proper labelingi((u, v), (a, b)) = 1 holds also in this case. m|

Proof of Lemma 10: Let f be a labeling ony,v) + T(v) with f(u) = a; and f(v) = b, achieving
6((u,v), (a1, b)) = 1. Bys((u,v), (a2, b)) = 0, there exists a child, of vwith f(wy) = ap, since otherwise
the labeling fromf by changing the label far from a; to a, would be feasible.

Assume by contradiction that; # w* (i.e.,w; € V,E,lz)). Then the neck level oF (w1) is at most 8 and
we haves((v, w1), (b, a1)) = 6((v,w1), (b,a2)) = 1 bya;, a» € Lg. This indicates thad((u, v), (az, b)) = 1
would hold. Indeed, the functiog : C(v) — Lo — {ap,b — 1,b,b + 1} such thatg(w;) = a; and
gw) = f(w’) for all other childrenw’ of v, is injective and satisfies((v, w), (b, g(w))) = 1 for all
w e C(v).

Hence, we havev; = w*. Note thats((v,w*), (b,ay)) = 1 sincef is feasible. Then, assume by
contradiction that somas € Lg — {ap,b— 1, b, b + 1} satisfiess((v, w*), (b, a3)) = 1 (az = a; may hold).
Suppose that there exists a child of v with f(wy) = az (other cases can be treated similarly). Notice
that the neck level off (wy) is at most 8 and((v, w»), (b, a1)) = 6((v,w»), (b,a3z)) = 1. Then we can
see thats((u, V), (a2, b)) = 1 would hold. Indeed, the functiog : C(v) —» Lo —{as,b—-1,b,b + 1}
such thatg(w*) = ag, g(wo) = a1 g(w) = f(w’) for all other childrenw’ of v, is injective and satisfies
6((v,w), (b,g(w))) = 1 for all w € C(v). Furthermore, similarly to these observations, we cantlsae
6((u,v), (b)) =1forallae Lg—{ap,b—1,b,b+ 1}. O

A.4 Computation of 5-value for V3

First, we show the correctness of the procedure in the cage=0¥; in algorithm ComputeXv). Let
v € V3, u be the parent of, w* be the unique child of not in V&, andb be a label such thdt € Ly if
ve V) = (ve V3| C(v)n VL =0}, andb € {0,A + 1} if v e Vi := V3 — V{P. Notice that ifv € V{?
(i.e.,C(v) n VL # 0), then by Property 3y is major and hencé((u, V), (a,b)) = 1, a € L indicates that
b =0o0rb=A+1; namely we have only to check the caséaf {0, A + 1}. Then, if there is a label
celog—{b-1b b+ 1} such that((v,w),(b,c)) = 1, thenforallae Lo —{b-1,b,b+ 1, c}, we have
6((u,v), (&, b)) = 1. Itis not dificult to see that this observation shows the correctnessegiribcedure
in this case.

Next, we analyze the time complexity of the procedure. Olslig for eachv € V3, we can
check which case of 3-1, 3-2, and 3-3 in algorithram8uTe-6(V) holds, and determine the values of
6((u,v), (x,b)), in O(1) time. Therefore, the values &f(u, v), (x, *)) can be determined in @f time.
Below, in order to show thaX),.y, t(v) = O(n), we prove thafVs| = O(n/A).

As observed above, each vertexvire Véz) is major and we have(v) = A. Thus, it holds that
VD1 = O(n/A).

Finally, we show that\/él)| = O(n/A) also holds. By definition, we can observe that for arazyvél),
d'(v) = dv) = 1 (i.e.,d(v) = 2). By Property 4, the size of any path componeniTof at most 3.
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This means that at IeaBlél)l/S vertices invél) are children of vertices iV, U Véz) U V4 U Vs. Thus,
|V§l)| /3 < ZV€V2UV§Z)UV4UV5 d(v). From the discussions in the previous subsections (asdstiisection),

Svev, A(V) = O(V/A%), Ty A(Y) = X,y 1= V57 = O(0/A), Zvev, d(V) = Suev, 1 = Vil = O/A),
and Y ey, d(V) = Svevs 1 = Vsl = O(n/A?). Therefore[VLY| = O(n/A).
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