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Moment convergence of regularized least-squares estimator
for linear regression model*

Yusuke Shimizuf

Abstract

In this paper we study the uniform tail-probability estimates of a regularized least-
squares estimator for the linear regression model, by making use of the polynomial
type large deviation inequality for the associated statistical random fields, which
may not be locally asymptotically quadratic. Our results provide a measure of rate
of consistency in variable selection in sparse estimation, which in particular enable us
to verify various arguments requiring convergence of moments of estimator-dependent
statistics, such as the expected maximum-likelihood for AIC-type and many other
moment based model assessment procedure including the Cp-type.

Keywords Moment convergence - Regularized least-squares estimation - Large devia-
tion inequality - Sparse estimation

1 Introduction

Assume that we have a sample {(X;,Y;)}!" ;, where ¥; € R and X; = (X 1,...,X;,) €
R? obeying the linear regression model:

Y; =00 Xi+e, i=1,...,n, (1.1)

where 6y is a p-dimensional true value of parameter contained in the interior of a compact
parameter space © C RP and €1, €3, . .. represent noises. Through this paper, the number
of variables p is fixed. Though not essential, we suppose that the covariate X is non-
random; usually Xi,---, X, are standardized from the beginning, but for brevity we
omit the dependence of X; and Y; on n from the notation. In this paper we deal with
the situation

90 = (Z()va) = (20,17 - -3 20,p0s PO,15 - - '7P0,P1)7

where zpr = 0 and py; # 0 for any k € {1,...,po} and | € {1,...,p1}; divide the
compact parameter space @ = Qg x ©1 C RP? x RP! such that zg =0 € ©g and py € O1.
We can rewrite the linear regression model (1.1) to

Y;:,ZS—X-(Z)—{—p(—)rX-(p)—kei, i=1,...,n, (1.2)
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where Xi(z) = (Xi1,..., Xip,) and Xi(p) = (Xipo+1s---» Xipo+p: ), Tepresenting irrele-
vant and relevant covariate vectors, respectively. Then we define the regularized least-
squares estimator (regularized-LSE) 0, = (21, prn) as the minimizer of the contrast func-
tion
n p
Zn(0) = Zn(z,p) = Y (Vi =2 X7 = p X2 4 37 pa(0)) (L3)
i=1 j=1

over ©, where p,,(-) is a non-random non-negative function such that p,,(0) = 0. There is
a huge literature on the sparse linear regression via regularization, where the estimator
Zpn, of zg = 0 satisfies the sparse consistency P(%, = 0) — 1 as n — oo, which implies that
R, %, = 0p(1) for arbitrary R, — oo, while y/n(p, — po) has a non-trivial asymptotic law;
e.g. sparse-bridge (Radchenko [6]), the smoothly clipped absolute deviation (SCAD; Fan
and Li [2]) and the seamless-L( regularization (Dicker et al. [1]). In Section 3, we will
refer some asymptotic behaviors of these regularized estimators.
We will prove the moment convergence of the scaled estimator

V(b = 00) = (VnZn, Vn(pn — po))-

Let us mention some basic facts concerning the parametric M-estimation. Given a statis-
tical model indexed by a finite-dimensional parameter 6 € © C RP, we typically estimate
the true parameter value 6y € © by a minimum point 0, of an appropriate continu-
ous contrast function Z,, : © — R. In order to assess the asymptotic performance of
0,, quantitatively, when y/n-consistency is concerned, we look at the statistical random
fields

w
N4D
where w € RP. As is well-known, the weak convergence of M, to some My over compact
sets, the identifiability condition on My, and the tightness of the scaled estimator w,, :=

M, (w; 0o) := Zn, (90 n ) — Z,(60), (1.4)

~

vn(0, — 6y) make the “argmin” functional continuous for M,: 1w, € argminM,, £
argmin M. See e.g., van der Vaart [11]. Further, when concerned with moments of
wy-dependent statistics such as the mean square error, more than the weak convergence
is required. Then the polynomial type large deviation inequality (PLDI) of Yoshida [12],
which estimates the tail of £(w;,) in such a way that

supsup L P(|i,| > r) < 0o (1.5)
>0 n>0

. : ~ L. : .
for a given L > 0, plays an important role. When w, = wg for a random variable 0y,
the moment convergence

El|wn|"] = Eflwol?], ¢>0 (1.6)

holds if there exists a ¢’ > ¢ such that sup,g E[|,|?] < co. Assume that the PLDI
(1.5) holds for some L > ¢’. Then we obtain

oo
sup E[|wn]?] = sup/ P(|n]? > s)ds < oo.
n>0 n>0J0
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As the results, the moment convergence (1.6) holds if we can ensure the PLDI (1.5) for
some L > q.

The main purpose of this paper is to derive the moment convergence of w, =
(vV/MZn, vV/(pn — po)): if we have the weak convergence (y/nZn, vn(pn — po)) LN (ig, Vo)
for some random vector (g, ) =: wp, then for every continuous f : R” — R of at most
polynomial growth we have

E[f(wn)] = E[f (wo)], (1.7)
through the PLDI (1.5): for any L > 0 there exists a constant ¢z > 0 for which

CL

sup P(|wy| > 1) < I

n>0

r > 0. (1.8)

Let us briefly remark the importance of convergence of moments: asymptotic behavior
of expected values of statistics depending on estimators. The PLDI for statistical random
fields associated with stochastic process have been studied and applied for example to the
information criteria in model selection, the higher-order statistics, as well as the moment
convergence for Gaussian quasi-likelihood and Bayes estimators of diffusion processes; see
Uchida and Yoshida [9, 10], Sakamoto and Yoshida [8], Yoshida [12] and the references
therein for details. See also Masuda [4] for the PLDI associated with the Gaussian quasi-
likelihood estimation of a Lévy driven stochastic differential equation, as well as for more
related references.

It has been known that the PLDI can be proved under modest conditions when M,, is
smooth and well-integrable, and further admits a partially locally asymptotically quadratic
(PLAQ) structure (see (1.9) below), which is satisfied for many situations. However in
the regularized estimations, the key PLAQ structure may break down; it may happen
that r,(w;0y) diverges in probability. As a matter of fact, most of the existing sparse-
estimation procedures belong to this type of asymptotics. Therefore, our results provide
a theoretically deeper understanding on the recently highlighted sparse estimation.

This paper is organized as follows. In Section 2, we will derive the PLDI for the
regularized-LSE of the linear regression model (1.2). We will look at the PLDI for the
random fields only associated with the zero parameter z in Section 2.2. In Section 3, we
will give some examples of the regularization term in the contrast function (1.3).

For convenience of reference, we end this section with stating Yoshida [12, Theorem
1, Theorem 3(a)|, which will play an essential role in our study. We need to introduce
some notation. Given a set K C O, we denote the true value of parameter 8 by 0y € K.
Define the random function

V(0 00) =~ (Zu(6) — Zu(00)).

Also, let 6 — Y(60;60) be a random function. We consider the PLAQ representation of
M,,:

M, (w; 0p) = Ay (6o)[w] + %Fo(ﬂo)[w,w] + 7 (w; Op) (1.9)



for w € {w e RP : 6y +w/\/n € O}, where A,(6y) € RP, Ty(6y) € RP x RP and
7 (w; 0p) € R are random variables!. Finally, let o € (0,1), Uy,(r,0p) :=={w € RP: r <
lw| < n1=)/2} We now introduce some conditions.

[A1l] Jv; >0, VL >0, Jcp > 0: constant, Vr > 0,

( sup |7"n(w;6(])| > T_yl) < %
r

sup sup P
weln(rdo) 1+ w]?

Ooe K n>0

[A2] Ty(0) is deterministic and positive-definite uniformly in 6y € K.

[A3] Ix = x(0) > 0 : non-random, v = v(6y) >0, VO € O,
Yo(6;600) < —x|0 — 6o]”.

[Ad] a € (0,1), v1 € (0,1), av < vy, B E€[0,00), 1 =28 — 1y > 0.

[A5] VL >0, Ny :=L(1—17)7Y, No:=L(1—-28—1y)"},

sup sup || A (0)|M] < oo;

oK n>0
N:
sup supE[(supnl/Q*B‘Yn(e;Ho) — Yo (0; 90)‘) 2} < 0.
oK n>0 0€0

Theorem 1.1 (Yoshida [12], Theorems 1 and 3(a)) Assume [A1]-[A5]. Then, the
estimate (1.8) holds uniformly in 0y € K.

2 Moment convergence

In this section we will deduce the PLDI for the regularized-LSE 0, = (2n, Pn)- In Section
2.1, we will derive the moment convergence of w,. Section 2.2 will discuss the partial
PLDI for zero parameter z under different conditions, regarding the non-zero parameter
p as a nuisance parameter.

2.1 Joint PLDI

In this section we discuss the moment convergence of w, by checking the conditions of

Theorem 1.1. In particular, if we have the weak convergence w, £ wo for some random
vector i, then the moment convergence (1.7) holds. Let Cy, :==n"1>"" | X; X,

Theorem 2.1 Assume that the linear regression model is (1.2) and the contrast function
is (1.3). Suppose the following conditions.

€1,€0,... are ii.d. with Ele)] =0 and Vk > 0, E[|&]*] < oo; (2.1)

!The sign in front of the quadratic term (1/2)To(6o)[w,w] is different from the original PLAQ of
Yoshida [12] since we consider minimization of (1.4).



36 > 0, 3CH > 0, Sup(n5|C’n — C’o\) < 00; (2.2)

n>0
sup sup | X;| < oo; (2.3)
n>0 i<n
1 Pn(a) ,
EIBE( ) Va € R, supn1/2+5<oo (2.4)

Jk € (0,2), Va # 0, 3¢, > 0 constant, Vb € R,
b
— ) — < Rk .
pn(a+ \/ﬁ) pulo)| < cal (2.5)

lim sup
n—oo

Then the PLDI (1.8) holds. Additionally if we have the weak convergence wy, £ wo for
some random vector Wy, then the moment convergence (1.7) holds.

Proof We will check the conditions of Theorem 1.1 to conclude (1.8). Set w = (u,v) €
RPo x RP1. We have the statistical random fields

M, (w; 6o) = Z,, (90 + %) — Zn ()

n T

1{@—%0 3 m () + 3 o+ )t}
== el + 520l + (G~ o+ 3 (25)

k=1
E : Uy
+ - {pn (ﬂoz + ﬁ) pn(pol)}-

Since 1, is a minimum point of M, (w; 6p) and p,, is a non-negative function, we have

P(lion] > 1) < P sup { = M(w; 60)} > —My(0:6) = 0]

|w|>r

< P[ sup {Z e X %(200)[@0,@0] —(Cp — Co)w, w]

|w|>r

- ; (Pn (Poz + %) pn(pol))} > 0]-

Hence, we will establish the PLDI

supP[ sup {z_; ;ﬁeiXi[w] - %(26’0)[111, w] — (Cy, — Cp)[w, w]

n>0 |w|>r

Bl Y 3 ) 0 A
=1



for any L > 0 to ensure the PLDI (1.8). We have the PLAQ structure with

"2
An(bo) = ; ﬁeiXia (2.7)
Lo(0o) = 2Co; (2.8)
mn(w; o) = —(Cy — Co)[w, w] — ; {Pn (Poz + %) - Pn(ﬂoz)}- (2.9)

According to (2.1)—(2.4), we obtain for any 6 € ©
1
Yn(0;00) = _E(Zn(e) - Zn(HO))

2| CRETITER O]

2 n
fzezxze 0] — Cn[0 — 60,0 — 00—72{% — pn(00;)}

n
By —Col0 — 00,0 — 0] = Yo(6;60).

We get Yo(0;60) < —Amin(Co)|0 — 6g|> where Apin(Co) denotes the minimal eigen-value
of the matrix Cy. Apparently [A2] holds from (2.2) and (2.8), and also [A3] holds with
X = Amin(Co) and v = 2. Hence it remains to verify [A1], [A4] and [A5].

First, we will verify [A1]. From (2.9), we have

[rn (w3 00| jw]?
1+ w2 — 1+ w

|2C”_CO|+1+1|IU|2‘§;{‘O”(W+:/]%) —Pn(poz)}‘. (2.10)

Let us fix 3, v2, a € (0,1) and £ such that 0V (1/2—-0§) < < 1/2,1-20 > vy > 2a and
0 < ¢ < (2/(1 — @) A 1. Note that these parameters meet 8 —1/2 4 (1 — a)&/2 < 0.
Then for the first term of the right-hand side of (2.10), we get from (2.2)

|w]?
s (0, )
weUn(1,00) 1+ ’ ‘2
_ n1/2*576(n‘5\0n —C'o!) sup ( \w|2 2n5—1/2‘w,£‘w,ff)
w€eUn (1,00) 1+ ‘w|
< nB—1/2,(1—)§/2,.—¢ < T—E, (2.11)

where A,, < B,, means that sup,,(4,/B,) < co. Next we will estimate the second term
of the right-hand side of (2.10). We obtain from (2.5) that there exists a x € (0,2) such
that

’ K

1 ’ P1 { v, )
| D (o + )~ p POZHN SwlF2 w e Un(r, fo);
T+ | & NG T i < v




note that sup,cy, (rg,) [v1l/v/7 — 0. Since we can take o € (0,1) such that 2 — x > ¢
(note that 0 < & < (2a/(1 — @)) A1), we get

sup  |w|*72 < rE (2.12)
weUnp (r,00)

Fix a v; € (0,€). Then from (2.10)—(2.12), we have for any L > 0

;0 1
n>0 weUnp (r,00) 1+ ‘w’ r
This means that [A1] holds, and [A4] also holds with taking the parameters as above.
Second, we will verify [A5]. From (2.7), we define A, (6p) = >.1,(2/vn)eX; =:
> 1 Xni- Then by using Burkholder’s inequality and Jensen’s inequality we obtain for

Ni = L(l — Vl)_l > 2

I N
supE[\An(%)\Nl} < sup E| max |y Xni 1}
n>0 n>0 L jsn 1o

SsupFE

e (; X%n) N1/2}

r 1 2-N1/2
< El = X
~oah Tl n;‘el il }

1 n
< Blle[™] - sup (;Z\X,-]Nl) < oo. (2.13)
=1

The last boundedness of (2.13) follows from (2.1) and (2.3). Moreover, we get for any
teo
n 9 P
> i Xi[0 — o] — Cnlf) — 00,0 — 0] = —Colt — 60,0 — 0o];
i=1

1< P
- > {pa(0) = palbo;)} — 0.
j=1
Since (a + b)M2 < a™2 4+ b™2 for any a,b > 0 and Ny = L(1 — 28 — v2) "1 > 2, we have

ig%E[Sgg(nl/zfﬂ) z:; %eixi[e ~ 0] — a0 — 00,0 — 8] + Colo — 00,0 — ][ )]

NQD + {ililé(nlﬂ_ﬂ_énéwn - CO|)}N2 <oo. (214

n
1
< sup(n_BNQEHZ —X;
priL

n>0

Note that the parameter space © is a compact set. Further, we obtain

s 1\ N |1
ii%??g[”” ﬂ’n;{pn(ej) pn(eoj)}H < 50 (2.15)
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since we have (2.4). From (2.13)—(2.15), we conclude that [A5] holds. Therefore the
proof of (1.8) is complete because we established the PLDI (2.6). The latter claim of the
theorem is trivial. O

Remark 2.2 We could deal with random design (X;). Assume for simplicity that (X;)
and (e;) are independent. Then in order to conclude (1.8), we need to change (2.2) and
(2.3) into (2.16) and (2.17), respectively:

36 > 0, 3Cy > 0 : constant, Vk > 0, supE[|n5(Cn - Co)m < 0. (2.16)
n>0
Vk > 0, supsup E[|X;|*] < oo. (2.17)
n>0 i<n
The corresponding proofs are entirely analogous to the case of deterministic X. O

Remark 2.3 Although we have additionally imposed (2.2) (or (2.16) when X is ran-
dom), they are automatically satisfied as soon as we may standardize the covariates X;

beforehand: just use X, = CJI/QXZ- instead of the original X;, so that
n o~ ~

Z X;X;' =1, (p x p-identity matrix).

i=1

Then (2.2) and (2.16) hold with Cy = I,,. O

2.2 Partial PLDI derivation under different design condition

In this section, we will show that under different set of conditions it is possible to deduce a
PLDI for the random fields only associated with the zero parameter z, regarding the non-
zero parameter p as a nuisance parameter (hence we derived a uniform-in-p PLDI) and by
utilizing the special nature of the least-squares term. We do not require any information
of asymptotic behavior of n=! S Xi(p)Xi(p)T, which is the p; x p; submatrix located in
the bottom right corner of C,,, but instead we do a kind of orthogonality between (X (Z))

and (XZ.(p)).

Theorem 2.4 Assume that the linear regression model is (1.2) and the contrast function
is (1.3). In addition to (2.1) and (2.3), we suppose that

3Dy > 0, D,, — Dy, (2.18)

where Dy, is the pg X pg submatriz located in the upper left corner of the matriz C,,.
Moreover, we suppose that there ezist a positive real sequence (q,) and a positive function
f(r) — oo as r — oo, such that

sup
n>0

‘ \/:LT Y (xPe Xf”))‘ < o0; (2.19)
=1



f n > qn 2.2
|11L?>TZP ( SEYG! (2.20)
Then for any L > 0 there exists a constant cr, > 0 for which

A Cr,
sup P(|v/nzp| >1) < ——, 7> 0. 2.21
PVl 7)< 220

Proof We have for u € RP°

M, (u, p; 0o)
= 7, (f,p) Za (0, p)

—ZH@ & —(p- po)TXfp)}z—{ —(p—po) "X }+an( )

3

:—Z\f{e, (p— po) TX }X u] + Dy uu+zpn(\/ﬁ)

k=1

In the present case, we can directly estimate of the tail probability by making use of the
special nature of the least-squares term. Let

n

S,g = Z f{ez p PO P)}X

=1

Since Zy(z,p) > Zn(2n, pn) for any (z,p) € Og x ©1, Zyn(0, prn) — Zn (25, pn) > 0 implies
that supce, (1/¢n) {Z (0,p) — Zn(Zn,p }> 0. Hence we get

(\fzn| >r) <P{Sup sup {——M (u p,@o)} 20}

pEO] |u|>r
1 . o U
{sup sup ( ,u]) > — inf pn(—>}
pPEOT |u|>r Gn lulzr 1 \/ﬁ
1 21 2 uy,
§P{sup SPl > — inf p < )}
peor V@ "1 T an ulzr =T\

because we have (2.18) and the quadratic function S /q,[u] — Dy, /gn[u, u] has the max-

imum value (1/4¢,)S% D18 < |gn/2SE|2. Therefore, according to (2.19) and (2.20),
Markov’s inequality and the same argument as (2.13) give us

P(Wnz,|>7) S P(sup

pPEO]

sl = f<r>)

nqn X(p ‘ —I—anEHZ

S T
S f)t

Hence we get the PLDI (2.21). O




Remark 2.5 As was mentioned in Remark 2.3, the condition (2.19) is automatic and is
not real restrictions if Xj,..., X, are standardized so that C, = I, from the beginning.
Then (2.19) is never a real restriction. d

Remark 2.6 We could drive the PLDI for the random fields only associated with the
non-zero parameter p, regarding the zero parameter z as a nuisance parameter (hence
we derived a uniform-in-z PLDI); in this case, we do not impose any condition on the

asymptotic behavior of D,, = n~! > Xi(Z)XZ(Z)T. This can be proved by making use of
the argument of Yoshida [12] under the conditions including (2.4), (2.5) and the condition
stronger than (2.19):

1< (2) (p)
su g XX, < 00.

3 Examples

We will give some examples of the regularization term in (1.3) satisfying the conditions
(2.4) and (2.5) in Theorem 2.1: sparse-bridge (Radchenko [6]), the smoothly clipped
absolute deviation (SCAD; Fan and Li [2]) and the seamless-Lj regularization (Dicker
et al. [1]). From the previous studies, it is known that these regularized estimators
0, = (2, pn) have the sparse consistency P(%, = 0) — 1, which concludes the sparse
estimation, and the asymptotic laws of /n(p, — po) under some appropriate regularity
conditions. Also when the number of variables p = p,, — 0o as n — oo, the asymptotic
behavior of the SCAD and the seamless-Lg estimators are known, but once again, note
that we consider the case that p is fixed.

3.1 Sparse-bridge

In this section we will focus on the sparse-bridge LSE defined the contrast function to be

n

P
Za(8) = Za(z,p) = Y (Yi — 2T X7 — pT X2 0,3 16507, (3.1)
i=1 j=1

where A, > 0 denotes the tuning parameter controlling the degree of regularization
together with the bridge index v € (0,1). This means p,(-) = A,|-[?. Denote by
8, = (2n, pn) @ minimizer of Z, over a compact parameter space © = ©gx 01 C RPO x RP!.
The asymptotic behavior of 6, is studied by Radchenko [6]. They assumed regularity
conditions including that the noises €1, €2, . . . are i.i.d. with E[¢;] = 0 and E[e?] =: 0% > 0,
Cn — Cp for some Cy > 0 and that n~! max;<, | X;|> — 0. Note that these conditions

are satisfied with (2.1)—(2.3). Then they proved the following results:
e The sparse consistency of Z,:

P(2, =0) = 1if \,/n"/? = 0o and A, /n — 0.

e The asymptotic laws of py:

10



() vVA(pn—po) = Np (—AoBy 'Y, 02B5 1) if An/n¥/2 = 00 and A /v/n — Ao > 0
(i) nA; 1 (pn — po) £ —By 'Y if A /v/n — 0o and A, /n — 0,

’y{ g (‘ 011)" 011| ? ? g (‘ 0717 )‘l 0,17 ’ }
2

and By is the p; X p; submatrix located in the bottom right corner of the matrix Cy. We
are concerned here with the moment convergence of w,. With regard to the asymptotic
law of the non-zero parameter p, we only consider the case (i), where the asymptotic
distribution is non-degenerate. The following Corollary 3.1 is derived from Theorem 2.1.

Corollary 3.1 Assume that the linear regression model is (1.2) and the contrast function
is (3.1), where v € (0,1), A\n/nY/? — 00 and \,/+/n — Ao > 0. Suppose that (2.1)(2.3).
Then the PLDI (1.8) holds. In particular, the moment convergence (1.7) holds with
o = (0,00), where L(9) = Ny, (—\oBy 'Y, 2By ).

Proof Apparently, we only need to check the conditions (2.4) and (2.5) in Theorem 2.1
for p, () = An| - |7. (2.4) follows easily since for any a € R, we have

buld) _ 2n o <1
n

vn

from A\, /v/n — Ao > 0. We will show (2.5). When n is large enough, we have for any
a#0and beR

pn<a+;ﬁ) —pn(a)’:)\n ;ﬁ

< 20 < .
n

‘a—i—

"~ Jal’|

This shows that (2.5) holds for x = 1, hence we obtain the PLDI (1.8). The latter claim is
trivial since we have (v/nZy, vn(pn—po)) £, (0,%0), where L(9) = Np, (—XoBy 'Y, 0%By ).
U

In Section 2.2 we considered the PLDI for the random fields only associated with the
zero parameter z. In the following Corollary 3.2, we derive this partial PLDI for the
sparse-bridge LSE. It is a direct corollary of Theorem 2.4, so we omit the proof.

Corollary 3.2 Assume that the linear regression model is (1.2) and the contrast function

is (3.1), where v € (0,1), \,/n7/? — 00 and \,/n — 0. Suppose that (2.1), (2.3), (2.18)
and

A7) 2123 (X0 6 X0)| < oo,
igg]( /1)~ n ;( D] < o0

Then the PLDI (2.21) holds with f(r) =1r7.

11



Remark 3.3 Here, we briefly mention the case of the bridge-LSE 6, defined as the
minimal point of the contrast function

n

Zn(0) = (Yi— 0" X:)* + X > _165]", (3.2)

i=1 j=1

where A, > 0 and v > 0 satisfy that >\n/n(1M)/2 — Ao > 0; then, we do not have
the sparse consistency. Note that, different from (3.1), in (3.2) we do not divide the
true value of parameter 6y into the zero part and the non-zero part: jointly estimate all
the components. We assume (2.1)—(2.3). Then Knight and Fu [3] proved the following
asymptotic behavior of O,.

e Consistency:
b 25 00 if M\n/m — 0.
e Asymptotic laws:
V0, — 00) £ argmin(Vp) if Ap/nM/2 5 A > 0,
where for W ~ N, (0,5%Cy),

,

—2W[w] + Colw, w] +vAo Y wj sgn(fo;)|00; "~ (v > 1),
j=1
—2W[w]p—|— Colw, w]
Voo i= 0 rg S {uwy sen(6,) 1 (0; # 0) + [wyl (60, = 0)} (v =1),
j=1
P
—2Ww] + Colw, w] + Ao Y _ |w;["T(6o; = 0) (y<1).

Jj=1

Let wy = argmin(Vp). We can derive the PLDI for the bridge-LSE by making use of
the argument similar to the proof of Theorem 2.1: for any L > 0 there exists a constant
cr, > 0 for which sup,,~g P(|t,] > r) < cpr~L (r > 0). In particular, for every continuous
f : R? — R of at most polynomial growth, E[f(w,)] — E[f(@0)]. See Masuda and
Shimizu [5, Section 2] for details. O

Remark 3.4 As noted by Knight and Fu [3], the bridge-LSE 0, is inconsistent when
An/n — Ao > 0, and instead tends in probability to

P
0)) := argmin {(9 —00)TCo(6 — 60) + X0 > |9j|7}.
bco =

Even in this case it is possible to derive the sparse consistency and the associated PLDI
for the quasi-zero parameters (whenever exist): specifically, assuming that 6 = (2, p,) =
(0,ph) € ©f x ©) C RP x RPi, we could prove the convergence P(2, = 0) — 1 and the
PLDI for y/nZ],, where z/, denotes the bridge-LSE of z{,, by making use of the same
argument as in the proof of Theorem 2.4 and Radchenko [7, Theorem 2]. See Masuda
and Shimizu [5, Section 4] for details. O
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3.2 SCAD

For simplicity, in this section we assume that the covariates X; are standardized such
that Cp, = I,. The SCAD-LSE (Fan and Li [2]) is defined as the minimum point of the
contrast function (1.3), where

o 7’L>\n|0j|‘| | ) (165] < An),
—n(6% — 27\, 10;| + X\
J nivj n | <
Pn(05) = 2(r—1) (A < 1651 < 7A0),
n(r+1)A\2
(2) (1051 > 7An).

7 > 2 is an additional tuning parameter. Let the minimizer be 6, = (Z,, pn) and (2.1)
hold. Moreover, Fan and Li [2] assumed that the tuning parameter \,, satisfied

A — 0, /1, — oo. (3.3)

Then they proved the sparse consistency and the asymptotic law of py:

Vit(pn — po) = Ny (0, T, (p0) ™Y,

where 7, (po) = Zp, (0, po) denotes the p; x p; Fisher information matrix knowing zg = 0.

Let us take A\, ~ n®~1/2 where 3 is the same as in the proof of Theorem 2.1. This
meets (3.3). Now, we will show (2.4) and (2.5). First we establish (2.4). Obviously,
we only need to consider the case A, < |0;| < 7A,. When n is large enough, we have
n@?/nﬁﬂ/2 < A2 P2 o plt26-1-6-1/2 — nB=1/2 <1 hence (2.4) holds. In order to
ensure (2.5), we use

(TAn —6;)
WI(G >\ )} 0; > 0.

When n is large enough, for any ¢ > 0 and b € R
b
pn<a+7>_pn \/>/
NAn\/ﬁb/ I a+—t§An dt
o 0 Vn )

+\/ﬁ’b’/01[ {a: (Ii/f)t}] (o +7t>x )t

1,(05) = Man{ 1(6; < A) +

o (a+ —t) ’dt

< [0l

Similarly, we get the same estimate for a < 0. As the results, it is possible to take A,
ensuring (1.7), where g = (0,%0) and L(?) = Np, (0,Z,, (po)~}).

3.3 seamless-L

The seamless-L regularization (Dicker et al. [1]), which approximates the (technically
unpleasant due to its discontinuity at the origin) Lg-loss, is given by

n

2\ 16|
Z.(0) = Z,, =S — 2 Tx®) _ T x (P2 "N og(
0= 2o = 30T 2 S (L)
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where 7, > 0 is an additional tuning parameter. Let the minimizer be 6,, = (2, Pn) and
(2.1)—(2.3) hold. Moreover, Dicker et al. [1] assumed that the tuning parameters satisfied

A = O(1), Apv/n — 00, 7 = O(n~3/?). (3.4)

Then they proved the sparse consistency and the asymptotic law of py:

~ L _
\/ﬁ(pn - PO) - Npl (07 UQBO 1)7

where By is the same as in Section 3.1.

Let us take A, ~ n?~1/2 and 7,, ~ n=3/2, where 8 is the same as in the proof
of Theorem 2.1. This meets (3.4). Now, we will show (2.4) and (2.5) for p,(-) =
(2n)n/ log 2)log{|-|/(|-|+7n)+1}. (2.4) follows easily since p,, /n'/?8 < nl+A-1/2-1/2-F —
1. In order to ensure (2.5), we make use of the equation

ds

—I-(m—:c’)s(x_x)

1
log(1-+2) ~log(1 +)| = | [ 1=

where x,2’ > 0. When n is large enough, for any a > 0 and b € R

b _2nA, la +b/v/n| |a]
pn(a—i-%) pn(a)‘— log 2 1Og<|a+b/\/ﬁ|—|—7'n+1> 1Og(|a|+7'n+1>‘
a+9d a
< _ .:

Nn}‘"a+5+m a+ T, (0:=b/v/n)

[(a+0)(a+T,) —ala+ 9+ 7,)|
(a+d+7)(a+7)
g
(a+d+7n)(a+ 1)
~ P32 < Jb).

=n\,

=n\,

Similarly, we get the same estimate for a < 0. As the results, it is possible to take the
tuning parameters ensuring (1.7), where 1o = (0, 00) and £(%) = Ny, (0,02 By ).
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