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Abstract 

 

Seabed pipelines are a part of the infrastructure of all offshore oil or gas fields. As 

well as straight pipes, curved ones are also used in an actual pipeline. In designing such a 

pipeline, it is important to know the buckling strength of the pipe under various kinds of 

loads. Buckling strength under axial compression has been investigated by many researchers 

and an accurate formula has been presented, but the accurate formula for the buckling 

strength under bending load has not been presented up to now.  

It is well known that the buckling moment will be reduced by increasing the pipe’s 

length. In the case of the long pipe, the cross sectional oval deformation takes place much and 

the buckling strength of pipe is reduced due to this deformation. However, comprehensive 

studies for the buckling strength of straight and curved pipe under bending are still limited. In 

this research, the previous research for the buckling strength of pipe under bending moments 

was firstly reviewed.  

Secondly, the linear buckling strength for pipe under pure bending was investigated 

by linear FEA. The eigenvalue calculations under bending load was performed for various 

lengths, radiuses and thicknesses of pipe. The linear buckling strength was compared with the 

previously proposed formula which was derived from the buckling strength of pipe under 

axial compression. 

Thirdly, the buckling phenomenon for a straight pipe under a pure bending moment 

was investigated by nonlinear FEA, considering the effect of a cross sectional oval 

deformation by changing the dimensions of the pipes, that is, the length-to-diameter ratio 

(L/D) varying from about 2.5 to 20 and the diameter-to-thickness ratio (D/t) varying from 

about 50 to 200. The buckling phenomenon for curved pipe (D/t = 200) was also investigated 
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by changing the R/D from 50 to 200, where, R is the curvature radius of curved pipe. From 

the results of the calculations for the straight pipe, the reduction rate of the buckling moment 

due to the oval deformation of pipe was clarified for various values of L/D and D/t, not only 

in elastic buckling, but also in elasto-plastic buckling. And for the curved pipe, it was 

explained that the buckling moment will be reduced by lowering the value of R/D. To 

investigate the yielding effect on the buckling strength of the pipe in bending, the non-

dimensional parameter β= ((D/t) (σY/E)) was considered. The parameter of β is possibly the 

parameter which represents the yielding effect on the buckling strength of pipe under bending. 

Fourthly, the effect of initial imperfection on the buckling strength of a straight pipe 

under bending has been investigated by nonlinear FEA, considering the effect of a cross 

sectional oval deformation by changing the variables of pipes, that is, L/D varying from about 

2.5 to 20 and D/t varying from about 50 to 200. Furthermore the buckling strength of curved 

pipes (D/t = 200) have also been investigated by changing R/D from 50 to 200. Not only 

elastic buckling but also elasto-plastic buckling was investigated. From the numerical results, 

the following was found. The buckling strength reduced more in longer pipes than shorter 

pipes due to pre-buckling oval deformation. But, the reduction of buckling strength due to 

imperfection is greater in shorter pipes than in longer pipes. Moreover, buckling strength 

reduces more by the imperfection of buckling mode than by that of oval mode. The effect of 

imperfection on buckling strength in the plastic region was smaller than in the elastic region. 

The buckling moment of curved pipes reduces more when the curvature of pipe increases in 

both original and imperfect pipes, especially for longer pipes. Similarly for a perfect pipe, to 

investigate the yielding effect on the buckling strength of an imperfect pipe in bending, the 

non-dimensional parameter (β) was considered.  

Finally, the buckling strength of pipe under pure bending and external pressure has 

been investigated by nonlinear FEA. Not only elastic buckling but also elasto-plastic buckling 
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was investigated. From the numerical results, the following was found. The reductions of 

buckling strength due to external pressure will decrease with increasing L/D and become 

constant on the long pipe. For a straight pipe with D/t ≧ 35 and σY = 621MPa under external 

pressure, the buckling strength occurs in the elastic region. Therefore, although the ratio of 

linear buckling pressure to initial yielding pressure, α = (Pcr/PY) is proportionate to 

(D/t)2(σY/E), the non-dimensional parameter (β), which is proportionate to (D/ t) (σY/E) is 

considered to investigate the yielding effect on the buckling strength of pipe under combined 

loading of bending and external pressure as well as under bending. Using the non-

dimensional parameter (β), the yielding effect on the buckling strength of pipe subjected to 

bending and external pressure was investigated. The interaction curves of the buckling 

strength of pipe with various D/t under combination loads of external pressure and bending 

moment were obtained. Straight pipes, with length-to-diameter ratio (L/D) varying from 2.5 

to 40,  diameter  ranging from 1000 to 4000 mm, and with diameter-to-thickness ratio (D/t) 

varying from about 50 to 200, and curved pipes (D/t = 200 , L/D varying 2.5 to 30) have been 

investigated by changing R/D from 50 to 200, respectively. 
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Chapter I 

Introduction 
 

 

1.1 Overview 

1.1.1 Geography of Indonesia 

Indonesia is an archipelago in the region of Southeast Asia. It lies between latitudes 

11°S and 6°N and longitudes 95°E and 141°E and has 17,508 islands scattered over both 

sides of the equator. The largest islands are Sumatra, Java, Bali, Kalimantan (Indonesia's part 

of Borneo), Sulawesi, the Nusa Tenggara islands, the Moluccas Islands, and Irian Jaya (the 

western part of New Guinea).  

 
Figure 1-1. Geography of Indonesia 

(www.lib.utexas.edu/maps/indonesia.html) 
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Figure 1-1 shows that Indonesia shares land borders with Malaysia on Borneo, Papua 

New Guinea on the island of New Guinea, and East Timor on the island of Timor. Moreover, 

Indonesia also shares maritime borders with Singapore, Malaysia, Philippines, and Palau to 

the north and Australia to the south. Indonesia is the world's 16th-largest country in terms of 

land area with 1,919,440 square kilometres of land, and world's 7th-largest country in terms 

of combined sea and land area.  

Indonesia is rich in mineral resources such as natural gas and petroleum. Therefore, it 

has been one of the world’s leading exporters of Liquefied Natural Gas (LNG) after Qatar, 

the majority of which is derived from the seabed. One of the biggest sources is the Natuna 

gas field as shown in Figure 1-2. 

 
Figure 1-2. The map of Natuna gas field map 

(http://www.offshore-technology.com/projects/natuna/) 
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The Natuna gas fields deliver gas to Singapore via a pipeline. This transportation 

system is one of the world's longest subsea gas pipelines, delivering 3.4 billion cubic metres 

annually. Furthermore, Malaysia began importing gas from the Natuna Sea in mid-2003 

however, unfortunately a pipeline linking East Natuna with Sarawak and the Philippines is 

unlikely to be built in the near future due to concerns about expense and security. Other 

possibilities include linking gas grids from Thailand to China via an offshore pipeline from a 

hub at the Natuna gas field. The alternative version would only link Indonesia and China. 

 

1.1.2 Offshore pipelines 

In their article Guo, Song, Chacko and Ghalambor (2005) described offshore 

pipelines, which are a part of the infrastructure of any offshore oil or gas field. The pipelines 

seem to be the most suitable long-term solution for transporting fluids when the offshore 

hydrocarbon exploration and production activities expand into deep water. Figure 1-3 shows 

a pipeline built for applications such as support of oil and gas transportation that is: 

 
Figure 1-3. Uses of offshore pipelines  

(Guo, B.et al. 2005)  

 

3 
 



• Transporting oil or gas from satellite subsea wells to subsea manifolds; 

• Transporting oil or gas from subsea manifolds to production facility platforms; 

• Transporting oil or gas between production facility platforms; 

• Transporting oil or gas from production facility platforms to shore; 

• Transporting water or chemicals from production facility platforms, through subsea 

injection manifolds, to injection wellheads. 

 

On the installation of pipeline, a wide range of loads and environmental conditions 

should be considered. Marine pipelines are constructed by different methods. Kyriakides & 

Corona (2007) described the various methods for pipe laying as shown in Figures 1-4, 1-5 

and 1-6, that are: S-lay, J-lay and reeling techniques, respectively. The name S-lay is taken 

from the suspended shape of the pipe at the end of the barge, which lays in an elongated "S" 

from the stringer to the seabed, while J-lay takes its name from the shape of the suspended 

pipe, which forms a "J" from the vessel to the seabed and then regarding reel-lay method, the 

pipe is assembled onshore and wound onto a large reel on the vessel. Furthermore, before 

being ‘J-laid’ in its final location it has to be unwound and straightened. 

Buckling and collapse are one of important failure modes not only for laying 

condition but also for operating condition in a subsea position as shown in Figures 1-4 ~ 1-7. 

The pipeline will experience a combination of functional and environmental loads. Pipes 

should be safely operated. When a water pipeline suffers a leak, it can be a problem but it 

usually doesn't harm the environment. However, if a petroleum or gas pipeline leaks, it can 

cause an environmental disaster. 

 

4 
 



 

 

Figure 1-4. S-Lay method 

(Mina, K. 2012) 
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Figure 1-5. J-Lay method 

(Mina, K. 2012) 

 

 
 

 

Figure 1-6. Reel-Lay method 

(http://file.scirp.org) 
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Figure 1-7. Pipe in operating condition subjected a combination of functional and environmental loads 
 
 
 

1.2 Literature Review 

1.2.1 The theoretical moment – curvature relationships (M – Φ relation) 

Chen (1988) explained the analytical equations for the ‘moment’ - curvature 

relationships of a perfect circular tubular section are derived without considering the oval 

deformation.  

 

             (a)                      (b) 

Figure 1-8. Pure bending of a thin walled tubular beam segment  

(Chen, et. al. 1988) 

Figure 1-8 (a) shows the thin-walled tubular beam segment. L is length of thin-walled 

tubular beam, mean radius of cross section r and wall thickness t. When this beam segment is 

subjected to bending moment M at its ends, it will bend into an arc of radius ρ shown in 

Figure 1-8 (b). The central angle ϴ and curvature Φ are related to ρ by the following 

relationships. 
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  𝜃𝜃 =  𝐿𝐿
𝜌𝜌
               (1. 1) 

Φ = 1
𝜌𝜌
               (1. 2) 

Using assumption  that  after  the  deformation,  the  plane  section  would remain  

plane, furthermore, follows on from  the  assumption that  shear deformation is negligible. 

Then, the length in longitudinal direction at a distance y from the neutral axis will be (ρ+y)ϴ; 

and the bending strain at this location will be given in the following equation:  

 𝜖𝜖𝑧𝑧 = (𝜌𝜌+𝑦𝑦)𝛳𝛳−𝜌𝜌𝜌𝜌
𝜌𝜌𝜌𝜌

= 𝑦𝑦
𝜌𝜌

= Φ𝑦𝑦             (1. 3) 

The initial yield curvature (the curvature at which y = ± r begins to yield) can be written as: 

  Φ𝑌𝑌 = 𝜖𝜖𝑌𝑌
𝑟𝑟

               (1. 4) 

Where, 𝜖𝜖Y is the yield strain of the material.  

 

  Figure 1-9. Thin-walled tubular section under pure bending  

(Chen, et. al. 1988) 

 

Under pure bending, the cylindrical tubular section can have two states shown in 

Figure 1-9 :  the  elastic  state  for Φ ≤ ΦY, and then the  elasto-plastic  state  for  Φ  >  ΦY.  
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For the elasto-plastic state, the section is divided into the yielded zone and the elastic zone by 

the boundary defined by the angle ϴ0 as shown in Figure 1-10. 

  ϴ0 = 𝑐𝑐𝑐𝑐𝑐𝑐−1 𝑦𝑦�
𝑟𝑟
               (1. 5) 

Where, 𝑦𝑦� = is given by: 

  𝑦𝑦� = ± 𝜖𝜖𝑌𝑌
Φ

               (1. 6) 

 

Figure 1-10. Elasto- plastic state of section  

(Chen, et. al. 1988) 

 

Substituting 𝑦𝑦� from Eq. (1. 6), in Eq. (1. 5) and using Eq. (1. 4), we obtain:  

 

         𝜃𝜃0 = cos−1 𝛷𝛷𝑌𝑌
𝛷𝛷

             (1. 7) 

Assumed that the material is elastic-perfectly plastic and yield stress σY, the stresses in the 

section are obtained from:  

  σ = - σY  (y ≤ -  𝑦𝑦� ) 

 σ = EΦy (- 𝑦𝑦� ≤ y ≤  𝑦𝑦� )                      (1. 8) 

  σ = σY   ( 𝑦𝑦� ≤ y ) 
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The bending moment in plastic zone (Zone I) is:  

 

        MI = 2σY [AIy0.I]                (1. 9) 

 

Where AI is area of Zone I = 2rϴ0t. 

y0.I = distance from the centroid of Zone I to the x-axis, therefore sin  (90 − 𝛹𝛹0) = cos𝛹𝛹0, 

then y0.I can be expressed as Eq. (1.10) 

 

        𝑦𝑦0.𝐼𝐼 = 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃0
𝜃𝜃0

= 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝛹𝛹0
𝜃𝜃0

              (1. 10) 

 

From Eq. (1. 10) substituting to Eq. (1. 9), we obtain: 

  

 𝑀𝑀𝐼𝐼 = 4σY 𝑡𝑡 𝑟𝑟2 𝑐𝑐𝑐𝑐𝑐𝑐𝛹𝛹0                        (1. 11) 

 

The bending moment in elastic zone (Zone II) is: 

 𝑀𝑀𝐼𝐼𝐼𝐼 = 𝜎𝜎𝑌𝑌
𝐼𝐼𝑥𝑥−𝑒𝑒𝑒𝑒
𝑦𝑦�

                                               (1. 12) 

 

Where, Ix-el = moment of inertia of the elastic part about the bending axis (x-axis). For the 

thin-walled tubular section, the value of Ix-el can be approximated by the expression. 

 

 𝐼𝐼𝑥𝑥−𝑒𝑒𝑒𝑒 = 2∫ 𝑡𝑡𝑡𝑡2𝑠𝑠𝑠𝑠𝑠𝑠2(𝛹𝛹0 − 𝛼𝛼2𝛹𝛹0
0 )𝑟𝑟𝑟𝑟𝑟𝑟               (1. 13) 

 

Where α and Ψ0 are defined in Figure 1-10, moreover Ix-el can be expressed as: 
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 𝐼𝐼𝑥𝑥−𝑒𝑒𝑒𝑒 = 𝑡𝑡𝑟𝑟3(2𝛹𝛹0 −  𝑠𝑠𝑠𝑠𝑠𝑠2𝛹𝛹0)                                                 (1. 14) 

 

Substituting   𝑦𝑦� = r sin 𝛹𝛹0 and 𝐼𝐼𝑥𝑥−𝑒𝑒𝑒𝑒 from Eq. (1. 14) into Eq. (1. 12), we obtain: 

 

 𝑀𝑀𝐼𝐼𝐼𝐼 = 𝜎𝜎𝑌𝑌𝑡𝑡𝑟𝑟2
(2𝛹𝛹0− 𝑠𝑠𝑠𝑠𝑠𝑠2𝛹𝛹0)

𝑠𝑠𝑠𝑠𝑠𝑠𝛹𝛹0
                                                      (1. 15) 

 

Finally, the total bending moment M, which is the sum of MI and MII, can be expressed as: 

 

 𝑀𝑀 = 𝜎𝜎𝑌𝑌𝑡𝑡𝑟𝑟2
(2𝛹𝛹0+𝑠𝑠𝑠𝑠𝑠𝑠2𝛹𝛹0)

𝑠𝑠𝑠𝑠𝑠𝑠𝛹𝛹0
                                                         (1. 16) 

When, in the elastic state, σY in Eq. (1. 16) becomes σ, and 𝛹𝛹0  must be equal to π/2. 

Therefore Eq. (1. 16) reduces to the following equation. 

 

 𝑀𝑀 = 𝜋𝜋𝜋𝜋𝜋𝜋r2                                                                                                     (1. 17) 

Furthermore, Eq. (1. 16) can be non-dimensionalzed by defining: 

 

 𝑚𝑚� = 𝑀𝑀
𝑀𝑀𝑝𝑝

                    (1. 18) 
 

 𝜙𝜙 = 𝛷𝛷
𝛷𝛷𝑌𝑌

            (1. 18)'                                                      

 

Where, 𝛷𝛷𝑌𝑌 has been already defined by Eq. (1. 4).  Mp is the fully plastic moment capacity of 

the cross section and is given by: 

 

 𝑀𝑀𝑝𝑝 = 4𝜎𝜎𝑌𝑌𝑡𝑡𝑟𝑟2                                                                                                 (1. 19) 
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Substituting Eq. (1. 7) in ‘ cos 𝜃𝜃0 = sin𝛹𝛹0’, and using Eq. (1. 18),  𝛹𝛹0 can be shown as 

follow. 

 𝛹𝛹0 = 𝑠𝑠𝑠𝑠𝑠𝑠−1(cos𝜃𝜃0) 

= 𝑠𝑠𝑠𝑠𝑠𝑠−1(𝛷𝛷𝑦𝑦
𝛷𝛷

) 

= 𝑠𝑠𝑠𝑠𝑠𝑠−1 1
𝜙𝜙
                                                                         (1. 20) 

By combining Eq. (1. 17) with Eq. (1. 18) and (1. 19), and using σ/ σY = Er 𝛷𝛷/ Er 𝛷𝛷𝑌𝑌 =𝜙𝜙, the 

relationship between the non-dimensional moment and the curvature of the section in the 

elastic state (𝜙𝜙 ≤ 1) can be expressed as; 

 𝑚𝑚� = 𝜋𝜋
4

 𝜙𝜙                                  (1. 21)     

Substituting 𝛹𝛹0 to Eq. (1. 16), the relationships between the non-dimensional moment and the 

curvature for the elasto - plastic regime (𝜙𝜙 ≥ 1) can be expressed as; 

 

 𝑚𝑚� = 𝜙𝜙
4

 �2𝑠𝑠𝑠𝑠𝑠𝑠−1 �1
𝜙𝜙
� + 2

𝜙𝜙2
�(𝜙𝜙2 − 1)�             (1. 22) 

 

Figure 1-11 shows the moment - curvature curve in both elastic and elasto- plastic region of a 

perfect thin walled tubular section, which is plotted using Eq. (1. 21) and (1. 22).  All of 

which have been clearly explained by Chen (1988). 
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Figure 1-11. Moment - curvature relationship for perfect thin-walled tubular section  

(Chen, et. al. 1988) 

 
 
 

Jialing & Reaid (1997) explained the theoretical of a pipe under pure bending as 

shown in Figure 1-12, where, the deformation process of pipe under pure bending and 

moment – curvature response was divided into 3 stages, that is, elastic bending, uniform 

ovalization and local collapse. 
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Figure 1-12. Moment-curvature response and deformation process of pipe subjected to bending.  

(Jialing, et. al. 1997) 

 

1.2.2 The buckling strength of pipe under bending 

The formulas for estimating the buckling stress and the buckling moment of cylinder 

under bending are now to be briefly explained. And also the previous researches will be 

presented. 

If the critical buckling stress of a cylinder under bending is same as the buckling 

stress of a cylinder under axial compression, then the critical stress can be expressed by Eq. 

(1. 23).  

( ) 







−
=

r
tE

cr 213 ν
σ               (1. 23)   

The maximum bending stress of a cylinder under the critical (buckling) moment Mcr 

can be expressed by Eq. (1. 24).  
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tr
Mcr

cr 2π
σ =                (1. 24) 

Where, r is the pipe radius, and t is the wall thickness. 

From Eq. (1. 23) ~ (1. 24), the critical moment can be estimated as follow. 

2

2
1

605.0

.

Ert
trM crcr

π
πσ

=

=
             (1. 25) 

Donnell (1934) found that the elastic buckling stress in bending is somewhat higher 

than the critical stress for axial compression. 

Timoshenko and Gere (1961) gave the statement that the maximum compressive 

stress at critical buckling moment is about 30 % higher than the stress obtained from Eq. (1. 

24). Then, the buckling moment is given by Eq. (1. 26). 

  
2

13

787.0

3.1

Ert
MM crcr

π=

×=
                     (1. 26) 

One of the earliest efforts in nonlinear structural analysis was performed by Brazier 

(1927). He had investigated the stability of long cylindrical shells under bending. If a long 

cylinder is subjected to bending, its cross section flatters. Consequently, its bending stiffness 

deteriorates with increasing bending moment as a function of applied curvature, and the 

bending moment exhibits a maximum. Brazier performed a somewhat approximate analysis 

and found that the buckling moment is given by Eq. (1. 27) with ѵ = 0.3. 

222
max 329.01/)9/22( ErtErtM πνπ =−=           (1. 27) 

The maximum stress caused by this moment is computed as follow. 

rEt /33.0max =σ               (1. 28) 

Chwalla (1933) derived the equation (1. 29) as the maximum moment, considering the 

oval deformation of section by the energy method. And, he also showed that the maximum 

stress occurs at another bending curvature and it can be expressed by Eq. (1. 30). 
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2
max 378.0 ErtMM k π==              (1. 29) 

rEt /51.0max =σ                (1. 30) 

Seide & Weingarten (1961) solved this as a bifurcation buckling problem. Assuming 

that the pre-buckling behaviour can be defined with sufficient accuracy by a linear membrane 

solution, they found that the critical buckling stress is only 1.5% higher than Eq. (1. 24), for a 

cylinder with r/t = 100. For thinner cylinders the difference is even smaller. 

Odland (1978) calculated that the collapse moment of cylinder with R/t=100 and 

showed that the collapse moment of cylinder with L/D=5, 10, and infinity is ab.70, 60, and 

50% of Mcr1, respectively, because of oval deformation of a section. 

Ju & Kyriakides (1992) mentioned that oval deformation reduces the bending rigidity 

and leads to a limited load instability associated with local collapse. 

The initial yield moment of a pipe under bending is shown below. 

trM YY ⋅⋅= 2πσ               (1. 31)  

Where, σY is the yield stress. 

SUPERB (1996) outlined the geometrical imperfections (excluding corrosion) that are 

normally allowed in pipeline design will not exert a significant influence on the maximum 

strength of the pipe, and the buckling moment in the plastic region can be calculated as: 

 tD
t
rM Yp ⋅⋅⋅





 ⋅−= 2003.005.1 σ          (1. 32) 

If r/t equals to 50, Eq. (1. 32) becomes 

trM Yp ⋅⋅⋅= 214.1 πσ               (1. 33) 

The ultimate moment in Eq. (1.32) is only 15% higher than the initial yielding moment. 

Zhang and Li (1999) had already develop a set of new governing equations to solve 

the nonlinear bending and the instability of imperfect cylindrical tubes, furthermore 

formulating the effects of initial out-of-roundness on the bending and stability. 
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Gellin (1980) has investigated the effect of nonlinear material behaviour on the 

buckling of an infinitely long cylindrical shell under pure bending. The maximum moment 

and associated curvature is determined as a function of material and geometric parameters. 

The curvature at which short wave length bifurcations occur is also determined.  

Zhang (1987) investigated the Brazier effect of originally straight cylindrical tubes 

under pure elasto - plastic bending by the deformation theory, based on some deformation 

assumptions agreeing with numerous experiments. The results concerning the variations of 

flattening ratio and bending moment obtained by the present method are in good accordance 

with those reported by experiments. Zhang said that the phenomenon of the flattening of 

elastic tubes under bending called the Brazier effect. 

Hauch and Bai (1999) had obtained a set of equations for calculating the maximum 

allowable bending moment including proposed safety factors for different targeted safety 

levels. The applied safety factor methodology ensures that the target safety levels are 

uniformly maintained for all load combinations. 

Elchalakani, Zhao and Grzebieta (2002) presented a theoretical treatment to predict 

the moment rotation response of circular hollow steel tubes of varying D/t ratios under pure 

bending.  In extensional deformation and rigid plastic material certain behaviour was 

assumed in the derivation of the deformation energy. The plasticity observed in the tests was 

assumed to spread linearly along the length of the tube. Two local plastic mechanisms (Star 

and Diamond shapes) were studied to model the behaviour observed in the tests especially 

during the unloading stage. 

In previous researches, the buckling strength of a straight pipe under pure bending has 

been investigated and some formulas have presented, not only for the elastic buckling, but 

also for the elasto-plastic buckling. But, it seems that the accuracy of proposed formulas have 

not yet confirmed sufficiently, and the comprehensive study of buckling and collapse analysis, 
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changing length-to-diameter ratio (L/D), the diameter-to-thickness ratio (D/t), and yield stress, 

have not been carried out. 

As for curved pipe, Bantlin (1910) had found experimentally, that a curved tube is 

much more flexible in bending compared to curved beams of the same configuration but solid 

cross section. 

Axelrad (1978) explained that flexible shells, designed to sustain elastic 

displacements, have a "semi membrane" type of deformation, described by simplified 

equations. In what follows, flexible shell equations are derived and used to analyse the 

bending of curved tubes and buckling of tubes and toroidal shells under external pressure. 

Boyle (1981) presented using  a  thin  shell  theory  developed  by  Reissner (1949),  a  

nonlinear  model  to describe  the  in-plane bending  of  a curved  pipe.  The classical  thin  

shell  models  can  be  deduced  by making certain  simplifying  assumptions  concerning  the  

mode  of  deformation. The buckling  of  the  curved  pipe  in  pure  bending  is examined 

using numerical nonlinear  analysis, and then compared  to the previous  simplified  solutions.  

Boussaa (1996) explained an original treatment for the finite bending of curved pipe 

with an arbitrary cross section. The original formulation for the in plane bending of curved 

tubes including geometrical nonlinearities has been proposed for each model.  

S.V. Levyakov (2013) discussed nonlinear equations of in-plane bending of curved 

tubes formulated by Reissner (1981). The accuracy of the equations is evaluated by 

comparing the numerical results with predictions obtained by a special shell finite element. 

In the previous research, experiments to ascertain the buckling strength of curved pipe 

under bending were performed. Furthermore, the geometrical nonlinear theories for 

describing the pre-buckling deformation were investigated, and using these theories the 

buckling of a curved shell was investigated. But, the calculated geometrical parameters of 

shell were limited. Therefore, the buckling strength of pipe with arbitrary geometrical 
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parameters, such as L/D, D/t, and R/D, cannot be predicted using the results of previous 

studies.  

 

1.2.3 The buckling strength of pipe under external pressure. 

When a pipe is subjected to uniform external pressure, the compressive stress will be 

developed in pipe and increases with the increase of external pressure. And when the 

compressive stress reaches a limit value, the pipe is not able to maintain its initial circular 

shape, and distorts unstably in buckling. For an infinite long free pipe the buckling has been 

discussed by Von. Mises (1914), Donnel (1976), Southwell (1913), Timoshenko (1961), 

Flügge (1960), Tokugawa (1929), the buckling equation can be derived using the Euler 

buckling theory, by assumed as a ring with the second moment of inertia (I). The buckling 

equation is expressed as follows,  

 𝑃𝑃𝑐𝑐𝑐𝑐 = (𝑛𝑛2−1)𝐸𝐸𝐸𝐸
𝑅𝑅3

= (𝑛𝑛2−1)𝐸𝐸
12

�𝑡𝑡
𝑅𝑅
�
3
           (1. 34) 

However, if the pipe is longitudinal restrained, Eq. (1. 34) should be modified by 

considering the Poisson’s effect. The equation given by the following, 

 𝑃𝑃𝑐𝑐𝑐𝑐 = (𝑛𝑛2−1)𝐸𝐸𝐸𝐸
12(1−ѵ2)

�𝑡𝑡
𝑅𝑅
�
3

= (𝑛𝑛2−1)𝐸𝐸′

12
�𝑡𝑡
𝑅𝑅
�
3
                                     (1. 35) 

Where,  𝐸𝐸′ = 𝐸𝐸
(1−ѵ2)

             (1. 36) 

Where n is wave number in circumferential direction. 

As for a long free pipe, the number of waves is commonly given 2. Thus the buckling 

equation of a long pipe can be expressed by Eq. (1. 37). 

 𝑃𝑃𝑐𝑐𝑐𝑐 = 𝐸𝐸′

4
�𝑡𝑡
𝑅𝑅
�
3
                      (1. 37) 

And then, the analytical solution using Eq. (1. 37) is only valid for hydrostatic pressure with 

the acting direction normal to pipe surface. 

19 
 



In previous researches, the buckling strength of pipes under external pressure has not 

been clarified for various values of (L/D) and (D/t).  

 

1.2.4 The buckling strength of pipe under combined loading. 

Igland, R.T & Moan, T (2000) investigated the ultimate strength of tubes under 

combined loading. Furthermore, they applied the reliability theory for estimating the buckling 

strength of pipelines with different geometry and load conditions during laying in order to 

achieve a more uniform and consistent safety level for semi-probabilistic design criteria.  

Reddy (1979) presented experimental investigation into the plastic buckling of 

cylindrical tubes subjected to bending moments. And, these results are compared with 

analytical results for the collapse of cylinders under pure bending and uniform axial 

compression. The mode of deformation of the cylinders is discussed and the experimental 

strains are compared with those of others for tests on axially compressed cylinders as well as 

cylinders in pure bending. 

Corona and Kyriakides (1988) presented the response and stability of long and 

relatively thick-walled metal tubes under combined bending and external pressure through 

combined experimental and numerical efforts. In experiments, they used the stainless steel 

304 tubes with nominal diameter to thickness ratios of 34.7 and 24.5. 

Gerard and Becker (1957) presented interaction formulas of buckling strength with 

experimental verification for several conditions of combined non pressure loading, that is, (1) 

axial compression and bending; (2) axial compression and torsion; (3) axial compression, 

bending and torsion; and (4) bending and torsion. 

Lo et al. (1951); Fung and Sechler (1957); Gerard (1957); Baker et al. (1968) ; 

Mungan (1974) have already done the test, and have shown that the internal pressure 

increases the axial buckling stress as long as the failure stress remains elastic. 
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Ghazijahani, T.G, et al (2013) presented experimental study. In this study, the 

buckling behaviour of long cylindrical steel shells was investigated under combined bending 

and uniform peripheral pressure. 

In previous study, the comprehensive study for the buckling strength of pipes under 

combined bending and external pressure still limited and the effect of imperfection on 

buckling and the discrepancy to straight pipe have not been discussed carefully.  

 

1.3 Research Scope and Objective 

Not only for the laying condition but also for operating condition on subsea shown in 

Figures 1-4 ~ 1-7, the pipe will be subjected to various kinds of loads, i.e., bending moment, 

external pressure and tension. In this study, the buckling strength of pipe under bending and 

external pressure is the focus. In the designing of offshore pipelines, it is very important to 

know the buckling strength for steel pipes subjected to bending and external pressure.  

Under the bending loads, it is well known that the oval deformation of section takes 

place and this deformation will be reducing the buckling strength. Therefore, to investigate 

the buckling strength of pipe, nonlinear FE analysis taking into account of cross sectional 

oval deformation before buckling are performed. It is also required to be able to quantify the 

effect of shape imperfections, such as oval modes and buckle modes on the buckling strength. 

Furthermore, the buckling strength of pipe under combination loads, that is, bending and 

external pressure, must been investigated. 

The buckling strength for a straight pipe under a pure bending moment was 

investigated by nonlinear FEA, considering the effect of a cross sectional oval deformation by 

changing the varying of pipes, that is, the length-to-diameter ratio (L/D) varying from about 

2.5 to 20 and the diameter-to-thickness ratio (D/t) varying from about 50 to 200, respectively. 
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In addition, the buckling strength for a curved pipe was investigated by changing the R/D 

from 50 to 200. Where, R is the curvature radius of curved pipe. 

 

1.4 Outline of Dissertation 

This dissertation consists of six chapters. Chapter I introduces the overview of 

offshore pipelines and the previous studies on the buckling strength of pipe under bending 

and external pressure.  Moreover, the purpose and method of this research was explained in 

this chapter. 

In Chapter II, the linear buckling strength for pipe under pure bending will be 

investigated by linear FEA. At first, the eigenvalue calculations under bending load are 

performed for various length, radius and thickness of the pipe. The linear buckling strength is 

then compared with previously proposed formula which was derived from the buckling 

strength of pipe under axial compression. 

In Chapter III, the buckling phenomenon for straight and curved pipe under pure 

bending will be investigated by nonlinear FEA considering the effect of cross sectional oval 

deformation. For the straight pipe, the reduction rate of the buckling moment due to the oval 

deformation of pipe is clarified for various values of L/D and D/t, not only in elastic buckling, 

but also in elasto-plastic buckling. Moreover, for the curved pipe, the reduction rate of the 

buckling moment due to the oval deformation of pipe is clarified for various values of R/D.  

In Chapter IV, we explain the effect of initial imperfection on buckling strength for 

straight and curved pipe under pure bending. As well as for perfect pipe, the buckling 

strength for imperfect pipe will be investigated by nonlinear FEA considering the effect of 

cross sectional oval deformation. For imperfect straight pipe, the reduction rate of the 

buckling moment due to the oval deformation of pipe is clarified for various values of L/D, 

D/t and δo/t, not only in elastic buckling, but also in elasto-plastic buckling. Moreover, for 
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imperfect curved pipe, the reduction rate of the buckling moment due to the oval deformation 

of pipe is clarified for various values of R/D and δo/t. The effect of buckling mode and oval 

mode of imperfection are also investigated in this chapter. 

In Chapter V, the buckling strength of pipe under bending and external pressure will 

be investigated by nonlinear FEA. The relationships between non-dimensional pressure and 

non-dimensional moment will be shown in this chapter. 

Finally, Chapter VI is devoted to drawing conclusions and summarising findings 

concerning pipes under bending and external pressures for application on offshore pipelines. 
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Chapter II 

The Linear Buckling Strength of Pipe under Pure 

Bending 
 

 

2.1 Introduction 

Fluids such as oil and natural gas are often transported over long distances from 

subsea wells to a process facility offshore or onshore via pipelines. At the time of operation, 

the pipeline will be subjected to a wide range of loads. The buckling of structural 

components under various types of loading is a common cause of s t ructura l  failure. In 

the designing of pipelines, it is therefore, important to know the buckling strength of pipe 

under various kinds of loads. Many researchers have already investigated the buckling 

strength under axial compression and an accurate formula was presented, but the accurate 

formula for the buckling strength of pipe under bending load seems not to have been 

presented up to now. 

In this Chapter, the buckling strength of pipe under pure bending load will be 

investigated by linear FEA. At first, the eigenvalue calculations under bending load are 

performed for various length, radius and thickness of the pipe. Secondly, the linear buckling 

strength is compared with the previously proposed formula which was derived from the 

buckling strength of pipe under axial compression.  

In linear buckling strength calculation, the parametric study is performed. That is, for 

the pipes with ratio between length and diameter (L/D) varying from about 2.5 to 20, 

diameter ranging from 1000 to 4000 mm, and with ratio between diameter and thickness (D/t) 

varying from about 50 to 200, the linear buckling strength is investigated.   
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In this study, the series of calculations on linear buckling strength of pipe under 

bending are performed by utilizing linear FE software. 

 

2.2 Procedures of Calculation for Estimating Linear Buckling Strength of Pipe under 

Bending 

2.2.1 Model for calculation 

The calculations for linear buckling strength of pipe under pure bending are 

performed. Figure 2-1 shows the schematic view of pipe under bending moment. The full 

length models of pipe are used in FEA.  

 
Figure 2-1. The schematic view of a  pipe under bending moment 

 

2.2.2 Program name   

For linier buckling analysis, the finite element software MSC Nastran is used. The 

finite element analysis (FEA) model can be generated in any available pre-process software. In this 

study, the models are generated by MSC Patran.  

 

2.2.3 Element mesh for analysis 

The Linear eigenvalue analysis using MSC Nastran is performed by using a 

quadrilateral 4 node element with 36 elements in circumference. The element number is 

basically 120 elements in length and more elements are used to maintain the calculation 

accuracy in the case of long cylinder as shown in Table 2-1. Cases I - III are changing D/t 

from 50 to 200. For each case, L/D are varying from 2.5 to 20. 
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Table 2-1. The parameters of calculation on linear buckling strength of pipe under pure bending 

CASES D 
( mm ) D/t L/D 

Element Number in Length 
(in circumferential direction, 

and in axial direction) 

Cases I 1,000 50 

2.5 36 elements 
120 elements 

5.0 36 elements 
240 elements 

7.5 36 element 
360 elements 

10 36 elements 
480 elements  

15 36 elements 
720 elements  

20 36 element 
960 elements  

Cases II 2,000 100 

2.5 36 element  
120 elements  

5.0 36 elements 
240 elements 

7.5 36 elements 
360 elements 

10 36 elements 
480 elements 

15 36 elements 
720 elements 

20 36 elements 
960 elements 

Cases III 4,000 200 

2.5 36 elements 
120 elements 

5.0 36 elements 
240 elements 

7.5 36 elements 
360 elements 

10 36 elements 
480 elements 

15 36 elements 
720 elements 

20 36 elements 
960 elements 

 

2.2.4 Boundary conditions 

The Cylindrical coordinates are used. The following boundary conditions are given at 

the mid span of cylinder shown in Eq. (2.1), and Uϴ = 0 at four points as shown in Figure 2-2. 

UZ = 0                 (2. 1) 
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Figure 2-2. Boundary condition at mid span of cylinder 

 

2.2.5 The loading conditions 

The bending moment is applied at the centre of the circle at both ends as shown in 

Figure 2-3. The rigid body elements (RBE) are inserted at both ends of sections in order to 

connect the centre of a circle and the points on a circle. RBE prevents the oval deformation of 

both end sections, and keeps the section in plane under rotational deformation by a bending 

moment. 

 

 

Figure 2-3. FEA model for full pipe in linear analysis 
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2.3 The Numerical Results on Linier Buckling Strength of Pipe under Bending 

The typical buckling mode which is obtained from numerical calculation is shown in 

Figure 2-4. The stress at the lower side of cylinder is compression, and at the upper side is 

tension under bending moment. Therefore, the region of buckling is limited in the vicinity of 

bottom. 

 

Figure 2-4. Buckling mode of pipe under pure bending in linear analysis 

 

The buckling moments obtained by linear eigenvalue calculation are shown in Table 

2-2. For the cylinder with same D/t, the buckling moments are almost same for all length of 

cylinder.  

In Table 2-2 also shows the critical bending moment, Mcr1, when the critical buckling 

stress of a cylinder under bending is same as the buckling stress of a cylinder under axial 

compression. The numerical result Mcr2 is 10% higher than Mcr1. From the numerical results, 

the critical bending moment in linear calculation can be expressed by Eq. (2. 2).  
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As mention before, the critical moment proposed by Timoshenko is 30% higher than Mcr1. 

Therefore the critical moment proposed by Timoshenko seems to give a considerably unsafe 

estimation on the buckling moment. 

Table 2-3 shows the calculated linier buckling strength for pipe of D/t = 200, L/D = 

20, using 10, 12 and 16 elements for one wave length. When the number of elements for one 

wave length increases, the value of (Mcr2/Mcr1) will approach to 1.0 as shown in Table 2-3. 

Thus, 18 elements for one wave offer a more accurate result. 

 

2.4 Discussion 

The numerical results were shown in Tables 2-2 ~ 2-3 changing the element size, in 

other words, the element number. It is well known that both elements of smaller dimensions 

and a greater number of elements will result in smaller errors and the numerical results will 

be more precise. However, a numerical calculation with a greater number of elements 

requires a longer computation time. The point at which the computational time increases is 

when using more than 18 elements for one wave. In this case, 10 elements for one wave 

length had a small error. Therefore, we used 10 elements for next calculation. 

In the linear buckling analysis, the effect of value L/D is not as much as shown in 

Table 2-2 in the last column. The ratio of linear buckling strength of longer pipe to that of 

short pipe is almost 100% for every case.   
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2.5 Conclusions 

In this study, the series calculations on the linear buckling strength of pipe under 

bending are performed by utilizing linear FE software. The typical buckling mode which is 

obtained from numerical calculation is shown in Figure 2-4. Under the bending moment, the 

region of buckling is limited to the vicinity of the bottom, because the stress at the lower side 

of cylinder is compression, and at the upper side is tension.  

As shown in Tables 2-2 ~ 2-3, the linear buckling moment Mcr2 calculated by finite 

element software MSC NASTRAN is 10% higher than Mcr1. Where Mcr1 is the critical 

bending moment when the critical buckling stress of a cylinder under bending is same as the 

buckling stress of a cylinder under axial compression. From the numerical results, the critical 

bending moment, Mcr2, in linear calculation can be expressed as follows, 

( )
tr

r
tEM cr

2

22
13

1.1 π
ν

×







−
×=                 

The critical moment proposed by Timoshenko is 30% higher than Mcr1, and it seems to be 

considerably on the unsafe side in terms of an estimation of the buckling moment. 

Numerical error can be avoided when the total number of elements in every one wave 

length of buckling mode is more than 18 elements as shown in Tables 2-2 ~ 2-3, but this 

would need much more computation time. By using 10 elements in every one wave length of 

buckling mode, the errors were not so large, with a limited amount of extra computation time. 

Therefore, it is recommended that the number of elements for one wave length is 10.  

In the linear buckling analysis, the effect of value L/D is insignificant. The cylinder 

with same D/t, the linear buckling moments are almost same for all length of cylinder.  

In this chapter, the linear buckling moment, Mcr2, of pipe was obtained for various 

dimension of pipe utilizing FEA. It was shown that Mcr2 is approximately 1.1 times Mcr1, 
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Where, Mcr1 is the critical bending moment when the critical buckling stress of a cylinder 

under bending is same as the buckling stress of a cylinder under axial compression. 

In actual pipe, the oval deformation of cross section will take place before buckling, 

and the buckling moment will be reduced due to this deformation. Therefore, the linear 

buckling moment will not present the exact strength of pipe under bending. But, it can be the 

rough standard of the buckling moment of the pipe. 

In the following chapter, the exact buckling moments will be examined by 

considering pre-buckling oval deformation, and will be compared with the linear buckling 

moment, Mcr2, or the buckling moment, Mcr1, to clarify the effect of pre-buckling oval 

deformation on the buckling moment. 
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Chapter III 

The Nonlinear Buckling Strength of Straight and 

Curved Pipe under Pure Bending 
 

 

3.1 Introduction 

The numerical results on the linear buckling strength of pipe under pure bending were 

explained in Chapter II. The parameters of the calculations involved using pipes with L/D 

varying from 2.5 to 20, and D/t from 50 to 200. The linear FE software was used in this study. 

Through such methods the linear buckling strength was obtained. The linear buckling 

strength is compared with the previously proposed formula, which was derived from the 

buckling strength of pipe under axial compression. Therefore, the critical bending moment in 

the linear calculation can be expressed by Mcr2 as shown in Eq. (3. 1). 

2
12

666.0

1.1

Ert
MM crcr

π=

×=
                (3. 1) 

Where Mcr1 is the critical bending moment, when the critical buckling stress of a cylinder 

under bending is same as the buckling stress of a cylinder under axial compression. 

Not only straight pipes, but also curved ones are utilised in an actual pipeline. In 

designing such a pipeline, it is important to know the buckling strength of the pipe under 

various kinds of loads; especially as it is established that the buckling moment will be 

reduced by increasing the pipe’s length. 

It is well known that cross sectional oval deformation takes place and the buckling 

strength of pipe is reduced due to this deformation. This oval deformation occurs at the mid 

span of a pipe, as shown in Figure 3-1.  
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Figure 3-1. Schematic view of a pipe in bending and the oval deformation which takes place at mid span 

 

 

In this Chapter, firstly the buckling phenomenon for a straight pipe under a pure 

bending moment is investigated by nonlinear FEA, considering the effect of a cross sectional 

oval deformation by changing the dimensions of pipes. In practice this involved changing the 

length-to-diameter ratio (L/D) varying from about 2.5 to 20 and the diameter-to-thickness 

ratio (D/t) varying from about 50 to 200. And secondly, the buckling phenomenon for curved 

pipes is also investigated by changing the R/D from 50 to 200, where R is the curvature radius 

of curved pipe. 

In this thesis, for the straight pipe the reduction rate of the buckling moment due to 

oval deformation will be clarified under various values of L/D and D/t - not only in elastic 

buckling, but also in elasto-plastic buckling. Moreover, for the curved pipe, the reduction rate 

of the buckling moment due to oval deformation will be clarified for various values of R/D.  
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In this study, the series of calculations for buckling and collapse strength of straight 

and curved pipes under bending are performed by utilizing nonlinear FE software. 

 

3.2 Procedures of Calculation for Estimating Nonlinear Buckling Strength of Pipe 

under Bending 

3.2.1 Parameters for calculation 

In the calculation of the straight pipe, the ratio between pipe length and diameter 

(L/D) and the ratio between diameter and thickness (D/t) are taken as the calculation 

parameters. In this paper as shown in table 3-1, L/D varies from 5 to 20, in which the 

diameter is changed from 1,000 to 4,000 mm. And D/t varies from 50 to 200. Where, D is the 

pipe diameter, t is the wall thickness, and L is the pipe length. 

 

Table 3-1. The parameters for calculating the nonlinear buckling strength 

of straight pipe under pure bending 

CASES 
(N mm) 

D 
(mm) D/t L/D 

I 1,000 50 

2.5 

to 

20 

II 2,000 100 

2.5 

to 

20 

III 4,000 200 

2.5 

to 

20 

 

 

In calculations involving the curved pipe, the diameter (D) is originally fixed at 4,000 

mm, and the thickness (t) is fixed to 20 mm. L/D varies from 2.5 to 20 by changing the pipe 
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length (L). R/D varies from 50 to 200 as shown in table 3-2. Where, R is radius of curvature 

in curved pipe. The geometry for a curved pipe is shown in Figure 3-2. 

 

Table 3-2. The parameters for calculating the nonlinear buckling strength 

of a curved pipe under pure bending 

M 
( N mm ) D (mm ) t 

(mm) L/D R/D 

3.2 x 1011 4,000 20 

2.5 

to 

20 

( 50 ) 

( 100 )      Curved pipe 

( 200 ) 

( ∞ ) = Straight Pipe 

 

 
Figure 3-2. The geometry of a curved pipe 

 

 In calculation of the elasto-plastic analysis, the yield stress of material assumed to be 

621 MPa which is the yield stress of material API X80. The elasto-prefect material is choosed 

in the numerical analysis. It means strength hardening after yielding has not been considered. 

 

3.2.2 Model for calculation and calculation program  

The buckling calculations of pipe under pure bending are performed. The full length 

models of straight and curved pipe are used in FEA. Figure 3-3 shows the finite element 

model for straight pipe.  

General purpose FE software MSC Marc is used for nonlinear buckling analysis, in 

which the cross sectional oval deformation before buckling is taken into account. The 
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quadrilateral 4 node element (No.75) is used. The calculating region is divided into 36 

elements in a circumferential direction. The number of elements in the axial direction length 

is basically 120 and more elements are used to maintain the calculation accuracy in the case 

of a long cylinder.  

   

Figure 3-3. Finite element model for straight pipe in nonlinear analysis 

 

3.2.3 Boundary conditions and loading conditions  

The cylindrical coordinates are used. The boundary conditions UZ = 0 are given at the 

mid span of the cylinder and Uϴ = 0 at four points as shown in Figure 2-2. 

The rigid body elements (RBE) are inserted at both end sections in order to connect 

the centre and the points on the circle. The bending moment is loaded at the centre of circle at 

both ends. The rigid body elements (RBE) prevent oval deformation of both end sections and 

keep the section in plane under rotational deformation through a bending moment as shown 

in Figure 3-3. In MSC Marc, a rigid link for either small deformation or large deformation 

can be implemented by using tying or RBE.  

In the actual pipeline system, the connection between pipes using flanges can be 

modelled by RBE. 

Figure 3-4 shows the caption of straight and curved pipe, respectively.  The oval 

deformation of each section at the mid span is defined by δ. 

RBE 
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Figure 3-4. Geometry for (a) straight pipe and (b) curved pipe. 

 

3.2.4 Method to obtain bifurcation moment in nonlinear calculation 

To obtain the bifurcation buckling moment and its mode, the eigenvalue calculations 

are performed at the proper load increment, and the cross sectional point of the critical 

moment between the buckling moment and the applied moment is defined as the bifurcation 

buckling moment, as shown in the schematics in Figure 3-5. In this figure, the vertical axis 

shows the bifurcation buckling eigenvalue, and the horizontal axis shows the applied load.  

The eigenvalue is calculated at each load increment considering the pre-buckling 

deformation. Therefore, the eigenvalue will change in response to the pre-buckling 

deformation. The bifurcation buckling load is judged as follows. When the value of the 

eigenvalue is larger than the applied load, buckling does not occur. Furthermore, when the 

eigenvalue is smaller than that of the applied load, the buckling has already happened. The 

cross section point of the eigenvalue and the applied load is treated as the bifurcation 

39 
 



buckling load. Oval deformation will increase when the applied moment increases. Then, the 

bending rigidity of pipe will be decrease and the curvature radius of mid span section will 

increase. As a result, the eigenvalue will decrease gradually. 

 

 

Figure 3-5. Schematic diagram for estimation of bifurcation moment 

 

3.3 Numerical Results 

The typical buckling mode, which is obtained from a nonlinear calculation, is shown 

in Figure 3-6. The stress at the lower side of the cylinder is compression, and that at the upper 

side is tension. And the oval deformation is larger in the vicinity of mid span than at the span 

end. Therefore, the region of buckling is restricted to the bottom area close to the centre, and 

is different from that in linear buckling analysis. 

The mesh convergence study is done in this chapter. Table 3-3 shows the numerical 

results for pipe D/t = 200 and L/D = 2.5. From this table, it is found that the numerical results 

by MSC Marc are not so much different by changing the circumferential element number 
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from 36 to 20 and the longitudinal one from 120 to 200. By using 36 elements in 

circumferential direction and 120 elements in longitudinal direction this model does not need 

more time for its numerical calculations. Therefore, we used 36 elements in circumferential 

direction and 120 elements in longitudinal direction for the following calculations. 

 

Table 3-3. The mesh convergence study in MSC Marc 

D/t L/D Circumferential 
elements 

Longitudinal 
elements 

Maximum load 
in MSC Marc 

200 2.5 

36 120 1.691 

36 200 1.655 

20 200 1.755 

 

 

 

 

(a) 

 

(b) 

Figure 3-6. Buckling modes of pipe (D/t = 200, L/D = 2.5) under pure bending:  

(a) the straight pipe and (b) the curved pipe R/D = 50 
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3.3.1 The numerical results on nonlinear buckling strength of straight pipe under pure 

bending  

Figure 3-7 shows the relationship between the calculated buckling moment in elastic 

analysis and L/D for the pipe with D/t = 200. The buckling moment will be reduced by 

increasing the value of L/D. In the case of D/t = 200, the buckling moment in short pipes is 

somewhat different from the results of J. Odland, but for infinite length the difference is 

small or almost same.  

 
Figure 3-7. Relationship between buckling moment and L/D for pipe under pure bending in elastic analysis 

  

In this study, the rigid body elements (RBE) are set at both ends of the pipe. The RBE 

prevents the oval deformation of both end sections, and keeps the section in plane under 

rotational deformation by a bending moment. Therefore, the greatest oval deformation 

occurred at the mid span of pipe. How the oval deformation at the mid span increases with 

the applied bending moments is shown in Figure 3-8. This figure shows the relationship 

between the applied bending moment and the oval deformation at the mid span of the pipe 

with D/t = 200 when the pipe behaves elastically. The vertical axis shows the non-
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dimensional moment (M/Mcr1). Where, Mcr1 is the critical bending moment when the critical 

buckling stress of a cylinder under bending is same as the buckling stress of a cylinder under 

axial compression. The maximum point each curve shows the bifurcation buckling point, not 

the maximum load of incrementally analysis. 

In a long pipe, such as L/D = 10, 15, and 20, the oval deformation increases a lot with 

increasing of the applied load. On the other hand, in a short pipe, such as L/D = 2.5 and 5.0, 

oval deformation is small due to the restriction of the sectional deformation at both ends. It 

means that when no there is no constraint at the ends of the pipe, the oval deformation at the 

mid span will be uniform along the length of pipe. 

The maximum moment of each curve shows the bifurcation buckling moment 

explained in Figure 3-5. Due to the oval deformation before the buckling, the maximum 

moments of the long pipes reduced more in comparison with the short pipes. 

Figure 3-9 shows the relationship between the applied bending moment and the oval 

deformation at the mid span considering the yielding effect of the material when the yield 

strength of material is 621 MPa. In this figure, the elastic numerical results are also plotted 

with dotted curves. The maximum moments of elasto-plastic calculation is much smaller than 

that of elastic calculation. Although the oval deformations of the long pipes are greater than 

those of short pipes, the maximum bending moments of the former are not much lower than 

those of short pipes because the maximum bending moments are limited by yielding. 
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Figure 3-8. Ovalization at the mid span for straight pipe (D/t = 200) in elastic analysis 

 

 

Figure 3-9. Ovalization at the mid span for straight pipe (D/t = 200) 
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The distributions of oval deformations in elastic range for the pipe with L/D = 20 are 

shown in Figure 3-10. Figure 3-10 (a), (b) and (c) show the results for the pipe with D/t = 50, 

100 and 200, respectively. The oval deformation becomes constant when the location 

approaches mid span of pipe. For the cylinder with D/t = 50, the effect of end constraint on 

oval deformation tends to vanish at 1/4 of pipe length. This means that, if L/D is larger than 5, 

the oval deformation is almost same as the infinite cylinder. On the other hand, for the 

cylinder with D/t = 200, the oval deformation at 1/4 of pipe length is smaller than that at the 

mid-span. For a short pipe, the effect of constraint at both ends of pipe is greater than with a 

longer pipe. From these results, it is found that the effect of restricting sectional deformation 

at both ends on the oval deformation at the mid span is greater in the pipe with a larger value 

of D/t than in the pipe with a smaller value of D/t.   

 

 

 

(a) D/t = 50 

 

 

D = 1000 mm 
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(b) D/t = 100 

 

 
(c) D/t = 200 

Figure 3-10. Relationships between ovalization and position from pipe end  

(for cylinder with L/D = 20, at just before buckling) 

D = 2000 mm 

D = 4000 mm 
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The relationship between the buckling moment and L/D is shown in Figure 3-11. In 

this figure, the elastic numerical results are plotted with solid curves and the elasto-plastic 

numerical results are plotted with dotted curves. The buckling moments are summarized in 

Table 3-4. In elastic analysis, the buckling moment will be decreased with an increasing L/D 

value and become constant when the pipe has an infinite length. From the numerical results, 

the maximum moment for a long pipe considering oval deformation is shown as follows. 

2
1max 314.052.0 ErtMM cr π==              (3. 2) 

The maximum moment in Eq. (3. 2) is only 5 % lower than Eq. (1. 27) and 20 % lower than 

Eq. (1. 29). From the calculation results, Eq. (1. 27) and Eq. (1. 29) have the possibility to 

give a prediction of the buckling moment that is on the unsafe side. 

 In elastic analysis, the buckling strength of shorter pipes is greater than longer pipes, 

because the effect of the boundary condition on the oval deformation at the mid span of the 

pipe is larger. In elasto-plastic analysis, the buckling moment is almost constant regardless of 

pipe length, because the maximum bending moment is limited by yielding. In the cases of D/t 

=200, in which the pipes buckle more elastically than D/t = 50 and 100, the buckling strength 

of shorter pipes are a little bit higher than longer pipes, even in the elasto-plastic analysis. 

For thick pipes, such as D/t = 50, the difference of the buckling moment between 

elastic and elasto-plastic analysis is very large. But for a thin pipe, such as D/t = 200, the 

difference is not so large. This means that the pipes with a large D/t value buckle elastically 

and the pipes with a small D/t value buckle in the elasto-plastic region. 
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Table 3-4. The nonlinear buckling moment in elastic and elasto-plastic analysis 

 
L/D Mb / Mcr1 

Elastic Analysis 

Mb / Mcr1 

Elasto-Plastic 
Analysis 

D/t = 50 

2.5 0.85 0.15 
5 0.6 0.15 

7.5 0.52 0.15 
10 0.52 0.15 
15 0.52 0.15 
20 0.52 0.15 

D/t = 100 

 0.98 0.26 
5 0.74 0.26 

7.5 0.59 0.26 
10 0.53 0.26 
15 0.52 0.26 
20 0.52 0.26 

D/t = 200 

2.5 1.06 0.51 
5 0.89 0.50 

7.5 0.73 0.47 
10 0.62 0.45 
15 0.53 0.44 
20 0.52 0.44 

 

 

The relationship between the buckling moment and D/t is shown in Figure 3-12. The 

elastic numerical results are plotted with solid curves, and the elasto-plastic numerical results 

are plotted with dotted curves, similarly to Figure 3-11. 

For the pipe with a small D/t or with a large D/t and small L/D, the difference of the 

buckling moment between elastic and elasto-plastic analysis is large. On the other hand, for 

the pipe with large D/t and large L/D, the difference is small. The elastic buckling stress of 

the former pipe is larger than the latter, and then the former pipe buckles more plastically 

than the latter. Therefore, the difference in buckling strength of the former pipe in elastic and 

elasto-plastic analysis is large.  
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When the pipe has small D/t value, the difference of the buckling moment between 

elastic and elasto-plastic analysis is very large. But for pipes with a large D/t value, the 

difference is not so large as shown in Figure 3-12. This means that the pipes with a large 

value of D/t buckle elastically and the pipes with a small value of D/t buckle in the elasto-

plastic region. The short pipe buckles more plastically than the long pipe. 
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To investigate the yielding effect on the buckling strength of pipe in bending, the non-

dimensional parameter (β) shown below is proposed. 

( )YcrY MMEtD /)/)(/( 1∝= σβ               (3. 3) 

This parameter is proportionate to the ratio of the linear buckling moment and the 

initial yielding moment. The elasto-plastic buckling strength is examined by changing the 

yield stress and the diameter of the pipe. 

Figure 3-13 shows the relationship between the buckling moment and L/D. The 

vertical axis is the maximum moment, which is shown non-dimensionally by dividing it with 

the initial yielding moment (MY).  

The solid curves are the numerical results for σY = 621 MPa. They show the 

numerical results for (D/t) (σY/E) equal to 0.15, 0.3, and 0.6, respectively. In this calculation, 

the diameter of pipe is taken as the calculating parameter. The dotted curve with the circle 

marker shows the results for σY = 315MPa and (D/t) (σY/E) equals to 0.3. Moreover, the 

dotted curve with a triangle marker represents the results for σY = 1260 MPa and (D/t) (σY/E) 

equals to 0.6. The solid and dotted curves with both circle and triangle marker are the pipe 

with the same value of (D/t) (σY/E) and with the different yield strength. When the value of β 

= (D/t) (σY/E) is same, the non-dimensional buckling moment is almost the same.  

Therefore, it is possible for β to be the parameter which represents the yielding effect 

on the buckling strength of pipe under bending. When β is large, the pipes buckle elastically. 

And when β is small, the pipes buckle in the elasto-plastic region. 
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3.3.2 The numerical results on nonlinear buckling strength of curved pipe under pure 

bending 

  Figure 3-15 shows the distribution of oval deformation along the pipe length for a 

curved pipe with D/t = 200, in which R/D varies from 50 to 200. As the pipe length is 80,000 

mm in this calculation, the zero point in the horizontal axis is mid span of pipe and the point 

of 40,000 mm means the location of pipe end.  The maximum oval deformation occurs at the 

mid span and no oval deformation occurs at both ends of pipe because of boundary condition. 

The oval deformation decreases with increasing R/D. The oval deformation will be uniform 

all over the pipe without a boundary condition.  

For a curved pipe, the stresses which are parallel to the pipe axis have the component 

of vertical direction in both compression side and tension side as shown in Figure 3-15. These 

vertical components will result in the oval deformation of the section. The smaller R/D is, the 

larger the magnitude of the vertical component of axial stress. Therefore, the magnitude of 

oval deformation at the mid span is inversely proportionate to the value of R/D. 

The oval deformation of a curved pipe in bending is much more than that of a straight 

pipe if the same cross section of pipe is used. Therefore, the buckling strength will become 

smaller when the smaller R/D of pipes is used. 
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Figure 3-15. The mechanism of oval deformation due to axial stresses in curved pipe under bending 

 

Figure 3-16 shows the relationship between the applied bending moment and the oval 

deformation at the mid span when the pipe behaves elastically. When decreasing the value of 

R/D, the oval deformation at the mid span increases. The maximum moment of each curve 

explains the bifurcation buckling moment.  

Due to the oval deformation at the mid span, the buckling moment of a curved pipe 

decreases with decreasing the value of R/D.  

 
Figure 3-16. Ovalization at the mid span for curved pipe (L/D = 20, D/t = 200) in elastic analysis. 
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Figure 3-17 shows the relationship between the applied bending moment and the oval 

deformation at the mid span, considering the yielding effect of material when the yield 

strength of material is 621 MPa. In this figure, the elastic numerical results are also plotted 

with dotted curves. The vertical axis shows the non-dimensional moment (M/Mcr1). The 

maximum moments considering yielding effect are smaller than that of elastic calculation 

especially for the pipe with large value of R/D.  

 

 

Figure 3-17. Ovalization at the mid span for curved pipe (L/D = 20, D/t = 200, σY = 621 MPa). 

 

The relationship between the buckling moment and L/D is shown in Figure 3-18. In 

this figure, the elastic numerical results are plotted with solid curves, and the elasto-plastic 

numerical results are plotted with dotted curves. In elastic analysis, the buckling moment will 

be decreased with increasing value L/D and become constant when the pipe has infinite 

length. When L/D is small, the buckling moment of pipes with different values of R/D is 

similar.  It is supposed that the effect of the curvature of a curved pipe on buckling strength is 
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reduced by the effect of constraint at the supported end. As well as in elastic analysis, the 

buckling moments of small L/D are almost the same regardless of the value of R/D in elasto-

plastic analysis.  
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Figure 3-19 shows the difference in the buckling moment between the elastic analysis 

and the elasto-plastic analysis. The vertical axis represents the non-dimensional buckling 

moment and the horizontal axis is R/D. For a small value of R/D and large value L/D, the 

differences between them are very small. It is because the buckling stress is low and the 

buckling takes place elastically in these cases. On the other hand, the difference is very large 

for a small value of L/D. For pipe with small value of R/D, the buckling takes place more 

elastically than with a large value of R/D because of the fact that flexibility of curved pipe in 

bending will increase with decreasing R/D.  

As well as the straight pipe, the non-dimensional parameter (β) shown below is 

considered to investigate the yielding effect on the buckling strength of a curved pipe in 

bending. 

( )YcrY MMEtD /)/)(/( 1∝= σβ               (3. 3) 

Figure 3-20 shows the relationship between the buckling moment and L/D. The 

vertical axis is the maximum moment, which is shown non-dimensionally by dividing it with 

the initial yielding moment (MY).  

The solid curves are the numerical results for curved pipe of D/t = 200 and R/D = 200. 

Solid curves are the results for (D/t) (σY/E) equals to 0.15, 0.3, and 0.6, respectively. In this 

calculation, the yield stress of the material is taken as the calculating parameter, that is, σY 

equals to 157 MPa , 315 MPa, 621 MPa, respectively.  

The dotted curve with the cross marker shows the results for D/t = 100, R/D = 200 

and (D/t) (σY/E) equals to 0.15. Moreover, the dotted curve with a triangle marker defines the 

results for D/t = 100, R/D = 200 and (D/t) (σY/E) equals to 0.6. The solid and dotted curves 

with both cross and triangle marker are the pipe with same value of (D/t) (σY/E) and with 

different yield strength. When the value of β = (D/t) (σY/E) is the same, the non-dimensional 
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buckling moment is almost the same. Therefore, the parameter β is possibly the parameter 

which represents the yielding effect on the buckling strength of curved pipe under bending. 

As with the straight pipe, when β is large, the curved pipes buckle elastically. And when β is 

small, the curved pipes buckle plastically. 
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3.4 Conclusions 

In this study, the series of calculations of buckling and collapse strength of straight 

and curved pipe under bending were performed by utilizing nonlinear FE software. In 

nonlinear calculation, the eigenvalue is calculated at each load increment considering the pre-

buckling deformation. The nonlinear buckling load is judged as follows. When the value of 

eigenvalue is larger than the applied load, the buckling does not happen. Furthermore, when 

the value of eigenvalue is smaller than the applied load, the buckling has already happened. 

The cross section point of the eigenvalue and applied load is treated as the bifurcation 

buckling load. 

Utilizing the above mentioned procedure, the nonlinear buckling strength for straight 

pipe and curved pipe were obtained. The following findings have been clarified by the 

numerical calculations.  

The region of buckling is limited at the compressive side in the vicinity of mid span.  

For the straight pipe, the reduction rate of the buckling moment due to oval 

deformation of pipe was clarified for various values of L/D and D/t in elastic and elasto-

plastic buckling.  

In a short pipe, the oval deformation before buckling is small, due to the restriction of 

sectional deformation at both ends. Therefore, the reduction of buckling strength due to oval 

deformation is smaller in shorter pipes than longer pipes.  

From the results of elastic analysis considering the oval deformation, the maximum 

moment for long pipes, can be represented as follows: 

  
2

1max 314.052.0 ErtMM cr π==  

In elasto-plastic analysis, the buckling moment is lower than elastic analysis. The 

buckling moment is almost constant regardless of the pipe length, if the pipes have the same 

value of D/t smaller than 200. This is because the maximum bending moment is limited by 
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yielding. The pipes with a small D/t buckle more plastically, and the pipes with a small L/D 

buckle more plastically because of the restriction of the sectional deformation at both ends.  

The non-dimensional parameter β is proposed. The parameter of β = (D/t) (σY/E) is 

possibly the parameter which represents the yielding effect on buckling strength of pipe 

under bending. Using Figures 3-13 and 3-20, the buckling moment can be predicted without 

FEA. 

The buckling moment of the curved pipe is smaller than in the straight pipe, because 

the oval deformation is larger. The oval deformation increases when R/D decreases. This is 

because that the axial stresses in bending have a larger component of vertical direction in the 

pipe with smaller R/D, than the pipe with larger R/D. Flexibility of a curved pipe in bending 

increases with decreasing R/D, while the oval deformation is remarkable for large L/D as 

with the straight pipe. 
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Chapter IV 

The Effect of Initial Imperfection on Buckling 

Strength for Straight and Curved Pipe under Pure 

Bending 

 
 

4.1 Introduction 

It is important to predict the buckling strength of straight and curved pipe on 

designing the offshore pipelines. The various kinds of loads, such as axial compression, 

external pressure and bending are applied to the offshore pipelines. 

The buckling phenomenon for straight and curved pipe under pure bending was 

explained in Chapter III. For straight pipes under pure bending moment, the nonlinear FEA 

considering the effect of the cross sectional oval deformation was performed by changing the 

geometrical parameters of pipes. The parameters in the calculations were the ratio of length 

to diameter (L/D) varying from 2.5 to 20 and the ratio of diameter to thickness (D/t) varying 

from 50 to 200. From the numerical results obtained in Chapter III, the maximum moment for 

long pipe considering oval deformation is shown as follow: 

2
1max 314.052.0 ErtMM cr π==                    (4. 1) 

Eq. (4. 1) is the numerical result for perfect pipe. The buckling strength of a pipe is much 

reduced as a result of initial imperfections. But, the comprehensive study of the effect of 

initial imperfection on buckling strength of pipe under bending has not been undertaken. 

In this Chapter, the effect of initial imperfection on the buckling strength of a straight 

pipe under bending will be investigated by nonlinear FEA, considering the effect of a cross 
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sectional oval deformation by changing the variables of pipes. These variables will be L/D 

varying from about 2.5 to 20, D/t varying from about 50 to 200 and also with imperfection 

(δo/t) varying 0.05 to 0.5. Moreover, the buckling strength of curved pipes (D/t = 200) will be 

investigated by changing R/D from 50 to 200 and with imperfection (δo/t) varying 0.05 to 0.5. 

As well as the elastic buckling, the elasto-plastic buckling will investigated. The effect of 

buckling mode and oval mode of imperfection are also investigated in this chapter. 

In this study, the series calculations of buckling and collapse strength of imperfect 

straight and curved pipe under bending are performed by utilizing nonlinear FE software. 

 

4.2 Procedures of Calculation for Estimating Nonlinear Buckling Strength of Imperfect 

Pipe under Bending 

4.2.1 Parameters for calculation 

In calculation of straight pipe, the ratio of length to diameter (L/D) and the ratio of 

diameter to thickness (D/t) are taken as the calculation parameters. L/D varies from 2.5 to 20, 

in which the diameter is changing from 1000 to 4000 mm. And D/t varies from 50 to 200. 

Where, D is the pipe diameter, t is the wall thickness, and L is the pipe length as shown in 

table 3-1. 

In calculation of a curved pipe, the pipe diameter is originally fixed to 4000 mm, and 

the thickness is fixed to 20 mm. L/D varies from 2.5 to 20 by changing the pipe length. (R/D) 

varies from 50 to 200 as shown in table 3-2. Where, R is radius of curvature of a curved pipe 

as shown in Figure 3-2. 

As well as for perfect pipe under pure bending, in calculation of the elasto-plastic 

analysis for imperfect pipe under pure bending, the yield stress of material assumed to be 621 

MPa which is the yield stress of material API X80. The elasto-prefect material is choosed in 

the numerical analysis. It means strength hardening after yielding has not been considered. 
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4.2.2 Model for calculation and calculation program 

The full length models of straight and curved pipes with initial imperfection are used 

in FEA as shown in Figure 4-1. The nonlinear buckling calculations of pipe under pure 

bending are performed. In this model, the initial imperfection of buckling mode, which can 

be obtained by linear buckling calculation for perfect pipe as shown in Figure 2-4, is 

introduced. 

General purpose FE software - MSC Marc is used for the nonlinear buckling analysis 

in which the oval deformation of cross section before buckling is taken account. The 

quadrilateral 4 node element (No.75) is used. The calculating region is divided into 36 

elements in circumferential direction. The element number in length is basically 120 and 

more elements are used to maintain the calculation accuracy in the case of long cylinder. The 

mesh convergence study was carried out in chapter III. 

 

 

 
(a)  

 
 

 
(b)  

 
 

Figure 4-1. Finite element modelling for full imperfect pipe 
(a) the straight pipe, (b) the curved pipe 
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4.2.3 Boundary conditions and loading conditions  

The cylindrical coordinates are used. The boundary conditions UZ = 0 are given at the 

mid span of the cylinder and Uϴ = 0 at four points as shown in Figure 4-2. 

The rigid body elements (RBE) are inserted at both end sections in order to connect 

the centre of circle and the points on circle as shown in Figure 4-2. The bending moment is 

loaded at the centre of circle at both ends. The rigid body elements (RBE) prevent the oval 

deformation of both end section, and keep the section in plane under rotational deformation 

by bending moment. In MSC Marc, a rigid link for either small deformation or large 

deformation can be implemented by using tying or using RBE 

 

Figure 4-2. Mid span section & RBE at both end section 

 

4.2.4 Method to obtain bifurcation moment in nonlinear calculation 

To obtain the bifurcation buckling moment and its mode, the eigenvalues are 

calculated at each load increment, considering the pre-buckling deformation. The buckling 

load is judged as follows. When the eigenvalue is larger than the applied load, buckling does 

not happen. And when the eigenvalue is smaller than the applied load, the buckling has 

already happened. The cross section point at which the applied moment coincides with the 

eigenvalue as shown in Figure 3-5, is treated as the buckling load.  
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4.3 The Numerical Results on Nonlinear Buckling Strength of Imperfect Straight Pipe 

under Pure Bending 

Figure 4-3 shows the relationship between the applied bending moment and the oval 

deformation at the mid span when the pipe behaves elastically. In this figure, the results for 

the pipe with D/t =200 are shown. 

 The vertical axis shows the non-dimensional moment (M/Mcr1). The red curves are 

numerical results for the pipes without imperfection and the black curves are numerical 

results for the pipes with imperfection of buckling mode, δo /t = 0.05. Where, δo is the 

maximum amplitude of imperfection. The buckling strength for the imperfect pipe is lower 

than the original pipe; especially for short pipe (where L/D is small). 

In longer pipes, such as L/D = 10, 15 and 20, the oval deformation increases much 

with increasing the applied load. On the other hand, in shorter pipes, such as L/D =2.5 and 

5.0, the oval deformation is small by the restriction of sectional deformation at both ends. The 

maximum moment of each curve shows the bifurcation buckling moment as explained above.  

Figure 4-4 shows the deformation just before buckling at the mid span for the original 

pipe of D/t = 200. Where, figure (a) and (b) are for the pipe of L/D = 2.5 and L/D = 20, 

respectively. The oval deformation at the pre-buckling stage is more remarkable in a long 

pipe (L/D = 20) than in a short pipe (L/D = 2.5). Due to the oval deformation before buckling 

at the mid span, the maximum moments of long pipes reduced more compared to the short 

pipes. 

Figure 4-5 shows the deformation just before buckling at the mid span for the pipe of 

D/t = 200 with the imperfection of buckling mode δo /t = 0.05. Where figure (a) and (b) are 

for the pipe of L/D = 2.5 and L/D = 20, respectively. In a long pipe, the oval deformation is 

dominant. On the other hand, the deformation of buckling mode grows in a short pipe. 
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Therefore, the reduction of buckling strength due to imperfection is larger in shorter pipes 

than in longer pipes. 

 

Figure 4-3. Relationships between the applied moment and oval deformation at the mid span 

for the perfect pipe and the imperfect pipe in elastic analysis 

(imperfection of buckling mode, δo /t = 0.05,  D/t = 200) 

 

 

 
    

Figure 4-4. Deformation just before buckling at the mid span for original straight pipe,  

(a) L/D = 2.5, (b) L/D = 20 (in elastic analysis, D/t = 200) 

(a) (b) 
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Figure 4-5. Deformation just before buckling at the mid span for straight pipe with imperfection of buckling 

mode,  δo /t = 0.05 (a) L/D = 2.5, (b) L/D = 20 (in elastic analysis, D/t = 200) 

 

Figure 4-6 shows the relationship between the buckling moment and L/D. The red 

curves are the numerical results for pipe without imperfection and the black curves are the 

numerical results for pipe with imperfection of buckling mode δo /t = 0.05. The dotted curves 

are the elastic numerical results and the solid curves are the elasto-plastic numerical results. 

In elasto-plastic analysis, the yield stress of material is set to 621MPa.  

In elastic analysis, the buckling moment decreases with increasing length of pipe and 

becomes constant in the longer pipes. As mentioned above, the buckling moment reduces 

more in shorter pipes than longer pipes due to imperfection. In the longer pipes, the buckling 

moment is only 3% lower than the original pipe due to the imperfection of δo /t = 0.05, where 

the maximum moment for the original straight pipe is as shown by Eq. (4. 1).  

In elasto-plastic analysis, the effect of imperfection for the straight pipes is smaller 

than in elastic analysis. Moreover, the buckling moments of all length of pipes with same D/t 

are almost same, because the maximum buckling moments are limited by yielding. 

(a) (b) 
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Figure 4-7 shows the relationship between the maximum buckling moment (Mb/Mo) 

and the imperfection (δo/t) for the straight pipes when the pipes behave elastically. It is shown 

that the buckling moment decreases with increased imperfection.  

The effect of imperfection for shorter pipes such as L/D = 2.5 and 5.0 is great. On the 

other hand the imperfection has a smaller effect on the buckling moment for longer pipes. 

This is because the effect of oval deformation on buckling strength becomes more significant 

than the effect of imperfection in the case of longer pipes.  
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From Figure 4-7, it can be seen that the effect of imperfection on the buckling 

moment is great in shorter pipes. Following this the extent to which the effect of imperfection 

on buckling moments is affected by D/t for short pipes, such as L/D =2.5 is examined. 

Figure 4-8 shows the relationship between the maximum buckling moment (Mb/Mo) 

and the magnitude of imperfection (δo/t), for the straight pipes with different values of D/t 

when pipes behave elastically. This figure shows the effect of imperfection for straight pipes 

with big values of D/t is larger than those with small values of D/t. 

Figure 4-9 shows the relationship between the applied bending moment and the oval 

deformation at the mid span when the pipe behaves elastically. The numerical results for 

perfect straight pipe with a value of L/D = 2.5 and a value of D/t varying from 50 ~ 200 were 

presented in this figure. When decreasing the value of D/t, the oval deformation at the mid 

span increases.  

From Figures 4-8 and 4-9, it can be said that the effect of imperfection is great when 

the oval deformation before buckling is small. When seeing Figures 4-3 and 4-7 the same is 

found - that the effect of imperfection is large when the oval deformation before buckling is 

small. 
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Figure 4-9. Ovalization at the mid span for straight pipe (L/D = 2.5 and D/t = 50 ~ 200) in elastic analysis 

               

In order to investigate the yielding effect on the buckling strength of pipe in bending, 

the non-dimensional parameter (β) shown below is considered. 

 

( )YcrY MMEtD /)/)(/( 1∝= σβ                 (4. 2) 

 

This parameter is proportion to the ratio of the linear buckling moment and the initial 

yielding moment. The elasto-plastic buckling strength is examined by changing the yield 

stress and the diameter.  

Figures 4-10 and 4-11 shows the relationship between the buckling moment and the 

imperfection (δo/t) for the pipes of L/D =2.5 and 20, respectively. The maximum moment is 

expressed non-dimensionally by dividing with the initial yielding moment (MY).  

The solid curves with triangle, diamond and rectangular marker are the numerical 

results for the pipes of D/t = 200, whose yield strength are σY = 157.5MPa, 315MPa, and 

621MPa, where β equals to 0.15, 0.3 and 0.6, respectively. The dotted curves with triangle, 

L/D = 2.5 
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diamond and rectangular marker are the numerical results for the pipes of D/t = 50, whose 

yield stress is σY = 621MPa, 1260MPa, and 2520MPa, where β equals to 0.15, 0.3 and 0.6, 

respectively.  

When β is large, the pipe buckles elastically. And when β is small, the pipe buckles 

plastically. The non-dimensional buckling moment with imperfection decreases with 

increasing the value of β. And, the non-dimensional buckling moments is almost the same for 

the same value of β. Therefore, the parameter of β is possible to be the parameter which 

represents the yielding effect on buckling strength of pipe with imperfection under bending. 

The effect of imperfection on buckling in plastic range is smaller than in elastic range. 
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Figure 4-12 shows the effect of imperfection on the buckling moment comparing the 

imperfection of the buckling mode and the oval mode. In this figure, the elastic numerical 

results are plotted with dotted curves, and the elasto-plastic numerical results are plotted with 

solid curves. The curve with a rectangular marker is the original pipe, the curve with diamond 

marker is the pipe with the imperfection of the oval mode δo /t = 0.2 and the curve with a 

triangle marker is the pipe with the imperfection of the buckling mode δo /t = 0.2.  

The effects of the imperfections of buckling modes are larger than the effects of 

imperfections of the oval mode. The imperfection of the buckling mode reduces the buckling 

strength more than the imperfection of the oval mode, especially for the pipe with a small 

L/D. 
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4.4 The Numerical Results on Nonlinear Buckling Strength of Imperfect Curved Pipe 

under Pure Bending 

Figure 4-13 shows the relationship between the applied bending moment and the oval 

deformation at the mid span for the curved pipe when the pipe behaves elastically. The 

vertical axis shows the non-dimensional moment (M/Mcr1). The red curves are the numerical 

results for the pipes without imperfection and the black curves are the numerical results for 

the pipes with the imperfection of buckling mode, δo /t = 0.05.  

In longer pipes, such as L/D = 10, 15, and 20, the oval deformation increases 

significantly with the increasing of the applied load. On the other hand, in shorter pipes, such 

as L/D =2.5 and 5.0, the oval deformation is smaller as a result of the restriction of sectional 

deformation at both ends. The maximum moment of each curve show the bifurcation 

buckling moment explained above. As well as in straight pipes, the reduction of buckling 

moment due to imperfection is also larger in shorter pipes than longer pipes in the case of 

curved pipes. 

Figure 4-14 shows the deformation just before buckling at the mid span for the 

original pipe of D/t = 200 and R/D = 200. Where, figure (a) and (b) are for the pipe of L/D = 

2.5 and L/D = 20, respectively. As with the straight pipes, the oval deformation in a long pipe 

(L/D = 20) is more remarkable than in a short pipe (L/D = 2.5). Due to the oval deformation 

before buckling at the mid span, the maximum moments of the long pipes reduced more 

compared to the short pipes. 

Figure 4-15 shows the deformation just before buckling at the mid span for the pipe of 

D/t = 200 and R/D = 200 with imperfection of buckling mode δo/t = 0.05. Where, figure (a) 

and (b) are for the pipe of L/D = 2.5 and L/D = 20, respectively. As with the straight pipes, 

the oval deformation is dominant in a long pipe. On the other hand, the deformation of 
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buckling mode increases in short pipes. Therefore, the reduction of buckling strength due to 

imperfection is greater in shorter pipes than in longer pipes. 

 

 

Figure 4-13. Relationships between the applied moment and oval deformation at the mid span 

for the perfect pipe and the imperfect pipe in elastic analysis 

(imperfection of buckling mode  δo /t = 0.05, D/t = 200 , R/D = 200) 

 

 

  

 

(a)    (b) 

Figure 4-14. Oval deformation at the mid span for original pipe, (a) L/D = 2.5, (b) L/D = 20 

(in elastic analysis, curved pipe, D/t = 200, R/D = 200) 
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(a)                                                              (b) 

Figure 4-15. Oval deformation at the mid span for pipe with imperfection of buckling mode δo /t = 0.05  

(a) L/D = 2.5, (b) L/D = 20 (in elastic analysis, curved pipe D/t = 200, R/D = 200) 
 

 

Figure 4-16 shows the relationship between the buckling moment and L/D for the 

straight pipe and the curved pipes of D/t = 200. The curve with circle marker is numerical 

result for a straight pipe. The curves with diamond marker, rectangular marker, and triangle 

marker are the numerical results for the curved pipes of R/D = 200, 100 and 50, respectively. 

The red curves are the numerical results for original pipes and the black curves are the 

numerical results for the imperfect pipes with δo /t = 0.05 when the pipes behave elastically. 

The buckling moment of curved pipes reduces more when the curvature of pipe increases in 

both original and imperfect pipes, especially for longer pipes. 

The buckling moments for the imperfect pipes are smaller than the original pipes. 

However, the reduction rate of buckling moment due to imperfection decreases with 

increasing L/D. Similarly to the straight pipe, it is because the effect of oval deformation on 

buckling strength becomes larger than the effect of imperfection in the case of longer pipes. 

For a short pipe such as L/D = 2.5 the effects of imperfection are larger than a long pipe 

because the oval deformation is small.  

Figure 4-17 shows the relationship between the buckling moment and L/D for a 

straight pipe and curved pipes with imperfection, δo /t = 0.05. In this figure, the elastic 
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numerical results are plotted with dotted curves and the elasto-plastic numerical results are 

plotted with solid curves. In elasto-plastic analysis, the yield strength of material is set to 

621MPa  

In elastic analyses, the buckling moment decreases with increasing L/D values and 

becomes constant in longer pipes. The non-dimensional buckling moments of pipes with 

small L/D values are almost the same for each value of R/D. It is supposed that the effect of 

curvature of curved pipe on buckling strength is reduced by the constraint effect at the 

support end. Similarly, the buckling moments of small L/D in elasto-plastic analysis are 

almost the same regardless of R/D value. 

The buckling moments in elasto-plastic analysis are smaller than in elastic analysis, 

and the effects of imperfection on buckling moment in elasto-plastic analysis are smaller than 

in elastic analysis. 

For a short curved pipe such as L/D = 2.5 the differences in the buckling moment in 

elastic analysis and elasto-plastic analysis are so large because the short pipe buckles more 

plastically than the long pipe. 

Figure 4-18 shows the relationship between the maximum buckling moment (Mb/Mo) 

and the magnitude of imperfection (δo/t), for the curved pipes with different values of L/D 

when pipes behave elastically. The buckling moment decreases with increasing imperfection. 

The effect of imperfection on the buckling moment for a short pipe such as L/D = 2.5 is large, 

on the other hand the effect is small for a long pipe. The buckling moment becomes constant 

when a large imperfection exists. Comparing the results of straight pipe as shown in Figure 4-

7, no remarkable discrepancy in either tendency or magnitude of the effect of imperfection on 

buckling strength is found. 

Figure 4-19 shows the relationship between the maximum buckling moment (Mb/Mo) 

and the magnitude of imperfection (δo/t), for the curved pipes with different values of R/D 
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when pipes behave elastically. The figure shows that the effect of imperfection for curved 

pipe with large values of R/D is little bit large. As shown in Figure 3-16, the oval deformation 

before buckling is larger in curved pipe than straight pipe. 

As well as for straight pipe, in changing D/t (see Figures 4.8 and 4.9) and L/D (see 

Figures 4.3 and 4.7), the effect of imperfection for the curved pipe become large when the 

oval deformation is small. 

The non-dimensional parameter (β= (D/t) (σY/E)) shown by Eq. (4.2) is also 

considered for the curved pipe in order to investigate the yielding effect on the buckling 

strength in bending. Figures 4-20 and 4-21 show the relationship between the buckling 

moment and imperfection (δo/t). The vertical axis shows the non-dimensional maximum 

moment divided by the initial yielding moment (MY).  

The solid curves with diamond, rectangular and triangle marker are the numerical 

results for the curved pipe of D/t = 200, R/D = 200, whose yield stress is σY = 157.5MPa, 

315MPa, and 621MPa, where β is equals to 0.15, 0.3 and 0.6 respectively. The non-

dimensional buckling moment decreases with increasing the value of β.  

The dotted curves with diamond, rectangular and triangle markers are the numerical 

results for the curved pipes of D/t = 100, R/D = 200, whose yield stress is σY = 315 MPa, 

621MPa and 1260MPa, where β equals to 0.15, 0.3 and 0.6, respectively. The effect of 

imperfection on the buckling strength in curved pipe is similar to that in straight pipes. 

As well as with the imperfect straight pipe, the parameter of β is able to be the 

parameter which represents the yielding effect on the buckling strength of imperfect curved 

pipe under bending. 
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4.5 Conclusions 

It is well known that the buckling moment of pipe decreases with increasing 

imperfection. In this study, the series calculations of buckling and collapse strength of 

straight and curved pipes with initial imperfection under bending are performed by utilizing 

nonlinear FE software. 

The followings are clarified by the numerical calculation.  

In elastic analysis for straight pipe, the buckling strength reduced more in longer pipes 

than in shorter pipes due to pre-buckling oval deformation. However, the reduction of 

buckling strength due to imperfection is greater in shorter pipes than in longer pipes. This is 

because the effect of oval deformation on the buckling strength becomes more significant 

than the effect of imperfection in the case of longer pipe.  

The reduction of buckling strength due to imperfection is a little bit greater in the case 

of larger D/t than in that of smaller D/t. This is because the oval deformation before buckling 

in the case of smaller D/t is larger than that in cases of larger D/t.  

As with the perfect pipe, the buckling moment of the imperfect pipe in elasto-plastic 

analysis is lower than in elastic analysis. The buckling moment is almost constant regardless 

of the pipe length for pipes with same value of D/t, because the maximum bending moment is 

limited by yielding. 

The effect of the imperfection of buckling modes on the buckling moment is larger 

than that of the oval mode. Therefore, buckling strength reduces more due to the imperfection 

of buckling mode than by that of oval mode.  

As well as the perfect pipe, it is possible to see the parameter of β= (D/t) (σY/E) as the 

parameter which represents the yielding effect on buckling strength of a pipe under bending 

for the case of the imperfect pipe. When β is large, the pipe buckles elastically. And when β 

is small, the pipe buckles plastically.  
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For the curved pipe, the effect of the imperfection on buckling moment is a little bit 

smaller than for the straight pipe. This is because the oval deformation before buckling in the 

case of curved pipe is larger than that of the straight pipe. The tendency of the effect of 

imperfection on buckling strength in the case of curved pipe is almost same as in the case of 

straight pipe. 
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Chapter V 

Buckling Strength of Pipe under Bending and 

External Pressure 

 
 

 

 

5.1 Introduction 

Offshore pipelines will be subjected to a wide range of loads, such as: bending 

moment, tension and external pressure. In the previous chapter, the buckling strength of pipe 

under bending has been investigated, not only for perfect pipe, but also for imperfect pipe. 

However, a comprehensive study on buckling strength of pipe due to combination loads, 

bending moment and external pressure has not been found. 

In this Chapter, the buckling strength of pipe  under the combination of bending 

moment and external pressure will be investigated by nonlinear FEA, considering the effect 

of a cross sectional oval deformation by changing the variables of pipes, that is D/t varying 

from about 50 to 200 and L/D varying from about 2.5 to 40. Moreover the buckling strength 

of curved pipes (D/t = 200) have been investigated by changing R/D from 50 to 200. Not 

only elastic buckling but also elasto-plastic buckling will investigated.  

In this study, the series of calculations of buckling and collapse strength of straight 

and curved pipe under bending and external pressure are performed by utilizing nonlinear FE 

software. 
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5.2 Procedure of Calculation for Estimating Nonlinear Buckling Strength of Pipe under 

Bending and External Pressure 

5.2.1 Parameters for calculation 

In the calculation of straight pipe, the ratio of pipe length to diameter (L/D) and the 

ratio of diameter to thickness (D/t) are taken as the calculation parameters. L/D varies from 

2.5 to 40, in which the diameter is changing from 1000 to 4000 mm. And D/t varies from 50 

to 200. Where, D is the pipe diameter, t is the wall thickness, and L is the pipe length. 

In the calculation of a curved pipe, the pipe diameter is originally fixed to 4000 mm 

and the thickness is fixed to 20 mm. L/D varies from 2.5 to 30 by changing the pipe length. 

R/D varies from 50 to 200. Where, R is radius of curvature in curved pipe as shown in Figure 

3-2.  

As well as for pipe under bending, in calculation of the elasto-plastic analysis for  

pipe under combination of bending moment and external pressure, the yield stress of material 

assumed to be 621 MPa which is the yield stress of material API X80. The elasto-prefect 

material is choosed in the numerical analysis. It means strength hardening after yielding has 

not been considered. 

 

5.2.2 Model for calculation and calculation program 

The full length models of straight and curved pipes are used in FEA. The nonlinear 

buckling calculations of pipe under bending and external pressure are performed. General 

purpose FE software MSC Marc is used for nonlinear buckling analysis in which the cross 

sectional oval deformation before buckling is taken into account. 

The quadrilateral 4 node element (No.75) is used. The calculating region is divided 

into 36 elements in circumferential direction. The element number is basically 120 and more 
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elements are used to maintain the calculation accuracy in the case of the long cylinder. The 

mesh convergence study had already been carried out in chapter III. 

 

5.2.3 Boundary conditions and loading conditions  

The (X, Y, Z) coordinates are used. The rigid body elements (RBE) are inserted at both 

end sections in order to connect the centre of the circle and the points on the circle as shown 

in Figure 5-1. The bending moment is loaded at the centre of the circle at both ends. The 

Rigid Body Elements (RBE) prevent the oval deformation of both ends section, and keep the 

section in plane under rotational deformation by bending moment. In MSC Marc, a rigid link 

for either small deformation or large deformation can be implemented by using tying or RBE.  

The external pressures are loaded uniformly at the surface of the pipe as shown in Figure 5-2. 

 

 

Figure 5-1. Boundary conditions of pipe under combined loading of bending and external pressure 
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Figure 5-2. The applied load vector of uniform external pressure  

 

5.3 The Numerical Results on Nonlinear Buckling Strength of Straight Pipe under 

Bending and External Pressure 

Figure 5-3 shows the relationships between non-dimensional pressure and length of 

pipe when the pipe behaves elastically. The vertical axis shows the non-dimensional pressure 

(P/Pcr), where the critical pressure for the pipe with infinite length is shown in Eq. (5. 1). 

The horizontal axis is length of pipe. 

 𝑃𝑃𝑐𝑐𝑐𝑐 = 𝐸𝐸′

4
�𝑡𝑡
𝑅𝑅
�
3
      (5. 1) 

Where,  𝐸𝐸′ = 𝐸𝐸
(1−ѵ2)

  

(As shown in section (1.2.3) for the buckling strength of pipe under external pressure) 

As with the straight pipe under bending moment, the buckling strength for a shorter 

pipe under external pressure is larger than a long pipe. In a short pipe, the effect of the 

constraint at both ends of pipe is greater than in longer pipes. The buckling strength for the 

straight pipe subjected to external pressure will be reduced with increasing L/D and become 

constant for the long pipe. The critical pressure will increase when D/t decreases.  
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Figure 5-3. Relationship between non-dimensional pressure and L/D for straight pipe  

(D/t = 50~200) in elastic analysis. 

 

Figure 5-4 shows the moment - pressure interaction curves of buckling for straight 

pipes in elastic analysis. The vertical axis shows the non-dimensional pressure (P/Pcr), while 

the horizontal axis shows the non-dimensional moment (M/Mcr1). Where, Mcr1 is the critical 

bending moment of a cylinder under axial compression as shown in Eq (1. 25). The tendency 

of the interaction curve on buckling strength under combined loading of bending and external 

pressure is same for every value of D/t.  

In actual offshore pipelines, a pipe with D/t ≧ 35 and σY = 621MPa will usually be 

utilized. In those cases, it is confirmed that the buckling of pipe under external pressure 

occurs in the elastic region.  
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Figure 5-4. Moment - pressure interaction stability for straight pipe in elastic analysis 

( L/D = 30 ) 

 
Figure 5-5 shows the moment - pressure interaction curves of buckling for straight 

pipes, considering the yielding effect of material when the yield strength of material is 621 

MPa. The dotted curves are numerical result in elasto-plastic analysis. In this figure, the 

elastic numerical results are also plotted with solid curves.  The maximum buckling strength 

considering yielding effect is smaller than that of elastic calculation especially for the pipe 

with small value of D/t. Therefore, under combined loading of bending and external pressure, 

pipes with small values of D/t will buckle more plastically than those with large D/t values  

 Under the external pressure, the buckling strength obtained by elasto-plastic 

calculation is same as that obtained by elastic calculation as shown in Figure 5-4 and 5-5. 

This means that pipes with D/t ≥ 35 will buckle elastically under the external pressure. 
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Figure 5-5. Moment - pressure interaction stability for straight pipe in elasto-plastic analysis 

( L/D = 30 ) 

 

To investigate the yielding effect on the buckling strength of pipe under pure bending 

and external pressure, the non-dimensional parameter (β) as shown in Eq (5. 2) is considered.  

)/)(/( EtD Yσβ =         (5.2) 

This parameter is proportionate to the ratio of the linear buckling moment to initial 

yielding moment. If the ratio of the linear buckling pressure to initial yielding pressure, α= 

(Pcr/PY) is proportionate to (D/t)2(σY/E). But buckling under external pressure will take place 

elastically if D/t ≥ 35. Therefore, the non-dimensional parameter β= (D/t) (σY/E) can be seen 

as the parameter under the combined loading of bending and pressure. The elasto-plastic 

buckling strength is examined by changing the yield stress and the diameter. 
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Figure 5-6 shows the moment - pressure interaction curves of buckling for straight 

pipes in elasto-plastic analysis. The curves with hollow diamond, hollow circle, and hollow 

triangle markers are the numerical results by D/t = 200, 100, 50 and σY = 621, where β equals 

to 0.6, 0.3 and 0.15 respectively. Moreover, the solid diamond marker represents the 

numerical results for D/t = 100 and σY = 1260, β equals to 0.6. The solid circle and solid 

triangle makers meanwhile, are the numerical results for D/t = 200 and σY = 315 MPa and 

157.5MPa, where β equals to 0.3 and 0.15.  When the value of β is large, it means the pipe 

buckles elastically. And when the value of β is small, the pipe buckles in the elasto-plastic 

region. The buckling strength of pipe in the elasto-plastic range under the combined loading 

of bending and pressure can be estimated using the non-dimensional parameter β, because the 

buckling strength of pipe with different D/t and σY/E and the same β of pipe are same shown 

in Figure 5-6. 

 
Figure 5-6. Moment - pressure interaction stability for straight pipe in elasto-plastic analysis  

by using parameter β ( L/D = 30 ) 
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5.4 The Numerical Results on Nonlinear Buckling Strength of Curved Pipe under 

Bending and External Pressure 

Figure 5-7 shows the relationship between non-dimensional pressure and L/D for 

curved pipe (D/t = 200) and R/D varying from 50 to 200 by elastic analysis. As well as the 

straight pipe, the buckling strength of curved pipe will be decreased with increasing L/D and 

become constant on the long pipe. For a curved pipe under external pressure, the effects of 

constraint at both ends of pipe are large on short pipe. For a curved pipe under external 

pressure with same D/t and different R/D, the values of buckling strength are almost same for 

each same value of L/D, or the differences is not large. This is in contrast with a curved pipe 

under bending as shown in Figure 3-18. The buckling strength of pipe under bending will 

decrease with decreasing of R/D due to the oval deformation at cross section. But, under the 

external pressure, the oval deformation is not dominant before buckling. 

 

Figure 5-7. Relationship between non-dimensional pressure and L/D for curved pipe  

(D/t = 200) in elastic analysis. 

 

Figure 5-8 shows the moment - pressure interaction curves of buckling for curved 

pipe in elastic analysis. The vertical axis shows the non-dimensional pressure (P/Pcr), while 
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the horizontal axis shows the non-dimensional moment (M/Mcr1). The buckling strength will 

decrease with decreasing values of R/D. 

Figure 5-9 shows the moment - pressure interaction stability for curved pipe in elasto-

plastic analysis when the yield strength of material is 621 MPa. The dotted curves are 

numerical result in elasto-plastic analysis. In this figure, the elastic numerical results are also 

plotted with solid curves. The pipes with small values of R/D buckle more elastically than 

those with large values of R/D. Therefore, the buckling strength obtained in elato-plastic 

analysis is almost same as that obtained in elastic analysis for pipes with small R/D values. 

But, the elasto-plastic buckling strength of pipes with large values of R/D is smaller than the 

elastic buckling strength because of yielding of the material. 

 
 

Figure 5-8. Moment - pressure interaction stability for curved pipe in elastic analysis 

(L/D = 30) 
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Figure 5-9. Moment - pressure interaction stability for curved pipe in elasto-plastic analysis 

(L/D = 30) 

 
 
 

5.5 Conclusions 

In this study, the calculations of buckling and collapse strength of straight and curved 

pipes under combination loads, that is, bending and external pressure are performed utilizing 

nonlinear FE software.  

The following findings are elucidated by the numerical calculations. In elastic 

analysis, the reductions of buckling strength are due to external pressure by increasing L/D 

and become constant on the long pipes. The effect of constraint at both ends in the shorter 

pipes is larger than in the longer pipes. 

In elastic analysis, the tendency of the interaction curve on buckling strength for 

straight pipe under combined loading of bending and external pressure was the same for 

every value of D/t.  
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For straight pipes with D/t ≧ 35 and σY = 621MPa under external pressure, the 

buckling strength occurs in the elastic region. Therefore, although the ratio of linear buckling 

pressure to initial yielding pressure, α= (Pcr/PY) is proportionate to (D/t)2(σY/E), the non-

dimensional parameter (β) ,which is proportionate to (D/ t)(σY/E) is considered to investigate 

the yielding effect on the buckling strength of pipe under combined loading of bending and 

external pressure as well as under bending. Using the non-dimensional parameter β, the 

buckling strength of pipe in elasto-plastic range under the combined loading of bending and 

pressure can be estimated. 

For a curved pipe under external pressure with the same D/t and different R/D, the 

values of buckling strength were almost same for each same value of L/D. This is in contrast 

to a curved pipe under bending. This is because the buckling strength of pipe under bending 

will decrease with decreasing R/D values due to the oval deformation at cross section. But, 

under the external pressure, the oval deformation is not dominant before buckling. 

The pipe with small values of R/D buckles more elastically than the pipe with large 

values of R/D. Therefore, the buckling strength obtained in elasto-plastic analysis is almost 

the same as that obtained in elastic analysis for the pipe with small R/D. But, the elasto-

plastic buckling strength of pipes with large values of R/D is smaller than the elastic buckling 

strength because of yielding of material. 
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Chapter VI 

Conclusions 

 

6.1 Summary 

Offshore pipelines are needed to transport oil or gas from subsea wells to production 

facility platforms, and then transporting oil or gas from production facility platforms to 

shore. Buckling and collapse are the important failure modes not only for the laying 

condition, but also in operating condition. The pipeline will be subjected to a wide range of 

loads, such as bending moment, tension and external pressure. Thus, it is required to analyse 

the buckling strength of pipe under various kinds of loads.  

In this dissertation, the buckling strength of pipes under pure bending and under 

combined loading, that is, bending and external pressure, was examined.  

In Chapter I, the purpose of this research was explained and the previous researches 

for the buckling strength of pipe under bending moments were reviewed. 

In Chapter II, the linear buckling strength for pipe under bending was investigated by 

linear FEA. The eigenvalue calculations under bending load was performed for various length, 

radiuses and thicknesses of pipe. The linear bucking strength was compared with the 

previously proposed formula which was derived from the buckling strength of pipe under 

axial compression. From the numerical results, the critical bending moment Mcr2 in linear 

calculation can be expressed as follows.  It is shown that the linear buckling moment Mcr2 is 

approximately 1.1 times Mcr1, where Mcr1 is the critical bending moment when the critical 

buckling stress of a cylinder under bending is same as the buckling stress of a cylinder under 

axial compression. 

109 
 



In actual pipe, the oval deformation of cross section takes place before buckling, and 

the buckling moment is reduced due to this deformation. Therefore, the linear buckling 

moment does not present the exact strength of pipe under bending. But, it can be the rough 

standard of the buckling moment of pipe. In the following chapter, the exact buckling 

moments are examined by considering the pre-buckling oval deformation, and are compared 

with the linear buckling moment Mcr2 or the buckling moment Mcr1 to clarify the effect of pre-

buckling oval deformation on the buckling moments. 

In Chapter III, the parametric calculations of buckling and collapse strength of 

straight and curved pipe under bending were performed by utilizing non-linear FE software. 

The followings were clarified by the numerical calculations.  

The region of buckling is limited at the compressive side in the vicinity of mid span 

because the magnitude of oval deformation is large at mid span.  

In a short pipe, the oval deformation before buckling is small due to the restriction of 

sectional deformation at both ends. Therefore, the reduction of buckling strength due to oval 

deformation is smaller in shorter pipes than longer pipes.  

For enough long pipes, the maximum moment converges to one value. In elastic 

analysis, the maximum moment for long pipes, considering oval deformation can be 

represented as follows: 

  
2

1max 314.052.0 ErtMM cr π==  

In elato-plastic analysis, the buckling moment is almost constant regardless of the 

pipe length, because the maximum bending moment is limited by yielding if the pipes have 

the same value of D/t.  

The non-dimensional parameter β, which is proportion to (Mcr/MY) is proposed. The 

parameter of β = (D/t) (σY/E) is possible to be the parameter which represents the yielding 

effect on buckling strength of pipe under bending. When β is small, the pipe buckles 
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plastically. Using Figure 3-13~3-20 and this parameter, the buckling moment can be 

predicted without FEA. 

In the case of the curved pipe, the buckling moment is smaller than the straight pipe, 

because the oval deformation is larger than straight pipe. The oval deformation increases 

when R/D decreases. This is because that the axial stresses in bending have larger component 

of vertical direction in the pipe with smaller R/D than the pipe with larger R/D.  

In Chapter IV, the parametric calculations of buckling and collapse strength of 

straight and curved pipes with initial imperfection under bending were performed by utilizing 

nonlinear FE software. The followings were clarified by the numerical calculation.  

The buckling strength reduces more by the imperfection of the buckling mode than 

the oval mode. The reduction of buckling strength due to imperfection is larger in shorter 

pipes than in longer pipes. It is because the effect of oval deformation on the buckling 

strength becomes larger than the effect of imperfection in the case of longer pipe. The 

buckling moment decreases with increasing imperfection, and the buckling moment becomes 

constant when the large imperfection exists. 

The effect of imperfection on buckling moment in plastic range is smaller than in 

elastic range. As well as the perfect pipe, the parameter of β= (D/t) (σY/E) is possible to be 

the parameter which represents the yielding effect on buckling strength of pipe under bending 

for the case of imperfect pipe.  

The tendency of the effect of imperfection on buckling strength in the case of curved 

pipe is almost same as that in the case of straight pipe. 

In Chapter V, the calculations of buckling and collapse strength of straight and curved 

pipes under combination load, that is, bending and external pressure were performed by 

utilizing nonlinear FE software. The followings were clarified by the numerical calculation. 
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The interaction curve on buckling strength for straight pipe and curved pipe under 

combined loading of bending and external pressure was shown. 

For straight pipe with D/t ≧ 35 and σY = 621MPa under external pressure, the 

buckling strength occurs on elastic region. Therefore, although the ratio of linear buckling 

pressure to initial yielding pressure α= (Pcr/PY)  is proportion to (D/t)2(σY/E), the non-

dimensional parameter β=(Mcr/MY), which is proportion to (D/ t)(σY/E), can be the parameter 

which represents the yielding effect on the buckling strength of pipe under combined loading 

of bending and external pressure. Using the non-dimensional parameter β, the buckling 

strength of pipe in elasto-plastic range can be estimated. 

For a curved pipe with same value of D/t, the buckling strength under combined 

loading decreases with decreasing R/D. This result is same as under bending. 

It is expected that the designers can estimate the buckling strength of straight and 

curved pipe under bending and the combined loading of bending and external pressure, not 

only in elastic range but also in elasto-plastic range, without FEA utilizing the results shown 

in this paper.  

 

6.2 Recommendation for Future Work 

Buckling and collapse of offshore pipelines could be occurring due to the influence of 

combination loads. In this dissertation, the buckling strength of pipe under combination load 

bending and external pressure has been investigated; not only for perfect pipes, but also for 

pipes with initial imperfections. 

In the long period of operation, the pipe is vulnerable to attack by internal and 

external corrosion. If a water pipeline was to leak, it could be a problem but it usually would 

not harm the environment to any great extent. However, if a petroleum or gas pipeline leaks, 

it can be an environmental disaster of great proportion. Furthermore, effect of corrosion on 
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buckling strength could be considered. When pipes suffer corrosion, certainly, it would 

reduce pipe thickness. Therefore, it is clear that investigation is needed as to how great the 

effect of corrosion on the buckling strength of pipes might be. 

In addition, the pipe connection system that is commonly used with welded joints or 

flanges needs to be reviewed. The buckling strength of pipe will be influenced by the 

condition of the pipe joints, especially in connections made by welding. Therefore, it needs to 

investigate the effect of welded pipe in terms of its buckling strength. 

And also, in the case of pipelines on the seabed, the effects of the elastic support of 

sea bottom soil, the force from stream of sea, enforced displacement by the shape of sea bed 

can be considered for further research. 
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