SN KREZZ2MTIER Y R b

Kyushu University Institutional Repository

Cup and cap products in real moment-angle
manifolds

=, 7

https://doi.org/10.15017/1470520

HARESR : UMARZE, 2014, B (BEEF) , RERELT
N— 30

MR : 22X 7 74 VAKRFE

.

W KYUSHU UNIVERSITY




R s

Cup and cap products in real
moment-angle manifolds

HE—AVL - TUTNBRE
IZBIFB Y TREFYY TR

U R KA
B P2 B

% )
SMA11023W

W

R I B0

SEpk 26 £ 7 H 10 H



© 2014 - Li Cai

ALL RIGHTS RESERVED.



Thesis advisor: Prof. Osamu Saeki Li Cai

Cup and cap products in real moment-angle manifolds

ABSTRACT

In this thesis, the algebraic topology of real moment-angle manifolds is studied, with
emphasis on the cup and cap products in their (co)homology. Here a real moment-angle
manifold refers to a real moment-angle complex which is a topological manifold.

The condition to characterize a real moment-angle manifold is discussed in Chapter
3. As a result, a necessary and sufficient condition for a moment-angle compler to be
a topological manifold is obtained. Also, the well-known cochain algebra of a moment-
angle complex given by V. Buchstaber, T. Panov and I. Baskakov is deduced from that
of the associated real moment-angle complex, using the construction due to A. Bahri,
M. Bendersky, F. R. Cohen and S. Gitler.

The cup and cap products are discussed in Chapter 2, based on the (co)chain complex
established in Chapter 1; by cap products a new proof of the simplicial Alexander duality
in a generalized homology sphere is obtained.

In Appendix A, the (co)chain equivalence between the singular (co)chain complex of a
real moment-angle complex and the (co)chain complex established in Chapter 1 is proved

in detail, with cup and cap products involved.
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Introduction

An abstract simplicial complex K with ground set V' is a collection of subsets of V,
such that

(1) v € K, for each element v € V', and
(2)ifoe K,thent e K forall T Co; () € K.

An element in K is called a simplex and | K| refers to the geometric realization of K.
Let m be a positive integer and K be an abstract simplicial complex with ground set

[m] :={1,2,...,m}. The associated real moment-angle complex (D', S°)¥ is defined as
(1) (D', 80 = [ J{(z)imy € R™ | |a| < 1,Vis |ag| = 1if i g o}t
oceK

Clearly from the definition, (D!, S°)X has a CW decomposition with each cell being
a cube of suitable dimension. It is well-known that the topology of (D!, S°)X is deeply
related to the combinatorics of K. For instance, Bahri, Bendersky, Cohen and Gitler
[BBCG10a] showed that the suspension ¥ (D!, S%)X is homotopy equivalent to the wedge
sum over the double suspensions of all full subcomplexes of |K|. Davis [Dav83] proved
that (D', S")X is aspherical if and only if K is a flag complex (i.e., any finite set of
vertices that are pairwise connected by edges spans a simplex of K), with m((D!, S%)¥)
isomorphic to the commutator subgroup of a right-angled Coxeter group, whose Coxeter
diagram (with all edges labeled by oo) is isomorphic to the one dimensional non-faces of
K.

Throughout this thesis, coefficients in (co)homology groups are assumed to be integers.

The first main topic is to establish the cup and cap products in a real moment-angle
complex, which can be calculated explicitly and effectively. This is done in Chapter 1 and
Chapter 2. The approach here is different that from [BBCG12], the latter is more general,
while lack of explicit calculations. It is well-known that the difficulty to make calculations
for cup and cap products with certain cellular (co)chain complex comes from the diagonal
approximations at the (co)chain level. To overcome this, we use H. Whitney’s formulae
for cup and cap products in a Cartesian product of compact polyhedra (see formulae
(16), (17) for details); however, (D', S%)% is embedded as a proper subset in the m-fold
product of the 1-disks [—1, 1], with each cell being a product of simplices. In Appendix
A we shall prove that Whitney’s formulae also work in this situation (see Theorem A.20,
where Alexander-Whitney chain maps (68) are used for diagonal approximations).

Tt is not difficult to see that by the definition here, (D', S°)¥X is always connected. If points i € [m]
with {i} ¢ K are allowed, by which we can factor out copies of {—1,1} in (D!, %)% being a product,
until we get a connected space (D!, S%)K ", where the ground set of K’ is smaller, with each of its points
a vertex of K’.



(DY, SYK is called a real moment-angle manifold if it is a topological manifold. The
characterizations of real moment-angle manifolds were given by Davis (see [Dav08, The-
orem 10.6.1, p. 197], with the assumption that K is a flag complex): (D!, S"¥ is a
homology n-manifold (resp. PL n-manifold) if and only if |K| is a generalized homology
(n — 1)-sphere (resp. PL (n — 1)-sphere); it is a topological n-manifold if and only if | K|
is a generalized homology (n — 1)-sphere, which is simply connected when n > 3 (see
Theorem 3.7).

We will give an alternative proof for this theorem in Section 3.2, without assuming
that K is a flag complex.

When |K| is the boundary complex of a convex polytope, (D', S°)¥ is called polytopal
and can be smoothed to a link, i.e. a transverse intersection of real quadrics with the
unit sphere in R™ (see [BMO06]). With respect to such a link, there is a special class of
open book constructions, which is introduced in [GL13| by Lépez de Medrano and Gitler
(see also [BLV13]), and by which we can obtain a smooth manifold homeomorphic to
the moment-angle complex (D?, S')X | called a polytopal moment-angle manifold. Bosio
and Meersseman [BMO6] showed that every even-dimensional polytopal moment-angle
manifold admits a complex structure to be an LV-M manifold, which is non-Kahler in
general.

Independently in [BBCG10b|, Bahri, Bendersky, Cohen and Gitler introduced the
K J construction: for a sequence of m positive integers J = (n;)",, the resulting com-
plex KJ can be constructed by a sequence of simplicial wedge constructions, such that
(D', S9)K7 is homeomorphic to the polyhedral product ((D™,S™=1)m™ ). It turns out
that, topologically the operations from (D!, S to (D!, S°)K7 coincide with the asso-
ciated open book constructions indicated above. For instance, when .J is constant with
integers 2, we get the moment-angle complex (D?, S1)X (see Definition 3.3, Lemma 3.4
for more details).

Based on their approaches and Davis’s characterization theorem, in Section 3.1 we
will prove that (D? SY)¥ is a topological manifold if and only if |K| is a generalized
homology sphere (see Theorem 3.16). Moreover, there is a cochain algebra R} J as-
sociated to each polyhedral product ((D”i,S"i_l)ﬁl)K, as an analogue of the cochain
algebra for (D? S')X given by Buchstaber, Panov and Baskakov, such that H*(RjJ) =
H* (((D"i, S”ifl)zﬁl)K> as rings (see Definition 3.32 and Corollary 3.35). Rj.J has 2m
generators, and is graded commutative if and only if n; > 1, for all ¢ = 1,2,...,m. This
approach also follows the spirit of [ BBCG12] and [BBCG10Db], with emphasis on direct
calculations at the cochain level.

Here is a list of other results.

In Chapter 1 we construct a (co)chain complex for (D, S°)% which is isomorphic to
the direct sum of the augmented simplicial (co)chain complexes of all full subcomplexes
of K, with degrees shifted by 1. From this we obtain a well-known decomposition of the
(co)homology of (D, S%)X.

In Chapter 2, we use Whitney’s formulae for this (co)chain complex, yielding cup and
cap products in (co)homology. When (D!, S%)¥ is a homology manifold, the Poincaré
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duality induced by cap products on the orientation class of (D!, S°)X implies the simplicial
Alexander duality in | K|, a generalized homology sphere (see Section 2.3).
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CHAPTER 1

The cellular chain complex

In Section 1.1 we introduce a chain complex (C.((D',S%)X),d¢), which is chain-
homotopy equivalent to the singular chain complex of (D, )%, through a cubical cell-
decomposition. A change of basis gives a degree-shifted chain isomorphism between
(C.((D*,5°)%),0¢) and the direct sum of the augmented simplicial chain complezes of all
full subcomplexes of K, providing a decomposition of H,((D', S°)X). This is done in Sec-
tion 1.2. In Section 1.3, we perform a similar treatment for the cohomology H*((D*, S°)%).

The (co)chain complex constructed in this chapter, together with its relation with
the augmented simplicial (co)chain complexes of full subcomplexes of K, shall be used
throughout this thesis.

In what follows, a cell (resp. simplex) may refer to either a space or an oriented cellular
(resp. simplicial) chain, whose orientation will be illustrated depending on the situation.

1.1. A cellular decomposition

Let u be the 1-cell of the interval I = [—1, 1] connecting the two 0-cells ¢ and ¢ at both
ends, i.e. points {—1} and {1}, respectively, such that

ou=t—t.

For the m-fold product I, products of cells give rise to a cellular chain complex C,(I"™) =
&, C.(I;), in which the subgroup of p-chains is given by

GUI™M = O Q)

iy pi=p =1
More explicitly, C,(I™) is generated by cells of the form
_ U; if 1 € o,

(2) UgtrL, = @ €6, € =4 _
t; (vesp. t;) ifi €7 (resp. i € 7),
where o, 7 and « are pairwise disjoint subsets with their union [m], and deg(uyt.t,) =
card(o). The boundary operator dc: C.(I™) — C,(I™) shifts the degrees down by one,
such that

(3) do(ugtst,) = Y (=10 (ug Tty — oty ugy)

JjECT
on each generator, where £(j,o\{j}) = card({i € o\{j} | i < j}). Let (C.((D",S)X),dc)
be the restriction of (C,(I™), d¢) to (D, S°)E (see (1) for definition), which is closed under
do. Tt can be checked that the cellular chain u,t.t. of form (2) belongs to C.((D*, S°)¥)
if and only if 0 € K.



2 1. THE CELLULAR CHAIN COMPLEX

PROPOSITION 1.1. There is a chain map
(4) v (CL((DY,8%)5),0¢) —— S.((D',S9)F),
inducing a chain equivalence between (C.((D*,S°)%),0¢) and the singular chain complex
of (DY, S°)YK | which implies isomorphisms
H.(C((D',8°)%),0c) —— H.((D',S")%)
between respective homology groups in all dimensions. After taking Hom on (4), we have
isomorphisms
H*(C((D',89%).é¢) +—— H*((D',5°)%)
between cohomology groups, where d¢ is the coboundary operator dual to Oc.

PROOF. This is a direct consequence of Proposition A.12 in Appendix A. O

1.2. A change of basis

To understand the (co)homology of (D', S°)¥ further, it is convenient to use a new
basis for (C.((D*,S%)%),d¢): for the three generators u, ¢ and t in (C.([),0), let du
be the chain ¢ — ¢ and denote ¢ by ¢. Then u, du and ¢ form a new basis of C,([).
Correspondingly, (C.((D', S°)¥),d¢) is generated by

m U; ifieoe K,
(5) Uply = Usly (OU); = ®ic; € ® Cu(li), =<t ifiecn,
i=1 o
ou; ifier,

in which o, v and 7 is a partition of [m] (any two of the three may be empty). When o
and v are both empty, we shall write the word @ instead of the void.

REMARK 1.2. Notice that in each word expressing a basis element above, we omit the
part (Ou),. Actually it means a sum of 2°4*4(") cells with signs. For instance, we have

@ — (au)[m} g Z (_l)card(T)tT%[m}\T’
TC[m)]

a cellular chain with 2™ 0-cells involved.

From (5) we have
(6) uUng = Uy 1_[(6?uZ + )ty = Uy H(l +t)t, = Z Uplyity = Z Ug ey,
1ET 1ET T'CT T'CT
where formally we use the notation of multiplication, with du; replaced by “1”, and

bty = by

EXAMPLE 1.3. Let K C 2P be two discrete points {1} and {2}. Hence (D', S°)¥ is a
simplicial 1-sphere with four 1-cells. Figure 1 illustrates a comparison of the two basis. It
is easy to check that Hy((D*', S%)%) is generated by ¢ 5, and H;((D',S)¥) is generated
by us — u.

In what follows, suppose (C.((D', S%)¥),d¢) is endowed with the basis (5).



1.2. A CHANGE OF BASIS 3

L]

ugty; usty uity uity  tyta  tity tity  tito

Uo ur  uity uty 1 to tip2 ©

Figure 1. A comparison of the two basis

For w C [m], let K, be the full subcomplex of K with ground set w, namely
(7) K,={ceK|oCuw}.
Let C,((D*, S°)%)|, be the subgroup of C,((D!, S°)%) generated by all chains of the form
(8) Uol )\ (0 € Ky),

where the union of the subscripts of u and Ju is w.
Due to the basis-change, differential rule (3) becomes neater:
(9)
O (totimpw) = Y (1) VN Dug gyt (w0, 0\ {5}) = card({i € o\ {j} | i < j})).
jeo

We find C,((D*, S°)%)|, is closed under do. Observe that we have the decomposition
(10) (D 5)5),80) = @) (C((D" S )ne)

wC[m)]

For instance, C,((D", S°)%)|y is generated by a single chain t,;, and C,((D*, S°)) |y is
generated by basis elements of the form wu, (0 € K), meaning u, (0u)pm)\o-

Denote by (C.(K),d) the augmented simplicial chain complex of K, and suppose

[m] induces a natural ordering on the vertices of K. As a free Abelian group, C,(K) =
D,>_ 1 Cp(K): for p > 0, C,(K) is generated by oriented simplices of the form o =
[ig, %1, ... ,1p), such that iy < i3 < --- <1, (the interchanging of two indices yields a minus

sign, we write o as a subset of [m] with the given ordering). The augmentation C'_;(K)
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is generated the empty set. The boundary operator &: C,(K) — C,(K) satisfies

(11) 8/0 _ ZjEJ(_l)H(jJ\{j}) (0 \ {]}) if o € OP<K)7 for P Z 07
0 ifUZQEC_l(K).

By definition, the reduced (co)homology groups of K, of dimension —1 is trivial when
w is non-empty, while H_;(Kjy) and H!(Kp) are both isomorphic to Z. The (co)homology
groups of Ky vanish in other dimensions.

THEOREM 1.4. The map
n: @D Cu(KL) = C.((D',5%)%)

wC[m]
defined via
Nl Cp(Ky) = Cpia (D', 8L,
(12) 0 ——————— Uslim)\ws

for each w C [m] with p > —1, is a chain isomorphism shifting the degrees up by one.
Consequently, we have isomorphisms

P Hy(K.) == Hyp((D',5°)F);

wC[m)]

in particular, fl_l(K@) corresponds to Hy((D*, S°)%).

PROOF. By definition, 7], is one-one onto, sending ) € K, to tim)\w- A comparison
of (9) and (11) shows that it preserves boundary operators on both sides. Together with
decomposition (10) and Proposition 1.1, the second statement follows. O]

REMARK 1.5. Note that when w varies, n sends the empty sets in K, to different
elements in C, (D!, S%)%.

1.3. Cohomology

Note that if we dualize the basis used in the previous section, the relation between the
cochains of (D', S%)X and those of full subcomplexes of K cannot be obtained directly, as
what we have done for homology groups. Therefore we use another basis for the cochain
complex C*((D*', S%)%); the relation between C*((D!, SY)K) and C,((D*, S°)%) will be
discussed in Section 2.2.

Let u*, t* and £~ be the basis in (C*(I),d) dual to u, t and 7 described in Section 1,
respectively, thus

—0t* =60t =u*, out=0.

DEFINITION 1.6. Denote by 1* the sum ¢* + %" and set t* =", and let (C*(I),d) be
endowed with the basis v*, 1* and t*. Similar to (5), a basis element of

C*((D',8%)") = Hom(C,((D", 5)"),Z)
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is denoted by

u! ifieoekK,

(13) utT = ut"1 = ®c; € ®C*(L~), g =t ifier,
=1 17 ifi e,

where o, 7 and 7 are pairwise disjoint subsets with their union [m)].

Note that 61 = 0 and 6t* = u*, thus the coboundary operator - dual to Oc satisfies
(14) Sty = Y (=1)UueUNN k(o) = card({i € o' | i < j}).

JET
(cL{jHeK

It can be easily checked that ¢ o d¢ = 0.
For each w C [m], denote by C*((D?!, S°)X)|, the subcomplex generated by

Wt o e K,
one can check that it is closed under d¢, by (14). Similarly we have the decomposition

(C*((D',8M%),60) = €D (C*((D", 8°))|, bc),
wC[m]
and for each p > —1, we have the cochain isomorphisms
He gy (CP(KL),8) — (C7H(DY, 8°)F), bc)
(15) (0.*, CU) | uatw\o’

shifting the degrees up by one, where (CP(K,),d’) is the augmented simplicial cochain

complex dual to (C,(K,,),d") (see (11)), with (¢*,w) a p-cochain such that

Jotw)= Y (=10 cu{j}).
Eex

Passing to cohomology, it follows that

THEOREM 1.7. We have additive isomorphisms

P ir(K.) 2t HP(DY $)K)
wC[m)]
in all dimensions p > —1.

ExAMPLE 1.8. Let K C 2 be the tetragon with maximal simplices {4,i + 1}, i =
1,2,3,4 mod 4. All full subcomplexes of K having non-trivial (co)homology groups are
Ky, K13, K4 and K. By Theorems 1.4 and 1.7, Ho((D', S°)*) and H°((D', S°)¥) are
generated by [t1234] and [15%34] corresponding to the point with constant coordinates
—1 and the sum of the 16 dual points with coordinates &1, respectively. H;((D*, S%)%) is
generated by ag = [(u; —u3)te 4] with w = {1, 3}, and ay = [(ug —u4)ty 3] with w = {2,4}.
They are the orientation classes of circles

Sa, ={(zi)iey € (DY, SO |y = ay = =1}, S, = {(z:)iey € (D', 8K | 4y = 23 = -1},
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respectively. H'((D',S)X) is generated by [u*t!] and [u't?]. Tt can be checked that
(D', S%)% is a torus, in which tubular neighborhoods of S} and S, form a plumbing.

REMARK. Originally, (D', S°)% was constructed by Davis and Januszkiewicz [DJ91],
with the name universal Abelian cover, under the assumption that | K| is the (polar) dual
of a simple convex polytope P.

Explicitly, let G be the group (Zy)™ acting on R™, generated by g; changing the sign
of the i-th coordinate (i = 1,2,...,m), and let X be the intersection of (D', S®)X with
the first orthant of R”™. Suppose 0X is the union [J;", X; with X; the subspace fixed by
g;. As a manifold with faces, X is homeomorphic to P. Then there is a piecewise linear
homeomorphism between (D!, S°)X and the space

(GxX)/ ~,

sending g(z) to (g,z), z € X and g € G, where (g,x) ~ (¢, 2') if and only if x = 2’ and

979 € (gi)aex,-

Davis [Dav83| proved that for each w C [m], the chain map
V]w: Si(X, X¥) S.((D', 89)K)
Z |—>Z7'Cw(_1)card(T) Hiew 9i Hje‘r g] (2)7

induces a splitting in homology, where X* = | J,., X; and z is a relative cycle in S,(X, X*).

This yields an isomorphism

P H.(xX,X*) —— H,((D',S")K).

wClm] B
Later similar results were obtained by Lépez de Medrano [LdM89], based on an earlier
work of Wall [Wal80].

The (co)homological decomposition of real moment-angle complexes can also be ob-
tained from [BBCG10a]: the suspension of (D', S%)¥ is homotopy equivalent to the
wedge sum over the double suspensions of all full subcomplexes of |K].

On cup products in cohomology, a general approach based on homotopy theory
was given [BBCG12]. In Chapter 3 we shall give an answer to a question proposed
in [BBCG12, p. 462] about the relation between H*((D!,S%)X) and H*((D? S1)K).
The cellular cochain algebra constructed in Chapter 1 follows the spirit of Baskakov-
Buchstaber-Panov [BBP04], [Pan08] for H*((D? S1)¥).



CHAPTER 2

Cup and cap products

This chapter is devoted to the formulae for cup and cap products in the (co)homology
of (D', S%)K using the (co)chain complexes with basis (5) and (13), respectively.

The idea here is as follows, due to Whitney [Whi38]. Let X = [[.", |K;| be a product
of compact polyhedra, in which every K; is a finite simplicial complex. Then there is a
natural cochain equivalence between S*(X) and the tensor product Q);-, C*(K;) over
simplicial cochain complexes C*(K;), which preserves the cup products, up to cochain
homotopy. Here cup products in @, C*(K;) is defined in this way: suppose that ¢# =
®I P is a p-cochain with p;-cochains ¢ € CP(K;), ¢? = Q" ,c% a g-cochain with
gi-chains ¢% € C'%(K;), respectively, then we have

(16) F et = (1P )@@ (P =), k=Y 4D ),

=1 j>i
being a cochain of degree p + q. Likewise, for cap products, assume ¢, = ®*,c,, €
X", C.(K;) an r-chain with r;-chains ¢,, € C,,(K;), then

07) @ e= (C(@ ~ )@@ (@~ ) v =3 p(3 - po),

=1 j>i
which coincides with the cap product using singular (co)chains for X when passing to
(co)homology.

In Appendix A we shall extend the property above to the situation here, namely
(D', S°)% is embedded in I™ as a proper subcomplex with each cell a product of simplices
(see Theorem A.20).

The cup product will be discussed in Section 2.1, where we treat (C*((D*, S°)%), é¢)
as a differential graded algebra (Rj.,d), which is not commutative in any sense (while
its cohomology is graded commutative). In Section 2.2 the cap product is formulated as
an Rj-module structure on the chain complex (C,((D?',S%)%),0¢). Once (D', S%)E is
a homology manifold, the Poincaré duality coincides with the Alexander duality in |K|.
This will be discussed in Section 2.3.

2.1. The algebra R}, and the cup product

Recall that the simplicial cup product in an abstract simplicial complex K is defined
as follows: choose a partial ordering on the vertex set of K inducing a total ordering on
each simplex, then

CP(K)QRCYK) — CPH(K)
7



8 2. CUP AND CAP PRODUCTS
is defined by

(18) (& — ) ([vig, - - Vipy]) = P ([Vig, -, v, ) ([viys -5 vi,0,])

where [v;,,...,v;,, ] is a simplex in C**9(K’) with v;, < --- <w;, . in the given ordering.
For instance, with the induced ordering of R, cup products in C*(I) (see Definition
1.6) are listed below:

1" —uw=u"—1"=u", 1" t"'=t"—1"=t", 1" —1"=1%

tr—tr=t", tt—u=0, u—t'=u" u—u"=0.

DEFINITION 2.1. Denote by (R*,d) the differential graded algebra with the properties
below:

o R* is the quotient of the free Z-algebra with degree-one generators u!, u?, ...,

u™ and degree-zero generators t!, 2, ..., t™, subject to relations

(19)

utt =ttt =0, Ut =t =t did' =0, Wl = —widt, i =Pt
fort,7 = 1,2,...,m with ¢ # j. We say that a monomial in R* is reduced if it
is written in the square-free form u°t™ = z!'...2™, where o and 7 are disjoint
subsets of [m], with 2* = v’ for i € o, 2' =t for i € 7, and 2 = 1 (the identity
with degree zero) otherwise.
o The differential d satisfies
(20) d(zy) = (d)y + (~1)** Dz (dy)

for homogeneous elements x,y € R*, with
du'=0, dt! =u' and d1 =0.

For a simplicial complex K with ground set [m|, the corresponding Stanley-Reisner
ideal T in R* is generated by all square-free monomials of the form u”, where 7 is not a
simplex of K.

The differential graded algebra (R}, d) is defined to be the quotient R*/Zx endowed
with the differential d above. A reduced monomial in R}, is the (non-trivial) image of a
reduced monomial in R* under the quotient homomorphism.

By definition, every monomial of R} can be uniquely written in a reduced form, i.e. of
the form u?t™ where o and 7 are disjoint subsets of [m], such that o € K.

It can be checked that the differential d is compatible with the algebraic structure.
For instance, Zx is closed under d, and

u' = dtt = d(t't)) = W't 4+t =

EXAMPLE 2.2. Let K be the pentagon with ground set [5] with the set of maximal
simplices
{{1.2},{2,3},{3,4}, {4,5} {5, 1}}.
It can be checked that the Stanley-Reisner ideal is generated by

ul’?’, u1’4, u2,47 u2’5, u3’5,
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therefore u't? is a cocycle in Ry, since
d(u't?) = (du")t® — u!'(dt?) = —u"? = 0.

In the same way w3t 4+ u*t1? is a cocycle in RL., whose difference with d(t31) gives the
cocycle u't3*.

For any subset w C [m], let Rj|. be the submodule generated by reduced monomials
of the form u?t“\?, where o runs through subsets of w. Clearly by (20), Ri|, is closed
under d.

LEMMA 2.3. The map

¢: (C*<<D17 SO)K)v 50) - (R}O d)
(21) u’tT u’tT,

is a cochain isomorphism preserving products: the cup product in C*((D*, S°)%) on the
left-hand side and the multiplication in R} on the right.

Proor. Clearly as a homomorphism between Z-modules, ¢ is one-one onto, preserving
differentials on both sides, by formulae (14) and (20). By Theorem A.20, the simplicial
cup product in C*((D?', %)) follows (16), hence ¢ preserves products, since u'u’ =
—ulul, U

With the lemma above, we can associate each reduced monomial u?¢” in R}, to the
dual simplex ¢* in C*(K,yu,) (Kour is the full subcomplex), by the composition ¢ o p, in
which p is defined by (15).

DEFINITION 2.4. The %*-product in the second row of the diagram

(DY, M) Q¢ (D', 89%)  —— (D', 89")
%T(uvu) %T#

PcE) | Q| Pk | — (k)
wC[m]

wC[m)] wC[m)]

(22)

is defined via its commutativity. More explicitly, for two dual simplices o = o? € Cr (K,)
and o7, = o € C"(K,), we have
ot = pt (plo”) = plo?)) = p (urtr — e )
B (_1)H(Up,0'p/) (O'p U Jp’)* if o Nw = 0,
0 otherwise,

where k(0p,0p) =
5P+p/+1 (Kwa’)~

ico, card({i € g, | i > j}), and (0, U 0py)" is the dual of (o, Uay) €

From the cochain isomorphism (21) and the differential rule (20), it turns out that the
x-product satisfies

(23) 8 (Prc?) = (8'cP)x? + (—1)PHLeP%(¢),
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for ¢? € 5”( K,) and ¢ € 5’7"( K,/). Therefore it gives rise to a product structure for
@ H * . The following theorem is based on Lemma 2.3, Theorem 1.7 and Proposi-

tlon 1 1.

THEOREM 2.5. We have the following isomorphisms between algebras:
@H* % H (DY, 85) 22 H*(Ry, d),

where the first is endowed with the %-product, the second with the cup product and the
third with the multiplication in Rj;.

PROOF. The only thing we need to prove now is that the additive isomorphism
o (D', 8°)") = HY(C((D', 89)), 6c)

appearing in Proposition 1.1 preserves product structures. This follows from Theorem
A.20. O

EXAMPLE 2.6. Let K be the pentagon in Example 2.2. Here we describe its coho-
mology by Theorem 2.5. It can be easily checked that all full subcomplexes of K with
non-vanishing (co)homology are: K;,; o with i = 1,2,3, K, ;13 with i = 1,2, K, ;45,43
with @ = 1,2,...,5, (we are using mod 5 integers i), together with Ky and Kj5. Corre-
spondingly, we can choose a basis for H*(Ry). For H'(Ry) we have ten basis elements,

(24) ay = [W't?], ap = [urth], as = WY, ay = [WPt7], as = [udt7],
and

Bi=[W'E(L—tY)], By =[Pt (1= )], By = [ (L—t")], By = [u't'(1 - )],
(25) B = [u’t*(1 —t7)].

For HY(Rk), we choose the identity [1] € RY%. For H?*(Rg), a basis can be v =
[t 1423474 with 4 any mod 5 integer (for instance, u?t3%5 — 23145 = d(u?t!345)).
By Theorem 3.7, (D', S°)X is a closed manifold, thus it is an orientable surface of genus

5. It can be checked that

V= fy = fls = —asfs = aufi = —as s

presents all non-trivial products in H*(Rf), since products between any two a-elements
from (24) or any two [-elements from (25) vanish.
2.2. Rj-module C,((D', S°)X) via the cap product
Recall that in a simplicial complex K, the simplicial cap product

~: C*(K) Q) Cu(K) = C.(K)

is defined as follows. Choose a partial ordering on the vertex set of K which gives a total
ordering on each simplex, then

(26) @ ~Tioy. i) = P([ir—ps - i) ios - vivep)  (P([ir—ps ..., in]) € Z),
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for » € CP(K) and [ig,...,1,] a simplex in C,.(K) (r > p) with iy < ... <4, in the given
ordering.

For instance, the cap products in the simplicial (co)chain complex of [—1,1] (i.e. Ci(I)
and C*(I)), with the basis given in Sections 1.2 and 1.3, respectively, are listed below (note
that t* is the dual of the cell {1} rather than that of t = {—1}):

(27)
t" ~ou=0u+t, t*" ~u=u, t' ~t=0, 1" ~0u=0u, 1* ~u=u, 1" ~t=1;
uv~u=t u ~0o0u=0, ut ~t=0.
REMARK. Here other basis for C.(I) and C*(I) also works. The basis presented
above, as we have already seen in the previous chapter, illustrates the correspondence

between the (co)chains of (D', S%)% and those of full subcomplexes of K in an explicit
way. Another reason is that, no extra minus signs come out from these products.

Using the cochain isomorphism ¢: C*((D!, S%)%) — Rj (see (21)), C.((D', S9)K)
can be endowed with an Rg-module structure, by formula (17) and list (27):
DEFINITION 2.7. The cap product ~: R ®C.((D', S)E) — C,((D!, S%)K) is defined
via
(_l)u(mal)ua’\oto HiGT\J’(l + ti)tﬂ" ifoCo'andTN7 = Q),
0 otherwise,

(28) u’tT ~ ’ug/t.r/ = {

here v(0,0") = >, card({i € o'\ o [ i > j}), and [];c,\ /(1 4+ t;) is a formal notation
(“1” means Ou; in each bracket), i.e.

ua’\ata H (]— + ti)tT’ = Z ua’\atUU'yUT’-
iet\o’ ~yC(T\o’)
The proposition below follows directly from [Whi38] (see also (77)):

PROPOSITION 2.8. Let o and o be two homogeneous elements in R and R’;;,
respectively, and let ¢, be an r-chain in C.((D*,S°)%) (r > p+p'). Then we have

(29) dc(a? ~¢,) = (=1)""P(da?) ~ ¢, + P —~ Occ,
and
(30) o ~ (P ~¢) = (P aP) ~ c,.

THEOREM 2.9. Passing to (co)homology, the cap product defined by (28) coincides
with the one for the singular (co)chain complex of (D', S%)¥.

Proor. This follows from Theorem A.20. O

The following example was studied by Loépez de Medrano in full detail, with a more
geometric argument (see [LAM89], [BLV13]). As a comparison, here we consider it with
the products established so far.

ExAMPLE 2.10. Let P be the polytope defined as the Gale transform of the 7-tuple
A = (N)L, in R? consisting of the real and imaginary parts of the solutions of the
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3

-

Figure 1. The Heptagon

equation 27 = 1. Here by Gale transform we mean the transpose of a basis of (real)
solutions of the equation

7
(31) {Z;y’r
Zi:l x; = ]-7
7

namely if we write a basis as a (4 x 7)-matrix of rank 4, A = (A;)/_,, whose row vectors
satisfies (31), then the Gale transform of X is the column vectors of A. Let P C R?
be the convex hull conv(A;);cir. Actually the combinatorial type of P is independent
of the chosen basis: by the fundamental property of Gale transforms, for any o C [7],
conv(A;)ico is a face of P if and only if the origin of R? is in the relative interior of
conv(A;)icr\o- Therefore all faces of P are determined by the configuration given by A
(see Figure 1). For instance, let K be the boundary complex of P, then

(i) any subset of [7] with cardinality 2 is a simplex of K (i.e. P is a neighborly
4-polytope), and

(ii) any subset of [7] not in K must contain three consecutive points of the form
(ii+1,i+2)},i=12...,7TmodT.

From (i), (D', S%)% is a simply connected 4-manifold (see [Dav08, Chapter 1, p. 12]).
Using Theorem 1.4, we can write down the orientation class of (D*, S)&:

I'=u1 245 — 1246+ U256+ U1,346 — U1,347 — U1 356+ U357 — UL 457
(32) + U356 — U357+ Uz e + Uzasy — Usaer + U367,

which is also a list of all 14 codimension-one faces of P. Since K is a simplicial 3-sphere,
by Alexander duality we have

H* 7" Y(K,) = H{(Kppw)-
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Figure 2. Full subcomplexes K33 and K567

Together with (i), it follows that K, has non-trivial reduced (co)homology only when
card(w) = 0,3,4,7, in which H_,(Ky) and Hs(Kp) (resp. H'(Kp) and H*(K[7)) cor-
respond to Hy((D*',S%)%) and Hy(D',S%)X) (vesp. H°((D*',S°)%) and H*(D*',S%)K)),
respectively. By (ii) it follows that other (co)homology groups of dimension 2 arise from
full subcomplexes of the form {i,7 + 1,7 + 2} and their complements in [7], as shown in
Figure 2.

As a conclusion, a basis for H*(Rf) can be chosen and divided into two groups
By = {[u"" ]}, and By = {[w/ TR (i, j are mod 7 integers) according to
card(w) = 3 and card(w) = 4, respectively. It is not difficult to check that all products are
trivial between basis elements in B;, and each basis element in B; has a unique pairing in
Bs, such that their product generates H*(Rf ). For instance, [ub?t3u>0t%7] = [u!256¢347].

u1’2t3’7u5’6t4’7} 1,2,5,6153,4,7]'

But notice that elements in By have non-trivial products: | = [u

To remedy this, we can use another basis

Bé — {[Uj+1’j+2tj(1 _ tj+3)] — [Uj+1’j+2tj o uj+1’j+2tj’j+3] 37:1

instead of By, and a straightforward calculation shows that all products between elements
from B} vanish. With basis elements from B; and B}, we see that (D, S°)% and £,52 x 52
have isomorphic cohomology, hence they are homeomorphic by the classification theorem
of Freedman [Fre82].

To illustrate the intersection of submanifolds through cup products, by Poincaré du-
ality, we proceed with (28). For instance,

(33) [ut?t? ~T] = [(wa5 — s + use)tr2(1 +t3)] = [(uas — vse + use)t123],

(. J (. /

v~

Ky56,7UK3.4,56,7 Ky 56,7
because K3 4567 is acyclic. Here the geometric meaning of the class [(u45—u46+us6)t1.2,3)
is as follows: consider the sphere

a={(z)im € (D", |11 = =23 = —1,27 = 1}

with suitable orientation, and let s;: R” — R” be the reflection changing the sign of the
last coordinate, then [(wgs—u46+us6)t1 23] corresponds to the class [a] —s7[a] (see (5) for
definition). Therefore if we use the representative [u?¢3(1—¢7)] in (33) instead of [u?¢3],
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we will get the class —sz[a], which is represented by a submanifold whose intersection
with the sphere

o = {(%)Zzl S (DlaS(])K | 24 = x5 = 26 = 7 = —1}

is the point with constant coordinates —1. In the same way, a calculation of [u>%t*(1 —
t7) —~ I'] shows that it coincides with suitable orientation class of o/. From the Poincaré
duality we can read the plumbing of spheres s;(a) and o/, which can also be checked
directly.

REMARK 2.11. Gitler and Lépez de Medrano [GL13] gave a full topological classi-
fication of (D', ") with |K| dual to a neighborly simple 4-polytope: each of them is
homeomorphic to a connected sum of copies of S? x S2?. In general, however, a direct
diffeomorphim between them is still missing in current literature. In the example pre-
sented above, as a special case, Gutiérrez and Lopez de Medrano [GL13’] illustrated such
a diffeomorphism.

2.3. Alexander Duality

Recall that a locally compact topological space X is an unbounded homology n-
manifold, if for each zq € X, the local homology group H;(X,X \ {z¢}) vanishes if
i # n and is infinite cyclic if i = n. Davis [Dav08] proved that (D!, S%)X is a homology
n-manifold if and only if | K| is a generalized homology sphere of dimension n — 1, namely
| K| has the homology of an (n — 1)-sphere, as a homology (n — 1)-manifold (see Theorem
3.7 for details).

Now we define another combinatorial product, whose relation with the cap product
(see Definition 2.7) is analogous to that between the *-product (see Definition 2.4) and
the cup product. As we will see below, by these combinatorial products the (co)homology
of K can be understood in another way.

DEFINITION 2.12. The M-product in the second row of the diagram
Rj ® C.((D*, 5)%) — C.((D', 5%)F)

%T (pop,m) %Tﬂ

P || Plur,)| — P K,
wC[m]

wC[m)] wC[m)]

(34)

is defined by the commutativity, where the (degree-shifted) (co)chain isomorphisms ¢, n
and p are defined by (21), (12) and (15), respectively.

By Definition 2.7 and Proposition 2.8, the following properties are straightforward:

PROPOSITION 2.13. The generator of C~ (Kpn), 0 = (¢ o p)~ (1), is the unique
identity such that O M ¢, = ¢, for every ¢, € C.(K,/). For o? € CP(K,,), we have

dMe)=(-1)""PdaPMc. +a”Mdc,,
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where &' (resp. §') is the simplicial boundary (resp. coboundary) operator. Additionally,
assume that of € C4(K,,), then

al M (P Me,.) = (a%%a?) Ne,.

LEMMA 2.14. Choose a p-cochain ¢ € RY|, and an r-chain ¢, € C.((D*, S°)%)|pm,
we have

&~ e € P Crp(Kpmpr)-

TCWw

Moreover, for each T C w, there is a p-chain & € RY.|, such that

(=)~ € @ Cop(Kmps)-

TCYCw

Proor. Without loss of generality, we can write ¢ as a finite sum,

e= Y ke,

oCw
card(o)=p

where k, are integers as coefficients. Then by Definition 2.7 and a direct calculation, it
follows that

(35) o= (O 4 G
~ 7Cw  ~
ECT‘—p(K[m]\W) - GCr_p(K[m]\T)

from which the first statement follows. For the second one, we claim that if (... )¢, appears
in the resulting ¢ ~ ¢, as the sum of all terms in C,_,(Kpy,)\-), then (...)t; must also
appear as the corresponding term in ¢ ~ ¢,, where

@= > k't € Ryl

oCT
card(o)=p

is obtained by changing associated terms in ¢?. To see this, observe that u®t“\* ~ wu,.
(since ¢, € C((D", 5°)%)|pm by assumption, see (8)) is non-trivial only when o C o’ (see
(28)), which is
<_1>U(U’01)u0’\0t0 H (1 +tz’> = (_1)V(U’0l) Z Ua’\ataug-
i€w\o’ £Cw\o’

Then for any fixed v = o U £ with v C 7, replacing w by 7 yields the same summand
(—1)”("’”')%/\0157, thus by summing up these terms with their coefficients k, in ¢?, which
is exactly c2, the claim follows. O

Actually, in the order that card(7) decreases, we can eliminate every extra term of the
form (...)t; in (35), where 7 C w, by repeating the construction above:

COROLLARY 2.15. Assume that ¢* € RY|, and ¢, € C.((D*,S°)5)|pm), then there
exists & € @, Ry|r, such that (¢? — ) ~ ¢, belongs to Cr_p(Kp)w)-

TCw

Assume that | K| is a generalized homology (n—1)-sphere, thus (D?, S°)¥ is a homology
n-manifold, which is orientable by Theorem 1.4 with its orientation class given by the
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orientation class of |K|. Let I'k € 5”’1(K ) be the orientation class, and define

ap: P C(K.) —» P Cu(K.)

wC|[m] wC|[m]
via
o~ mr =~ T ~
(36) AD,: C*(K,) —= @C*(Kw) — C*(K[m]\W)’
wC[m)]

where 7, is the projection onto the direct summand. An explicit formula for AD is as
follows. Suppose that o7 € 5P(Kw) is a dual p-simplex and ¢’ € 5n,1(K ) is a simplex
appearing in the class I'i (as a finite sum of simplices of degree n — 1, with coefficients
+1), then

(=1)"ro) (o' \ 0,) if o, =0 Nuw,

0 otherwise,

To(oyMo’) = {

where v(0y,0") = 3, card({i € o'\ 0, | i > j}) and AD(o;,

») is the sum with terms of

above form, multiplied with their coefficients in I'g.

EXAMPLE 2.16. Let I' be the orientation class given in (32), as shown in Example 2.10.
Interpreting the calculation (33) in the language of M-product, it becomes (see Figure (2))

’/T4,57677({1, 2}* HF) = 71—4,5,6,7({47 5} — {4, 6} + {5, 6} —|— {4, 5} — {4, 6} + {5, 6})
WJ . ~ / N ~ v
Ki2,3 K3,4,5,6,7 Ka5.6,7
= {4,5} — {4,6} + {5,6} .

Ky 56,7

THEOREM 2.17. Let |K| be a generalized homology (n — 1)-sphere with the orientation
class U'c. Then for each w C [m], AD induces isomorphisms

- w, =
(37) H'(K,) — Hyio(Kpm\w)

with -1 <i<n-—1.

PRrROOF. By Theorem 1.4 and diagram (34), the diagram
Rig 5% Cu((D'5Y)%)

qbouTE WTE

P k) 5 P Coii(Epp)
wC[m] wC[m]
commutes for every i with 0 < i < n, where (D!, S°)¥ is now a compact homology man-
ifold with the orientation class n(I'k). The Poincaré duality in (D!, S°)% (see [Mun84,
Section 67, p. 394-397|) implies that the bottom row is an isomorphism when passing to
(co)homology. It remains to show the isomorphism still holds after projections .
This is clear when w is empty, by Proposition 2.13. In what follows we assume w # ().
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(Injectivity of AD,.) If there exists an i-cochain ¢! € C(K,,), such that [¢/] € ker(AD,,),
then by Corollary 2.15, we have
(¢ —T)NTx = AD(c'), for some & € (P C'(K,),
TCw
hence [¢" — €] is in the kernel of the isomorphism induced by M, and it follows that it
+cw C7(K7) is closed under §'.

(Surjectivity of AD,,.) Let [c,—2—4] € ﬁn_g_q(K[m]\w) be any class such that

must be a coboundary, so must be ¢’, since

(38) Cn—2—q = cdn FK

It remains to prove that ¢? can be chosen from 5‘1(Kw). First notice that if ¢? has a
summand ¢ € CY(K,) with 7 C w, then by Lemma 2.14, ¢ N 'k has no contributions
to Cr—a—q(Kpn\w), thus it can be ignored in the image AD,(c?). Therefore, without loss
of generality, suppose that ¢? € €@, C?(K,). For any non-trivial summand of ¢? not
contained in CY(K,,), say g € éq(Kw) with w C 7, the proof of Lemma 2.14 implies that
there is a g-cochain ¢f, € C(K,) such that

ADw(cg,) = AD,(c?),

thus we can replace the summand ¢ by ci/. After using this trick for all summands of
this form, the proof will be completed. O



CHAPTER 3

Polyhedral products as real moment-angle complexes

With respect to a sequence J = (n;), of positive integers, Bahri, Bendersky, Co-
hen and Gitler [ BBCG10b] introduced an operation on a simplicial complex K (whose
ground set is [m]), such that with the resulting complex KJ (with the original nota-
tion K(J) in [BBCG10b]) and pairs (D", S™~1)™  the associated polyhedral product
(D™, $™=1)m )* i homeomorphic to the real moment-angle complex (D', 5)57 (see
Lemma 3.4). Also, they developed a local construction that arose in earlier works with
the name simplicial wedge construction (see [PB80]), such that K.J can be obtained by
using a sequence of the local constructions consecutively (i.e. Lemma 3.13).

On the other hand, in the language of simple polytopes, simplicial wedge constructions
appeared in the work of Wall [Wal80], and later they were intensely used in [LAM89] and
[GL13] by Lépez de Medrano and Gitler. In these works, this construction (also named
as the Buchstaber construction) is closely related to a class of open book constructions on
certain transverse intersections of real quadrics with the unit spheres: they are smooth
manifolds homeomorphic to the polyhedral products indicated above.

Based on the characterization work of Davis for real moment-angle manifolds (see
Theorem 3.7), we shall proceed with homology manifolds, and consider the infulence of
a simplicial wedge construction on associated manifold. Consequently, in Section 3.1, a
necessary and sufficient condition that a moment-angle complex (D?, S1)¥ is a topological
manifold is obtained (see Theorem 3.16). In Section 3.2, we give an alternative proof of
Theorem 3.7, which is an adaptation of the approaches in [BP02] and [Dav08]. In Section
3.3, we analyse the topological open book construction by cochains, and illustrate that
the augmented simplicial cochain complexes of all full subcomplexes of K are sufficient
to give the cohomology of the real moment-angle complex (D', S°)%7 in the form of the
cohomology of a differential graded algebra R} J (see Corollary 3.35). This idea follows
that of Baskakov-Buchstaber-Panov [BBP04], [Pan08] for H*((D?, S')X).

Throughout this chapter, let K be an abstract simplicial complex with ground set [m];
for w C [m], the full subcomplex K, will be denoted as K],.

3.1. KJ and simplicial wedge constructions

DEFINITION 3.1 (see [BBCG10a]). Let 8 be the category induced by K, in which
objects are simplices of K, and morphisms are inclusions. Let T be the category of
topological spaces and suppose (X, A;)™, are m pairs chosen from ¥. The polyhedral
product functor determined by (X;, A;)7, and K is given by

D: g — %
18
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sending each object o € R to the space

D(o) = HYZ-, where Y; =

=1

X,L' ifie g,
A; otherwise.

The colimit of D (see Definition A.1) is referred to as the corresponding polyhedral product
and will be denoted as ((X;, A;)™,)%. If all m pairs (X;, A;)™, are homeomorphic to a
given one, (X, A), then ((X;, A;)"™ ) will be abbreviated as (X, A)X.

It can be checked that the polyhedral product ((X;, A;)™,)% is homeomorphic to the
union |J, 4 D(0). For instance, a real moment-angle complex (D', S°)¥ is the polyhedral
product with m pairs (D!, S°).

DEFINITION 3.2. A subset of [m] not contained in K is called a missing face of K, if
all of its proper subsets are simplices of K.

For abstract simplicial complexes K; and K, with disjoint ground sets Vi and V5,
respectively, their join is defined as

Ky x Ky ={01Uoy | 01 € K1,09 € K>},

with the new ground set V; U V,. Let v € K be a vertex (i.e. card(v) = 1), then the link
of v in K is given by

Link(v, K) ={c € K| (vUo) € K,uvNo = 0};

the link of a vertex in |K| refers to the geometric realization of the associated link with
the form above.

Clearly, each 7 C [m] not contained in K must contain certain missing face of K, and
vice versa. Thus with a given ground set, K is completely determined by its missing faces.
For example, the (m — 1)-simplex A™! consisting of all subsets of [m] has no missing
faces, and any K C 2™ with no missing faces must be A™1.

DEFINITION 3.3 (see [ BBCG10b]). Let J = (n;)", be a sequence of positive integers
with N; = Z;Zl nj, ¢ = 1,2,...,m. For each missing face 7 = {iy,42,...,4} of K, let
7(J) = {By, Bi,, ..., By} be a subset of [N,,], such that B;, is a block of consecutive
indices from Nj,_1 +1 to Ny, _1 +n;, (here we set No = 0), j = 1,2,...,1. Let K.J the
abstract simplicial complex with ground set [N,,], given by its missing faces: as 7 runs
through the missing faces of K, every 7(J) is a missing face of K.J, and all missing faces
of KJ are of this form.

Note that by definition, we have card(7(J)) = > .., n; for each missing face 7 of K.
KJ=Kifandonlyifn,=1foralli=1,2,...,m.

For the sequence J = (n;)™,, let D™ be the unit n,-disk with its boundary S™ 1.
Observe that (D™, S™~1) is homeomorphic to a pair of polyhedral products

(]m-ya]m) _ ((Dl’ So)mrly (Dl’ So)amrl)‘

LEMMA 3.4 (see [BBCG10b)]). The polyhedral product ((D™,S™~1)™ )& is homeo-
morphic to the real moment-angle complex (D', S9)%7.
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PROOF. Let f;: (I, 0I") — (D™, S™~') be m chosen homeomorphisms a priori,
i=1,2,...,m,and let f; = (f1, f2,..., fm): IV = T[[~, D™ be their product. Clearly
f7 is a homeomorphism.

Denote by KJ the category induced by K.J, and suppose D;: RJ — ¥ is the polyhe-
dral product functor defining (D*, S°)%7. Now we define a map

Fy: (DL S0 —— [T, D"
(39) Dy(0") ——— f1(Ds(0")).
Note that by passing each ¢’ € K(.J) to the colimit, F; is well-defined and continuous.

We claim that with its image restricted to ((D", S™~1)™ )X F; is a bijection. Since
(DY, S°) 57 is compact and ((D™, S™~1)m )& is Hausdorft, if follows from the claim that
F; is closed thus it induces a desired homeomorphism.

To prove the claim, we check the image of F;. Choose a point = = (z;)7*, € [[;~, D™
with z; € D™, i =1,2,...,m, by definition, x € (D", S™~1)™ )X if and only if

o, :={i€[m]|x; € D"\ S" '}
does not contain any missing faces of K (see Definition 3.1). This happens if and only if
Tp-10y(J) = {Bi | [t () e I\ oIy

does not contain any missing faces of K'J, i.e., 0y-1,)(J) € KJ (where B; is a block of
consecutive indices
Nia+1,Nia+2,..., Ny + 1y,

with N;_1 = 23;11 n;). Therefore the claim follows. O

REMARK 3.5. As mentioned in Section 2.3, a topological space X is a homology n-
manifold (without boundary) if it has the same local homology groups with R™. Using
the long exact sequence of relative homology groups, it turns out that (see for example,
[Mun84, Theorem 63.2, p. 375; Exercise 1, p. 377]) a polyhedron X (see Definition 3.21)
is a homology n-manifold if and only if, with any given triangulation of X, the link of
each vertex has the homology of an (n — 1)-sphere.

DEFINITION 3.6. Let n be a positive integer, and let |K| be the geometric realization
of K.

(1) |K|is a generalized homology (n—1)-sphere (abbr. GHS™ '), if | K| is a homology
manifold and has the homology of an (n — 1)-sphere.
(2) |K| is a PL (n — 1)-sphere (abbr. PLS"™"), if |K| is PL homeomorphic to the
boundary of an n-simplex (see Definition 3.21 for details).
(3) |K|is a polytopal (n—1)-sphere (abbr. PS" 1), if | K| is simplicially homeomorphic
to the boundary of a convex n-polytope P" C R".
We say that the corresponding real moment-angle complex (D, S°)X is polytopal, if | K|
is a polytopal sphere.

THEOREM 3.7 (see [Dav08, Theorem 10.6.1, p. 197], [Dav83, Section 17]). Let
(DY, S°)E be a real moment-angle complex. Then

(1) (D', S)X is a homology n-manifold if and only if | K| is a GHS™ .
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(2) It is a topological n-manifold if and only if |K| is a GHS™ ', which is simply
connected when n —1 # 0, 1.

(8) It is a PL n-manifold if and only if | K| is a PLS"™".

(4) It is homeomorphic to a smooth manifold if |K| is polytopal.

REMARK 3.8. Panov and Ustinovsky [PU12] proved that the last statement in The-
orem 3.7 can be generalized to the case when K is induced from a complete simplicial fan
(which is equivalent to the condition that K is star-shaped). The last statement can be
strengthened that, there is a piecewise differentiable homeomorphism from (D!, S%)E to
a smooth manifold embedded in R™ (see, for example, [Cail4, Lemma 6.3]).

CONVENTION 3.9. In what follows, “|K| is a sphere” means that it is either a GHS,
a PLS or a PS. Correspondingly, a manifold may refer to either a homology manifold, a
topological manifold, a PL manifold or a smooth manifold. If we say that a polyhedral
product ((D™,S"=1)™ K is a smooth manifold, then K shall be implicitly assumed to be
polytopal.!

PROPOSITION 3.10. Let J = (n;)™, be a sequence of positive integers with N, =
Yo ni. Assume that |K| is a sphere of dimension n — 1, then |KJ| will be a sphere of
the same type and of dimension N,, —m +mn — 1. Moreover, |KJ| is simply connected,
provided that N, > m and n # 1.

COROLLARY 3.11. Suppose (D, S)E is a manifold of dimension n, then the polyhedral
product (D™, S™~ )™ VK is a manifold of the same type and of dimension N, —m + n.
Moreover, ((D™,S™~1)m VK is always a topological manifold whenever N,, > m.

To prove Proposition 3.10 and Corollary 3.11, we need to understand K.J in more
detail.

DEFINITION 3.12 (see [ BBCG10b], [PB80, p. 578]). For i =1,2,...,m, let v; = {i}
be the ¢-th vertex of K. The simplicial wedge of K on v;, being an abstract simplicial
complex with ground set [m + 1], is defined as

(40)  Kuv; = ({i,i + 1} * Link({i}, K)) | ({1} * Klpmpgy) | ({4 135 Klpapgy)

such that for j =i+ 1,714 2,...,m, the original label of the j-th vertex of K is shifted to
j + 1 (see Figure 1 for an illustration). Other labels are preserved.

It is easy to check that if K is the boundary complex of an (m — 1)-simplex A™~! then
Kwv; is the boundary complex of the m-simplex A™, ¢ = 1,2,... m. This observation can
be generalized as follows.

LEMMA 3.13 (see [ BBCG10b)|). Kwv; is simplicially isomorphic to K J; (see Definition
3.3), with
Ji=(1,...,1,2,1,....1),

1S, Choi and H. Park [CP13] had already considered the star-shaped cases, which we will not discuss
here.
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1 1
D 6
2

4 3 5
3 2

L 4

O
3 5
4

Figure 1. From K to Kuv,

whose i-th entry is 2 and other entries are 1. Consequently, simplicial wedge constructions
are commutative in the following sense: for i € [m] and j € [m + 1],

{va—lvz' ifg>1+1,

K?}ﬂ)j ==
Kvjviy  otherwise,

and KJ can be obtained by N,, —m simplicial wedge constructions consecutively on K.

PROOF. By their definitions, Kv; and K J; are both simplicial complexes with ground
set [m + 1], thus it suffices to check their missing faces. Let 7 C [m] be a missing face
of K. According to (40), (a) if @ € 7, then it will be a missing face of Kv; (whose labels
may be shifted); (b) otherwise by the observation above, 7 U {i + 1} is a (label-shifted)
missing face of Kv;. Conversely, it can be checked that any missing face of Kv; comes
from either (a) or (b), namely in the form 7(J;) in Definition 3.3. As 7 runs through
missing faces of K, we find that all missing faces of Kv; coincides with those of KJ;. The
second statement follows from the definition directly. O

The following two lemmas are well-known:

LEMMA 3.14 ([CP13, Proposition 2.2, p. 8]). |Kwvi| is PL homeomorphic to the sus-
pension S|K| = |S° x K| (here S° consists of two points not contained in K ).

Proor. It suffices to show that, after a subdivision, Kv; is simplicially heomeomor-
phic to S® x K (see [RS72]). The subdivision is constructed as follows: first add an
extra vertex labeled by m + 2 to the middle point of the edge {1,2}, then generate other
simplices in subcomplexes {1,m + 2} x Link({1}, K) and {2, m + 2} * Link({1}, K), re-
spectively. This is well-defined by (40). To see its relation with S° x K, we relabel the
vertices of K: label the first vertex {1} by m + 2, and then shift the label i to ¢ + 1 for
each i = 2,3,...,m (see Figure 2); after this we take joins {1} % K and {2} x K, with {1}
and {2} being considered as two external points, whose union along the common part K
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1 7

Figure 2. The suspension

givens SY x K. By sending vertices to those with the same labels, |S? * K| is simplicially
homeomorphic to |Kw|. O

LeEMMA 3.15. |K| s a PLS"™" (resp. GHS™ ') if and only if |S° * K| is a PLS"
(resp. GHS").

PROOF. (The case when |K| is a PLS"™'.) For the “if” part, we use the fact that,
if a PL homeomorphism (A,a) — (B,b) between polyhedra sending point a to b, then
|Link(a, A)| is PL homeomorphic to Link(b, B), for any triangulations on A and B with
a and b respective vertices (see [RS72, Lemma 2.19, p. 21]). Since the link of a vertex in
the boundary of an (n 4 1)-simplex bounds its opposite face, i.e. an n-simplex, and the
link of a point of S in |S° x K| is |K|, the conclusion follows from the fact above. The
“only if ” part follows from the fact that the suspension of a PL (n — 1)-sphere is a PL
n-sphere (see [RS72, Proposition 2.23, pp. 23-24]).

(The case when |K| is a GHS™'.) Now the “if” part follows from Proposition 3.22,
since K is a link in S x K. For the “only if” part, a standard argument using Mayer-
Vietoris exact sequence shows that

H; (|18°* K|) = H;_y (|K]),

thus |SY x K| has the homology of an n-sphere. It remains to show that |Link(v, S% * K)|
has the homology of an (n — 1)-sphere. This is clear when v € S° Otherwise suppose
v € K, we have

Link(v, S° * K) = S° x Link(v, K)
where |Link(v, K)| has the homology of an (n—2)-sphere. Then we can repeat the previous
argument to complete the proof. 0
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PrROOF OF PROPOSITION 3.10. By Lemma 3.14, every simplicial wedge construction
will increase the dimension by one, therefore the dimension of |K.J| can be deduced from
Lemma 3.13, which is N, —m +n — 1.

Without loss of generality, suppose KJ = Kwv;.

(The case when |K| is a GHS™™'.) Since (local) homology groups are topological
invariants, by Lemma 3.14, it suffices to consider the suspension S|K|, which is proven in
Lemma 3.15.

(The case when |K| is a PLS"'.) By Lemma 3.14, |Kv,| is PL homeomorphic to
S|K|, thus again we can use Lemma 3.15.

(The case when |K| is a PS""'.) This is well-known and we omit the proof here (see
[CP13, Proposition 2.2, p. §]).

The second statement follows from the van Kampen theorem. 0J

It turns out that Corollary 3.11 follows from Proposition 3.10 and Theorem 3.7, except
for the case n = 1, i.e. K consists of two points (m = 2). But in this case | K| is polytopal,
hence (D!, S%)%7 is a topological manifold.

THEOREM 3.16. Let J = (n;)™, be a sequence with constant integers n; = 2. Then
(D', S°)K7 s a topological (n+m)-manifold if and only if | K| is a GHS™'. Respectively,
it is a PL (n 4+ m)-manifold if and only if |K| is a PLS"",

PROOF. In either case, the “if” part follows from Corollary 3.11 and Theorem 3.7,
respectively. For the “only if” parts, we claim that |Kwv;| is either a GHS" or PLS",
then |K| must be of the same type. By Theorem 3.7, starting from K.J, as a GHS or a
PLS obtained from K via m simplicial wedge constructions consecutively, the statement
follows by using the claim for m times.

Notice that by the PL homeomorphism between |Kv;| and |SYx K|, it suffices to prove
claim for |SY * K|. This is done in Lemma 3.15. O

REMARK 3.17. By Lemma 3.4, the theorem above gives a necessary and sufficient
condition for a moment-angle complex (D? S)X to be a topological manifold. But for
the PL case, we can only say that (D?, S1)X is homeomorphic to a PL manifold, since it
does not have an obvious PL structure a priori.

By Proposition 3.22, |K| is a GHS" ' if and only if K is Gorenstein* over Z (see
[BP02, Theorem 3.38, p. 46]).

3.2. An alternative proof of Theorem 3.7

Since the language Davis used to prove Theorem 3.7 is not standard for most toric
topologists, this section is devoted to a more direct proof, which is adapted from [Dav08,
Chapter 10].

The approach is as follows. First we triangulate (D!, S°)% by a homeomorphism
uy: UG, |KL]) — (D', S%)% with U(G,|K’,|) a simplicial complex, such that wu, is
linear when restricted to a simplex in U(G, |K' |) (see (46) for more details). This part
is adapted from [BPO02, Chapter 4, pp. 53-55]. With this triangulation at hand, the
barycentric subdivision of | K| appears as the link of a vertex in (D!, S)% from which we
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get the necessary conditions for (D!, S®)¥ to be a manifold of certain type (see Convention
3.9). The main task is to show that these conditions are also sufficient.

In what follows, let K’ be the derived complexr of K, in which a simplex is in the
form of a dimension-increasing sequence of simplices in K, such that a simplex of lower
dimension is included in those of higher dimensions. The augmentation K’ means the
first simplex in each sequence of K’ can be the empty set. Geometrically, |K’| is the
barycentric subdivision of |K|. |K'| is a cone over |K’| with the collapsed end point
corresponding to the sequence (()).

The star of a simplex ¢ in K is defined as

(41) Star(o, K) ={r e K |o C 1}
From Definition 3.2, immediately we have o * Link(o, K) = Star(c, K).

DEFINITION 3.18 (The Basic Construction [Dav08, Chapter 5]). Suppose (X, Fx) is
a topological space with a system of subspaces Fx = {Xi,...,X,,}, and let (G, S) be
a group finitely generated by S = {s1,82,...,Sn}. Let X; be the intersection of all X;
with i € I C [m], and for a subset T' C S, Gr refers to the subgroup generated by 7" (it
is convenient to set Xy = X and Gy as the identity). The associated Basic Construction
U(G, X) is a G-space

UG, X) = (G x X)/ ~,

where (g, x) ~ (¢, 2') if

z=1"€ X, and g7'¢ € Gy,

}iEIcc )

where I, := {I C [m] | x € X;}, and the G-action follows

Jglg.x]=1lg'g,7]

for [g,2] e U(G, X ) and ¢ € G.

It is easy to check that this G-action is well defined.

Throughout this section, let G be the group (Z2)™. Consider the canonical action of
G on R™ generated by
(42) Si(xh sy Li—15 Ly Lit1s - - - 7xm> - (l’l? sy Li—1y T Tgy L1,y - - - 71'771)7
i =1,2,...,m. It can be checked that the quotient space (D', S°)X /G of the induced
action on (D', S%)K is
(43) Xi= (J{@r, . am) €10, 1™ |25 =1if j ¢ o}

ceK
PROPOSITION 3.19. Xk is simplicially homeomorphic to |K'.|. More precisely, let

p: K — R™ be the map given by

0 ife€o0,
(44) plo) = (1, Tm), == ,
1 otherwise,
for o € K, and denote by ¢': |K' | = Xg the simplicial map derived from ¢, i.e. for

o' € K/, being a dimension-increasing sequence (04,0, ...,03) with o5, C 04, j =
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0,1,....1—1,
(45) o' (lo']) = 1(p(0i), 0(03,), - - -, 0(03)),

where the object on the right-hand side is the simplex linearly spanned by corresponding
vertices. Then @' is a homeomorphism.

This is a direct consequence of the following lemma, on the decomposition of cubical
complexes (see [BP02, Chapter 4, p. 53]).

LEMMA 3.20. For the cube C, = {(x1,...,2m) € [0,1]" | z; = 1 if j & 0} where
o C [m] with card(c) = k, there is a simplicial decomposition
Co = U ()0/(‘0-/|)
0'/6(20_);
where o’ runs through (27)". as dimension-increasing sequences. (As the power set of o,

27 is an abstract simplicial complezx of dimension k —1.)

PrOOF. Consider those simplices 0’ € (27)', of maximal dimension k: each is a se-
quence of the form

o' = (00,01,...,0%),
where op = 0, 0, = 0 and card(ai) —i,i=0,1,...,k (p(0:))r, gives rise to a path
with k 4+ 1 nodes ordered by 0, 1,...,k, from ¢(0) = (1,1,...,1) to ¢(o), such that each

node has coordinates with values O or 1, and adjacent nodes (x;)/*, and («})™, in order

have Euclidean distance 1, with z; > 2 for i = 1,2,... ,m. It turns out that the nodes
on each path linearly spans a simplex of dimension &, such that the interiors of these k!
different simplices and those of their boundaries give rise to a partition of C, (see [ES52,
p. 68]). O

Now we use the basic construction to triangulate (D', S°)%. Denote by ¢': |K’| —
(D', S°)% the composition of ¢’: |K’,| — Xk and the obvious inclusion Xx — (D', SY)¥
Let |K,| be equipped with the system Firy| = {F\,Fy,...,F,}, such that a simplex |¢’|
belongs to F; if and only if ¢'(|¢’|) is fixed by s;, i.e., points with i-th coordinate 0.
Clearly o’ is a sequence with each simplex containing ¢ € [m]. It follows that F; =
|Star (({z}), K')|. Let U(G, |K".|) be the resulting space of the basic construction, and let
u, be the G-map defined in the bottom row of the diagram

K

A X

G ‘K’ Dl SO
(46) [g, ]»—>gso< )
in which i(x) = [1,z]. We see that U(G,|K",|) is a simplicial complex with each simplex
of the form [g,|0'|], g € G and ¢’ € K, and u, is a homeomorphism preserving the
G-action, which is linear when restricted to a simplex in U(G,|K" |) (see Proposition
3.19).

Next we turn to the proof of Theorem 3.7. Before that we need some preparations.
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DEFINITION 3.21. A subspace X C R™ is called a polyhedron if each point x € X has
a neighborhood of the form =z L, = {tzx + (1 —¢)l | | € L,,t € [0,1]} € X, with L,
compact. A (continuous) map f: X — Y between two polyhedra X and Y is piecewise
linear (abbr. PL) if for all y € Y with a given neighborhood U, there is a neighborhood
xx L, for each x € f~(y), such that f(zxL,) C U, with f(tx+(1—t)l) = ty+(1—1) f(1),
foralll € L, and ¢ € [0, 1].

A triangulation of X is a PL homeomorphism f: |Kx| — X such that the restriction
of f to each simplex in |Kx| is linear. X is an unbounded PL n-manifold if |Link(v, Kx)|
is a PLS""" (see Definition 3.6), for any vertex v € K.

Note that every polyhedron admits a triangulation, which is unique up to PL homeo-
morphism (see [RS72, Theorems 2.11, 2.14, pp. 16-17]). Up to PL homeomorphism, the
link of each vertex in a PL manifold (without boundary) is independent of the triangula-
tion (see [RS72, Lemma 2.19, p. 21]).

Using the cone construction (see [RS72, Lemma 1.10, p. 8]), the cone over a PLS" "
is PL. homeomorphic to an n-simplex A", by extending the defining homeomorphism
PLS"! — OA™ linearly to the collapsing point (this is a crucial difference between PL
and smooth categories).

In what follows, a PL (resp. homology) n-disk refers to the cone over a PLS" !
(resp. GHS™ ™ 1); if n = 0, PLS™! and GHS™! are both empty, and the cone over which is
a point. All manifolds mentioned are assumed to have no boundaries.

The following proposition is well-known, and we shall omit the proof here (see [RS72,
Exercise 2.24(3), p. 24], [Mun84, Section 63, Exercise 2, p. 377], respectively):

PROPOSITION 3.22. Suppose that a polyhedron X is a PL (resp. homology) n-manifold
with a given triangulation f: |K| — X. Let 0 € K be a k-simplex with k > 0, then
|Link(o, K)| is a PLS" " (resp. GHS™*~!) in | K| (which is empty when k = n).

For a simplex ¢ in K, denote by L'(0) the subcomplex of K’ consisting of all sequences
with o the first simplex, namely a simplex in L'(0) is a sequence of the form (o,...). For
example, if o is a vertex, then we have L'(0) = Star ((0), K').

COROLLARY 3.23. Let |K| be a PL (resp. homology) (n — 1)-manifold and let |K’|
be its barycentric subdivision. Then for a k-simplex o in K with k > 0, |L'(0)| is a PL
(resp. homology) (n — k — 1)-disk in |K'|.

PROOF. Let o}, = (09,01, ...,0%) be any sequence in K’ with o, = o, such that the
dimension of |o;| is i, 4 = 0,1,..., k. It can be checked that
(47) L'(0) = Star ((0), Link(o},, K)) .

Then the statement follows from Proposition 3.22, since |K| is PL homeomorphic to

K. O

Now we prove Theorem 3.7. Let (D!, S°)% be the polyhedron equipped with the
triangulation uy : U(G, |K'|) — (D, S%)%, as in (46).

First assume that (D!, S°)% is a PL (resp. homology) manifold. Let z, € (D!, S%)¥ be
the point with constant coordinates 1. By definition, Link (u;,l(:p+), U(G,|K"])) coincides



28 3. POLYHEDRAL PRODUCTS AS REAL MOMENT-ANGLE COMPLEXES

with Link ((¢')"!(z4), |K.|), which is | K’| (see Proposition 3.19). Therefore |K| is a PLS
(resp. GHS) by Proposition 3.22. This gives the necessary condition for (D!, S°)X to be
a PL (resp. homology) manifold. For the condition that it is a topological manifold, we
need the following famous theorem (see [Dav08, Theorem 10.4.10, p. 194]):

THEOREM 3.24 (Edwards [Edw78], Freedman [Fre82|). For n > 3, a polyhedral
homology n-manifold is a topological manifold if and only if the link of each of its vertices
is simply connected.

When (D!, S%)¥ is an n-manifold with n = 1,2, |K| is S° or an m-gon, thus is
polytopal.

THEOREM 3.25 ([Dav83, Section 17, pp. 321-323]). (D', S%)% is homeomorphic to a
smooth n-manifold, provided that |K| is a PS™™".

It remains to prove the sufficient conditions in other cases. For a k-simplex o € K
(k > 0), denote by S (0) the subcomplex consisting of all sequences in K., such that
each simplex appearing in the sequence is a proper face of o. That is to say, every simplex
of maximal dimension in 5’ (o) has the form o’ = (09, 01,...,04) with card(o;) = 1,
i =0,1,..., k. Hence (gp(ai))fzo is a path with k 4+ 1 nodes in the cube

Cr = {(@)y € (0,1 |2, = 1if j £ o),

such that the ending node has distance 1 from (o) (see Proposition 3.19, Lemma 3.20
and the proof for details). It follows that

(48) w [ asiol] = U g (15400)])

gEG{si QEG{S-

Yieo itico

is the PL k-sphere bounding the (k 4 1)-cube C! := {(x;)*, € [-1, 1" |z, =1ifi & o}
(s; is the reflection changing the sign of the i-th coordinate, see (42)).

Recall that, for two polyhedra X and Y embedded in R¥ if for all points z € X,
y €Y and t € [0, 1], we have

tr+(1—-ty=t2+1-t)y

only when t = ¢ = 0 with y = ¢/, or t =t/ = 1 with x = 2/, then we say that their
external join exists, which is defined by

X«Y={te+(1—-t)y|ze X,yeY,tel0,1]}.

If either X or Y is empty, say Y = (), then X * Y always exists and is defined to be X.
It can be checked that if |K;| and | K| are embedded in RY such that |K| * | Ks| exists,
then it is a geometric realization of the join K; x K5, and in this case we write

| K| * | Ko = | Ky * K.
For three polyhedra X, Y and Z such that X «Y and (X *Y) x Z exists, we have
(49) X*Y=Y*X and (X*xY)xZ=X=x(Y x2%)
up to PL homeomorphism (see [Mun84, Lemma 62.4, p. 371}).
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LEMMA 3.26. Suppose that |K| is a PLS" ™" (resp. GHS™ ') with n > 3, and let o be
a k-simplex of K with k> 0. Then

(50) N@)= |J g/ (i@ =L@N) = U 9o (L)) | *¢' (L' (o))

9€G (si}ico 9€G (s} ieo

is a star of the point ¢’ (|(0)]) = p(o) in (D, S°)X, in which the link of ¢’ (|(0)|) is a
simply connected PLS" ™" (resp. GHS" ).

PROOF. As a sequence of simplices of K (may start with (}), each simplex in S, () ends
with a proper face of o, and each simplex in L'(o) starts with a simplex containing o, the
join S’ () x L' (o) is well-defined: the join of two simplices is the new sequence connecting
them. With the same reason the external join ¢’ (|S'.(0)]) * ¢’ (|L/(c)|) exists. Note that
each simplex in ¢’ (|L'(¢)|) is linearly spanned by those points with i-th coordinate 0, for
all i € o (see Proposition 3.19), hence ¢’ (]L'(0)]|) is fixed under Gys,y,.,, by which (50)
holds.

We have shown that

i€o)

Str=|J  9¢ (19,(0))

gEG{Si}iEG

is a PL k-sphere in both cases (see (48)), hence by Lemma 3.15, it has the form
Spr = |S°] *|8%] % - |5,
e
up to PL homeomorphism. On the other hand, by (47), ¢'(|]L/(c)|) is a cone () * S7—+=2
with S?%=2 a PLS" "2 (resp. GHS"*?), then by (49) we have

N(o) = Spp* (¢ ([(0)]) % Sg7"7%) = (Shy, * S5757%) x ¢(0)

= lSO] * [S9) - % |SO\I*S;L_’“_2 x (o).

k+1

Therefore the statement follows from Lemma 3.15. The simple connectivity can be de-
duced from the van Kampen theorem, with the assumption n > 3. 0

PROPOSITION 3.27. If |K| is a PLS™™! (resp. GHS™ ') with n > 3, then (D', S°)¥ is
a PL (resp. homology) manifold of dimension n. Moreover, it is a topological manifold,
provided that | K| is simply connected.

PROOF. Let (D', S%)% be triangulated by u,: U(G, |K'|) — (D', S")*. We need to
check the links of all vertices. Since G acts on (D', S°)X simplicially, it suffices to consider
the vertices contained in the image of ¢', each of the form (o) with o € K.

If the dimension of ¢ is non-negative, then by Lemma 3.26, N (o) contains the desired
link, which is always simply connected. Otherwise suppose o = ). By the definition of
Uy, the link of ¢(0) in (D', S%)X is |K’|, which is PL homeomorphic to |K|. Then the
whole proof is completed by Edwards-Freedman Theorem 3.24. U
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3.3. Cochains and the topological open book constructions

CONVENTION 3.28. In what follows, suppose that |K| is a GHS™ !, and the ground
set of K is [m].

e Let (X, Xy, Xo) be a triple of polyhedra in R™, such that
X = (D' S, X\ =X (@)t € R™ |2 >0}, Xo = X[ [{(z:)f € R™ [ 21 = 0}.
e Respectively, let (X', X", X{) be a triple of polyhedra in R™*!, such that
X7 = (D' S (Yt € B ad 4 < 1),
X=X (W) e R™ oy > 0}, Xg = X[ (@) e R™ 2y =0},

in which Kv; is the simplicial wedge on the first vertex (see (40) for definition).

Observe that from the convention above, X is the union of X, with its image un-
der the reflection in R™ changing the sign of the first coordinate, along their common
part Xo. Moreover, X, is a disjoint union of 2™~ copies of the polyhedral product
(D', §O)Link{11K) here k is the number of vertices in Star ({1}, K). For the same reason,
X can be embedded in X' as its boundary X, since Link ({1}, K'v;) coincides with K,

after a label-shifting (see (40), together with Figure 1 for an illustration).

REMARK 3.29. It is not difficult to show that (X, X,) and (X, X) are pairs of
homology manifolds. if |K| is a PLS, it follows from Lemma 3.15 that they are two pairs
of PL manifolds. If |K] is a PS, it can be shown that these pairs are homeomorphic to
pairs of smooth manifolds (see [GL13]).

Notice that X, may not be a topological manifold even if X is: a link in a simply con-
nected GHS can be non-simply connected (consider the suspension of a Poincaré homology
sphere).

Note that X’ is the polyhedral product associated to K, with the first pair (D?, S1)
and the other pairs (D!, S%), which is homeomorphic to (D!, S°)%%1. A key ingredient to
consider X’ is that it can be endowed with the S!-action

St x X/ X'
(51) (eﬁe, (1,9, T3, . .. ,a:m)> (21 cos 0, zo8in 60, x3,...,2,),

such that the quotient space can be identified with X
X' Xy
(w1, T2, T3, - ., T > (\/ 23 + 23, T3, ..., Tpy).

Consider the projection

X' [0,1]
(xla Loy T3y ... 7xm) S \V/ «T% + x%,

the two parts p~* ([0,1/2]) and p~! ([1/2,1]) decompose X’ into the union
X; x §'| Jox, x D* =0 (X, x D?),
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which is compatible with the S'-action (51) (here 90X, = X;). Therefore, X’ can be
constructed as an open book, where X is the leaf and X, the binding, such that the
holonomy is trivial.

The remaining part of this section is devoted to understanding these open book con-
structions at the cochain level. Recall that the cohomology of (D!, S°)¥ is isomorphic to
that of the differential graded algebra Rj, (see Definition 2.1, Lemma 2.3); R} can be

decomposed as a direct sum B, Ri|o, where Ryl is closed under the differential d,

wC[m
and it is generated by those reduced monomials of the form u?t*\? (¢ € K) such that

o Cw.

DEFINITION 3.30. Let Kwv; be the simplicial wedge of K on the i-th vertex. Denote
by w;: Ry — Rj, the additive homomorphism such that for each reduced monomial
u’t?\? € RY.|,, with card(o) = p, we have

gi(0)¢ei(w)\ei(o) p e
(52) wi(uatw\o) _ u t G RKW i (w) if ¢ Q w,
wfi@)gei(W)\ei(o) g i+l Rl;{t)i s (w)Ufi+1} otherwise,

where g;: 2™ — 2+l is a label-shifting map sending each 7 = {j,}\_, to &i(7) =
{5i o, in which j;, = ji if jr. < i and j, = ji + 1 otherwise (thus the label i 4+ 1 is
skipped in the image), and ¢;(0) = 0.

THEOREM 3.31. The homomorphism w;: Ry — Rj, preserves the differential d
on both sides, inducing an additive isomorphism H*(Rg) = H*(Rg.,). More precisely,
between

H*(Rx) = € H*(Rkl,) and H*(Rgn)= @B H*(Rgulw).
wC[m)] w/C[m+1]

w; induces isomorphisms

(53) Hp(RK|w) = HPH(RKW Ei(w)U{iJrl})
if 1 € w, and isomorphisms
(54) H?(Rilw) = HP(Bi,le; ()

otherwise, for all p > 0.

PROOF. By their definitions, it is straightforward to check that for every w C [m], the
restriction of @; to R, with its image in Rj, |c,w) (1 € w) or Ry, | gty (1 € w),
is a monomorphism preserving the differential d on both sides. Since when ¢ ¢ w, the

full subcomplex K|, is simplicially isomorphic to K., (), (54) follows from Theorem 2.5
(notice that H°(Rg.,,) = H°(Rxw,|0))-
It remains to prove (53). Suppose i € w. By definition, we have i € g;(w) while

(1+1) & e;(w). For each p > 0, consider the exact sequence

p @i p+1
0 — RE|, —=— Ry

cutivy —— R,

ai(w)u{i+l}/R§(|wui+l — 0,

in which RE|,u"™ is denoted as the image of RY |, under w;. We claim that each

relative cohomology group HP™ (R (i e;wutit1}, Riclwu't) vanishes. Then (53) fol-

lows by using the long exact sequence. To prove the claim, consider those cochains in
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R]}’;r&i})|ei(w)u{i+1} /R |,u't: they are generated by monomials of the form

(55) (uatai(w)\(au{i})ui) pitl
with o C g;(w) \ {i} such that o € K and card(c) = p, or by those of the form
(56> (uU'tEi(w)\U'> i+l

with 0/ C g;(w) \ {i} such that ¢’ € K and card(¢’) = p+ 1. We find that those terms
appearing in the parentheses of (55) and (56) are in one-one correspondence with the
ci(w), 1-€., Star ({z}, Kv; Ei(w)) (see
(40)), by sending each dual simplex o* to ut*/“)\?. Thus we can extend it to be a cochain

simplicial (p + 1)-cochains of the full subcomplex Kv;

map
= 1 i
CP(KUi|ei(w)> - R?({i})‘si(w)u{iJrl}/R%w“ !
by multiplying ¢! from the right, because

d((c. )" = (d(. )+ (AT

where the second summand vanishes in the quotient group (recall that dt‘*! = vi*1).
Then the acyclicity of Star ({i}, Kv;|.,()) implies that the claim holds. O

Let KJ be the construction given in Definition 3.3. By Lemma 3.13, KJ can be
obtained by a sequence of consecutive simplicial wedge constructions, and here we specify
the following one (the order is from left to right):

(57) KJ =K UmUm+1 """ Umtnm,—2 Um—1Um " Um—14np_1-2 """

vV
Ny —1

Um—it14nm—it1—2 Um—iUm—it+1 " " Um—idng,_;—2
A g

v
nmfi—l

Um—i—1"" " UV24ny—2 311112 . 'Ul+n17g,
VT

ni—1

where if n; = 1, the block marked by n; — 1 shall be deleted.
Let R}, ; be the algebra associated to KJ. With respect to (57) we define compositions

Wny, = Wk4np—2© *** O W41 © Wk,
for k =1,2,...,m, and consider the cochain map
W'y = Wy, O Wpy O+ O Wy,
sending each monomial u’t*\* € R} to @/, (u’t*\?) € R} ;. Suppose w = {iy,ia,... %}

with i1 < iy < ... < 4 and
uatw\a — xilxiz . _xil (xij — uij or tij)’
then by (52), when k > i), @,, will not change the form of u“t“\° until k = i, i.e.,

opw\oy\ __ ow\o\ __ 01,02 i, B
Wis, Tngy 1 * Ty (W) = o, (u7E2V) = 22 o u,

where
B.={k+1,k+2,....k+n, — 1},
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which is empty when ny =1, k= 1,2,...,m. As k decreases, next non-trivial term will
not appear until £ = 4;_;. That is to say,

(58)

Wniy_ Wngpa+1 " Wagy (uatw\a) = Wn;_ 1 Wn,, (uatW\U>

= gl .xi’”xi;uBgz uBi-
= (_1)(”1'1,1—1)(71”—1+deg(zll))mi1xi2 o l’il_luBilfllL‘i;uB;“
s ’L'lfl o
where 7; =9 + Zj:il—l(n] 1) and
azl -l -1
5% . . .
B ={ii+1+ E (nj —1),9,+2+ g (nj—1),...,04+n —1+ E (n; — 1)},
J=i-1 J=t-1 j=ij_1

due to the label-shifting. This calculation implies that we can set blocks

o =twP and = viuP

to simplify the image of @’}

DEFINITION 3.32. Suppose that J = (n;)7; is a sequence of positive integers, and
(D", Smi=h)m | are corresponding pairs of disks and spheres. Let R*.J be the differential
graded algebra given as the quotient of the free Z-algebra, generated by 2m generators v;
and w;, 1 = 1,2,...,m, with deg(v;) = n; and deg(u;) = n; — 1, respectively, subject to

relations
o . o , ' if deg(x?) = 0,
(59) wizd = (1B e iy (i) = 8(@)
0 otherwise,
where 2 is u' or v, for distinct i,j = 1,2,...,m, together with
e . vt if deg(u?) = 0,
uv' =0, vu' = 8()
0 otherwise,
foralle=1,2,...,m.

We say that a monomial in R*J is reduced if it is written in the square-free form

v°u” = x'. .. 2™ where ¢ and 7 are disjoint subsets of [m], with 2 = ?" for i € o, 2! = U’
for i € 7, and 2* = 1 (the identity with degree zero) otherwise.

The differential d satisfies
(60) d(zy) = (dz)y + (=1)**z(dy)
for homogeneous elements z,y € R*J, with
dv' =0, da'=7" and dl =0.
For a simplicial complex K with ground set [m], the corresponding Stanley-Reisner

ideal TeJ C R*J is generated by all square-free monomials of the form v”, where 7 is not
a simplex of K.
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The differential graded algebra (R}, J,d) is defined to be the quotient R*.J/ZxJ en-
dowed with the differential d above. A reduced monomial in R}, J is the (non-trivial)
image of a reduced monomial in R*J under the quotient homomorphism.

Note that R}, has 23" n,; generators while Rj.J has 2m.

DEFINITION 3.33. Let J = (n;)™, be a sequence of positive integers, with N; =
Z}Zl n;. Denote by w;: R} — R} J the homomorphism sending each reduced monomial
ut\ = glz? .. 2™ to

(61) w](uatw\a’> _ (-1)1/(0’“))?}/0’17‘“\0 _ (_1)V’(o,w)y1y2 o ym’
where y'y?. .. y™ is the full form of the reduced monomial 7°%*\?, and as a mod 2 integer,
(62)
Vow) = Z (deg(y") — deg(z")) Zdeg(yj) = Z(nl — lcard({k € o | k > i}) + co,
i=1 j>i i€w
where

is a constant about w.

LEMMA 3.34. Let @’;: R — Rj; be the homomorphism by composing the sequences
of wi: Ry — Rj,, with respect to (57). Then @, coincides with w;, if we set

vuP =7 and tP =T

Here B; = {i+1,i4+2,...,i+n; — 1} (which is empty when n; = 1) i = 1,2,...,m.
Consequently, the homomorphism wy is a cochain map preserving the differential d on
both sides.

PROOF. This follows from the definitions and the calculation (58). Here we check the
cochain map (61) directly. First note that from (62), we have
Ve U{i},w) — 1V (o,w) = Z (ng — 1)
k€w,k<i
for any ¢ € w \ 0. By taking d on both sides of (61), it turns out that (in what follows
suppose k € w)
w; (d(uatw\a)) _ Z (_1)Card({k60\k<i})wj (uau{i}tw\(au{i}))

i€Ew\o
(cu{i})eKw

— Z (— 1)Card({kEU\k<i})+V’(UU{i},w)gUU{i}gW\(UU{i})

i€w\o
(cu{i})eKw

_ Z (_1)card({k€a\k<i})+zk<i(nk71)+V’(a,w)@/o'u{i},l’l’w\(a'u{i})

i€Ew\o
(cu{i})eKw

— Z (_1)Zk<i,k€o— ”k+2k<i,kew\o("k_l)""’/(va)”ﬁOU{i}ﬂw\(UU{i})

i€w\o
(oU{i})EKu
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—d ((_1>y’(o,w)'i}*cfﬂw\a) 7
where the last equation holds by (60), with deg(v*) = n), and deg(u*) = ny, — 1. O
We shall end this section with the corollary below, which follows directly from Theorem

2.5, Lemma 3.4, Lemma 3.13, Theorem 3.31 and Lemma 3.34:

COROLLARY 3.35. The cohomology of the polyhedral product ((D”i,S”i_l)zil)K is
isomorphic to that of Ry J, with degrees and products preserved. Moreover, there is a
degree-shifting cochain map

Descjm) O (Ko) ——— Ry J
o* N (_1)V’(o,w)’1‘)’aﬁw\0;
in which o € K|, and V'(o,w) is defined by (62), such that it induces an additive isomor-
phism when passing to cohomology.



APPENDIX A

Colimits and Chain equivalences

This part is devoted to the proofs of several properties we have used so far.

A standard description of the colimit that we have used in the definition of polyhedral
products (see Definition 3.1) is given in Section A.1 (see [May99]).

Section A.2 is based on the related materials from [Mun84]|, in which we treat the
chain complex C, (D', $°)¥) defined in Section 1.1 as a colimit colimC,|y (see Diagram
(71)), which is chain equivalent to the singular chain complex S, ((D*, S°)%) (see Propo-
sition A.12).

Following [Spa66, Section 6, Chapter 5], Section A.3 is devoted to extending Whit-
ney’s formulae (16) and (17) (see Theorem A.20). Then we obtain the desired formulae
for cup and cap products in a real moment-angle complex (see Chapter 2).

A.1. Colimits

DEFINITION A.1. Let F': 2l — € be a functor between categories 2 and €, where 2 is
small (i.e. 2 has a set of objects). Any object C' of € determines the constant functor C'
that sends each object of 2 to C', and sends each morphism of 2 to the identity morphism
of C.

Denoted by colimF' the colimit of F', which is an object of €, together with a natural
transformation 7: F — colimF, such that for any natural transformation 7: F — C
with C' arbitrary, there is a unique morphism ¢;: colimF — C in €, with the property
wr o1 = 7. That is to say, for each morphism f: a — o’ in 2, we have a commutative

diagram
F
F(a)\ ik F(a)
7 colimF’
l%pi-

Notice that the uniqueness of colimF' can be deduced from that of each morphism ¢-.

For instance, let K be an abstract simplicial complex with ground set [m] and ¥ be
the category of topological spaces. We treat K as a category R, in which objects are
simplices and morphisms are inclusions, then the geometric realization functor

G: R — %

sends each o = {ig,i1,...,%,} to the linear simplex spanned by {e;,,¢€;,,...,¢€;,} C R™,
where e; is the i-th canonical basis element in R™. We call colimG the geometric realization
of K and denote it by |K].

36
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A.2. Chain equivalences

DEFINITION A.2. Let € be the category of chain complexes endowed with chain
maps as morphisms. A chain complex refers to a graded Abelian group endowed with a
boundary operator shifting the degrees by one,! and chain maps are homomorphisms
preserving degrees and boundary operators. A chain homotopy between chain maps
f1, fa: (C1,01) — (Cs,0s) is a homomorphism D: C; — Cy shifting the degree up by
one, such that

fo=fi=Do0+0,0D.

A chain equivalence between (Cy,0;) and (Cy, 03) refers to a chain map f: C) — Cy
together with its chain-homotopy inverse g: Cy — (', such that there is a chain homotopy
between g o f and the identity morphism of (', together with a chain homotopy between
f o g and the identity morphism of Cs.

The dual of an object (resp. a morphism) in € is the corresponding object (resp. mor-
phism) with respect to the Hom-functor.

It is straightforward to check that if there is a chain homotopy between f; and fs,
then the dual of the chain homotopy gives a cochain homotopy between their duals f; and
fs, respectively; moreover, f; and fy (resp. f; and f5) induces the same homomorphisms
between corresponding homology groups (resp. cohomology groups).

Let Si: © — € be the singular chain functor sending each space X to its singular
chain complex (S.(X),0), in which the subgroup of p-chains shall be denoted as S,(X).

DEFINITION A.3. Let X = [[*, |K;| be the product space of m compact simplicial
complexes |K;|, i = 1,2,...,m. Assume that X is endowed with a cell structure to be a
CW complex, with each cell being a product of m simplices

(63) 01| X o] X ... X |om|, oi€ Ki, i=1,2--,m,

and suppose A C X is a subcomplex with respect to this cell structure. Let 21 be the
subcategory of ¥ with objects as cells contained in A and morphisms as inclusions, and
let Si|a: A — € be the restriction of S, to 2, sending each cell e4 € A to Si(ea).

REMARK A.4. In what follows we shall implicitly use the fact that € is cocomplete,
namely colimF' always exists as a suitable object of &€, for any functor F' with € as the
target category, whose source category is small (see [May99]).

By Definition A.1 there is a unique chain map
(64) ia: (colimSi|y, ) —— (Si«(A),0)

induced by chain inclusions S,(e4) — Si(A) for each e4 € A. Here the boundary oper-
ator of colimS,|y is defined by composing each 0: S.(e4) — Si(ea) and 7., : Si(ea) —
colimS, |y, and then passing to colimit.

REMARK A.5. It turns out that colimS,|y is generated by those singular simplices
whose image lies in some cell e4 € A. With the fact that in a CW complex, each cell is a

Lif the boundary operator in a chain complex increases the degree by one, we shall call it a cochain
complexr with associated coboundary operator
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deformation retract of its certain neighborhood, it can be proved that i4 in (64) induces
a chain equivalence (see [Mun84, pp. 179-180]).

DEFINITION A.6. Let ™ be the m-fold product category of topological spaces, whose
morphisms are m-tuples of continuous maps, and let S : " — € be the functor sending
[T~ X; to the chain complex )., S.(X;), such that the boundary operator is generated
by

(65) O9(0} @ ... @05) = (1)<t 0 @dof®... @0,
i=1
in which o} € S,(X;) is a singular simplex, i = 1,2, ..., m. Here the subgroup of p-chains

is given by

S(X)= P Q) S5(X).

YLy pi=p i=1

To proceed, we need the following fact:

THEOREM A.7 (Eilenberg-Zilber [EZ53]). There is a natural transformation T be-
tween S, and S, as functors from T™ to €, inducing a degree-preserving chain equivalence
between them. Moreover, T is unique up to natural chain homotopy.

That is to say, for such a natural transformation 7" there is a natural transformation
T §” — S, together with natural transformations Dg: S, — S, and Dg: S, — S’
shifting the degree up by one, such that

(66) Tl oT —idg =00 Dg+ Dgod
and
(67) I—VOjﬁ_l—idS;/k :aS/ODS/+DS/085/’

where idg, (resp. idg;) is the identity of S, (resp. S.). Moreover, if we have two such
natural transformations 7" and 7" from S, to S., then there is a natural transformation
D': S, — S., such that

T’—T:é?S/oD’+D’08.
The following construction provides an explicit natural transformation in Eilenberg-Zilber
theorem A.7:

DEFINITION A.8. Let X = []*, X; be an object in ™. Suppose that for each non-
negative integer p, A? C R? is the simplex spanned by vertices ¢y = O (the origin in RP),
e1, €z, ..., €, with labels 0, 1, ..., p, respectively, where e; is the i-th canonical basis
vector in RP. We treat each singular p-simplex in X as a continuous map AP — X. The
Alexander-Whitney chain map TV : S.(X) — S.(X) is defined by sending each singular
simplex f(AP) to the sum
(68)

TV (F)(AF) = Z Ji(Alig,i) ® f2(A|i1i0) @ - @ frn (A |[is i)

0=ip<i1<...<tim—1<im=p
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where f = (fi, fa,--, fm), such that f 1 (AP|, .): AW+ 749 — X is defined by
composing fjy1: AP — X4, and A%+17% — AP that is linearly spanned by mapping
vertices of A+ to those of AP labeled from 4; to i;11, respectively, with the order
preserved, j =0,1,...,m — 1.

It can be checked directly that T¢" is a desired chain map for each given X € T™,
which is natural with respect to morphisms in <.

THEOREM A.9. Let T be the natural transformation in the Eilenberg-Zilber theorem
and let (X, A) be the CW pair given in Definition A.3. Denote by S.lq: A — € the
restriction of S, to 2A, then we have the commutative diagram

(5:(X),0) — (Q, S.(|K:]), 0s')

(69) i) Al
(colimS, g, O) LN (colimS, |o(, Os),

in which Ty induces a chain equivalence.

PRrROOF. By Definition A.1, j4 and j/, are the unique morphisms defined via each
inclusion e, — X, with e4 running through cells in A, and T4 can be defined by passing
compositions T¢, : Si(ea) — Si(ea) and 77, : Si(ea) — colimS, |y to colimit. Boundary
operator dss on colimS! |y can also be given in this way.

Likewise, T, : colimS’ |y — colimS|y is defined by passing the compositions of chain-
homotopy inverse Tzl(EA): Si(ea) — Si(ea) and 7., : Si(ea) — colimS,|y to colimit. At
last, natural transformations Dg and Dg in (66) and (67) can be extended over colimits
colimS, |y and colimS’| 4, respectively, due to their definitions on each piece S,(es) and
S.(ea), and the naturality. Then the statement follows. O

Next we turn to the relation between the simplicial and singular chain complexes. The
following theorem is fundamental (see, for example, [Mun84]):

THEOREM A.10. Let K be an abstract simplicial complex with the simplicial chain
complex (C.(K),0"). With a partial ordering of the vertices of K that induces a total
ordering on each simplex, the chain map

¢ Cu(K) S. (| K1)
(70) 0 = [Vigs Viys - - -, Uy | —— (Vi Vi s - - -, V5,),
induces a chain equivalence, such that its chain-homotopy inverse ¢~ satisfies
ST (U(Vigs Viys - -+, 03,)) = [Vigs Vigs - -+, 03]
Here v, < vy, < ... < wy, is in the given ordering and l(viy,v;,,...,v;,): AP — |o] is

linearly spanned by corresponding vertices.

Let (®;, Ci(K;),0c) be the tensor product of simplicial chain complexes C,(K;),
with each K given an ordering a priori. Suppose d¢ follows (65) with ds/ replaced by ¢
and singular simplices replaced by simplicial ones, respectively. A well-known construction
implies that the chain equivalence (70) can be extended over tensor products, as in the
following lemma.
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LEMMA A.11. The chain map
< QL CuK), 0c) — (QiLy S (IKl), Os1)
01Q ... QO m——>¢(01) @ ... Gnlom)

induces a chain equivalence, where ¢;: C.(K;) — S.(|K;|) is defined by (70) for i =
1,2,...,m. Moreover, < is natural with respect to m-tuples of simplicial maps.

PROOF. Clearly ¢ is a well-defined chain map. It suffices to show that ' = ¢;' ®
6 '®...®¢, ! is the chain-homotopy inverse of ¢, where g; ! is the chain-homotopy inverse
of ¢; with chain homotopies D;: C.(K;) — C.(K;), such that

¢loc—idj=doD;+D;0d

with id; the identity of C,(K}), i = 1,2,...,m. With a direct calculation, it turns out
that Do: Q- Cu(K;) = Q" C\(K;) defined by

De(or®-- @ o) = 3 (1) %< o g (01) @ ' 0 p00) @ -+
i=1

& §Z~__11 06Gi-1(0i-1) ® D;i0; ® 041 @ -+ @ Oy,

satisfies

¢ lod—idg, = dc o Do+ De o g,
in which ide, is the identity of (Q);-, C«(K;),0c). Similarly, we can construct a chain

homotopy for (Q;", S.(|K;|), Ds), thus the first statement follows. By the construction
above, the second statement follows from the naturality of each ¢;, i =1,2,... m. U

Now let (X, A) be the CW pair given in Definition A.3, and let C,|y: 2 — € be the
functor sending each object e4 = [, |oi| to @~ , Ci(0;). Since morphisms (i.e. inclu-
sions) in A are simplicial, colimC|y is well-defined. Moreover, from each chain inclusion
X", Ci(os) = Qi Cu(K;) with eq =[], |o;| running through all cells of A, we have
a unique chain map j’i: colimCl|y — Q" C\(K;).

With a proof similar to that of Theorem A.9, it can be shown that diagram

(@, C.(Ky),00) —— (@, S.(|Kil), ds)

(71) al Al

. g .
(colimC, |y, 0c) —2=  (colimS’|y, s/,
commutes, in which ¢4 induces a chain equivalence.
Here we make a conclusion to end this section.

PROPOSITION A.12. Let (X, A) be the CW pair given in Definition A.3. Then
colimCl |y is generated by chains of the form o1 @ ... ® oy, where [[I%, |oi| is a cell
of A, and the boundary operator Oc satisfies

m

80(0'1 ®X...R Um) = Z(—1)2j<ideg(0j)01 XR...00;,1X a/O'Z‘ X Oit+1 X... 0,
i=1
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on each generator. Then the sequence

(72) S.(A) G colimS, | A colimS” |y LN colimC, |9

induces a chain equivalence between (S.(A),0) and (colimCily, Oc), yielding an isomor-
phism H.(A) = H,(colimC\|y, Oc).
Moreover, as the dual of (72), the sequence

i* —1 ~\—1
S*(A) & Hom(colimS, |y, Z) kb Hom(colimS, |y, Z) & Hom(colimC |y, Z)

induces a cochain equivalence between (S*(A),d) and (Hom(colimClly, Z),dc), where §
and 0c are the duals of O and Oc, respectively, and hence we have the isomorphism
H*(A) = H,(colimC\|y, d¢).

A.3. On cup and cap products

Let S*: ¥ — € be the functor of singular cochains, sending each space X to S*(X) =
Hom(S.(X),Z). Let Oy: S*(X) @ S*(X) — Hom(S.(X)Q S.(X),Z) be the cochain
map given by

(73) Oa(c” @ c?)(cq @ qy) = (e ) (g ),

for each " @ P> € SPY(X) @ SP2(X) and ¢y, @ ¢y, € S (X) Q) Sy, (X), respectively. Note
that ¢ (c,, )cP*(cy,) vanishes if either p; # g1 or ps # ¢o.
Consider the sequence

(74) Su(X) — (X x X) 2% 8(X)® S.(X),

in which d, is induced by the diagonal map d: X — X x X, and T is the natural
transformation in the Eilenberg-Zilber theorem A.7, with m = 2. To define the cap
product, we need a homomorphism

h: S*(X) Q) Su(X) @ Si(X) — S, (X)
(75) (P, cry @ Cpy) (Cry)Cry -

With a straightforward calculation, it can be checked that h satisfies the following prop-
erty: for ¢ € SP(X) and ¢, € S(X x X) = @D, ,,,—, S (X) ® S, (X) (see Definition
A.6),

(76) doh(cP c.)=(=1)"Ph(0c", ¢,) + h(cP, Dsrc,).
DEFINITION A.13. The cup product —: S*(X) @ S*(X) — S*(X) is a homomor-
phism defined as the composition d* o 7%, y o 02, where d* and T%,  are the dual maps

of d, and T'x.x, respectively (see (74)).
The cap product ~: S*(X) Q) S.(X) — S.(X) is a homomorphism defined as

&’ ~ = h(, Txxx od.(c)).

Immediately from the definition above, formula (76) can be interpreted as

(77) o ~¢)=(—-1)"Pd" ~ ¢, + P —~ Oe,.
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Notice that we have already defined the simplicial cup and cap products by (18) and
(26), respectively. The following (well-known) lemma shows that how they are related
with Definition A.13:

LEMMA A.14. Suppose that K is a simplicial complex with a partial ordering on
vertices, such that it gives a total ordering on each simplex. Let ZT?(V'VX|K| S (| K| x|K|) —
S(|K]) Q S«(|K]) be the Alexander-Whitney map with m = 2 (see (68)), then the bottom

rows of the commutative diagrams

S (IK) @ S*(IK]) —— S*(IK])

C(K)QRQC*(K) —— C*K)
and
S*(IK) @ Su(|K]) —— S.(|K])

lg*@;‘l lfl
C*K)QCL(K) —— C.(K)

give the simplicial cup and cap products, respectively, where s induces the chain equivalence
between the simplicial and singular chain complezes (see (70)), and ¢* is the dual of <.

Proor. Without loss of generality, we may assume that [vg, vy, . .., Upi4] is an oriented
simplex in Cpi,(K) (i.e., vg < v1 < ... < Upsq is in the given ordering) with p +¢ = r.
Choose ¢? € SP(|K|) and ¢? € S9(|K]), respectively, then a direct calculation shows that

$*(cP) — <" () ([vo, v1, - - ., Uptq))
=cl — Cq(§([U07U17 ce a%-&-q]))
=c” — A(l(vo, V1, - - -, Vpiq))

=0(c? ® ) (T|K|X|K| od, (l{vg,v1, ..., Vp1q)))

p+q
=0,(c’ @ 7) {Zl Vo, V1, -+ -5 V) @ UV, Vig1, - - - ,vp+q)} due to (68)
=c” (I(vo, v1,...,0p)) ? (L(Vp, Vpt1, - - - s Uptq)) s

yielding (18) (see Theorem A.10). As for the cap product, similarly we have

$*(”) ~ [vo, V1, - -+, Upg]

-1 Zh cplvo,vl,...,vi)®l(vi,vi+1,...,vp+q))>

(
(
1<h (¢, Tiiclx © du (1vo, V1, -, V) )
=
=

TP (g, Vgsts -5 Vgup)) L{vo, v, - . ,vq)> by Theorem A.10
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(78) =c’ (l(vq’ Ug+1s - - - vvq+p)) [vo, V1, -+ 7“(1]7

from which (26) follows. O

CONVENTION A.15. In what follows, we shall use the notation 7: S, — S, to denote
the natural transformation in the Eilenberg-Zilber theorem A.7. In particular, we need
T? to define the cup and cap products (see Definition A.13).

Now we consider functors from T™ to €. Let X = [[\", X; be an object in ™ with
diagonal maps d;: X; — X; x X;, 1 =1,2,...,m, then we have a diagram

d* T)2(><X
Se(X) =5, (X x X)—5,(X) Q) 5.(X)

T ® Tiy
Ty Qi1 5:(Xi) @ QL Su(Xi)
TR N
(79 @i, 5.6 P Wgyn (s.00) @ 5.0,
in which the homomorphism (2 is defined as follows: let ®/,c,, ® ¢, be a chain from

®;11 Spi (Xz) ® Sth (Xz), then

(80) Q(®L10p, B ¢q) = (-1)* (®L10p,) @ (®Lyy,), K= Z%‘ ija
i=1

J>i

namely the mod 2 integer x is generated by the rule that, every time an interchange of the
positions of two homogenous elements gives rise to a summand of x, which is the product
of their degrees.

PROPOSITION A.16. As homomorphisms from S.(X) to @~ S«(X;) @ ., S.(X;),
Qo (TR ux, 0 (di)) o T and  (T¥ @ TY) o T,y 0 d.

are both chain maps, as natural transformations between functors from ™ to €. More-
over, the two chain maps above are differed by a natural chain homotopy, i.e. a natural
transformation between the two functors above, inducing a chain homotopy when the space
1s specified.

As a conclusion, Diagram (79) commutes, up to natural chain homotopy.

PRroOF. The first statement, i.e. {2 is a chain map, can be checked by a direct calcula-
tion. The second one follows by the Acyclic Model Theorem (see [EM53]), with models
as 2m-product of simplices (see [Spa66, Section 6, Chapter 5, p. 252] for the details of
the case m = 2, and the proof for the general case is similar). O

Now we define a canonical cochain map (sometimes called an evaluation map) analo-
gous to (73), namely
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such that .
0@ ) (@) = [[ (e

i=1
for @™ ¢ € @, SP(X;) and @ ¢, € Q. Sy, (X;). Observe that in the bottom row
of the diagram

Hom(S.(X), Z) @5.(X) @S.(X) —— S.(X)

(T;)ﬁ Tﬂ I l

Hom(S(X), Z) @S1(X) @S.(X) —— 81(X),
we can define the homomorphism % by replacing S,(X) and S*(X) with S,(X) and
Hom(SL(X),Z) in (75), respectively, such that the diagram above is commutative in

SE

the following sense:

LEMMA A.17. Assume that ¢ € @, S*(X;) is a p-cochain and ¢,,,c,, € S«(X) are
two chains of degrees r1 and ro, respectively, we have

(81) Tx o h((TX')" 0 0(c”), cr, @ ¢1y) = W(O(c?), TX (¢r,) © TX (cry))-

Henceforth in this section, let (X, A) be the CW pair given by Definition A.3. and
occasionally we shall identify S*(A) with Hom(colimS, |y, Z), as discussed in Remark A.5.
Recall that in Theorem A.9, we have defined the unique chain map 77" : colimS,|y —
colimS! |y, by passing sequences

Su(ea) —As S'(en) —As colimS fa,
to colimit, e4 € A. Let ja: colimS,|y — S.(X) and j;: colimS, |y — SL(X) be the chain

maps induced by inclusions e4 — X, with their duals j% and (j’4)*, respectively.

LEMMA A.18. The diagram

. T3« 400 . .
colimS, |y - colimS, ]y &) colimS, |y
(82) T;”l TE@T;\”\L
QO(®£1T\QK.|X‘K.‘°(di)*)
colimS,, |y — > colimS’ |y @) colimS”, |y

commutes, up to chain homotopy.

PROOF. By Proposition A.16, the statement holds if A is an m-fold product of sim-
plices.

Suppose that in the top row of Diagram (79), X is replaced by e4. With e4 running
through all cells of A, we see that the composition T3, 4 o d, is well-defined by passing
T2, ., © di to colimit. Similarly, Qo (®;7;1T‘2Ki|X‘Ki| o (d;)«) can be defined through each
S.(e4). The chain homotopy colimS,|y — colimS.|y &) colimS, |y can also be obtained
from all pieces e4 € A. O

PROPOSITION A.19. Assume that ¢ = Q" c’ € @, SPi(

@iz S

r-chain from colimS. |y, where eq =[]~ |0:| is a cell of A. Then by a diagram chasing

K;|) and ¢ = @ ¢t €
K;|) are two cochains of degree p and q, respectively, and ¢, = QI c,, is an
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on
(83)
T2 od,
S.(X) 22X S.(X) @ S.(X)
‘ JA ®JA/,
JA
. TEXXA © d* . .
colimS, |y colimS, |y @) colimS, |y
Ty 7 @ T
¥ ‘ Q T2 o (d; IH ety
T (R | K| % | K| o ( )*f , ,
colimS, |y colimS|g @) colimS,, |y
P N
i 4 ®J

@il S-(|Ki) @iy S (1K) Q Qi S« (1K)

Qo (@71 T, x iy © (di))
and its dual diagram, the following properties holds:
(1) let K be the mod 2 integer 37" q; >, i, we have
(84) (T4')" o (Ja) 0 0(c”) — (T4)" o (j2a)" 0 0(c") = (=1)"(TY)" o (jla)" 0 O(R[Ly " — %),
up to cochain homotopy from Q- S« (|K:]) @ @i, Si(|Ki|) to colimS., |y, where
the cup product on the left-hand side is the one in S*(A), (T{")* the dual of T'y";
(2) let v be the mod 2 integer 377" p; d .o (ri
(T)" 0 (74)" 0 0(c") ~ (TF) " (er) = (=1)"(TX) (@Lyc” —~ )+
(85) (Th) ™" o h((i)" 0 0(c"), Dsrxsr © D(c,) + D o dsi(cy)),
in which we treat j's(c,) = ¢, since they have the same form, and

D: colimS. |y — colimS., |y ® colimS! |y

— pi), we have

is a chain homotopy, Osxs the boundary operator in colimS.|y @) colimS, |y.

PROOF. Clearly Diagram (83) is a combination of Diagrams (79) and (82). For the
first statement, we proceed as follows:

(T3 0 ()" 0 0(c”) — (T')" o (j2a)" © 6(c*)
=d" o (T},4)" ot <(T2”)* o (ja)" e (") @ (TY)" o (Ja)" 0 9(0‘1)) by Definition A.13

=i 0 d" o (Thx)" 0 0 (TR) 0 0(e) & (TR)" 0 0(c"))
=j% o (T¢)" o (R,d; o (T|K x|x))") 0 2" 0 Ba(0(c”) @ 0(c?)) by Proposition A.16
—(—1)"ji 0 (TR)" o (&11d; o (Thyxire)") © O Sy a(e™ @ ) by (30)

=(=1)"a o (TX)" 0 0(®ZL ¢ — ™)
(=1)*(TH)" o (ja)" 0 (@2, " — c*),
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thus (84) holds.
Now we prove (85). First we can do the expansion (the subscript at the bottom of a
chain means its degree)

Qo (®2'W;1T\2K¢\><\K¢\ © (dl)*) (CT) = Q( ®?i1 (Ch‘*m ® Epi + Z Cri—q; ® qu‘))
9iFPi
= (_1)V (®zr’ilc7“i—pi) ® (®;‘ilépi) + L,
where the last term L € @, S.(|K;|) @ Qi S«(|K;]) is a sum with each summand
of the form a ® 3, in which 8 = ®[",¢;, such that at least one ¢; is not p;. Therefore,
h((j’y)* 0 0(cP), L) vanishes since degrees do not agree (see (75)). On the other hand,

h((G)" 0 0(e). (S71ri—p) @ (@147 ) = [] @) (@Frerion)

= @y (e T iy © (di)eler)) = BT ~ oy,
where the last term is in S,(A). It follows that
(T)" o ({u) 0 0(c") ~ (T4) " (cr)
=h((T%)" 0 (j0)" 0 0(c"), Thx 0 de o (TH) ' (cr))
=(T) o h((J/A)* 0 0(cP), Qo (7L, Tk, iy © (di)) () + Dsrxgr © D(ey) + Do 35'(07«))
=(—1)”(T£”)_1< ®y P~ C> + () o h((i4)" 0 8(¢), dsixs © D(c,) + D o d(c,)),

in which from the second line to the third, we have used (81), and the chain homotopy D
to make Diagram (83) commute (see Lemma A.18). O

Now we turn to the simplicial cup and cap products. Recall that (colimCl |y, Oc) coin-
cides with the cellular chain complex of A, such that each cell e, is a product of simplices
[T~ |oi| (see Proposition A.12), and colimS’|y is generated by all tensor products of the
form ®7,07, such that there exists certain cell [[", |o;| of A, with o a singular simplex
whose image lies in |o;], i« = 1,2,...,m. It follows that j; and j} are monic (i.e. they
are chain inclusions), hence their duals (j,)* and (j’y)* are epic, because colimC\|y and
colimS! |y are both free Abelian groups.

The finiteness of each K; guarantees that 0: ;" C*(K;) — Hom(Q).", C.(K;),Z)

is an isomorphism, therefore we have a sequence of epimorphisms

()"

(86) T, C*(K;) % Hom(Q®", C.(K;),Z) —* Hom(colimC,|y).

We shall end this section with the following theorem, in which the same notations in
Proposition A.12 will be used.

THEOREM A.20. Assume that &® = Q7 c" € Q. CP(K;) is a p-cochain, ¢! =
Q€ Qi C%(K;) a g-cochain, and ¢, = Q¢ € Q. C,,(0;) an r-chain such
that T1;, |oi] is a cell of A. Then we have

() o (Th)" o (SA) "o (Ja) 0 0(c”) — (i) " o (TR)" 0 (S4) " o (74)" © O(c")
(87) =() " o (Th) o () o (j4) 0 O ((—1)" ®y ¢ — ™),
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up to cochain homotopy, where k = ;" | q; > isibj and
(%) o (T)* o (¢4~ Hom(colimC, |y, Z) — S*(A)
is the cochain equivalence, together with
()" o (Th)" o (Ch) ™" o (Ja) 0 0(c”) ~iao (TH) " o <aler)
=i o (T}) " oCu (1) ®Ly & ~ ) +
(88) iao(TH) ™ o h((S) o (j4)" 0 0(c), dsixs 0 D o Suler) + D o dsr 0 Saler)),

with v =730 > s (1i = i)
Moreover, if we give Hom(colimCl |y, Z) the cup-product structure via the commuta-
tivity of the diagram

Xy CH(K) @ Ky C*(K) — Qs C*(K;)
(89) (JQ’;)*@(jﬁé)*l (j;;)*l

Hom(colimC |y, Z) @ Hom(colimC |y, Z) —— Hom(colimCl|y, Z),

I

then by formula (87), after passing to cohomology, we have a ring isomorphism H*(A)
H*(Hom(colimC |y, Z)).

Likewise, if the cap product on colimCi|y and its dual is given by the bottom row of
the diagram

R C(K)® Qi Cu(Ki) — Qi Cu(K)
(90) (j;o*l J’AT J%T
Hom(colimC |y, Z) Q) colimCily —— colimCily

via its commutativity, then by formula (88) it coincides with the one ~: H*(A)QH,.(A) —
H.(A) using singular (co)homolgy.

PRrROOF. By Diagram (71), we have
() o () ef=(a) () ob,
thus (87) (resp. (88)) follows from (84) (resp. (85)) and Lemma A.14.
The second statement follows from the epicness of (j’4)* o 6, as illustrated in (86).
For the last statement, it remains to show that the last summand in (88) vanishes

when passing to (co)homology. Let ¢ be a p-cocycle in Hom(colimCl|y,Z) and ¢, an
r-cycle in (colimCily, Oc), it follows that

h(@)‘l o (j4) 0 0(c"),0sxs5 0 D 0Sa(c,) + Do dg o §A(Cr))
=h((SH)to ('”)* o 9( ) dgrxsr 0 D 0 Sa(&))

=050 h((G2) ™0 (14)" 0 0(@), Do (@) ) £ h(ds 0 (53) " 0 (14)" 0 (@), Do Ga(c,)
=050 h((@)" 0 (14)" 0 (@), Do %a(@) ) = () 0 (14)" 0 0(6e), D o (@)
—dg oh< 0 (@), DO€A(5})>,
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where the third line follows from (76). Since iy and (T77")~! are chain maps, the last
statement holds from the calculation above. 0



Bibliography

[BBCG10a] A. Bahri, M. Bendersky, F. R. Cohen and S. Gitler, The polyhedral product functor: a method
of computation for moment-angle complexes, arrangements and related spaces, Adv. Math. 225
(2010), no. 3, 1634-1668. v, 6, 18

[BBCG10b] , Operations on polyhedral products and a new topological construction of infinite
families of toric manifolds, arXiv preprint arXiv:1011.0094. vi, 18, 19, 21

[BBCG12] , Cup-products for the polyhedral product functor, Math. Proc. Camb. Phil. Soc. 153
(2012), 457-469. v, vi, 6

[BLV13] Y. Barreto, S. Lépez de Medrano and A. Verjovsky, Open book structures on moment-angle
manifolds Z(A) and higher dimensional contact manifolds, arXiv preprint arXiv:1303.2671 (2013).
vi, 11

[BBP04] I. Baskakov, V. Buchstaber and T. Panov, Cellular cochain algebras and torus actions, Russian
Mathematical Surveys 59, no. 3 (2004), 562-563. 6, 18

[BMO06] F. Bosio and L. Meersseman, Real quadrics in C", complex manifolds and convex polytopes, Acta
Mathematica 197 (2006), no. 1, 53-127. vi

[BP02] V. Buchstaber and T. Panov, Torus Actions and Their Applications in Topology and Combina-
torics, AMS University Lecture Series, vol. 24 (2002). 18, 24, 26

[Caild] L. Cai, Norm minima in certain Siegel leaves, arXiv preprint arXiv:1404.1575 (2014); to appear

in Algebraic & Geometric Topology. 21

[CP13] S. Choi and H. Park, Wedge operations and torus symmetries, arXiv preprint arXiv:1305.0136
(2013). 21, 22, 24

[Dav83] M. W. Davis, Groups generated by reflections and aspherical manifolds not covered by Euclidean
space, Ann. of Math. (2) 117 (1983), 293-325. v, 6, 20, 28

[Dav08] , The Geometry and Topology of Cozxeter Groups, London Math. Soc. Monograph Series,
vol. 32 (2008), Princeton Univ. Press. vi, 12, 14, 18, 20, 24, 25, 28

[DJ91] M. W. Davis and T. Januszkiewicz, Convex polytopes, Cozeter orbifolds and torus actions, Duke
Math. J. 62 (1991), no. 2, 417-451. 6

[Edw78] R. D. Edwards, The topology of manifolds and cell-like maps, in Proceedings of the Interna-

tional Congress of Mathematicians, Helsinki 1978, vol. 1, 111-127; Academia Scientiarium Fennica,
Hungary, 1980. 28

[EM53] S. Eilenberg and S. MacLane, Acyclic models, American Journal of Mathematics, vol. 75 (1953),
pp. 189-199. 43

[ES52] S. Eilenberg and N. Steenrod, Fundations of Algebraic Topology, Princeton Univ. Press, 1952. 26

[EZ53] S. Eilenberg and J. Zilber, On products of complexes, American Journal of Mathematics (1953),
200-204. 38

[Fre82] M. Freedman, The topology of four-dimensional manifolds, J. Differential Geometry 17 (1982),
357-453. 13, 28

[GL13] S. Gitler and S. Lépez de Medrano, Intersections of quadrics, moment-angle manifolds and con-
nected sums, Geom. Topol. 17 (2013), no. 3, 1497-1534. vi, 14, 18, 30

[GL13’] V. G. Gutiérrez and S. Lépez de Medrano, Topology of the intersections of quadrics II, CRM
preprint (2013), available at www.crm.cat/en/Publications/Publications/2013/Pr1175.pdf. 14

[LdM89] S. Lépez de Medrano, The topology of the intersection of quadrics in R™, in Algebraic Topology
(Arcata, CA, 1986), Lecture Notes in Math. 1370 (1989), pp. 280292, Springer Verlag. 6, 11, 18

49



50 BIBLIOGRAPHY

[May99] J. P. May, A Concise Course in Algebraic Topology, University of Chicago Press, 1999. 36, 37

[Mun84] J. Munkres, Elements of Algebraic Topology, the Benjamin/Cummings Publishing Company,
California, 1984. 16, 20, 27, 28, 36, 38, 39

[Pan08] T. Panov, Cohomology of face rings, and torus actions, London Mathematical Society Lecture
Note Series 347 (2008), 165. 6, 18

[PU12] T. Panov and Y. Ustinovsky, Complex-analytic structures on moment-angle manifolds, Moscow
Math. J. 12 (2012), no. 1, 149-172. 21

[PB80] J. S. Provan and L. J. Billera, Decompositions of simplicial complexes related to diameters of
convex polyhedra, Mathematics of Operations Research vol. 5 (1980), 576--594. 18, 21

[RS72] C. P. Rourke and B. J. Sanderson, Introduction to Piecewise-Linear Topology, Springer-Verlag,
Berlin, 1972. 22, 23, 27

[Spa66] E. Spanier, Algebraic Topology, Springer-Verlag, New York, 1966. 36, 43

[Wal80] C. T. C. Wall, Stability, pencils and polytopes, Bull. London Math. Soc. 12 (1980), 401-421. 6,
18

[Whi38] H. Whitney On products in a complez, Ann. of Math. (2) 39, no. 2 (1938), pp. 397-432. 7, 11



	Introduction
	Acknowledgements
	Chapter 1. The cellular chain complex
	1.1. A cellular decomposition
	1.2. A change of basis
	1.3. Cohomology

	Chapter 2. Cup and cap products
	2.1. The algebra RK* and the cup product
	2.2. RK*-module C*( (D1,S0)K) via the cap product
	2.3. Alexander Duality

	Chapter 3. Polyhedral products as real moment-angle complexes
	3.1. KJ and simplicial wedge constructions
	3.2. An alternative proof of Theorem 3.7
	3.3. Cochains and the topological open book constructions

	Appendix A. Colimits and Chain equivalences
	A.1. Colimits
	A.2. Chain equivalences
	A.3. On cup and cap products

	Bibliography

