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Abstract

Instability of plane Poiseuille flow in viscous compressible gas is investigated.
A condition for the Reynolds and Mach numbers is given in order for plane
Poiseuille flow to be unstable. It turns out that plane Poiseuille flow is un-
stable for Reynolds numbers much less than the critical Reynolds number for
the incompressible flow when the Mach number is suitably large. It is proved
by the analytic perturbation theory that the linearized operator around plane
Poiseuille flow has eigenvalues with positive real part when the instability
condition for the Reynolds and Mach numbers is satisfied.
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1 Introduction

This paper is concerned with the stability of plane Poiseuille flow of the compressible
Navier-Stokes equation. We consider the following system of equations

0;p + div (pv) = 0, (1.1)
P00 + 0 - V) — pAD — (p+ ¢ )Vdive + VP(p) = pg (1.2)
in a 3-dimensional infinite layer 2, = R? x (0, ¢):

Q=1{7=(7,%3) : ¥ = (T1,72) € R} 0 < T3 < (}.



Here p = p(Z,1) and © = " (0*(&,1),9%(Z,1),9%(Z, 1)) denote the density and velocity
at time ¢ > 0 and position & € Qy, respectively; P = P(p) is the pressure that is
assumed to be a smooth function of p satisfying

P'(p.) >0
for a given constant p, > 0; pu and y' are the viscosity and the second viscosity
coefficients, respectively, that are assumed to be constants and satisfy

2
p>0, §u+u’20;

div, V and A denote the usual divergence, gradient and Laplacian with respect
to Z; and g is a given external force. Here and in what follows '- stands for the
transposition.

We assume that the external force g takes the form

g = geéq,

where ¢ is a positive constant and e; = (1,0,0) € R3.

The system (1.1)—(1.2) is considered under the boundary condition
3,—00 = 0 (1.3)

It is easily seen that (1.1)-(1.3) has a stationary solution s = ' (¢, 7s) satisfying

(53 = Px, Vg = P
2p

3%3(6 — 5?3)61,

that is the so-called plane Poiseuille flow.

The aim of this paper is to give a condition for the Reynolds and Mach numbers
in order for plane Poiseuille flow to be unstable.

The function u, is also a stationary solution of the incompressible Navier-Stokes
equation

divo =0, (1.4)
P« (070 + 0 - V1) — pAv+ Vp =0, (1.5)
17|5;3=0,£ =0 (1.6)

with p = p.g7;.

It is well known that stationary parallel flow of the incompressible Navier-Stokes
equation is in general stable under arbitrary size of initial perturbations in L? if
the Reynolds number R is sufficiently small. Furthermore, plane Poiseuille flow is
stable under sufficiently small initial perturbations if R < R, for a critical number
R. ~ 5772, and unstable if R > R..

In the case of the compressible Navier-Stokes equation, Iooss-Padula [1] investi-
gated the linearized stability of stationary parallel flow in a cylindrical domain under
perturbations that are periodic in the unbounded direction of the domain. It was



shown in [1] that stationary parallel flow is linearly stable for suitably small Reynolds
number. In [2] (cf., [3]), nonlinear stability of parallel flow in the infinite layer €2,
was studied; and it was proved that parallel flow is asymptotically stable under per-
turbations sufficiently small in some Sobolev space over (), if the Reynolds and Mach
numbers are sufficiently small. In this paper we will show that plane Poiseuille flow of
(1.1)-(1.2) is linearly unstable if (3/ Re+1/Re’)/Re < 30(1/280—1/Ma*)/Ma?, pro-
vided that Ma? > 280. Here Re, Re’ and Ma are the numbers given by Re = 16R,
Re’ = 16R’ and Ma = M/8 with the Reynolds number R, second Reynolds number
R’ and Mach number M defined by

2u 20 Vo o

Here V4 is the maximum velocity % of plane Poiseuille flow. In particular, this
result shows that there appears an instability even when R < R, in the case of
compressible flows.

To prove our result, we consider the spectrum of the linearized operator under
periodic boundary condition in &' = (x1,x9) to find eigenvalues with positive real
part. As in the case of cylindrical domain analyzed in [1], the linearized operator
generates a Cg-semigroup on L2, (Pay.a, X (0,1)). Here P, o, denotes the basic
period cell [-X, =) x [-X, =) with ag,as > 0. We will investigate the spectrum

a1’ ag az’ ag
of the linearized operator on L2, (Pa, 0, X (0,1)) for sufficiently small a; and oy by

er
using the analytic perturbatioriJ theory to obtain our instability criterion mentioned
above.

This paper is organized as follows. In section 2 we deduce a non-dimensional form
of system (1.1)—(1.2) and rewrite it into the system of equations for perturbations.
We also introduce notations used in this paper. In section 3 we state the main result
of this paper precisely. Sections 4-6 are devoted to the proof of the main result. In
section 4 we consider the Fourier series expansion in 2’ = (1, Z3) € Pa, o, and reduce
the spectral analysis of the linearized operator to the one for the Fourier coefficients
that are functions of z3. Section 5 is devoted to the study of the spectrum of the zero
frequency part of the linearized operator. In section 6 we investigate the spectrum
of the low frequency part of the linearized operator by the analytic perturbation
theory and complete the proof of our instability result.

2 Preliminaries

In this section we first deduce a non-dimensional form of system (1.1)-(1.2) and
then give the system of equations for perturbations. In the end of this section we
introduce function spaces used in this paper.

We introduce the following non-dimensional variables:

O 4 -
T =Lz, tzvt, 0 =Vuv, p=pp, P=pV?P



with

Lgl*
v =29t

1
Under this transformation, €2, is transformed into 2 = Q;:

Q={r=(2",23) : 2 = (v1,75) € R* 0 < w3 < 1}.

Using the relations 0; = 19,, 0; = ¥0,, we see that (1.1) and (1.2) are trans-
formed into
Op + div (pv) = 0, (2.1)

p(Oww +v-Vv) —vAv — (v + V' )Vdive + VP(p) = vpe;. (2.2)
Here, div, V and A denote the divergence, gradient and Laplacian with respect to
x; and v and v/ are the non-dimensional parameters given by

!/

Lk
p V'’ PV

To derive (2.2) we have used the relation % = v. The assumption P'(p,) > 0 is
restated as

P'(1) > 0.
We next introduce plane Poiseuille flow. Let us consider the stationary problem
div (pv) = 0, (2.3)
pv - Vv —vAv — (v + 1 )Vdive + VP(p) = vpe; (2.4)

in 2 under the boundary condition
’U|x3:071 =0. (25)

Proposition 2.1. Problem (2.3)—(2.5) has a stationary solution (plane Poiseuille
flow) us = T (ps,vs), where

1
Ps = 17 Vs = T(U;(x3)70a0)7 U;(l‘g) = 5(_55:23 + 1'3).

Proof. Set p =1 and v = "(v'(z3),0,0) in (2.3) and (2.4). Then, since
dive = 0,,v'(23) =0, v- Vo' =0'0,,v (23) =0,

together with (2.5), we have —97 v' = 1 and v'|;,—01 = 0, from which we obtain
v'(x3) = 5(—3 4 23). This completes the proof. O

We next derive the system of equations for perturbations. We substitute u(t) =
Tot),w(t) = "(v2(p(t) — ps),v(t) — vs) into (2.1) and (2.2), where v is the non-
dimensional number given by



Noting that p, = 1, v, = "(v}(z3),0,0) and —Av, = e, we obtain the following
system of equations
at¢ + Uigmgb + ’)/2diV’l,U = f07 (26>

Ow — vAw — oVdivw + Ve — %qﬁel + 010w + (O wie; = f. (2.7)

Here e; = "(1,0,0) € R?; and f° and f = T(f, f3) with f/ = T(f!, f?) denote the
nonlinearities:

[0 = —div (¢w),

f = —w-Vw-— <VAIU + qu561 + vVdiv w>

2+¢)
+5V (PO(y7%0)9) + Wv (P(L+77%¢)) + 5=V (PP (v72¢)67)) ,
where )
PO 20) = [P0y o) ds
0
and )
r20) = [ (1= 0P+ 8770) a9
0
We consider (2.6)—(2.7) under the boundary conditions

W|gg=01 =0, ¢, w: i—’;—periodic in z;(j=1,2), (2.8)

and the initial condition
Ult:O = Uy = T(qbo,wo). (29)

Here o and ap are given positive numbers.

We are interested in the instability of plane Poiseuille low. We will thus consider
the linearized problem for problem (2.6)—(2.9), i.e., with f® =0 and f = 0.

In the remaining of this section we introduce some notations used in this paper.
For given ay, ay > 0, we denote the basic period cell by

We set

Qay a0 = Payan X (0,1).
We denote by C@ET(QQWQ) the space of restrictions of functions in C'*°(€2) which

are P,, ap-periodic in ' = (x1,x2) and vanish near x3 = 0,1. We set

L? (Qay.00) = the L2(Qa17a2) closure of Cg° pET(Qalm),

Héper(Qalm) = the Hl(Qahaz) closure of C’S‘;er(Q%QQ).
We note that if f € Hy . (Qara0)s then flo——z/a, = floj=n/a, (j = 1,2) and

f‘xg:O,l =0



For simplicity the set of all vector fields whose components are in L2, (Qa,,a,)
(resp.  Hjper(Qaya)) s also denoted by L2, (Qa,.a,) (resp. Hjper(Qay,ar)) if DO
confusion will occur.

We also use notation Lfm(Qa1 ) for the set of all u = (¢, w) with ¢ €
L2, (Qa;.0,) and w = T(w wr w?) € L2, (Qay.0,) if no confusion will occur. The

per per

inner product of u; = "(¢;, w]) € L2, (Qaya0) (7 =1,2) is defined by

1
(u1,ug) = 3 /Qam2 o1(x) () do + /Qal ) wy(z) - we(z) dr,

where Z denotes the complex conjugate of z.

We denote by L?(0,1) the usual L? space on (0, 1) with norm |-|zz2, and, likewise,
by H%(0,1) the kth order L?-Sobolev space on (0,1) with norm |- |gx. The H'-
closure of C§°(0,1) is denoted by H}(0,1). As in the case of functions on Qg a,,
function spaces of vector fields w = T (w*, w? w?) and, also, those of u = (¢, w),
are simply denoted by L?(0,1), H3(0,1), and so on, if no confusion will occur. We
define an inner product (uy,us) of u; = "(¢;,w;) € L*(0,1) (j = 1,2), by

(u1, ug) = / 1 (w3)da(3) dxs‘i‘/ wi(w3) - wa(x3) ds.

The mean value of a function ¢(z3) over (0, 1) is denoted by (¢):

_ /0 ' () ds,

The set of all ¢ € L?(0,1) with (¢) = 0 is denoted by L?(0,1), i.e
L3(0,1) = {¢ € L*(0,1) : (¢) =0}
We define 4 x 4 diagonal matrices Qo and Q by
Qo = diag (1,0,0,0), Q = diag(0,1,1,1).

Note that )
Qou="(,0), Qu="T(0,w) for u="(¢,w).

We denote the resolvent set of a closed operator A by p(A) and the spectrum
of A by 0(A). The kernel and the range of A are denoted by Ker A and R(A),
respectively.

3 Main result

In this section we state our main result of this paper.
The linearized problem is written as

01 + V10, & + 2 divw = 0, (3.1)

6



Ow — vAw — vVdivw + Vo — %qﬁel + 010w + (v wie; =0, (3.2)

Wgy=01 =0, ¢, w: Py, ap-periodic in 2/, (3.3)

U|t:0 = Uy = T(¢0,w0)~ (3-4>

We define the operator L on L2, (Q4,.a,) by

per

D(L) = {u = T((bvw) €L’ (Qal,az) TweE H&,peT(QaLOQ)? Lue L’ (Qm,az)} )

per per

v, y2div 0 0
L= +
V  —vA - 0Vdiv —% VL0, + (Or0h)er"e;

v
As in [1] one can see that —L generates a Cg-semigroup in L2, (Qa; a,)-

We now state our main result of this paper. For o/ = (g, as) with ag,a9 > 0

and (my,my) € Z*, we introduce the notations |o/| and «f, .. by

/| = (a? + a%)% and o = (aymy, aams).

mi,m2

Theorem 3.1. There exist constants ro > 0 and ng > 0 such that if |o/| < ro, then
U(_L) N {/\ €C: |)\| S TIO} = {Am17m2 : |m1| = 0’ ]-7' o 7k17 |m2| = 07 17 e 7k2}

for some ki, ko € N, where A\, m, are eigenvalues of —L that satisfies

2

Amims = —%(0417711) + mo(a1m1)2 — @(0427”2)2 + O<|a;n1,m2|3)
as oy, .| — 0. Here kg is the number given by
1 1 9 2 Vv
" 1oy (@_7 T 152 3072)‘
As a consequence, if v* < 55 and 2v2 + v < 307* (555 — %), then kg > 0 and

plane Poiseuille flow u, = " (¢s,v,) is linearly unstable.

Remark 3.2. Let, for example, v = 0.05, v = 1/173 and v/ = —2v/3. Then
ko > 0 and thus plane Poiseuille flow is unstable. In this case, the Reynolds number
R =1/(16v) ~ 10.81 and the Mach number M = 8/v = 160.

We will prove Theorem 3.1 in the subsequent sections. In section 4 we consider
the Fourier series expansion in ' = (21,22) € Pa,.a, and reduce the problem to
the ones for the Fourier coefficients u(a;,, ,,,, 23). In section 5 we investigate the
spectrum for the case a,,, ,,, = 0. In section 6 we complete the proof of Theorem 3.1
by applying the analytic perturbation theory for small a;, .. based on the analysis
in section b.



4 Fourier series expansion in 2’ € P, 4,

In this section we consider the Fourier series expansion in 2’ = (xl, T3) € Payap and

reduce the problem to the ones for the Fourier coefficients (o, ,,.,)-

To investigate the spectrum of —L, we consider the Fourier series expansion of
(3.1)~(3.4) in 2/ € Pa, ay:

O+ 16101 + i W + 420,00 =0, (4.1)
O+ v(§' = 3, )" —ing (i€ - + Oy ) + €'

A (42)

— 5 0e) + i& vl + (Ogyv,)i’e] =0,
O + v(|¢']7 = 02 )i® — D0y, (i€ - ' + 0y 0°) + 0y + iGvi0® =0, (4.3)
w‘xnzo,l = 07 ( 4)
o = tio = " (o, o). (4.5)
Here and in what follows we simply write af, .. = (a1my, aema) ((m1, ms) € Z?)

as & = (&,&); ¢ = ¢(€, a3, t) and @ = @I (€', x3,t) (j = 1,2,3) are the Fourier
coefficients of ¢ = ¢(z/,z3,t) and w! = wi(2/,x3,t) (j = 1,2 3) with respect to

7' = (21, 22) € Pay.a, respectively, with w’ = T (w!, w?); and €] = T(1,0) € R2.
We thus arrive at the following problem
O+ Lou =0, uli—og = ug (4.6)

with a parameter & = (&,&) € R?, where Le is the operator on L?(0,1) of the
form ) ) R X
Lg/ = Af/ + Bfl + Cy

with domain

D(Le) = {u="(¢,w) € L*(0,1) : w € HL(0,1), Leu € L*(0,1)}.

Here
0 0 0
Ag=| 0 v(¢P-2)L+vegT¢ —iDE' Dy, :
0 —iv €'y, (¢ — 92,) — 92,

where I, denotes the 2 x 2 identity matrix,
&y 1T Y0y
By =| ¢ i&uil, 0 |,
Ous 0 i& v}



and

0 0 0
Co=| —Her 0 (,0))e
0 0 0

Note that D(Lg') = D(Lyg) for all ¢ € R,

5 Spectrum of — Ly

To prove Theorem 3.1, we first consider the spectrum of — L, i.e., —ﬁg with ¢ = 0:

0 0 Y20,
Lo=| —%ei —vdil,  (Ouvb)e
Oy 0 —(v+ )02,

Let us introduce the adjoint operator Lz of ﬁg with respect to the inner product
<.7 > A ) R A
Ly = Ag — Be + (g,
where
0 -—v'ey 0
=10 0 0
0 (0,,v)7Te; 0

We consider ﬁz/ as an operator on L*(0,1) with domain

D(Ly) = {u="(¢,w) € L*(0,1) : w € Hy(0,1), Lyu € L*(0,1)}.

Note that -
0 —v'e] —720y,
Z\—JS = 0 —V@i]g 0

0,y (Deo))Tel —(v+ D)

In this paper we only consider the spectrum near the origin since we focus on
the instability of plane Poiseuille flow.

Lemma 5.1. The following assertions hold true.

(i) There is a positive number ny = m (v, 7,7) such that {\ € C : [A\[ <m}\{0} C
p(—Lo). Furthermore, the following estimate holds uniformly for A € {\ € C: |\| <
m/2} \ {0} .

(A + Lo) ™ f o + 105, QA+ Lo) U], < e

9



The same assertion holds with Ly replaced by E;;.
(ii)) A =0 is a simple eigenvalue of —Ly, i.e., R(izo) is closed and
L2(0,1) = Ker Ly @ R(Ly) with dimKer Lo = 1.

The same assertion holds with Lo replaced by L.

(iii) The eigenspaces for A = 0 of Lo and fjg are spanned by u® and u©*
respectively, where

w® = T(¢(0)7w(0)), w® = T(w(o)’l,O,O)

and
u(O)* _ T(Qb(o)*, w(O)*)’ w(O)* _ T(O, O, O)

with .
5o+, o0 (a) ="

0 a5) =1, w0 (z) =
(iv) The eigenprojections IO and 1O~ for A =10 of —Lo and —ﬁz‘; are given by
70 = (u, u 0@ = (P)u®,

and
1%, — (u, u(0)>u(0)*

foru=T(¢,w), respectively. In particular, it holds that
uw="(p,w) € R(I — IO if and only if (¢) = (u,u'”*) = 0.

To prove Lemma 5.1, we introduce some operators. We define 2 x 2 matrix
operators Lo, L} on L?(0,1)? = L?(0,1) x L*(0,1), and A, Cy, Cg on L?(0,1)? by

3 0 V20,
LO - )
Opy —(v+ ﬁ)@ig

~ 0 _728363
L; =

D(Ly) = {i = "(¢,w?) € L*(0,1)* : w € H}(0,1), Lou € L*(0,1)?},

with domain

D(L}) = {u="(¢,w?) € L*(0,1)* : w € H(0,1), Liu € L*(0,1)?},

—v02, 0
A=
0 —v02,

and



with domain D(A) = [H?(0,1) N H}(0,1)]?, and

with domain D(Cy) = D(C;) = L?(0,1)2.
Lemma 5.2. (i) It holds that
o(—Lo)N{A e C: |\ <7} ={0}, {AeC: |\ <vr}cCp(—A),
for some constant 1o = 1o(v,v,7?) > 0. Furthermore,
L2(0,1)? = Ker Ly @ R(Ly)
with 3
Ker Ly = span {a”}, a© = T(1,0),
R(Lo) = L*(0,1) x L*(0,1).
In particular, 0 is a simple eigenvalue of — Ly with eigenprojection II, given by
Iyis = (@) ® (it =7 (¢, w?)).
(ii) There hold the estimates

1 1

=~ 1 R .

+ 8353@2()\4—[’30)719 . S C

uniformly for X € {\ € C: |\ <7} \ {0} and g = "T(f°, f?) € L?(0,1)?, and

0L, (A + A)” fhﬁ_ |Vh2 1=0,1.

|)\
uniformly for X € {A € C: |\| < va?} and f' € L*(0,1)%. Here Qy = diag(0,1).
(iii) The assertions in (i) and (i) also hold with Ly replaced by L.

Proof. The assertions for A is well-known, and so we here omit the proof for A.
As for Lg, let us consider the problem to find u satisfying

Loi=g, @="(¢,w®) e D(Ly) (5.1)

for a given g = T(f°, f3) € L*(0,1)>.
To solve this problem, we expand ¢ and w? into the Fourier cosine and sine series
respectively:

oo (o]
o= g b cosnTrs, W= E wf’b sinnmrs,
n=0 n=1

11



and likewise,
o (o9}
o= E fPcosnmrs, f°= E f3sinnmrs.
n=0 n=1

It then follows from (5.1) that

and, for n > 1,
, 11

n ?% ny
v —|— v
bn = ﬁ——ﬁ
We thus see that problem (5.1) is unlquely solvable if and only if (f°) = f = 0 and
(¢) = ¢° = 0; and in this case, the unique solution is given by

v + % 1 [*
o= p e, = [ Pway, (52
7" Jo
where F? = — 3% | -L f3cosnmrs. Furthermore, it holds that
_ _ 1
a2 <75 g2, |axsw3‘L2 < ¥|fO\L2, (5.3)

—1 -
where 7y = [max{M -, = ] . Therefore, we see that R(Ly) = L3*(0,1) x

2 3200 7
L2(0,1). Moreover, we find that Ker Ly = span{a®} with @© = T(1,0) and
L?*(0,1)? = Ker Lo ® R(f}o) It then follows that 0 is a simple eigenvalue of —L
and the elgenspace for 0 is spanned by 4. The eigenprojection I, for 0 is given
by Iyt = (¢)a® for i = T (¢, w?) € L(0, 1).

We decompose L2(0,1)? as L*(0,1)> = X, @& Xy, where X = I[,L2(0,1)? =
Ker Lo and X, = I, L%(0,1)? = R(Ly) with I, = I — II,.

Let us consider the resolvent problem

N+ Loit = g, @ € D(Ly). (5.4)
This is equivalent to
AMi=g, u€ Xy (5.5)
for g € X and 3 .

for g € X;. .
We see from (5.3) that if |A| < 7o, then A € p(—Lyg|x,) and

- 1
A+ L gl < ———|gl2,
[(( o)lx.)” gL 770—|/\||g|L2

A 7 - 1 o
1
|02, Q2((A + Lo)[x,) ™ 9glr2 < ?M‘gm

12



for |A| < 7o and g € X;. On the other hand, it follows from (5.5) that if A\ # 0, then

U
Hou = Xﬂog

As a result, we see that
- 1 -~ - -
A+ Lo)lg= g + (A + Lo)|x,) ' Thg

for X # 0 with |A| <7 and g € L?(0,1)?. The desired estimate for Lo now follows.
The assertion for Lj can be shown in a similar manner. This completes the proof.
O

We now give a proof of Lemma 5.1.
Proof of Lemma 5.1. For u = (¢, w), w = " (w!, w? w?), we write
a:’l'(¢’w3)’ w’:T(wl,wQ).

Then the resolvent problem

A+ Lo)u=f (5.7)

is written as
(A + Eo)ﬂ = g, (5.8)
A+ A = f —Coi (5.9)

Here f=T(f% f1, 2. 1), 9= T(f° f°) and f' = T(f", f*).

Set 1, = min{7,, vx?}. Since |Coil|2 < C|it|z2, we see from Lemma 5.2 that
{Ae C: |\ < mI\{0} C p(—Ly). Furthermore, if A € {\ € C: [A| < 7 }\{0}, then
the G- and w'-components of u = (A+Lg) " f are given by @ = 1 (¢, w®) = (A+Lg) "

and w' = T(w',w?) = (A + A)"![f" — Cyil, respectively, and it holds that
82+ |0agt?] 1y < O + ——)glze
- T AL e — A
and
C 1
dow'|,, < ——— (£ ), 1=0,1.
‘ 13w|L2_(V7T2—|/\|) (|f’L +(|/\| ’)\|)’9’L>7 s

We thus find that if [A] < 2, then

‘u+z@*ﬂ

0n Q0+ Lo) ' f| | < ’\f!m

A
This proves (i) for L. )

We next prove assertions (ii)—(iv) for Ly. We first prove Ker Ly = span {u°}.
Let Lou = 0. Then Lou =0 and Aw' = —Cou It follows from Lemma 5.2 that
u = au'® (a: constant) and, hence, Ker Ly = span {u’}.

13



Let us show that R(Lg) is closed and L2(0,1)
(u, u@)u® = ($)ul? for u = T(¢,w) € L*(0,1
prOJect1on onto Ker Lo with property IO, C f/ I, Furthermore, it holds that
f=T00%f, 3 € RU— IO if and only if (f,u®*) = (f°) =0.

Let (f,u®*) = (f°) = 0. Then (5.7) with A = 0 is written in the form of
(5.8)—(5.9) with A =0 and g = "(f°, f3) € L2(0,1) x L*(0,1). It then follows from
Lemma 5.2 that (5.8) with A = 0 has a unique solution @ € D(Lg) and, hence, (5.9)
with A = 0 has a unique solution w’ € D(A). As a result, (5.7) with A = 0 has a
unique solution u = " (¢, w’, w?) that is given by

a="(¢,w*) = (Lolx,)"'g, 9="T(/"F"),
w’ = _1[f/ - éoﬂ]

We thus find that R(I — II(®) C R(Lg) On the other hand, if f = T(f°, f/, f3) €
R(Ly), then it is easy to see that (f,u(®*) = (f°) = 0, and, hence, f € R(I — II").
We thus find that R(I — II®) = R(Ly). Consequently, we see that R(Ly) is closed
and L?(0,1) = Ker Ly ® R(L). This proves (ii)-(iv) for Lq.

The assertions for L can be obtained similarly and we omit the details. This
completes the proof. O

= Ker j_zo fan R(f;o)_ St J70)q —
). It then follows that I7(%)

6 Perturbation argument
In this section we investigate o(—Le) N {|A] < m/2} for [€] < 1.

Let igf be denoted by

Le = Lo+ Z@L“ + Z &6.LS),

Gk=1
where
0 0 V?Ouy
Lo = —5e) —v02,1y  (Oy,0))e] :
Do 0 —(v+1)02,
R S = 0
LV =| e, iyl —iveid,, |, j=1,2
0 —iv'ed,, ividy
0 0 0
LD =0 vopl+veTe, 0 |, jk=12
0 0 V0

14



Here €] = "(1,0) and e, = (0, 1).

We will apply the analytic perturbation theory to prove Theorem 3.1. To do so,
we prepare the following estimates.

Lemma 6.1. There hold the following estimates uniformly for X with |A\| = - and
f e L*0,1):
LY+ Loy f

S C’f|L27 .] = 1727
LQ

S C’f’[ﬁ, j,k — 1,2

L0+ Lo

Proof. Let \ satisfy |A| = %-. It then follows from Lemma 5.1 that

L0+ L], |0+ Lo7f|, < Clfle
and
= (2 £\ &\
L0+ Lo f|  <C|+ Lo | < Ul
This completes the proof. O

Theorem 3.1 follows from the following result on the spectrum of —izgl.

Theorem 6.2. There exists a positive number ri = r1(v,0,7) such that if || < rq,
then it holds )
o(—Le) N {)\ cC: |\ < %} = e},

where A\gr is a simple eigenvalue of —[:5/ and it satisfies
de =~ +mot = g3+ O(€)
STt T g

as & — 0. Here

1 1 9 v? vu
ko= — [ — —~* — _ )
T \280 T T 152 3092

Therefore, if v < 55 and 2% + vi < 3072 (555 — 7%), then ko > 0.

Proof of Theorem 6.2. Based on Lemma 5.1 and Lemma 6.1 we can apply the
analytic perturbation theory (see, e.g., [4, Chap VII], [5, Chap. XII]) to see that if
|¢'| < 1, then

. n
o(—Le) N {)\ eC: |\ < 51} WY

where \¢ is a simple eigenvalue. Furthermore, \¢ is given by

2 2
Ao =+ DA+ 3T g royeP).

j=1 J,k=1

15



Here )\ﬁ) = )\,(fj),

(fél) SZAL,(;) + j},gl)gfél) )u(o) , u(o)*> ,

where § = [(I — TO)Ly(I — 1))
The proof of Theorem 6.2 will be completed if we compute /\5-1) and )\ﬁ). We will
compute them in the following propositions.

Proposition 6.3. /\5-1) = —éélj, j=1,2.

Proof. We have

—22 4+
vl 4 2O 3
) ’ 14 s (—22 + 23)?
Lgl)u(o) =i| (1+ovlw®he | =i ! , (6.1)

— 00, w0 i
—#(—2%3 + 1)

0
0
. 0
L@ =i | e | =i . (6.2)
1
0
0
It then follows that
1 .
T * . . [
A = (L0, = il + PO = i [ (- ) dy = —
0
and AS) = 0. This completes the proof. O
Proposition 6.4. /\522) = —%.
Proof. Since f}ﬁ)u( ) = T(0, %, %, %), we have
<ﬁ(2) @ 4Oy =0 for j,k=1,2. (6.3)

Let us compute L JSLMu® . We see from (6.2) that (L{Pu© 4(©*) = 0. There-
fore, L$"u©® € R(I — H(O)), and so, SLu® is a unique solution u = T (¢, w) of

Lou=Ly"u®, (¢) =0.
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By (6.2), we see that the solution u of this problem is given by ¢ = w!' = w3 =0
and w? that satisfies —v92, w? = i and w?|;,—01 = 0. We thus obtain

1

This implies that

LWL = (6.4)
and 9
LPSLOU® =T (= (=ad + a3), 5,5, %), (6.5)

It then follows from (6.3) and (6.5) that

2 2
NP R S
2 21/< x3+x3> 12v

This completes the proof. 0

To obtain )\ ( )\g)) we compute Si&”um).

Proposition 6.5. SLMu© is given by
SEDO — )

where ugl) = T(¢§”, wgl)’l, wg )2 wgl) %) with

o @s) = i(%+ %) (~ah =),
(@) = i (5 5) (o~ i+ ad)
+ﬁ (%xg - 110$§ + 1—12x§ 610373) + 21/( 3 + x3),
wil) 2(353) = 0,
i

t3) = 3 (=5@3 + 575 = 5wa).

Proof. Weset f = T(f, f1, f2, f3) = (I — ) Lu©. Then SLPu® is a unique
solution u of

IA/Ou = f7 <¢> - Oa
namely, u = ' (¢, w!, w? w?) is a solution of
V0w’ = f°, (6.6)
v
_E(b —v0; w' + (0w’ = 1 (6.7)
—v0; w® = f?, (6.8)

17



01,0 — (v + )02 0" = f°, (69)
W]e5=01 = 0, (6.10)
(p) = 0. (6.11)
To solve (6.6)—(6.11), let us first compute f. Since

_ 0,0 o

f](o)ﬁgl)u(o) _ @gl)u(O)?u(O)*)u(O) _

6 )
we have .
fo= LMo — i (0)
'U; + nyw(O)vl — %¢(O)
1+ vl — 1y
=
0
_gaxsw(O)J (6.12)

2 1
—x3+ T3 — 5

. 12“/ 5 (323 — 623 + 422 — 23) + 1
=
0
2y (225 — 1)

~
Computation of w?: Tt follows from (6.8), (6.10) and (6.12) that w?® = 0.

Computation of w?: Integrating (6.6), we have

1 1
w?(w3) / Py dy = 2( 3 3+2x3 6x3) (6.13)

Note that this w? also satisfies (6.10) since (f°) = 0.

Computation of ¢: We see from (6.9)—(6.11), (6.12) and (6.13) that

d(xs) = i (% + 2—:2) (—x§ toag— é) . (6.14)

Computation of w': From (6.7), we have

1 1
2 1 1 3 1
8Z,3’U) = —fY—QS‘l‘ ( x3 S)w — ;f s

which, together with (6.12)—(6.14), gives

1 — (v v 1.4 1,.3 1.2
wi(zs) = CO+01933—Z(—4+2—4> (=25 + 573 — 1573)

i 6 5 _
R (30373 10‘7;3 + 12“%3) 213
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Here cq and ¢; are some constants. Since w!(0) = w!(1) = 0, we see that ¢y = 0 and

C1 =~ g5 T 35 We thus find that
whas) = =i (% + ) (~hed + baf - Had) 615
+rm (3075 — 1675 + % — %) + 5, (=23 + @),
This completes the proof. 0

Proposition 6.6. /\ﬁ) = /\%) = Kobj1, ] = 1,2. Here kg is given by

1 1 ) V2 v
ko=—|=—=——7 — - .
T 1w \280 T T 152 3092

Proof. Since wi"? = 0 by Proposition 6.5, we have f/gl)gﬁgl)u(o) = T(0, %, %, %).
It then follows that <ﬁ(21)gf/§1)u(0),u(0)*> = (0. This, together with (6.3) and (6.4),
: : (2) _ 2 _
implies A\y;’ = A}y = 0.

We next compute /\521). Since

v;¢§l) + 72w§1)’1 = 4 (7—”2 + #) (Tws — 1423 + 822 — x3)

i (L6 1.5 1,4 1 i (2
+1 (30x3 1003 T 1573 60x3)+ 5 (=3 + 23),

we have o
AP = (LS, w0
= i(vior” + %)
1 (v v 1 1 1 21
_E<?+W>'E+m'm_g_u'6_“0'
This completes the proof. 0

The proof of Theorem 6.2 is now completed in view of Propositions 6.3, 6.4 and
6.6. O
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