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INTRODUCTION

Japan reported 123 accidental deaths caused by four–
wheel–type tractors.  This accounts for 49.8% of the fatal 
incidents due to agricultural machinery operation in 
2011.  Specifically, there were 94 instances of tractor 
overturn, i.e., 76.4% of the total number of accidents 
(Ministry of Agriculture, Forestry and Fisheries, 2013).  
Thus, it can be said that overturn–related tractor acci-
dents have made farming operations hazardous.  

For clarifying and avoiding tractor overturn, tractor 
motion should be focused on.  Tractors with a front axle 
pivot are known to tip about two axes on a sideways slope.  
The overturning motion is then divided into phase 1 and 
phase 2 over time (e.g., Smith et al., 1974; Guzzomi, 
2012; Baker and Guzzomi, 2013).  Numerous studies on 
tractor dynamic behaviors have been conducted with 
rollovers generally classified as lateral and longitudinal.  
Accordingly, flat slope and sine bump are typically the 
corresponding excitation sources for the tractors.

In spite of the convenience by using the virtual pro-
totyping technologies such as CAD and CAE tools in ana-
lyzing the road–excited response, transmission efficiency 
and structural strength of a vehicle (Du et al., 2011; Zhu 
et al., 2014; Li et al., 2014), a mathematical model pro-
vides a more fundamental way for understanding the 
basic mechanism of vehicle performances.  Pershing et al. 
(1969) simulated a four–wheel type tractor to obtain its 
transient response when passing through a half–sine 
bump beneath the uphill rear tire.  Lagrange’s equations 
and an energy approach were chosen for formulating a 
nine–degrees–of–freedom (DOF) mathematical model.  
A softer spring and a higher level of damping were finally 
recommended for improving the general ride.  Davis and 
Rehkugler (1974) developed a 10–DOF mathematical 
model and used a 1/12 unpowered scale model to con-
duct the sideways overturning experiment.  The mathe-
matical model was verified, and it was confirmed that 
the model could be applied to full–sized tractors.  In the 
case of tricycle–type tractors, the modeling of tire forces, 
tractor stability, and handling were studied for determin-
ing a potential view of sideways rollover and handling 
behaviors (Larson et al., 1976).  A tractor dynamic stabil-
ity index and an indicator were developed for presenting 
vehicle stability more intuitively with the aim of assisting 
operators and engineers in clearly determining the sta-
tus of a tractor (e.g., Murphy et al., 1985; Zeng et al., 
1989; Ahmadi, 2011; Ahmadi, 2013).  Rabbani et al. 
(2011) derived a dynamic model of a half–track tractor 
for predicting the vibration characteristics with the 
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dynamic spring constant and the viscous damping coeffi-
cient considered.  In his model, the accelerations of the 
bounce, pitch, and roll motions were predicted and com-
pared with the measured results.  Apart from investiga-
tions in three–dimensional (3D) coordinates, 2D investi-
gations have gained much attention (e.g., Homori et al., 
2003; Takeda et al., 2010a, 2010b) as well.  

Given that the dynamic motion of non–road vehicle 
systems is considerably complicated, for simplification, 
most tractor mathematical models restrict their applica-
bility to small motions or other limiting assumptions 
beyond actual cases.  Moreover, a 2D model is incapable 
of simultaneously describing displacement, velocity, accel-
eration, angle, angular velocity, and angular acceleration. 

The objective of this article is, therefore, to develop 
a relatively precise mathematical model for describing the 
dynamic motions of a tractor passing over bumps on 
sideways slopes.  Accurate geometrical relationships are 
addressed for formulating a nonlinear equation set that 
releases the constraint of small–amplitude tractor 
motions. 

DY NAMIC MODELING OF TRACTOR
 ON SLOPES

For a typical tractor travelling on random terrain with 
a friction coefficient μ, there are two types of motions—
three translational motions (x·, y·, z· ) and three rotational 
motions (ωx, ωy, ωz ), as shown in Fig. 1.  Rolling, pitch-
ing, and yawing occur owing to ωx, ωy, and ωz , respec-
tively.  Given that the forward velocity of a tractor is usu-
ally low during operations in the field, air resistance is 
ignored in most cases.  Hence, the external forces acting 
on the tractor are gravity and ground reaction forces.  The 
driving torque Ti of each wheel differs with the differen-
tial type and the drive mode.  Fij is the decomposed force 
acting on the contact point of tire i along the j axis.  Road 
spectrum is defined as f(x) and further transformed to 
f(t) in the time domain.

In our case, when formulating the mathematical trac-
tor model, the following conditions were assumed in 
addition to neglecting air resistance:
① �the tractor is a rigid body except for the tires, 

which are considered as vehicle–frame–based ver-
tical spring–damper units.

② �the tractor travels with a constant forward veloc-
ity; thus, the longitudinal forces are in equilibrium 
and yawing does not occur.

③ �the reaction forces from the road to the spring–
damper units are vertical with respect to the non–
deformable ground surface.

④ �only the right side tires of the tractor go over the 
assigned half sine bump.

⑤ �no slipping behavior occurs.
Considering that the aim of this study is to develop a 

model that addresses the precise geometrical relation-
ships of pitch and roll, the corresponding processes shown 
in Figs. 2 and 3 are used.  Consequently, the absolute dis-
placement of each spring–damper unit zi is specified in a 

Fig. 1.  General 3D tractor dynamic model on a lateral slope.

Fig. 2.  Tractor pitch.

Fig. 3.  Tractor roll.
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nonlinear manner. fi(x) represents the description func-
tion of bumps beneath a considered tire.  A phased anal-
ysis of the entire passing–over process led to the adoption 
of four periods following Takeda et al., 2010.  These are 
mentioned below:
1) �period 1: front tire passage starts until front tire pas-

sage ends;
2) �period 2: front tire passage ends until rear tire passage 

starts;
3) �period 3: rear tire passage starts until rear tire passage 

ends;
4) �period 4: after the end of rear tire passage.

It is obvious that Periods 1 and 3 represent sinusoi-
dal excitation vibration, while the other two periods rep-
resent free damping.  Then, the expressions of f1(x) and 
f3(x) depend on each period.  Generally, zi is defined by 
Eqs. (1)–(4), while f2(x) and f4(x) are zero in this model.

z1=zG +2y1–y1(cosθ+cosψ)+l1sinθ+w1sinψ/2–f1(t)	  (1)

z2=zG +2y1–y1(cosθ+cosψ)+l1sinθ+w1sinψ/2–f2(t)	  (2)

z3=zG +2y2–y2(cosθ+cosψ)+l2sinθ+w2sinψ/2–f3(t)	 (3)

z4=zG +2y2–y2(cosθ+cosψ)+l2sinθ+w2sinψ/2–f4(t)	 (4)

Where:

zi    = �Vertical displacement of the tire i with 
respect to the ground, m.

zG    = �Displacement of center of gravity (COG) 
along z axis, m.

y1,2   = �Vertical distance between COG and front, 
rear wheel centers, m.

θ   = Pitching angle, rad.
ψ   = Rolling angle, rad.
l1,2    = �Horizontal distance between COG and front, 

rear axles, m.
w1,2  = Width of front and rear tracks, m.
fi(t) = �Function of bump profile beneath the tire i in 

the time domain, m.
Based on the aforementioned conditions, an equa-

tion set describing a 3–DOF system is presented as fol-
lows.  The coordinate o–xyz used here is space–fixed and 
overlaps with the vehicle–fixed coordinate at the start of 
the analysis.

 
mż Ġ = Fz1 + Fz2 + Fz3 + Fz4 – mg cosα		  (5)
 

Ixψ̇̇ = [                         +                     ] cosψ

     + [y1(Fz1 + Fz2 ) + y2(Fz3 + Fz4)] sinψ+fH   	 (6)

lyθ̇̇ = (Fz1 + Fz2 )(l1 cosθ+ y1 sinθ )

　  – (Fz3 + Fz4)(l2 cosθ+ y2 sinθ )		  (7)

Fzi
 = – kizi – ci ż i				    (8)

Where:

Fzi, Vertical reaction force from ground to tire i, N.
ki, Spring constant, N/m.
ci, Damper Constant, Ns/m.
mg, Gravitational force acting on tractor, N.
α, Slope angle, rad.
Ix,y, Moment of inertia around x, y axes, kg·m2.
f, lateral friction force, N.

RESULTS AND DISCUSSION

Forward velocity and slope angle were considered as 
factors influencing bouncing, pitching, and rolling behav-

w1(Fz1 – Fz2)
2

w2(Fz3 – Fz4)
2

Fig. 4.	 Critical lateral angle of static overturn (a); and effect of 
speed on bounce displacement (b), pitch angle (c), and roll 
angle (d) at the COG.



342 Z. LI et al.

iors.  The standard condition was set as follows: forward 
velocity of 0.5 m/s, slope angle of 10 ,̊ and bump height of 
0.08 m.  Input parameters, i.e., tractor geometrical dimen-
sions, physical properties, and bump profile were cited 
from Takeda et al. (2010). 

For a static–state tractor on lateral slope, as shown 
in Fig. 4(a), sideways overturn occurs as soon as the COG 
passes over the vertical line OA, coming up with the crit-
ical slope angle αmax = W/2HG, where W is the wheel 
track and HG is the COG height.  The rear wheel track 
(narrower by 13 cm compared with the front wheel 
track) was considered as W for limiting the tractor to a 
safer condition.  Consequently, αmax and the limit roll-
ing angle for the standard case were 40.56˚ and 26.59 ,̊ 
respectively.  Because lateral overturn is the first con-
cern of this study, COG motion and position are impor-
tant.  These predictions were made using the Runge–
Kutta method and VBA programming.  Figures 4(b)–(d) 
show the effect of forward speed on z, θ, and ψ.

Figure 4(b) shows the increase in the COG vertical 
displacement during Period 3 for each speed.  The 
increase percentages are 30.4, 23.1, and 29.6 for veloci-
ties of 0.5 m/s, 0.8 m/s, and 1.2 m/s, respectively.  Both 
Figs. 4(b) and (c) show the fluctuations that occur when 
the right side tires nearly reach the top of the bump, 
thus signifying the transient instabilities of vertical bounce 
and pitch as the speed increases.  However, the rolling 
angles shown in Fig. 4(d) indicate relatively smooth tran-
sitions at those moments under speeds of 0.5 m/s and 
0.8 m/s.  In addition, Fig. 4(d) shows that the rolling angle 
was greater in Period 1 compared with Period 3, and 
that a higher speed results in a greater maximum rolling 
angle.

Considering the lateral slope angle as another factor, 

parameters of 10 ,̊ 15 ,̊ and 25˚ were selected.  As shown 
in Fig. 5, the increase in slope angle has small influence 
on tractor bounce displacement, while an apparent effect 
was observed in terms of roll angle.  The static roll angle 
describing the initial tractor orientation rises as well as 
the maximum roll angle in both periods 1 and 3.  Also, 
the response of tractor roll motion for a 25˚ slope fluctu-
ates intensively compared to parameters of 10˚ and 15 .̊  
In addition, there is no obvious difference detected in 
tractor pitch motion for slope angle series.

CONCLUSIONS

The motion and position of the COG were predicted 
using the developed 3D tractor dynamic mathematical 
model with relatively precise geometrical relationships.  
Tractor forward velocity and lateral slope angle were con-
sidered as factors. 

The results show that z and θ fluctuated when the 
tractor was at the top of the bump under the speed of 
1.2 m/s.  For a given case, a larger displacement occurs 
in Period 3 than in Period 1, whereas the reverse is true 
for the rolling angle.  In addition, higher speeds results 
in greater rolling angles.  Furthermore, increasing the 
lateral slope angle significantly affect dynamic tractor roll 
motion and initial tractor orientation, while the influence 
is minute on bounce displacement.  Besides, the change 
in slope angle nearly has no effect on tractor pitch 
motion.
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