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This paper is concerned with the initial boundary value problem for the following
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Abstract

The linearized problem for the compressible Navier-Stokes equation around a
given constant state is considered in a periodic layer of R™ with n > 2, and
spectral properties of the linearized semigroup is investigated. It is shown
that the linearized operator generates a Cp-semigroup in L? over the periodic
layer and the time-asymptotic leading part of the semigroup is given by a Cp-
semigroup generated by an n — 1 dimensional elliptic operator with constant
coefficients that are determined by solutions of a Stokes system over the basic
period domain.

Introduction

compressible Navier-Stokes equation in a periodic layer €2

Here p = p(x,t) and v = " (v(z,t), -+ ,v"(z,t)) denote the unknown density and

Op + div (pu) = 0,
p(Ow +v - Vv) = pAv = (pu+ p)Vdive + V(P(p)) = 0,

v]gn = 0,

L (9, 0) =0 = (po,v0).

velocity, respectively, at time t and position z; €2 is a periodic layer defined by:

)= {x = (;(;/7$n); r e Rnil, wl(SCI) <X, < CUQ(LU/)},

(1.1)



where w; and ws are nonconstant and smooth functions of 2’ satisfying the period-
icity conditions w;(x’ + i—:e;) =w(@) (j=1,2; k=1,--- ,n— 1) with constants

k
ap >0and e, = "(0,---,1,---,0) € R" 1 y and ' are the viscosity coefficients
that are constants satisfying

2
pp>0, —p+p >0
n
P is the pressure for which we assume that P is a smooth function of p that satisfies

P'(p.) >0

for a given positive constant p,. Here and in what follows, - stands for the trans-
position.

We are interested in the large time behavior of solutions to (1.1) around the
constant equilibrium u, = "(p,,0). To establish a detailed asymptotic description
of large time behavior, we here study spectral properties of the linearized semigroup
for (1.1) around u; as a first step of the analysis.

The system of equations for the perturbation is written as

( 0y + ydivw = fO,
ow — vAw — vVdivw + Ve = f,

¢ (1.2)
w‘aﬂ = 07

L U|t:o = Up = (¢0,7~U0)-

Here u = " (¢, w) with ¢ = p%(p —py) and w = %v denotes the (scaled) perturbation
from u, = "(ps,0); v, ¥ and 7 are parameters given by

p - pt
V= , = VP (p);

V= —,
P* p*

and f° and f denote the nonlinearities
fO = —’}/dIV (st)’

__ P vAw + vVdiv wt—~*w-Vw— b _ Plp.)
f= o bt ¥divu) o { TP ) - ),

Large time behavior of solutions to the compressible Navier-Stokes equations has
been extensively studied since the pioneering works by Matsumura-Nishida [16, 17,
18]. See, e.g., [5, 10, 11, 13, 14, 15, 20] and references therein. In [7, 8, 9], the
stability of us was studied when the underlying domain is an n dimensional infinite
layer:

R x (0,1) ={x = (2',2,) ; o' = (21, ,2p1) ER", 0 <, < 1}.

It was proved that u, is stable under sufficiently small initial perturbations and the
. n—1 .
L? norm of the perturbation decays in the order t~ 7 as t — oo. Furthermore, it
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was shown that the perturbation behaves like a solution of an n — 1 dimensional
heat equation. In this paper we extend the results on the asymptotic behavior of
the linearized semigroup for (1.2) obtained in [7, 8] to the case of the periodic layer
2. We will prove that the linearized semigroup behaves as t — oo like a semigroup
generated by an n — 1 dimensional elliptic operator with constant coefficients. More
precisely, we consider the linear problem

Ou+ Lu =0, uli=o = uo, (1.3)

where u = (¢, w) is the unknown; ug = " (¢, wy) is a given initial datum; and L is

the operator of the form
0 ~vdiv
L= )
WV —vA —Vdiv

It is shown that —L generates a contraction Cp-semigroup e~*% on L2(Q2) and e~t£

is decomposed as
et = e I + et (1 — D).

Here 1T is a bounded projection on L?*(€2); and it holds that
n—1
||6_tLHUO||L2(Q) S C(l + t)_ 4 ||u0||L1(Q)7

le ™ (1 — M)uo || r20) < Ce™™[|uo | r2(0

and
— — _n-1_ 1
He tLHUQ — [6 tHUo]U(O)HL2(Q) <Ct 7 72 HUOHLl(Q)a (14)

tH

where 3 is a positive constant; and e is a Cy-semigroup in L?(R""!) generated

by the operator —H:
9 n—1

g
Ho=—— E ii0p,0p.0.
o ” ;502,070

ij=1
Here (a;j) is a positive definite symmetric matrix with constant components; and og
and u(®) are given by

o0 = |Q| w2(w)¢ ( / d o) _ T 1.0
0 — 0O o\L 7xn) Ly U - ( ) )7
| perl w1 (x')

where (2,,., is the basic period domain given by
Qper = {z = (2, 2,); 2/ € Q, wi(2') < 2, < wo(2')}

with the basic period cell Q = H;:ll [~Z, ). Here and in what follows, for a

bounded domain D, |D| denotes the volume of D. We note that the matrix (a;;) is
given by

(Vw(i), Vw(j))Lz(Qw),




where w®) (k=1,--- ,n— 1) are functions Q-periodic in 2’ satisfying the following
Stokes system:
divw® =0,

—Aw® Vo) = e,
’LU(k) ’mn:wl(x’),wg(m’) =0

for some ¢*) = ¢ (2’  x,,) being Q-periodic in z’. Here e, = (0, - - - ,’i, - ,0) €
R™.

We will prove our results as follows. In the case of infinite layers analyzed in
[7, 8, 9], the spectral properties of the linearized semigroup were investigated by
using the Fourier transform in 2/ € R™"!. In the case of the periodic layer €, the
Fourier transform does not work well any longer, instead, we employ the Bloch wave
decomposition which transforms the linearized problem (1.3) on 2 to the problem
Owu + Lyu = 0 on €2, under Q-periodic boundary conditions in «’. Here L,/ is the
linear operator obtained by replacing the partial derivatives d,, (j = 1,---,n — 1)
in L by 0, +in; with parameter ' = (11, -+ ,7,—1) € Q*, where Q* is the dual cell
defined by Q* =[['5,[-%. %)

When || < 1, the operator L,, can be regarded as a perturbation of Ly; and
the analytic perturbation theory is applied to show that

p(=Ly) D {ReX > —pFo} \ {\y} for some [y >0,

oL N A < 2 = (A,

where
2 n—1

5
Ay = ) Z aignin; +O(|n' )
i,7=1
as 7’ — 0. It then follows that this part of e~*% behaves as in (1.4). As for the
remaining part of 7', we establish some estimates for a modified Stokes system (see

section 4.3); and based on the established estimates we prove by an energy method
that if || > ro (7' € QF), then

p(=Ly) D {ReX > —p;} for some [y >0,

and hence, this part of e~** decays exponentially. We note that we consider the
linearized operator L as an operator on L? as in [6], which is in contrast to [7, §]
where the underlying space for the linearized operator is H' x L?. The L? setting will
be useful for the stability analysis of stationary flows with nonzero velocity fields.

This paper is organized as follows. In section 2 we introduce some notations,
function spaces and state some properties of the Bloch wave decomposition. In
section 3 we state the main result of this paper. The proof of the main result is
given in sections 4-5. In section 6 we give an outline of the proof of a lemma used
in section 4.3.



2 Preliminaries

In this section we introduce the notations, function spaces and operators which will
be used in this paper.

For a domain D and 1 < p < oo, the Lebesgue space over D is denoted by LP(D)
and its norm is denoted by || - ||»(p). The symbol W"P(D) stands for the [ th order
LP Sobolev space and its norm is denoted by || - |[yir(py. When p = 2, we denote
W'2(D) by H'(D) and its norm is denoted by]| - ||gi(p). We denote by C§(D) the
set of all C! function whose support is compact in D. The completion of C}(D) in
W (D) is denoted by WiP(D). In particular, we write Wi?(D) as H(D).

We simply denote by LP(D) the set of all vector fields W = T (w!, .-, w™) on D
whose components w’ (j = 1,---,n) belong to LP(D) and the norm is also denoted
by || - |ze(py if no confusion will occur. Similarly, the symbols W'r(D) and H'(D)
are used for vector fields.

For u = T(¢, w) with ¢ € W*P(D) and w = T(w?,--- ,w™) € WH(D), we define
the norm ||ully.s(pyxwia(py by

HuHW’W(D)xWW(D) = H¢HW’W(D) + HwHWl’q(D)-
We define the sets Q, Q*, Qper, Ljx (j=1,---,n—1) and X, as follows:
n—1 T * n—1 o
Q=II51-2.2) @=II5[-%%)
Qper :={z = (2/,2,); 2" € Q, w1 () <z, <wo(z')},
Ej,i = {27 S Qper; Ty = :l:alj}’
Y, ={red;a' €, r,=wi)j=12}.

In the case D = ., we simply write LF(Q,e-) as LP, and likewise, WH*P(Q,,.),
H'(Qy.,) as WEP H! respectively. Similarly, the norms are also abbreviated to
| |z, || - [lwee, and, in particular, we write || - ||zr(o,.,) as || - |-

The inner product of L?(D) is defined by

(f. 9)iem) = /D f@)g@de, f.g€ L(D).

When D = Q,, we abbreviate it to (f,g). The dual space of Hj(D) is denoted

by H~'(D), and the pairing between H~'(D) and H}(D) is written as [-,-]. For
[ € L*(Qe,), its mean value over €., is denoted by < f >, i.e.,
1
| p67'| Qper
We often write v € Qasx = "(2/,2,), 2’ = (21, -+, 2,_1) € R""L. The partial

derivatives of a function u are denoted by 0, 0,0, , and so on.

We will work in spaces of functions Q-periodic in z/, and so, we introduce the
function spaces L2, (Qper), Coon(Qper): Cooer(Qper)s Hl o (Qper); H ey (Qper) that are
defined by
L2 (Qper) = {U|pr; u € L2 (ﬁ)a u<x/+2ﬂ- /';xn> = u(x’,xn), (LC/,ZL’TL) € Q? 1 S] S n_1}7

per loc o; €i
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Coor(Qper) = {ulg 5 u € C®(Q), u(m’+i—7;e;,xn) = (2, x,), (¢ 2,) € Q, 1 <j<n-—1},

per

00
CO, per

(Qper) = {u € C35.(Qper) ; u = 0in a neighborhood of 912},
HIZM(QIM) = the closure of C5.(Qper) in H' (Qper),
H| (Qper) in HY(Qper).

0,per
Observe that L2, (Qpe,) can be identified with L?(p.,), and that

(Qper) = the closure of C°

0,per

H o (Qper) = {u € H(Qer); Buls, = 00uls, , 1<j<n—1, |8 <11}

per

H&,per(QPﬂ”) ={u e H;er(QPET); uls, = 0}.
We also set

Li,per(Qper) ={fe L12367"<Qp€7”); < f>=0}
and

H, per(Qper) = Hyer (Qper) N LE ey (Qper).
For ¥ € R"! we denote
i ="(n',0) € R,
and V,, is defined by
Vy =V +i7.

We further introduce the following notations
Vo =V'+in, Ay=Vy Vy, divpw=Vy - w—i<ng -w>.
Here V' denotes the gradient with respect to 2’ = (21, ,z,_1) € R"™1. We note
— / / 2
that An/ — Vn/ * Vn/ + axn
We next introduce some operators. We denote by Py and P the following (n +
1) x (n + 1) diagonal matrices:

P, = diag (1,0,--- ,0), P =diag(0,1,---,1).

Note that Pyu = T(¢,0) and Pu = T(0,w) for u = T (¢, w) with w = T (wy, - -, wy).
We denote the kernel and range of an operator A by Ker A and R(A), respectively.

For a function f = f(z') (¢/ € R" ), we denote its Fourier transform by f or
F1fT:
FE) =FIAE) = | fla)e™"da! (¢ e R,

Rn—1
The inverse Fourier transform F~! is defined by

FAG) = (2m)~Y (e de’ (¢ e R,

Rn—1

We next introduce the Bloch wave decomposition. Let S(R"™!) denote the
Schwartz space on R"7!.



Definition 2.1. We define the operator T by (Tp)(«',n') (z' € R* ! 5/ € R*1)
for ¢ € S(R™™1), where

(Te)(x',1)

n—1

1 ) o
T 20k > P+ kjajel) el Eimt ki
™

|Q‘2 (k17""kn I)EZ" 1 j=1 (21)

DI 0 Y- Tk

’Q |2 (1, p_1)€ZP—1

We also define the operator U as follows. For a function p(x',n') € C®°(R* 1 xR""1)
such that p(z', 1) is Q-periodic in &' and o(x',1n')e™ " is Q*-periodic in 1, we define
(Up)(2) (2" € R*) by

1
Q|2

Note that p(z,n + ajel) = p(',1)e —€ T (=1, n—1).

Wel) = ooy [ e e (2.

The operators T' and U have the following properties. See, e.g., [21] for the
details.

Proposition 2.2. (i) (Ty)(x',7') is Q-periodic in x' and (Tp)(x',n)e™ ™ is Q*-
periodic in 1.

(ii) T is uniquely extended to an isometric operator from L*(R™1) to L*(Q*; L*(Q)).
(iii) U is the inverse operator of T

)
)

(iv) Let 1) be Q-periodic in x'. Then it holds that T () = T (p).
)

(v) T(Op;p) = (Op; +in;)Tp (j =1,--- ,n—1) and T defines an isomorphism from
HZ(R” D to L2(Q H...(Q)). (Here H...(Q) denotes the space of Q-periodic

functions belonging to H'(Q), as in the case of Hl,,(Qper).)

We next consider T as an operator acting on functions in H'(Q). Let y = ®(x)
be the following transformation

yn e m(l’n - Wl(I/)).

Then @ is a diffeomorphism from Q to R"™! x (0,1) and @ transforms Q-periodic
functions on € to those on R"™! x (0,1). We denote the inverse transform of ® by
U and we define the operators ®* and ¥* by [®*u](z) = u(P(x)) and [¥*ul(y) =
u(U(y)), respectively. Then ®* is an isomorphism from H'(Q) to H/(R"! x (0,1)),
and likewise, from H,.(Qper) to H},,(Q % (0,1)), where H},.(Q x (0,1)) denotes the

space of Q-periodic functions belonging to H'(Q x (0, 1)).



It is not difficult to see that Proposition 2.2 holds with H!(R"™!) replaced by
H'(R"' % (0,1)), and likewise, with H,,.(Q) replaced by H,.(Q x (0,1)). It then

per

follows that ®*T'0U* is an isomorphism from H'(Q) to L*(Q*; H},,(Qpe,)). Using the
second expression of 7" in Definition 2.1 and the periodicity of w; (j = 1,2), one can
see that ®*T'W*u = Twu for functions u on 2. Therefore, we will write *T'U*u as
Tu if no confusion will occur.

3 Main results

In this section we state the main results of this paper.

Let us consider the following linear problem
ou+Lu=0, u="(¢w). (3.1)

Here L is the operator on L?(€2) given by

0 ~vdiv
L= (3.2)
vV —vA — pVdiv

with domain
D(L) = {u="(¢,w) € L*(Q);w € Hy(), Lu € L*(Q)}. (3.3)

Our main issue is to investigate the spectral properties of the semigroup gener-
ated by —L. We first state that it generates a contraction semigroup.

Theorem 3.1. The operator —L generates a contraction Cy-semigroup e t* on

L*(Q) and it holds that

lle ™ w20y < lluollr2i@) (vo € L*(R)).

—tL

The semigroup e~** has the following properties.

Theorem 3.2. There is a bounded projection 11 : L*(2) — L?(Q) satisfying TIL C
LIT and e~ = e7*LT1, and there hold the following estimates uniformly for t > 0
and uy € LY(Q) N L*(Q):

(i) [le~*FTug|| 20y < C(L+6)""F [Juoll (o),
(i) |le " (I — Mug|| 120y < Ce P ||uo||2(q),

(ZZZ) ||€7tLHUO — [eitHO'()]U(O)H[;(Q) < Ct_%_% ||u0||L1(Q)

Here 3 is a positive constant; e *H is the Cy-semigroup in L*(R"™1) generated by
the operator —H defined by
72 n—1
Ho=—-- Zlaijaziamja (0 € D(H))
i,j=



with domain D(H) = H*(R™™); and oy and u'®) are given as follows:

|Q| wa(z')

09 = oo(2', xn)dx,, u® = T(1,0).
|per|

wi(z’)
Here a;; satisfies that

n—1

Z ai;&&; > rol¢')? (€= (&, ,&-1) €RMY)

3,j=1

with a constant kg > 0 independent of £'. Furthermore, a;; is given as a;; =
(Vw', VD)2 with T(¢®, w®) (k = 1,--- ,n — 1) satisfying the following
Stokes system in Qpe,:

divw® = 0,
—Aw® 4+ Vo® = ¢! (3.4)
whly,  =why,  ¢W]g  =¢®g | wh|y =0, <o®) >=0

for some ¢p*) .

The proof of Theorem 3.2 will be given in sections 4 and 5. To prove Theorem 3.2,

we will consider the resolvent problem Au + Lyu = f on L2, (Qpe,) with parameter

n' € Q*. Inthe case of || < r for some small g > 0, we regard L,/ as a perturbation
of Ly and apply the analytic perturbation theory to study the spectrum of —L,,.
For ' € Q* with |n'| > 7o, we establish estimates for a modified Stokes system
and apply an energy method. Based on the analysis for —L,/, we give a proof of
Theorem 3.2.

4 Spectral properties of L,/

In this section we investigate spectral properties of L,y .

4.1 Formulation

Let us consider the resolvent problem for (3.1)
A+ Lu=f, weD(L). (4.1)

Here )\ € C is a resolvent parameter.
Applying U* to (4.1), we have

A+ U L)Wy = U*f in R" x (0,1). (4.2)
Here W* L is the differential operator of the form
T — < 0 Z?:l Z{Q(ylv Yn)Oy, )
Z?:1 lgl(yla ?Jn)ay]- Z?,kﬂ l%f(:gla yn)ayj 8yk + Z?:1 lg2(y’, yn)ayj

9



with some lgq and lg’; (p,q = 1,2) being Q-periodic in y'. We next apply T to (4.2).
It then follows from Proposition 2.2 (i), (iv) and (v) that (4.2) is transformed into
the following problem on @ x (0, 1):
A+ LTV u =TV f ( € Q) (4.3)
with @-periodic boundary condition in 3. Applying ®* to (4.3) we arrive at
A+ L) Tu=Tf onQp, (4.4)

with the dual parameter 7' € Q*, where L,y is the operator on L2, (Qpe,) of the form
0 YV,
L, =
! YWy —vAy — VY,

D(Ly) ={u= T(¢v w) € L (per) ; Lyu € L3 (Qper), w € Hg,per(Qper)}-

per per

with domain D(L,,)

It is not difficult to see that D(L, ) = D(Ly) for all ' € @* and that L,/ is a closed

operator on L2, (Qper).-

If X € p(—L,y), then, by (4.4), u is written as
u=U\+Ly) 'Tf.
Therefore, to investigate the resolvent of —L, we will consider the problem for —L,,:
Au+ Lyu=f, uwe D(Ly). (4.5)

Before going further, we also introduce the adjoint operator of L,,. We define

the operator Lj, by
0 —"Vy
L, =
! —’}/Vn/ —l/An/ — DV,,/TVn/

D(L;,) = {u = T(p,w) € L2, (Qper) ; Lyue L2 (Qper), w € Hy o (Qper) }-

per per

with domain

One can see that D(L;,) = D(Lg) for all ' € @ and that L}, is the adjoint operator
of L77"

4.2 The case || < rg

In this subsection we consider (4.5) with || < ry for some sufficiently small ry > 0.
It is convenient to write L,y in the form

n—1 n—1

Ln/ = LO + Z 7’]JL§1) + Z ?7]7”]]6[/5?,

j=1 jk=1

10



where

0 vdiv
LO = s
vV —vA — pVdiv
T
1. 0 7€
’ ve; —2vd, —iveydiv —iV(Te;) )

L(2) — 0 0
ik - _ .
0 —V(Sjk - l/ej €

We also set . .
1 2
My =Y Ly + 3 L,
j=1 jk=1
namely,

0 i,YTﬁ/
M/ = .
T\t w207 ) — i T(V + i) — iV i

Similarly, we write Ly, as

n—1 n—1
* . T E : (1) § : (2)*
j=1 jk=1

0 —vdiv
Lj = :
-V —vA —pVdiv
T
[ e
’ —ve; —2wd,, —ve;div —iV(Te;) )

L(2)* — 0 0
i . .
0 —vij —vejey

We begin with the resolvent estimates for the case n° = 0 which implies the

where

generation of a contraction semigroup e~*'o.
In what follows we write
2
X = Lper<QP€7">

for simplicity of notation.

Proposition 4.1. It holds that {\;Re X > 0} C p(—Ly), and if Re X > 0, then

1
1 <
[+ Zo) ™ flle < =17l

1
aqe— ]
< el

The same conclusion also holds for the adjoint operator L.

IVP (A + Lo) ™ f2

11



Proof. Let Re )\ > 0. Since
Re((A + Lo)u, u) = v||[Vw|)3 + 7||div wlf; + Re AfJu3, (4.6)

we see that if (A + Lg)u = 0, then u = 0, and so, A\ + Lg is injective when Re A > 0.
Observe also that if Re A > 0, then

1
Julls < =IO+ Lol (4.7)

1
Vwl|ls < ————|(X + Lo)ulls. 4.8
IVl < s Lojul (18)

It follows from (4.7) that R(A + Lg) is a closed subspace of X. We note that these
inequalities also holds with Ly replaced by Lf. Let v € R(A + Lg)*. Then, since
((A+ Lo)u,v) =0 for all u € D(Ly), we see that v € D(L§) and (A+ Lj)v = 0. This,
together with (4.7) with Lo replaced by Lj, implies that v = 0. We thus conclude
that R(A+ Lg) = X and, hence, A 4+ Ly is surjective. This completes the proof. [

The following estimates show that —L,, also generates a contraction semigroup.

Proposition 4.2. It holds that {\ : ReA > 0} C p(—L,/) and the following esti-
mates hold for Re A > 0:

IO+ L) F 1l < g A||f||2,

(v)2
The same conclusion also holds for the adjoint operator Ly,

Proof. We have

B C 1 1
Nt < .
IVE O+ L) e < — ( T +R6A) 141

Re((A + Ly )u,u) = Re AJull3 + v[|[Vywll3 + 7]V, - w]3.
It then follows that if Re A > 0, then

lullz < &2 AH(AJrL 2.

We also have
Re((A + Ly)u, u) > v[|[Vwll; + (Re A — O)||ul3

for a constant C' > 0 uniformly for " € Q*. Therefore, we deduce that

1 1
Tl < 10+ Lyulellull + Clull < € (o + tragge ) 1O+ Lol

which gives

C 1 1
[Vl < 3 ((R /\) Re)\> [(A =+ Ly )ulf2.

As in the proof of Proposition 4.1, one can now obtain the desired results. This
completes the proof. [l

12



We next show that A = 0 is a simple eigenvalue of — L.

Proposition 4.3. There exists a constant Sy > 0 such that p(—Lo) D {A\;ReX >
—Bo, A # 0}. Furthermore, A = 0 is a simple eigenvalue of —Lg and it holds that
for X satisfying Re A\ > —(y and X # 0,
1
(A+Lo) ' f = SHOf + S\(1 =) f,
and there hold the following estimates uniformly for \ satisfying Re A > —fq:

C
IS\ = TO) fllo < /]2,

~ Re A+
N C
VP Sy (I — 11 — |
I A )2 < (Re)\+ﬁo)5”ﬂ|2

Here TIO) is the eigenprojection for the eigenvalue A = 0 defined by
N = (u,u®@ ) =< ¢ > u®, w="T(¢,w),

where

1
u® =T7(1,0), wO"=_——-T(1,0),
|Qper|

and Sy is the operator defined by
Sy = [(I = IO\ + Lo)(1 —TTO)] 1,

The same conclusion also holds with Ly, Sy, II© replaced by L, S%, 10
respectively where

Sy o= [(I =TTOYN+ L) (1 —TO 7 IO = (u, u®)u®*.

We give a proof of Proposition 4.3 only for Ly since the case of L can be treated
similarly. To prove Proposition 4.3, we prepare the following two lemmas.

Lemma 4.4. It holds that Ker Ly = span{u(o)} and 11O 4s a bounded projection on
L2(Qyper) that satisfies 1O X = Ker Ly, IV Ly C LelI® = 0.

Proof of Lemmad4.4. Let Lou = 0. It then follows from (4.6) that Vw = 0,
and hence, V¢ = 0. This implies that w = 0 and ¢ = constant. This shows
that Ker Ly = span{u(®}. Clearly, II”) is a bounded projection onto Ker Ly. For
u = "(¢,w), we have LoII®u = T(0,7V < ¢ >) = 0. On the other hand, for
u € D(Lpy), we have IO Lou =< ~divw > u® = 0. We thus conclude that
O L, ¢ LII® = 0. This completes the proof. O

Lemma 4.5. [t holds that p(—Lo|_noyx) O {AReX > =By} with a positive
constant By, and the estimates for Sy in Proposition 4.3 hold true.
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Proof of Lemma 4.5. In the proof we set A = —Lo|;_nw)y. Let us consider
Au—+Au = f. Tt is known that there exists a bounded linear operator B : L(Qyer) —
H; . (Qper) such that for any g € L2 () it holds that div Bg = g and ||V Bg||2 <

0,per *,per
collgl]2 for some constant ¢y > 0. See [1, 2, 4] for the details.

We follow the argument in [6]. We introduce a new inner product

((u1,ug)) = (ur, uz) — 6{ (w1, Bda) + (B, wa)}

for u; = T(¢j,w;) (j = 1,2) with a constant § > 0 to be determined later. This
pairing ((u1,uz)) defines an inner product on L? . (Qper) X L*(Qper) if & > 0 is
sufficiently small. In fact, using the Poincaré inequality: [|w|ls < ¢1]|Vw]||2, we see
that there exists a constant C' > 0 such that

((u,u)) = [Jull; = 0{(w, Bg) + (B, w)} > (1 — dcocr) Jull3

and ((u,u)) < (1+ dcoey)||ul|3. Therefore, ((+,-)) is an inner product and the norm
defined by ((-,-)) is equivalent to the norm || - ||z if § > 0 is taken sufficiently small.
We denote Au = " (Au, Ayu). Note that fQW Ajudxr = 0. We see that

((Au,u)) = (Lou,u) — 6{(Asu, Bo) + (B(Aju),w)}

~ ) 1 2 2 2 )
> v[[Vwll; +7ldivwl; + Sovl6l5 - 5{(T+701)||VU)||2 —||d1vw||§}

1 1., .. 1
> Sv[Vuwlly + Sofldivel; + 579l
2 2 2
if 9 > 0 is taken suitably small. Therefore, we have
1 5 1 . 5 1 9
(1=dcoer)Re Aljullo + v Vulla+ 5 7l|div wllz +507[[9ll < Re((f, w)) < Tl flzlull2-

Setting [y = min{&y, 52} we find by the Poincaré inequality that
1

2(1— 5c c1)

(Re A+ fo)[ulla < Cllf]l2-

We thus conclude that if Re A + 5 > 0, then

Jull < s M
and o
V]l < ———| ]2
(Re A+ 50) 2
These estimates, together with Proposition 4.1, yield the desired results. This com-
pletes the proof. 0

We are now in a position to prove Proposition 4.3.
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Proof of Proposition 4.3. We set Xy = IV X and X; = (I —1IV)X. By Lemma
4.4, we have X = Xy @ X; and p(—Lolx,) = {A : A # 0}. This, together with
Lemma 4.5, shows that {A; ReA > —fy, A # 0} C p(—Ly),

(At Lo) ™ f = 11O 4 S5(T ~110)

and S satisfies the desired estimates. This completes the proof. 0
We next derive the resolvent estimates for —L,, with |n'| < rq.

Theorem 4.6. There exists a constant ro > 0 such that if n € Q* satisfies |n'| < 1o,
then

¥ o={\; Re)\>——5o}ﬂ{>\ IA| > O}Cp(—Ln,),

and the following estimates hold uniformly for A € ¥y :

IA+ Luy)” /]2,

1
fle < pr s

. » C
VP (A + Ly) ™ fll2 < YA 50)1||f||2

The same conclusion also holds with Ly replaced by Ly, .
Proof. Let A € ¥;. By Proposition 4.3, we see that
1A+ Lo) ™' fllz + VB (A + Lo) " fll < Gl f1l2 (4.9)

uniformly for A € ;. Here (] is a constant depending only on fy. It then follows
that
1L ulls < C{llwllz + [IVwll2 + [l6]la} < CCLIA + LoYulls, (4.10)

ILZul2 < Cllwlls < CCLI(A + Lo)ul s (4.11)
uniformly for A € ¥; and u € D(Lg). We thus obtain

1My (A + Lo) ™ fll2 < CCL [l fll2 (A € %)

uniformly for A € ¥; and f € X. Therefore, if 1o > 0 is a constant satisfying

ro < CC , then A € p(—L,) for || < ry and it holds that
A+ Ly) ' =(A+Lo) ' D> (—1 A+ Lo) ™ HY,
N=0

C o0
-1 c__ Y / 1N
04 27l < oy LI+ Lo 11£lle < g M

Similarly, | VP (A 4 L,)~" f|l2 can be estimated as
IVE O+ L) Fll € —— |l
(Re A+ fo)2

The case of L;, can be proved similarly. This completes the proof. [l
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We now show that o(—L, ) N {\; [\ < %} consists of a simple eigenvalue whose
real part is negative and of order O(|n/|?) as ' — 0.

Theorem 4.7. There ezists a constant ro > 0 such that if || < ro, then o(—L,y) N
{N A < 2} = {\,}. Here A, is a simple eigenvalue that satisfies

2
7 / / /
Ay = =—r(0) + O ") ( =0),

where )
(') = Z ajENiMes  Ajk = o] |(V7~U§]), V).
.77k:1 per

Here wgk) (k = 1,---,n — 1) satisfy the Stokes system (3.4) for some ¢§’“); and
k(1) satisfies k(n') > ko|n|*> with some constant ko > 0. As a result, it holds that
Re\, < —S2 5|2,

Remark 4.8. A similar result holds for L, with simple eigenvalue A}, = Xn’-

Remark 4.9. Since A,y — 0 as ' — 0, we see that for any g € (0, 52—0), there exists
a constant r = r(3) > 0 such that if || < r(5), then [A\y| < 8 and {\; Re X >

=180y N{X: Al = B} C p(=Lyy).

Proof of Theorem 4.7. In view of Proposition 4.3, (4.10) and (4.11), we can apply
the analytic perturbation theory to see that o(—L,) N {A; |\ < %} consists of a
simple eigenvalue, say A, for sufficiently small 7', and that A,/ is expanded as

n—1 n—1
Ay = A0+ 3" A+ o)
=0 k=0

with " o
1) _ 1) (0 0)x
AV = (LD Oy,
1 1
AD = =S (LR + L, ) + (LS + LOSLu®, ),

Here S = S)|a=0- See, e.g., [12, Chap. VII], [21, Chap. XII].
Let us compute A§1). Since (u,u®*) =< ¢ > for u = T(¢,w) and L;l)u(o) =
0,ive;), we have )\§1) = 0.

As for )\ﬁ), since L%)u(o) =0, we have < Lﬁ)u(o) >= (. Furthermore,

N

1
5((L§.1)SL,E}) + LWSLu©® @) = (LYSLPu@ 0Oy =< LV S LV 0© >

We compute < L;l)SLS)u(O) >. Set up = (g1, wy) = SL,(:)UO. Then wu, is a solution
of
Louy = (I = IO)LMu©@ = LM < ¢, >=0,
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that is,
vdivw; = 0,
—vAw, + YV = ivey,
wils, . = wily,_, ¢ily,, = d1ly,_, wils, =0, < ¢ >=0.

Lemma 4. 5 1rnphes that for each £k = 1,--- ,n —1, there exists a unique solution

~(k) (9251 >w1 ) of thlS system. Let u; ) =T §’“),w1 ) be a unique solution of

(3.4) Then ¢1 = <;§1 and w(k) —;’—wg ), and hence,

0 7€ ¢
Lg'l)SL;(:)um) =1 j 1
e i, et 99 ot

It then follows that

AD —o LOSLIO0 se L Loy
v

2

2
. . 1 :
= T (caw? 4 Vo) p® e T (Vi V).
iy V| Qper

Let us show that the matrix ((ngj ), ngk))) is positive definite. We first ob-
serve that wgl), e ,winil) are linearly independent. In fact, suppose that w; =
S c;w?) = 0. Then ¢ = Sl U) satisfies Ve, = >""1 ¢je;. Therefore, ¢

. . —1 . . . . .o e
is written as ¢ = ¢ + Z;;l c;x; with some constant c. Since ¢, is @-periodic in

¥ = (x1, - ,2,_1) and < ¢1 >= 0, we see that c=c¢; = --- = ¢,_1 = 0. We thus
conclude that wgl), e ,w§"_1) are linearly independent.

Set V = span {w", - ,w%n_l)} and take an orthonormal basis {fi, -+, fn_1}

of V' as a subspace of Hj () With respect to the inner product (w,v)y: =

,per

(Vw, Vo). Then w™ is written as w!™ = bpifi form =1,--- n—1, and
thus, (Wi, W™ = (f1,-+, fa_1)B, where B = (by,--- ,b,_1) with b,, =
T(bmt, -+ s bmn—1). It then follows that by,--- ,b,_; are linearly independent. We

have (Vul™, Vuwl) = (wgm),wgl))H&W (BB*),. Since BB* is positive definite,

so is the matrix ((ngm), ngl))). It then follows that there is a constant ko > 0
such that

< /\(2) ’7 . ’72 B*|2 < '72 12
E , ik Tk = E |Q le ,Vw )Uﬂlk = —7| 0" < —f<v'07|77 !
per

J,k=1

for all 7 € R""'. Therefore, there exists o > 0 such that if || < ry , then
Re ), < —%%WP. This completes the proof. O
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Let 11,/ be the eigenprojection for the eigenvalue A,/. Since Hn/e;,tL = e’\n’tﬂn/,
we have the following estimate.

Theorem 4.10. If |7f'| < rg, then it holds that
— _Bo
le™ 7 g — X TLyuglls < Ce™ 2 lug| 2.

Theorem 4.10 follows from Theorems 4.6 and 4.7. See, e.g., [3, Chap. V, Theorem
1.11}, [23].
We close this subsection with the estimates for the eigenprojections IL, and II},

for the eigenvalues A, and Ay, (= A;) of —L, and —Lj,, respectively.

Theorem 4.11. For any nonnegative integer k, there exists a constant ri, > 0 such
that the following estimates hold uniformly for |n'| < ry:

(1) [[Hyullge < Cllully
(i) |(TTy = TO)ull e < Clay [y
The same conclusion holds with 11, replaced by 117,.

Proof. By Theorem 4.6 we have

1 1
I, = — A+ Ly) tax, I = — A+ L) A
n 2i |/\|:%Q( + n ) ) n i ‘)\|:%Q( + n )
Furthermore, u,, = anu(o) and uy, = Hj;,u(o)* are eigenfunctions of —L, and —Lj,
for the eigenvalues A,/ and Ay = )‘_77” respectively; and it holds that
w, u’,
Ly = A,
(un” U’n’)
Note that ty|y—o = HOu® = ul® and uf, |y—g = IO uO* = ¢,
In view of (4.9), (4.10) and (4.11), we see that (A + L,y)~! is expanded as

/

7

A+ L) = A+ L) = A+ Lo) ™ Dy L (A + Lo) ™ + Ry (N)

and R,/ () is estimated as

IRy (N fll2 < ClPllfll2s IVP Ry (M) fll2 < Clo' PN £l

uniformly for || < rg and |\ = %0 We write u,, as

n—1
1
;o= u® oy — (=m0 + Lo) 'L A+ Lo)'u®) ax
Uy u +27Tz' A= ;771( +Lo) Ly "(A+ Lo)u

1
L (),
ot gy B a2
2
n—1

= ul® 4+ )" s + u®.

j=1
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Using (4.9), (4.10) and (4.11), we have
lullz + IVl < €, u® |z + [ VPl < Clof |

Similarly, we have the expression for u,,:

+Z77J RS

with estimates
1) ~ 1)% . B .
" s + VB < € s + VB |y < Clay 2
It then follows that

(un/,un) ( (0) ( ) )+ (un/ —u(o)yun)_F( (0) (0)*) Z 1 _O|77/| Z

N | —

for || < ry with 79 > 0 replaced by a smaller one if necessary.

If we could have the estimates [|uy, [l < C and ||0fu,|[2 < C, then it would hold
that [|071Lull2 < Cllulli][uy |lool|0F sy |2 < Cllulli. So we will deduce the estimates
for u, and u},, in other words, for (A + Ly ) 'u(® and (A 4 L;,)~'ul®).

In the remaining we consider only (A + L,/)~'u(® since (A + L;,)*lu(o) can be
estimated similarly. We also observe that the integral path of u,, = ﬁ f‘ A=fo (A +
L) 'u®d) can be deformed into {|\| = 8} C p(—L,).

We claim the following

Proposition 4.12. Let m be a nonnegative integer. Then there exist constants
rm > 0 and B, > 0 such that if |n'| < r,, and 57’" < A £ B, then it holds that
A+ Ly) '@ € H™ L (Qper) x (H™H2N HE L) (Qper) and

per per 0,per
I+ L)~ || s pmsz < C
uniformly for || < r,, and %ﬂ <A < B
To prove Proposition 4.12, we employ the following lemma.

Lemma 4.13. Let m be a nonnegative integer. Then there exists B > 0 such that
if |\l < B, then it holds that Sxf € H%E N (Qper) X (Hp? N H ey ) (Qper) for any

*,per per

fe Hm+1<Qpe7‘) X H (per) and Syf satisfies the estimates

*,per per
1S5 fllmtiscgmsz < Ol fll gmesgim.
uniformly for X with |A| < B
The proof of Lemma 4.13 will be given later.

Proof of Proposition 4.12. We prove by induction on m. We set u := (A +
L) 9. By Theorems 4.6 and 4.7, we have ||ul| 2,1 < C uniformly for |n/| < rg
and ’i—o <A< ’%O with ro replaced by a smaller one if necessary.
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We write (A + Lo)u = u® — M, u and decompose u = T (¢, w) as u =< ¢ >
u® + up, where IOy =< ¢ > 4 and u; = (I — I1®)u. Then we have

1
<¢>:X{1—z”y<77’-w’>},

()\ + L())Ul = —(Mn/ul—l— < Qb > MU/U(O) — H(O)MU/U).
It then follows that .
Al
uniformly for || < rg and % < |A| < By with 51 > 0 to be determined later. On
the other hand, we have

| <o > =7{l+rollwll} <C (4.12)

HMn/ul—l- <> Mn/u(o) - H(O)Mn/uHHlez < CHUHLQXHl <C

uniformly for || < o and % < Al < % It then follows from Remark 4.9 and
Lemma 4.13 that, with a suitable choice of 1 > 0 and ; > 0, the estimate
lui||gixmz < C holds uniformly for || < r; and %1 < |A] < p;1. This, together
with (4.12), proves Proposition 4.12 for m = 0.

Assume that the proposition holds for m = k. We will show that the proposition
holds for m = k 4+ 1. By the inductive assumption, we have

||Mn/u1+ < qb > Mn/u(o) — H(O)Mn/u||Hk+2><Hk+1 < C||U||Hk+1><Hk+2 <C

uniformly for || < rp and % < Al < Bg. It then follows from Remark 4.9 and
Lemma 4.13 that the estimate ||u;|| g2y grrs < C holds uniformly for || < rpq
and % < |A| € Bi41. Combining this with (4.12), we conclude that the proposition
holds for m = k£ 4 1. This completes the proof. O

We continue the proof of Theorem 4.11. Let m be a nonnegative integer. By
Proposition 4.12, we see that

()‘ + LU/)_IU(O) € Hm—H(QPET) X (Hm+2 n H&,per)(Qper)7

per per

||()\ + Ln/)_lu(o) ||Hm+1 ><H'm+2 S C

uniformly for |n'| < r,, and |A\| = 3,,. Deforming the integral path into {|\| = B},
we thus deduce that w,y € H™M (Qper) X HIF(Qper) and

per per

1
— /wﬁm A+ L) 'u@a

211

<C.  (4.13)

Hm+1 XHm+2

Hu,r]/ | Hm+1lyx gm+2 =

Taking m = k — 1, we have ||0%u, ||z < C for |a] < k and || < 7. Similarly we
can obtain (4.13) with u, replaced by uy,, and hence, [u; || < C|luy || 310 < C.
It then follows that

105 Ty ullz < Cllug llool| 07 tay llafJully < Cllulls-

This proves (i).
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Let us next consider (ii). We write IT,yu — Iy as

ILu — Ty = (Wluz,) — 1) (u, u @)@ 4 m {(u, uf uy — (u,u®)ulV}
=1+ Is.
As for I, we have
[ (s ) = 1] = [y =) + (1w — )]
< C{lluy = uOllz + fJuzy — w2}
Since
wy =l = SRR ICS R

we have [Ju, —u(@ |y < Cly|, and likewise, [uf, — u@*|s < Cln/|. We thus obtain
185 Lall2 < Claf [[(u, @) 05u @] < Claf [ufl1 [ [[oo |05 oo < Cl'| [l

As for I, we have

105 { (s )y = (u, u)u @} ||

= [[(us iy — w3+ (u, )85 (. — u) o

< Nfull ey — w* loc |85ty 12+ faullr [0 [|oo 185 (e — u @)l

< Ol = O yigros e+ iy = u® .
Since || Myl grxgr-1 < C'|||w|| gre-1x g, with the aid of Lemma 4.13, we see that

IO+ Lo) ™ [My (A + Lo) ™ X u@ | guern < (Cl Y

uniformly for || < r, and |A| = Sg. Taking rp > 0 smaller if necessary, we obtain
|ty — u@|| e < C|r/|. Similarly, we can obtain [y — uO|| g1 < Cly'l. Tt then
follows that ||0¢Ls]|2 < Cn|||u||; for |a| < k. We thus conclude that

105 (TLy — T OYully < Clof'l|fuly
for |o| < k. This completes the proof. O
In the remaining of this subsection we give a proof of Lemma 4.13.
Proof of Lemma 4.13. We set & = S, f. Then
Lot = f — \u,

which is regarded as an inhomogeneous Stokes system. This can be solved for
if |A| is suitably small. In fact, let f € H™E(Qpe,) X HE (Qpe,). Then, for each

*,per per
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v € HIE(Qper) X (HPH 0V Hp o) (Qper), there uniquely exists @ € H%EH(Qper) X
(HJ5E? 0V H ey ) (Qper) such that Lot = f — A0 and

]| rmsr s gmtz < C|A||O]| gt sz + C| fl| mrmetscm.

See, e.g., [22, Chap. III, Theorem 1.5.3]. This estimate shows that the map v +
is a contraction on HE(Qper) X (Hyg > MHg e, ) (Qper) when |A] < 3, with suitably

*,per per

small Bm This completes the proof. U

4.3 The case || > ry

In this subsection we investigate the spectrum of —L,, for ' € Q* satisfying |1'| > .
We have already shown in Proposition 4.2 that —L,, generates a contraction semi-
group e . We will show that e "%+ has an exponential decay estimate uniformly
for n € Q* with |n| > ro.

We first introduce an inner product of Hg ,,.(Qpe,) in terms of V.

Proposition 4.14. Let ' € Q*. Then (V,w,V,v) defines an inner product of

H§ per(Qper). Furthermore, ||Vywlly is equivalent to [Jwl| g for w € Hg o, (Qper) and

there holds the estimate
CHwlla < [[Vywllz < Cllwllan
uniformly for ' € Q* and w € Hy 0, (Qper).

Proof. It suffices to show that ||V, w|, = (V,w, V,yw) is equivalent to ||w|| g for
w € Hjpor(Qper). Let w € Hy . (Qper). Then by using the Poincaré inequality, we
see that

lwlla < ClIVwla < C'(IVwll3 + [|0z,w]3)? = C'|Vywlla < C”[lw]|m.
This completes the proof. O
Before going further, we introduce some notations. We define D,/ (w) by
Dy(w) = v|Vywl3+ [V - wll3
= V[Vy w3+ vl0s,wl3 + 21V, - w13 + 7(|0s, w5
In what follows we denote the projection I — II©) by II;:
I =1 — 11,

To study problem (4.5) for ¥ € Q* with |'| > ry, we decompose u into its
) -part and II;-part in X, namely,

u = ou'® + uy, (4.14)

where o = (u,u("*) =< ¢ >€ C, v¥ = 7(1,0) and u; = "(¢1,w;) € X;. We note
that
< ¢ >=0. (4.15)
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It is easy to see that problem (4.5) is reduced to the following system

Ao +iy < -wy >=< 0>,
(4.16)

My + Lyug — DO My + My (ou®) = fi,

where o € C, u; = "(¢1,wy) € D(Ly) N Xy and f; = I, f .= T(f2, fi) € X;. We
observe that

MOMu, =iy <7/ -w; >u? My(ou®) = T(0,iy70).

We begin with the following

Proposition 4.15. It holds that
Re A(|o|* + |ur[*) + Dy (w1) = Re{< f* > 7 + (f1,u1)}. (4.17)
Proof. Multiplying the first equation of (4.16) by @, we have
Mol 4iy < -w >7 =< f°>7.
Taking the inner product of the second equation of (4.16) with u;, we have
Mt 3+ (Lot 1) + (Mo (o), 1) — (O Mg, ug) = (fi, ).
We add these two equations to obtain
Mo + lluall3) + (L, w) + iy < - wn > 7
+ (M (ou®), up) — (MO Mpuy, up) =< fO > 7+ (f1,u1).

Since Re (Lyuy, u1) = Dy (wy),

Re {iy <0/ -w; > 7+ (My(ou'?),u)} = Re {2iIm (iy <7/ -w, >7)} =0

and
MOMpur, w) = (iy <7 -wy >, ¢1) =iy <1~ wy >< ¢y >=0,
we obtain
ReA(Jo* + [ui|*) + Dy (w1) = Re{< f* > 7 + (f,u1)}.
This completes the proof. 0

For later use, we next derive the estimate for Aw;.

Proposition 4.16. It holds that

Re A Dy (wi) + (AP [lwn 3 < C{IAIL + lwillz +1 < £ > P+ [ Vywn |3} (4.18)
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Proof. We write the second equation of (4.16) as
Aoy + ydiv pwy = f7, (4.19)

Ay — vAyw; — oV, (Vo - wy) + YV by +iyon = fi. (4.20)
We take the inner product of (4.20) with Aw;. Then the real part of the resulting
equation yields
IA[lwi |2 4+ Re X Dy (wy) = Re {y (61, Vi - wy) — idyo < 0 -1 > +A(f1, w1)}.

The equation (4.19) gives that ¢ = § f{ — 3div,yw;, and hence,

_ A A .
Re |A]*||wi]|3 + ReADy(w;) = Re {%(f{),vn/ cwy) — XVZ(dlvn/wl,Vn/ - wy)

o < i@ > 43w}
(4.21)
By the first equation of (4.16), we have o = % < f0> —’% < 17/, wy >. Therefore,
the right-hand side of (4.21) is estimated as

R.H.S. of (4.21)

A A : A ~
Re {%(ff,vn/ cwy) — Xfy2(d1vnrw1,vn/ cwy) — iy < fO><n-w >

\ B o~
_ X72| < 1’]/-’LU1 > |2+)\<f17w1)}

1 -
< AP llunllz + CUIVpwi |5+ < fO > P+ 1715 + EHleg}

for any € > 0, where C' is a positive constant independent of €. Taking e suitably
small, we see that

AP wi]l3 +Re X Dy (wi) < CH{IAIE + 1 < f*> P+ [ Vywi|l3}-
This completes the proof. 0
We next derive the coercive estimate for o.
Proposition 4.17. It holds that

2
Ca27Y 1 -
ReA|o|” + WWPIU\Z <C{(1+ I’rz’l2)| < fO> P+ LAIG + AP llwil3 + Dy (w1)},

(4.22)

where ¢y is a positive constant independent of v, v and n' € Q*.
To prove Proposition 4.17, we prepare several lemmas.

Lemma 4.18. Let f* € L2, (Qpe,) and let f € HL(Qper). Then there uniquely

*,per

exists ' (¢, w) € L por(Qper) X H por(Qper) satisfying
div yw = Y,
“Ayw+ V=T, (4.23)
Ols, . =dls, -, Wiy, =wls,_, ws, =0.
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Furthermore, it holds that

16l + IVwlls < CLNllz + 111l

per per)

}.
Lemma 4.18 can be proved in a similar manner to the proof of [22, Chap. III,
Theorem 1.4.1]. An outline of the proof of Lemma 4.18 will be given in section 6.
Setting f° = 0 and f = e}, in Lemma 4.18, we have the following

Lemma 4.19. Let T((ﬁf,l’n,, w§,1 )€ L2 (Qper) x HY

2 per 0.per (S2per) be the pair of func-
tions satisfying

div /w1 k_n/ = 0
—Agwil Vol = e, (4.24)

1
Oty = Oriarls,_, W) s, = wl

5, =0.

;1 |2-_, W1,k
Then there exists a constant C' > 0 such that the following inequalities
1 1
li e + okl < C (k=1 n—1)
hold uniformly for n' € Q* with |n'| > ro.

Lemma 4.20. For each k = 1,--- ., n — 1, let T(qbgl,)m,,wg,zm,) € L2 .. (Qper) X

, *,per
HépeT(Qper) be the pair of functions satisfying (4.24). Then w&)m,, e ,,wil,)@_m,
are linearly independent.
Proof. Let w := clwgll) I R cn lwﬁj 1y = 0. It then follows from (4.24) that

V, ) = Z cjej Here ¢ = clgbl Ly Tt Cn— 1¢1n Ly olnce |7'| > 7o, there exists
j such that n; # 0. For this »;, since (0, i) = ¢;, we have 9, ("% ¢) = c;eii,
This implies that there exists a function a(z;) (; = (21, -+, %j-1,Tjr1, -+, Tn-1))
such that 4
€M% gy = a(z;) + .c_ﬂeinjivj’
i

namely,

; c
= a(z;)e "M% 4 L
¢ = a(d)) o

Since ¢ is Q-periodic in z/, we see that a(z;) is Q-periodic and a( V-)e_Z?jnj =
a(z;)e™™. Since 0 < |n;| < %, we have a(z;) = 0, and hence, b= # But, since
J

< g5 >= 0, we have c; = 0, and so é = (. This implies that Z?;llcjej = 0. We thus
conclude that ¢; =0 (j =1,--- ,n —1). This completes the proof. O

We are now in a position to prove Proposition 4.17.

Proof of Proposition 4.17. We multiply the first equation of (4.16) by & and
take the real part of the resulting equation to obtain

ReMo|? + Re{iy < 1/ -w; > 5} = Re{< f° > 7). (4.25)
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Let us estimate Re{iy < 7/ - w; > 7} on the left-hand side of (4.25). To do so, we
decompose w; in the following way. In (4.19) and (4.20) we decompose ¢; and w;
as follows:
o1 = <;51 + <z§12), wy = wg ) —i—w(2)
(1)

where T(¢§1), wy ') and T(gbl ,wg )) satisfy the following systems, respectively:

(div n/wg) =0,

—A /w(l) + lv /¢(1) = —m—aﬁ/7
(1)77 1 <Vl> o (1) ) (1) (1) (4.26)

o] ’EH = ¢ |Zj,7’ wy |Ej,+ = w ’Ej,77 w; s, =0,

[ < ngl) >=0

and )
vydiv ’w1 fl AP,
—vA 0P + 4V, ¢ = fi = My + 0V, (V- wy), wam
2 (2 ’

5,0 = 00wy, = ws,  wills, =0,

(< ¢§2) >=0

Let us estimate i < 77 - w%l) >. We see from (4.26) that ' ( §1), wg )) is written as

1 n— v (1)
ng ) Z’Y Zl ;(bl,k,n’
=——0
e > L Y
1 k=1 Wy ey
Since < gzﬁ(l) >=0, we see that 0 =i < 77 - w\) , >< qb >= (i < cwll) >
1,kmn' ) Ui 1kn' 1kn' 77 1kn'
oy &), which implies that (wf,ﬂm,, Vn/¢8,)w,) = —(div n/wg,zm,, 4258,)@”,) = 0. Taking

this into account, we have

1) 1 1
<1 - w§ ) > = ;a Z 01k ( wgm,, ex) —0 Z 01k ( wlm,, —Ay 5’,2’,7, + Vn,gbg’,lm,)
Ji.k=1 7,k=1

1
= _‘7 Z 1 (V ’wl k:n’7 vn’wg,;,n/)-

7,k=1

Let {fi. -+, fa—1,} be an orthonormal basis of span {wgl,zn Plin H e (Qper)-

. : 1) -l
Then wy y,, is written as wy ; ., = > bk iy and therefore,

(V wlm,,V /wl ,“7 ijm ﬂ’bklﬂ (V fm W'?v fln) (Bn’B;/)jk-

lm
Here B, is the (n — 1) x (n — 1) matrix given by B,y = (bjk,n’)?,;il' Note that B,y

is nonsingular since {wil,zw,}z;ll are linearly independent by Lemma 4.20. We thus
find that B, B;, is positive definite for each 7/, and

i< -wl) >= %O"B;/n/P, (4.28)
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By * = calif|? (4.29)

uniformly for ' € Q* with || > ry. Here ¢y is the number given by

Cy = inf Con!
7' €Q*,[n'[=r0
with
Coy = min{A; Ais an eigenvalue of B, B, } > 0.
Let us show that ¢ > 0. To do so, we first show that, for each j,k =1,--- ;n—1,

biky = (V,,/wfj?m,, V,,/wflzm,) is continuous in 7’. If this could be shown, then, by
the continuity of the eigenvalue with respect to the components of matrix, we would
have ¢y > 0.

Set uf,zm, = T(¢f,)€7n,, ws,zm,). Then uf,)w, satisfies u%m, € D(Lo)NX; and (Lo +
Han/)ufl)m, = fix with fix = 7(0,e;). By Lemma 4.18, we see that Lo + II; M,
has a bounded inverse (Lo + II; M,/)~! on X; and it holds that

(Lo + 1L My) " fllzexen < C| f]l2 (4.30)

uniformly for 7" € Q* and f € X;. On the other hand, we see from (4.10) and (4.11)
that
MLy (Mo = Moy Julla < CIR|| (Lo + Ty My Jul|

for u € D(Lg) N X; and I/ € R* ! with |h/| < 1. This, together with (4.30),
implies that for each fixed f € Xi, (Lo + 1 M,y)"'f is analytic in 7/ € Q
L2 o (Qper) X H{ oy (Qper). Since '), = (Lo + 11 Myy) ™" fr, we find that wi}) , is

*,per 0,per
: 1 _ (1) (1)
analytic in 7 € Q" in Hy ., (Qper). We thus see that by, = (V, /wlm,,v /wl k)
is continuous in 7', and hence, the eigenvalues of B, By, are continuous in 7. Since
Ca,y is positive for each 7' and is continuous in 7', we deduce that

Cy = inf Con! > 0.
n'€Q*,|n’[>ro

By (4.28) and (4.29), we have
~ 1 o o8
Re{iy <1 -wlV > 5} = Re {—|Byi/ oo} = ea—ifPlof*.

As for Re{iy < 1/ - w§2) > @}, by Proposition 4.14, we have

Re {iy <1 - wy” >0}<6 Inl |0|2+—||V i3

for all € > 0 with C' > 0 independent of e. On the other hand, using Lemma 4.18,
we see from (4.27) that

2 . ~ ~
IV la < C{lldiv s [la + | fr = Ay + 5V (V- w1l 10,0}

< C{Dyy(wy) + | Awy |l + || fill2},
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and hence,
~ o 2, C 3
Re{iy <1~ w1 >0} < e—fol” + —{ Dy (w) + [ Mwr]lz + [ fill}-
Taking € = }102, we arrive at

3’}/ Co

Relol” + Z—=[o|n'[* < Cs{l < £ > [lo| + 1113 + AP llwnll3 + Dy (w1)},

which yields

2
CoY
Reol* + Z=[n/[’lo* < Cof{ (1 + —5) < 7 > [P + L2113+ [AP[[wn 15+ Dy (wr) 3.

I ’|2

This completes the proof. 0
We now establish the resolvent estimate for —L,, with |n| > 7.

Theorem 4.21. Let ' € Q* satisfy || > ro. Then there exists a constant 51 > 0

such that {\;Re X > —p1} C p(—L,) and if Re X > —f, then

A N1 P (A ) S
A+ L) flla + [VP (A + Ly) f||2§(ReA+51)%

The same conclusion holds with L, replaced by Ly,.

[1£1l2-

Proof. Set E[u] = (1 + bs)|o|* + ||u1]|3 + b1 D,y (w;) with constants by, by > 0 to be
determined later. It suffices to show that

Blul < gy {1 < 20> P+ 115 + 103}

Consider (4.17) + (4.18) x by. Then taking by > 0 suitably small, we have

1
Re A(|o* + [Ju 2 + 01Dy (w1)) + 5 Dy (wr) + b AP [l [
(4.31)

<C{l < 2> llel+ (o)l + LAl + 1< £ > "L
We next consider (4.22) x by + (4.31). Then with a suitably small by > 0, we have
1 b2 oV o) o
Re AB[u] + 7 Dy (w1) + —|/\\ lwillz + 5 —=n'I*lo]
< (14 ) < £ P 100l + IR

(Qper) and

(4.32)

Since T(¢1,wy) satisfies T (@1, w1) € L2 . (Qper) x Hy

0,per
{ ~Aywy + V(L) = i = L = 0V (V- wn) +inoif},
divn’wl = %{f{) - )\¢1}7

28



we see from Lemma 4.18 that

2 . ~
a3 < CH{lldivywi i3 + Z 1Al + = AP w3

172 2
+2 IV (Vo - w3 g, )+ 327 Plol?} (4.33)
v+1)? r3
< C{Y NIVl + 1405 + = AP lwi [+ 1 Plo .

We consider (4.33) x by + (4.32). Taking b3 > 0 suitably small, we have
Re AE[u] + gDy (w1) + S will3 + %13 + 222 2|/ P|o]?
< C{(1+ )| < 0> P IRIE + AL+ IO, 1)}
< Bllonlls + CLA+ )l < 0> P+ 13+ A1)
and hence,
Re A[u] + £ Dy (1) + M [fwnl§ + 5 10a]3 + 525 o Pl

< CLL+ )l < 0> P+ I3+ A1)

Using the Poincaré inequality, we have =D, (w1) + %(/¢1[3 + 22/ |?|0]? > 81 E[u]
for some constant £, = £1(rg) > 0. We thus obtain

(Re A+ B1) Elu] + %Dn’<wl) <Ol < 2> PRI+ A3}

for ' with || > ro. This completes the proof. O

We have already shown in Proposition 4.2 that —L,, generates a contraction
semigroup e~ ‘Lv. Theorem 4.21 implies that e ' decays exponentially for ' € Q*
with || > ro.

Theorem 4.22. There holds the estimate
e~ uglla < Ce™* ull
uniformly for n' € Q* satisfying |n'| > ro.
Theorem 4.22 follows from Theorem 4.21 and [3, Chap. V, Theorem 1.11].

5 Proof of Theorems 3.1 and 3.2

In this section we give proofs of Theorem 3.1 and 3.2.

Proof of Theorem 3.1. As in the proof of Proposition 4.1, one can show that
{\; ReA >0} C p(—L) and if Re A > 0, then

A+ L) fllze) < mxllf 2@

IVP A+ L) fllz2 (o) < (VR:A)% £l 2 (o)-

(5.1)
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Therefore, —L generates a contraction semigroup e ** on L%(Q).
the proof.

Proof of Theorem 3.2. We set

| < ro,

II:=Uxoll, T, xo(n)=
K 0 |’I7/| Z To.

This completes

O

It then follows from Proposition 2.2 that I1? = II. Furthermore, by Theorem 4.7,

we have
e luy = Uxoe™" ’H Tug = Uxoe™' 1L Tuy.

Since

sup [|Tuollr < Clluol|rr (e
n'eR*

we see from Theorems 4.7 and 4.11 that
He’tLHuoﬂiz(Q) <C | xoe ™ F T,y Tugl|3 dnf < C/ 677077
7 eQ* In’|<ro

<c [ eIy < O fuol,
In’|<ro

On the other hand, we have

e |72y < C dif [[uoll 71y < ClluollZs o)

[n'[<ro

We thus obtain »
HeitLHUOHLQ(Q) < C(l + t)iT HUOHLI(Q).

This proves (i) of Theorem 3.2.
As for the estimate for e *%(I — IT)ug, we write it as

e (I — M)ug = Uxoe ' (I = TL)T + U(1 — xo)e v

TP MLy T |5

— UXO(e—th/ _ CA"/tHn/)T + U(l . XO)e_th/T'

It follows from Theorems 4.10 and 4.22 that
le™ (I = M)ug| 12¢0) < Ce ™ |Jull 120y

where 3 = %min{ﬁo, f1}. This proves (ii) of Theorem 3.2.
Let us prove (iii) of Theorem 3.2. We write e~*“Tluq as

e HTlug = Uyoe IO Tug + Uxoe™” HIL, — H(O))Tuo =:J1 + Jo.
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For 0/ = ({1, ,l,—1) € Z" ', we denote by Qe ¢ the set {(x’—kZ}Zf i—:e;, T,y (2, 2y,) €
Qper . By the definition of T, we have

MOy, = / < (Tpo)(2',") > dx] u®
Qper

1 / il ot 0
= — ¢o(x)e " dx] u(®
| [Qper||Q7[2 z% Q

per,t!

1 / il ol 0 1 N / (0)
= | ——— | Go(@)e™™ " dz| u® = ————G0(n)u'?,
Qe[ Q¥]2 Jo (27)*77|Q|

where

oo(z') =

Q wa(z')
K‘) | oo(2', 1) dyy.
|Qper| Joo, 2y
It then follows that J; is written as

1

*:[@m:/xwwmmwwwﬂ“@=w”%wmm+ﬁ”+f?
Q*

Here
W =F [(Xo - 1)6‘1“(”/)%(77/)] u®,

]. 772‘,{ ’ ~ in' -z’
By the Plancherel Theorem, Jl(l) is estimated as
1 T _ 22 (Yt~
1111220y < dIF[0xo = e GoJul| |2 gn

2

= (2m) " Vd| (xo — Ve "Gy Fa gy

with d > 0 given by d = max,/cpn—1{ws(2') — wi(2')}. Since supp (xo — 1) = {|7| >
o}, we see that

_2 e ~ _n=1 _3%.2
[(xo — 1e Ea )tO-OH%Q(R"—l) <Ct ze E T°t||¢0||%1(9)7

and hence,

n—1

_ _22,2
17Dy < Ot e~ 578y 11 .

As for J1(2), we have

1
et — e = (A + k() / e~ RO +RGN)E g
0
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Since A,y = —?/{(n’) + O(|n'|?), we obtain

Mt — =N < Ol Pre= BTNt < Ol e B IPE

and hence,

2
nﬁmamsc/

‘n/‘STO n/eRnfl

2
_ra 222 ~ _n—1_
|77/|26 il tdn' ( sup |UO(77/)|) <Otz 1||¢0||%1(Q)‘

Concerning J5, we see from Theorem 4.11 that

1]l 22y < Clixoe™ (T — )Tl 2 (e 22(20r))

_n-1_1
< Clixoln’ ™ I Tuoll1l| 2@y < C(L+ )™ T 2 Juollpy(ay.
We thus obtain the desired estimate. This completes the proof. O

6 Outline of proof of Lemma 4.18

In this section we give an outline of the proof of Lemma 4.18. We here only give
several lemmas necessary for the proof since Lemma 4.18 can be proved by an
argument similar to the proof of [22, Chap. III, Theorem 1.4.1], where the proof for
the Stokes system (i.e., n = 0) is given.

We begin by

Lemma 6.1. There holds the estimate

[ulle < CLIVyull s o, + lullat @t

per)
for u € L*(Qper)-

Lemma 6.1 can be proved in a similar manner to that of [19, Chap. 3, Lemma
7.1]. (Cf., [22, Chap. II, Lemma 1.1.3].)

Lemma 6.2. There hold the following inequalities for uw € L? _ (Qper):

*,per

ull2 < CLl|Vyul| g

per

(@per) < C1C2]Ju[2-

Lemma 6.2 follows from Lemma 6.1 as in the proof of [22, Chap. II, Lemma
1.5.4].

2
*,per

Lemma 6.3. (i) For every g € L2 .. (Qper), there exists w € Hj ., (Qper) satisfying

divyw =g, [[Vywlz < Clgll2.
(i) For every f € H,o (Qper) satisfying
[f,w] =0, forallw € H ,p,(Qper) with div yw =0,

there uniquely exists p € L% . (Qpe,) such that

*,per

Vip = [, pll2 < Cllf iy @per)-
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One can prove Lemma 6.3 by using Lemma 6.2 as in the proof of [22, Chap. II,
Lemma 2.1.1].

We define Hj ,(Qper) by

H&,J(Qper) = {w € Hp ey (Qper) 5 div yw =0}

,per

Lemma 6.4. For every f € Hj!

oper(Qper), there uniquely exists w € Hj ,(Qper)
satisfying

(Vyw, Vyv) = [f, ]
for all v € Hj ,(Qper), and

IVywllz < ClF 0y

Furthermore, there uniquely exists ¢ € L? ., (Qper) such that

*,per
~Ayw— f ==V

and
o2 < CHfHH,,—;(QW)'

Lemma 6.4 can be proved in a similar manner to the proof of [22, Chap. III,
Theorem 1.3.1].

Lemma 4.18 follows from Lemmas 6.3 and 6.4 as in the proof of [22, Chap. III,
Theorem 1.4.1]. O
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