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Self-organization in a foliated phase space
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Abstract. Self-organization of a structure is, at its surface, an antithesis of
the entropy ansatz. However, disorder can still develop at micro scale while
a structure emerges on some macro scale; it seems more common in various
nonlinear systems that order and disorder are simultaneous, and such coexis-
tence may be possible if the self-organization and the entropy principle work
on different scales. The self-organization of a magnetospheric plasma vortex
is an example. A systematic formulation of a scale hierarchy is given by a
“foliation” of the kinetic phase space in terms of actions (adiabatic invari-
ants). Interpreting an action p (the magnetic moment, for instance) as the
number of quantized “quasi-particles,” we can construct a grand-canonical
distribution function f, o e #H~* (H: Hamiltonian, 8: inverse temper-
ature, «: chemical potential of the quasi-particle) that maximizes entropy
on a macroscopic leaf where the microscopic action-angle variables are ab-
stracted as quasi-particle numbers. While embedding the macroscopic leaf in
the (laboratory-frame) total phase space, the transforming Jacobian weight
forces an inhomogeneous density profile in the laboratory flat space. An in-
homogeneous magnetic field (typically a dipole) yields a strongly distorted
invariant measure of the magnetized particles, creating a self- organized vor-
tex with steep density gradient; this theory explains “inward diffusion” in
magnetospheres, as well as their laboratory simulations [Z. Yoshida et al.,
Phys. Rev. Lett. 104 (2010) 235004].

1 Introduction

Superficially, the process of self-organization of a structure may appear to
be an antithesis of the maximum entropy ansatz. And yet various nonlin-
ear systems display what may be viewed as the simultaneous existence of
order and disorder[1]. This co-existence will begin to make sense if the
self-organization processes and the entropy principle were to manifest on



different scales; disorder can still develop at a microscopic scale while an
ordered structure emerges on some appropriate macroscopic scale. Writing
a theory of self-organization, then, will be an exercise in delineating and
understanding the characteristic scale hierarchy of the physical system.

Scale hierarchy is a popular keyword in various arguments on “struc-
tures”; a biological body is a typical example in which an evident hierar-
chical structure is preprogrammed enabling effective consumption of energy
and materials as well as emission of entropy and waste. A physical macro-
system —a collective system of “simple” elements (a gravitational system,
a plasma, etc.)— is anchored on a different framework. An automatic emer-
gence of scale hierarchy is not “programmed” and the structures are not
assigned specific functions a priori; yet the controlling nonlinear dynamics
can mimic a fundamental and elementary process of creation.

The ordering principal is generally epitomized in a “constraint” —a pos-
sible conservation law, a constant of motion— that, by restricting the class
of motions available to the system, limits its ability to degenerate into gen-
eral disorder. In complicated dynamics, the emergence of “complete” order
would surely seem like a tall order; what one may, realistically, expect is the
creation of order at some scale coming at the cost of enhanced disorder at
another.

Although this scenario seems philosophically sensible, one must trace
the theoretical path through which such a self-organization could occur. In
this Letter we analyze the creation process embodied in the formation of
a self-organized magnetospheric plasma. Through this example, we delin-
eate a clear and distinct scale hierarchy in terms of Hamiltonian mechanics
and foliation (provided by adiabatic invariants), and show how an ordered
structure (heterogeneity) can emerge while maximizing the entropy.

Magnetospheres are self-organized structures found, commonly, in the
Universe. The naturally occurring ones (the planetary magnetospheres [2,
3, 4], for instance) as well as their laboratory simulations[5, 6, 7, 8, 9] are
built around the dipole magnetic fields. In a dipole magnetic field, the
charged particles can cause a variety of interesting phenomena. Of partic-
ular interest is the often observed inward diffusion (or up-hill diffusion) of
magnetized particles. This process is driven by some spontaneous fluctua-
tions (symmetry breaking) that violate the constancy of angular momentum.
In a strong enough magnetic field, the canonical angular momentum Py is
dominated by the magnetic part qi: the charge multiplied by the flux func-
tion (Gauss’potential). The conservation of Py =~ qi, therefore, restricts
the charged particle motion to the magnetic surface (level-set of ). It is
only via randomly-phased fluctuations that the particles can diffuse across



magnetic surfaces. Although the “diffusion” is normally a process of dimin-
ishing gradients, numerical experiments do exhibit preferential inward shifts
through random motions of test particles[10, 11]. Detailed specification of
the fluctuations or the microscopic motion of particles is not the subject
of present effort. We plan to construct, instead, a clear-cut description of
the self-organized state, which, through with entropy principle, allows steep
gradients to form at the goal of diffusion. '

Here we describe the scale hierarchy by a phase-space foliation. Hetero-
geneity is, then, created by the distortion of the metric (invariant measure)
dictating the equipartition on the leaf of the macroscopic hierarchy; in a
strongly inhomogeneous magnetic field (typically a dipole magnetic field),
the phase-space metric of magnetized particles is distorted, thus the projec-
tion of the equipartition distribution onto the flat space of the laboratory
frame yields peaked profile by the Jacobian weight (this idea was proposed
by Hasegawa [12, 13]; in later discussion we will put the present theory in
perspective). The theoretical path for the self-organization scenario will be
charted invoking a Hamiltonian formalism of the magnetized charged parti-
cles and the Boltzmann distribution on a foliated phase space endowed with
a non-canonical Poisson bracket [14].

2 Separation of action-angle variables and scale hi-
erarchy

To analyze the effect of magnetization in an inhomogeneous magnetic field
(specifically, a dipole magnetic field), we invoke the hierarchical Hamiltonian
structure built by adiabatic invariants (actions).

2.1 Hamiltonian of charged particle

The Hamiltonian of a charged particle is a sum of the kinetic energy and
the potential energy:

H = 20 + g9, M

! A density f (on an n-dimensional space) is an extensive quantity (n-form), which dif-
fers from an intensive quantity (scalar, or 0-form). A diffusion equation for f, with respect
to an invariant measure dz' A--- Adz"™, is written as 8; f = d(D§ f), where D is a diffusion
coefficient, d is the exterior derivative (gradient) and § = (—1)""! *d* is the codifferential
(* is the Hodge star); a diffusion equation for a scalar ¢ is such that d:¢ = §(Dd¢). Thus,
the diffusion of f is a process of flattening *f, while that of ¢ simply flattens ¢. The
Hodge star converts f = f(y',---,y™) to*f = f(y',---,y™)D(y*,---,y")/D(z",---,z").



where v := (P —qA)/m is the velocity, P is the canonical momentum, (¢, A)
is the electromagnetic 4-potential, m (q) is the particle mass (charge). In the
present work, we may treat electrons and ions equally (in later discussion, we
will neglect ¢ assuming charge neutrality, but generalization to a non-neutral
plasma will be interesting [7, 15]). Denoting by v and v the parallel and
perpendicular (with respect to the local magnetic field) components of the
velocity, we may write

m m
H= Evi + Evﬁ +qo. (2)

The velocities are related to the mechanical momentum as p := mv, p| :=
mvH, and Pl = mvu].

2.2 Creation of an action-angle pair by magnetization

In a strong magnetic field, v | can be decomposed into a small-scale cyclotron
motion v, and a macroscopic guiding-center drift motion vy. The periodic
cyclotron motion v, can be quantized to write (m/2)v? = pw.(x) in terms
of the magnetic moment p and the cyclotron frequency w.(x); the adiabatic
invariant p and the gyration phase ¥, := w.t constitute an action-angle
pair. In the standard interpretation, in analogy with the Landau levels in
quantum theory, w, is the energy level and pu is the number of quasi-particles
(quantized periodic motions) at the corresponding energy level.

For an axisymmetric system with a poloidal (but no toroidal) magnetic
field, let (1, ¢, 0) be a magnetic coordinate system such that B = Vi) x V6 (0
is the toroidal angle). An approximately-vacuum magnetic field may also be
written as B = V¢ = BV(. ? The macroscopic part of the perpendicular
kinetic energy is expressed as mv3/2 = (Py — q¥)?/(2mr?), where Py is
the angular momentum in the 6 direction and r is the radius from the
geometric axis. In terms of the canonical-variable set z = (¢, i1, ¢, p||, 0, Py)
the Hamiltonian of the guiding center (or, the quasi-particle) becomes

2
He = pwe + ﬁw + %pﬁ +q¢. (3)
Note that the energy of the cyclotron motion has been quantized in term
of the frequency w.(x) and the action u; the gyro-phase 1, has been coarse
grained (integrated to yield 27).

2The flux function ¢ is equal to r4y (Ag is the # component of A). For a point
dipole of magnetic moment M, t(r,z) = Mr?(r®> + 22)7%/2. On the other hand,
the scalar potential is &(r,z) = Mz(r? + 22)7%/2.  The magnetic field strength is

B= M\/(r4 + 5r222 +424) /(r? 4+ 22)5.




2.3 Boltzmann distribution

The standard Boltzmann distribution function is derived when we assume
that the Lebesgue measure d3vd®z is an invariant measure and the Hamil-
tonian H is the determinant of the ensemble. Maximizing the entropy
S = — [ flog fd3vd3x keeping the total energy F = [ H fd*vd®z and the
total particle number N = [ fd3vd®z constant, we obtain

flx,v) = Z le BAH (4)

where Z is the normalization factor (log Z — 1 is the Lagrange multiplier on
N) and $ is the inverse temperature (the Lagrange multiplier on E). The
corresponding configuration-space density,

p(a) = [ fabo oc e, (5)

becomes constant for a charge neutral system (¢ = 0).

Needless to say that the Boltzmann distribution or the corresponding
configuration-space density, with an appropriate Jacobian multiplication, is
independent of the choice of phase-space coordinates. Moreover, the density
is invariant no matter whether we quantize the cyclotron morion or not. Let
us confirm this fact by a direct calculation. For the Boltzmann distribution
of the “guiding-center plasma”

Fluyva,opsz) = 2 te e

_1,P (uwc(w)+mvﬁ/2+mvﬁ/2+q¢(w))’ ©)

the density is given by

2
p(x) = /fd3v = /f Tr—wcdudvddvn o e P9, (7)
m
exactly reproducing (5).

2.4 Equilibrium on macroscopic hierarchy

The adiabatic invariance of the magnetic moment p (the number of the
quantized quasi-particles) imposes a topological constraint on the motion of
particles; it is this constraint that is the root-cause of a macroscopic hier-
archy and of structure formation. Mathematically, the scale hierarchy is
equivalent to a foliation of the phase space. To explain how the scale hierar-
chy is formulated, we start by the general (micro-macro total) formulation,



and then separate the microscopic action-angle pair p-v.; the macroscopic
phase space is the remaining sub-manifold immersed in the general phase
space, which we delineate as a leaf of the foliation in terms of a Casimir
element [14].

The Poisson bracket on the total phase space, spanned by the canonical
variables z = (J¢, 11, ¢, p)|, 0, Pp), is

{F,G} = (J0:F,0.G),

where (u,v) := [u;jv/d°% is the inner-product and 7 is the canonical sym-
plectic matrix (Poisson tensor):

J 0 0 01
J=10 J 0|, J::(_1 0). (8)
00 J

The equation of motion for the Hamiltonian H, is written as dz//dt =
{H.,%7}. Notice that the quantization of the cyclotron motion (i.e., the
replacement of the microscopic variables #.-v. by ¥.-u) suppresses change
in p. Liouville’s theorem determines the invariant measure dz, by which
we obtain the Boltzmann distribution (6).

To extract the macroscopic hierarchy, we “separate” the microscopic
variables (9., 1) by modifying the symplectic matrix as

Tne = (9)

o oo
oo
oo

The Poisson bracket, determining the kinematics on the macroscopic hier-
archy, is defined as {F,G}n. := (Jnc0:F,0.G). The macroscopic kinetic
equation, Oyf + {He, f }ne = 0, reproduces the familiar drift-kinetic equation
(see for example [16]).

atf+ {Hcaf}nc
of _vadf . Of

of
=0 = 4+ Fj— 4+ —=—+F =0
it gy T o T ap, =
where F| := —0¢H. and Fy := —0yH. (the last two terms on the right-hand

side vanishes because of the symmetry dy = 0).
The nullity of 7, makes the Poisson bracket {, },. non-canonical [14],
i.e., there is a nontrivial C'(z) such that {G,C},. = 0 for every G. We call



C(z) a Casimir element (since {H.,C} =0, C is an invariant). Evidently,
p is a Casimir element (more generally C' = ¢g(u) with g being any smooth
function). The level-set of C(z) = p, a leaf of the Casimir foliation, identifies
what we may call the macroscopic hierarchy.

By applying Liouville’s theorem to the Poisson bracket {, },., the in-
variant measure on the macroscopic hierarchy is d*z = d®z/(2ndu), the
the total phase-space measure modulo the microscopic measure. The most
probable state (statistical equilibrium) on the macroscopic ensemble must
maximize the entropy with respect to this invariant measure. The vari-
ational principle is set up following the standard procedure —immersing
the macroscopic hierarchy into the general phase space, and incorporating
the constraints through the Lagrange multipliers: We maximize entropy
S = — [ flog f d®z for a given particle number N = [ fd®z, a quasi-particle
number M = [pufdz, and an energy E = [ H.fd®z, to obtain the distri-
bution function

f=fa:i=2"" e Bleton) (10)

where «, 3, and log Z — 1 are, respectively the Lagrange multipliers on M,
E, and N. In this “grand-canonical” distribution function, « is the chemical
potential associated with the quasi-particles. 3

The factor e in f, yields a direct w, dependence of the configuration-
space density:

we(x)

Bwe(x) + o’ (11)

p= /fa %d,udvddvu x
m
which may be compared with the density (7) evaluated for the Boltzmann
distribution (¢ = 0 assuming charge neutrality). Notice that the Jacobian
(2w, /m)du multiplying the macroscopic measure d*z reflects the distortion
of the macroscopic phase space (Casimir leaf) caused by the magnetic field;
see Fig. 1.

3 Macro-scale action-angle pairs in an axisymmet-
ric system

In an axisymmetric system, the quasi-particle motion, periodic in both the
parallel and € directions, may be described in terms of the macroscopic

3We can also derive (10) by an energy-Casimir function. With a Casimir element g,
we can transform the Hamiltonian as H. — H, := H. + au (« is an arbitrary constant)
without changing the macroscopic dynamics; H, is called an energy-Casimir function [14].
The Boltzmann distribution with respect to Ha is equivalent to (10).



Figure 1: Jacobian weight on the foliated phase space of quasi-particles
—the macroscopic hierarchy of magnetized charged particles.

action-angle pairs: J)-0)| (:= sin_l(C/EH); ¢ is the bounce orbit length) and
Py (= q10)-0 (for a hierarchy of adiabatic invariants, see [17] and papers cited
there). To find explicit expressions for the parallel action-angle variables,
we invoke the Hamiltonian H. of (3) in which the gyration action-angle
pair p-v. is “quantized” in a sense that w. = J. is given as a function of
x (configuration space coordinate). Neglecting the curvature effect * and
putting ¢ = 0, the equation of the parallel motion reads as

dg¢ _ 0H, _p
dt  Op| m’
(12)
dp| 0H.,
T e MV
which combine to yield
2
—( = —uV)we. 13
mdtC pV|w (13)

In the vicinity of ( = 0, where w, has a minimum on each magnetic surface,
we may expand

we = Qe(9) + QZ(T/’)CQ/Z

‘With b = B/B, we define v = b - v, and hence, /9¢ operates on b. If v /R (R:
curvature) is comparable to the bounce-frequency (14), we have to take into account the
centrifugal force; see for example [16].



where €Q.(¢) is the minimum of w, and Q(¢)) := d’w./d(?|y. In terms of

the length
20, (14 1/2
L = (i)
which scales the variation of w, along (, (13) is integrated to identify the cor-
responding action-angle variables: ¢ = ¢ sind)), ¥ = wyt with the bounce
frequency
QY)p vl
Wy = = . (14)
V' m Ly(4)
The bounce amplitude ¢ = [QEH/(me)]I/Q is evaluated in terms of the

parallel energy Ej| := (mvﬁ)/2|§:0. Assuming F)| = E| = uf)., we estimate
¢ =~ Lj. The action

1
J)| = o %mv”df
is related to E)| = Jjwy, and dv| = [wb/(mvu)] dJy. Using the relation
wp/(my)) = v /(Lymo)) = 1/(mL)), we may write
1

dQ)H ~ mL”

dJj.

The quantization of the parallel action-angle pair Jj-9), adds an addi-
tional constraint leading to a new equilibrium distribution function:

fa,7 _ Z—le—(ﬂHc-l-ozlt-l-’YJH)’ (15)

and the corresponding density

2rwedp  dJ]
p = /foc,'y L I dvq
we(

il)) /oo 6_(ﬁwc+a)“d,u,
0

2 BV 2wep/m +yLy(¢)

Through L;(¢), the density p acquires a dependence on 1. We may estimate
Ly(¢) ~

The second part of the macroscopic dynamics is contained in the equa-
tion of motion in the € direction. Solving the 6 motion reveals that the
self-organized clump of density turns out to be a wvortex. Averaging the
cyclotron and bounce motions, the Hamiltonian becomes (neglecting ¢ and
approximating Py = q1))

Hey = ch(¢7 C) + J||wb(¢7 ﬂ‘) (17)

(16)

m

9



The governing equations for the canonical pair gi-0
d OHyp  powe  J)Owy
— = = — _—— = wd?
dt” 9gp) q oy q O

(18)
d, . 0Hy
@™ = "5 ="

tell us that a particle involved in the density clump rotates with a frequency
Wq-

4 Concluding remarks

We have constructed a grand-canonical distribution function f, (or fa)
that maximizes entropy on a macroscopic leaf where the microscopic action-
angle variables are abstracted as quasi-particle numbers. While embedding
the macroscopic leaf in the (laboratory-frame) total phase space, the trans-
forming Jacobian weight forces an inhomogeneous density profile in the lab-
oratory flat space. Evidently, f, (or fa,) is a “particular” solution of the
stationary kinetic equation {H,, f},. = 0; the general solution, freed from
the maximum-entropy condition, is any arbitrary function of the constants
of motion, f = F(He,u,Jy,v). The solution f = F(u,J)), for instance,
yields a density function p oc we/Lj. In a dipole magnetic field, this func-
tion scales as oc r %, precisely the density profile given by Hasegawa [12, 13],
and is the asymptotic form of (16) in the limit r — oo (w. — 0 so that
BH, < ap + ’YJ”).

The chosen example of self-organization, simultaneous with maximum
entropy, is distinguished from the standard narrative based on the integral
fluid invariants (like a helicity) with motion taking place in the 3-dimensional
space [1]. Here the domain is the 6-dimensional phase space, and the con-
stants of motion are the adiabatic invariants (actions) associated with parti-
cle motion. The conserved actions force the trajectories in the action-angle
space to be straight lines. It is the translation of these straight action-angle
trajectories (microscopic) into configuration space of observation (macro-
scopic) that connect the micro with the macro with the emergence of struc-
ture in the latter while the former may be totally structureless.
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