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Existence and stability of time periodic solution to
the compressible Navier-Stokes equation for
time periodic external force with symmetry

Yoshiyuki KAGEI * Kazuyuki TSUDA 1

Abstract

Time periodic problem for the compressible Navier-Stokes equation on the whole
space is studied. The existence of a time periodic solution is proved for sufficiently
small time periodic external force with some symmetry when the space dimension
is greater than or equal to 3. The proof is based on the spectral properties of the
time-T" map associated with the linearized problem around the motionless state with
constant density in some weighted Sobolev space. The stability of the time periodic
solution is also proved and the decay estimate of the perturbation is established.

1 Introduction

This paper studies time periodic problem of the following compressible Navier-Stokes
equation in R™ (n > 3):

{8tp+V-(pv):O, (1.1)
PO + (v - V)v) = v — (p+ @)V (V - v) + VP(p) = pg. ‘

Here p = p(x,t) and v = (vq1(z,t), -+ ,v,(z,t)) denote the unknown density and the
unknown velocity field, respectively, at time ¢t > 0 and position = € R"; P = P(p) is the
pressure that is assumed to be a smooth function of p satisfying

P'(p.) >0

for a given positive constant p,; p and p' are the viscosity coefficients that are assumed
to be constants satisfying

2
p>0, Z/Hru’ZO;

and g = g(x,t) is a given external force periodic in t. We assume that g = g(x, t) satisfies
the conditions
g(e,t+T) = g(z,t) (v €R" tER),
g(-l‘,t) = —g(l’,t) (:CERn7tER)
*Faculty of Mathematics, Kyushu University, Fukuoka 819-0395, JAPAN
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for some constant 7" > 0.

The purpose of this paper is to investigate the existence and stability of a time periodic
solution of system (1.1) around the constant state (p., 0).

Concerning the time periodic problem for the compressible Navier-Stokes equations,
Valli ([11]) proved the existence and (exponential) stability of time periodic solutions on
a bounded domain of R? for sufficiently small time periodic external forces. On the other
hand, for large time periodic external forces, the existence of time periodic solutions
on a bounded domain of R? was proved by Feireisl, Matusu-Necasova, Petzeltova and
Stragkrava ([2]) and Feireisl, Mucha, Novotny and Pokorny ([3]) in the framework of
weak solutions. As for the time periodic problem on unbounded domains, Ma, Ukai, and
Yang ([8]) studied the existence and stability of time periodic solutions on the whole space
R”™. It was shown in [8] that if n > 5, there exists a time periodic solution (pper, Vper)
for a sufficiently small g € CO(R; HN=' N L') with g(z,t + T) = g(x,t), where N € Z
satisfying N > n + 2. Furthermore, the time periodic solution is stable under sufficiently
small perturbations and there holds the estimate

||(,0(t), U(t)) - (pper(t)vvper(t))HHN*l S O(l + t)_%”(p(va) - (pper(to)a Uper(tO))“HN*lﬁLla

where t is a certain initial time and (p, v)|i=¢, = (po, vo). Here H* denotes the L2-Sobolev
space on R" of order k.

In this paper, we will show that for n > 3, if the external force g satisfies the oddness
condition (1.2) and is small enough in some weighted Sobolev space, then (1.1) has a time
periodic solution (pper, Vper) and Upe,r (t) = (pper(t) — pus Vper (t)) satisfies

SUp ({|uper (t)l| 2 + l2Vuper (1) 22)

te(0,7
< glleqomerinzey + lzgllcqomcinzey + ll9ll20,mmm-1y + 129l 22 (0,0:8m 1) (1.3)

In addition, we will prove that the time periodic solution is stable under sufficiently small
initial perturbation, and that the perturbation satisfies

1(p(), v(t)) = (Pper (t), vper (1)) |22 = O(t™%) as t — 0. (1.4)

The precise statements are given in Theorem 3.1 and Theorem 3.2 below.

The proof of the existence of a time periodic solution is given by an iteration argument
by using the time-7-map associated with the linearized problem around (p,,0). Substi-
tuting ¢ = 225 and w = 2 with v = \/P'(p.) into (1.1), we see that (1.1) is rewritten
as

Ou 4+ Au = —Blu]u + G(u, g), (1.5)
where
(0 ~div _on o pty
A= (’yV —v/\ — ﬁVdiv) Ve 0y V= Py (1.6)
Bliu = (7)) for u=T(00). 1= T(60) (1.7)
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and

G(u,g) = (IO(U)), (1.8)

f(u,g)
fPlu) = —yodivw, (1.9)
fg) = —A(1+ ) (w- V) — ¢Bw — V(P (9)¢?) + #g, (1.10)

1

PO(g) = % (L= O)P"(p.(1+06))db.

To solve the time periodic problem for (1.5), we decompose u into a low frequency
part u; and a high frequency part us,. Then u; and u., satisfy

Oyuy + Auy = Fi(u, g), (1.11)
Qoo + Aty + Poo(B[t]us) = Fio(u, ), (1.12)
where
Fl(u> g) = Pl[_B[ﬁ’]u + G(U,g)],
Foo(u, 9) = Pos[—BluJui + G(u, g)]
and

U=1u=u + U, uj=Pu (j=1,00).

Here P, and P,, are bounded linear operators from L? into a low frequency part and a
high frequency part, respectively, satisfying P; + Py, = I. (See sections 3 and 4 for the
definitions and properties of P, and P...)

We rewrite (1.11)-(1.12) as

Ul(t) = Sl(t)um + y1<t)F1(U,, g), (113)
uoo(t) = Soo,a(t)lbooo -+ yooﬂ(t)Foo(u, g), (114)
where
Ug1 = (I — Sl(T))_lyl(T)Fl(u,g),
U)o — (I — SOO@(T))_lyooj(T)Foo(u,g)
with

U=1U=1U] + Uso-

Here Si(t) is the solution operator for the linear initial value problem for (1.11) with
the inhomogeneous term Fi(u,g) = 0 under the initial condition u;|i—g = ug1; S1(¢) is
the one for (1.11) with a given inhomogeneous term Fj(u, g) under the initial condition
Uy]i—o = 0; and S 4(t) and ¥ 4(t) are similarly defined by the solution operators for
the linear initial value problem for (1.12). We will investigate properties of S;(t), -1 (%),
Seoa(t) and o 4(t) in weighted Sobolev spaces. The necessary estimates for Si(t) and
Z1(t) will be obtained by the explicit formulas for these operators through the Fourier



transform, while those for S 5(t) and .« a(t) will be established by a weighted energy
method.

The stability of the time periodic solution will be also shown by a decomposition
method associated with the spectral properties of the linearized operator which, in this
case, is a decomposition into low and high frequency parts (cf., [4, 10]). Based on the
estimate (1.3) for wper(t) = T (pper(t) — ps, Vper(t)), We can apply the Hardy inequality to
show the stability of the time periodic solution " (pper(t), Vper(t)) under sufficiently small
initial perturbations and the decay estimate (1.4) in a similar manner to [10]. In contrast
to the problem in [10], the terms vpe, - V@ + ¢divu,, appear in the transport equation
for the perturbation. These terms can be handled by using the energy method and the
boundedness properties of the projection onto the low frequency part as in [4], together
with the Hardy inequality. (See also [1]).

This paper is organized as follows. In section 2, we introduce notations and auxiliary
lemmas used in this paper. In section 3, we state main results of this paper. In section
4, we reformulate the problem. Section 5 is devoted to studying S;(¢) and .#;(t) and we
derive the estimates for low frequency part. In section 6, we state some spectral properties
of Seoa(t) and ¥ a(t) and derive the estimates for high frequency part. In section 7,
we establish the weighted energy estimate for high frequency part which gives spectral
information on S 4(t) and %o 4(t). In section 8, we estimate nonlinear terms and then
give a proof of the existence of a time periodic solution.

2 Preliminaries

In this section we first introduce some notations which will be used throughout this paper.
We then introduce some auxiliary lemmas which will be useful in the proof of the main
results.

For a given Banach space X, the norm on X is denoted by || - || x-

Let 1 < p < oco. LP stands for the usual L? space over R”. The inner product of L? is
denoted by (-,-). For a nonnegative integer k, H* stands for the usual L?-Sobolev space
of order k. (As usual, H° = L%.)

The set of all vector fields w = T (wy, -+ ,w,) on R® with w; € LP (j = 1,--- ,n),
i.e.,, (LP)", is simply denoted by LP; and the norm || - ||(zry» on it is denoted by || - ||z»
if no confusion will occur. Similarly, for a function space X, the set of all vector fields
w="(wy, - ,w,) on R" with w; € X (j =1,---,n), i.e., X", is simply denoted by X;

and the norm || - ||x» on it is denoted by || - ||x if no confusion will occur. (For example,
(H*)™ is simply denoted by H* and the norm || - || s is denoted by || - || )
For u = "(¢,w) with ¢ € H* and w = "(wy,--+ ,w,) € H™, we define the norm

||| g e Of w o HE x H™ by

1
lull e am = (1@l + Nwllim)* -

When m = k, we simply write H* x (H*)" as H*, and, also, ||u|grxgryn as [[ul| g+ if no



confusion will occur :
H* .= H* x (H*)", ul| e = |Jull grsryn (u=T(d,w)).

Similarly, when v = "(¢,w) € X x Y with w = "(wy,--- ,w,) for function spaces X and
Y, we denote its norm ||u||xxy by

ety = (1615 + ol3)® (=T (6, w)).

When Y = X", we simply write X x X" as X, and also its norm ||u||xxx» as ||u||x:
X =X x X" ullx = [[ullxxxn (u="(¢,w)).

Let a = (o, -+, @) be a multi-index. We use the following notation
n
oy = a5 -5, ol =) ay
j=1

For any integer [ > 0, V'f denotes z-derivatives of order [ of a function f.
For 1 <p < oo, LP((1 + |z|?)dx) stands for the weighted LP space over R™ defined by

{1+ faPyie) = {5; [ 1@PQ+ faP)ie < oo},

In particular, we denote L'((1 + |z|)dx) by L.
We denote by f or F[f] the Fourier transform of f :

O =710 = [ 1wea (€er)
The inverse Fourier transform of f is denoted by F~1[f]:
FUf) = 0 [ foeas @er)

For a nonnegative integer k& and positive constants r; and 7. with r < 7., H(koo)
denotes the set of all f € H* satisfying supp f C {|¢| > i}, and H(kl) denotes the set of

all f € H* satisfying supp f C {|¢] < rs0}.
k

For a nonnegative integers k and ¢, the spaces HY and H (0),¢ AT€ defined by

HE = {f € HY |||l p < +o0},

where

Jj=0

¢ 3
£l = (Zv@;) ,



N

e = | D Ial@f N7 |

la|<k

and
HE oy ={f € Hioi || fllr < +00}.

The space L%l)J is defined by

L%l),l ={fellfe L%l)]’%

and the space Hy) , is defined by

Hbyy = {F € Byl flly, | < +0o),
where

Ul = (1122 + 2V F]2)2

(1),1

We note that H (koo),é and H (11)’1 are closed subspaces of HY and H}, respectively.
We will consider the time periodic problem in function spaces with some symmetry.
We define I' by

(Tu)(z) = "(¢(—2), ~w(-2)) (u(z) = "(¢(x),w(z)), =€R").

We indicate function spaces satisfying the symmetric condition I'u = u by the subscript
~sym- More precisely, We denote by Xy, the set of all u = T(¢,w) € X satisfying the
symmetric conditions I'u = u, i.e., ¢(—z) = ¢(x) and w(—z) = —w(z) (x € R"):

Xeym = {u="(¢,w) € X;Tu = u}.
Let —00o < a < b < co. We denote by C*([a,b]; X) the set of all C* functions on
la,b] with values in X. The Bochner space on (a,b) is denoted by LP(a,b; X) and the

L2-Bochner-Sobolev space of order k is denoted by H*(a,b; X).
Let k be a nonnegative integer satisfying k > 1. The space 2" (a,b) is defined by

2*(a,b) = Z1(a,b) x Z*_(a,b)

equipped with the norm

[N

||{U17Uoo}”3{k(a,b) - (”ulngl(a,b) + Huo"”%(a,b)) ’
where

Y1(a,b) = {Ul = T(¢1,w1) € C'([a, b]; (H(11),1)sym)§ dywy € C([a,b]; LY)},
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Weo(a,0) = {tioe = T (Goos weo) € C[a, s (H{se) 1 )sym); Woo € L2(a,b; HEL' )NH (0,0, HE )}

1
2

2 2
Hulﬂgl/l(a,b) = (“ulucl([a,b};H(ll)’l)+Hatw1HC([a,b};L§)> )

2
_ 2 2
luooll gt 0y = <||uoo||c([avb];H(kgo),1)+||w°°||L2(a,b;H(kng)1’l)mH1(a,b;H("'w;’l)) :

We also introduce function spaces of T-periodic functions in ¢. Cp.,(R; X) denotes
the set of all T-periodic continuous functions with values in X equipped with the norm
| - lleqom:x); and L2, (R; X) denotes the set of all T-periodic locally square integrable

per

functions with values in X equipped with the norm || - ||z2oz,x). Similarly, H,,.(R; X)
and 2% (R), and so on, are defined.

per

Let X be a Banach space and let P be a bounded linear operator on X. We denote
by rx(P) the spectral radius of P.
For operators A and B, [A, B] denotes the commutator of A and B :

A, BIf = A(Bf) - B(AY).
We next state some lemmas which will be used in the proof of the main results.

Lemma 2.1. Let n > 3 and let m > [%} + 1. Then there holds the inequality
1f |z < ClIV f] prm—s
for f e H™.

Lemma 2.1 is proved as follows. Let n > 3 and set 2* := % Since m > [%} + 1, we
see that m — 1 > 5. It then follows from the Sobolev inequalities that

[l < Cllfllwmes < CIV fllgm—s,
which shows Lemma 2.1.
Lemma 2.2. Assume n > 3 and let m be an integer satisfying m > [%} +1. Let m; and

pi (G=1,---,0) satisfy 0 < |p;| < my <m+{pyl, p=pa+- -+ pe, m=mi+---+mg >
(¢ —1)m + |u|. Then there holds

1w -0k fo < € T W A5 s

1<j<e

See, e.g., [7], for the proof of Lemma 2.2.



Lemma 2.3. Let n > 3 and let m be an integer satisfying m > [%] + 1. Suppose that F
is a smooth function on I, where I is a compact interval of R. Then for a multi-inder «
with 1 < |a| < m, there hold the estimates

1102, F(Flfllzz < ClFllgiay {1+ IV AN IV Aillies | foll o
for fy € H™ with fi(x) € I for all x € R™ and f, € H'*; and

1192, F(Flllzz < ClIF gy {1+ IV Al P IV Aillin L foll o

for fy € H™ with fi(z) € I for all x € R™ and f, € HI*I-1,

See, e.g., [5], for the proof of Lemma 2.3.

3 Main results

In this section we state our results on the existence and stability of a time periodic solution
for system (1.1).

We begin with the existence of a time periodic solution. To state the existence result,
we introduce operators which decompose a function into its low and high frequency parts.
We define operators P, and P, on L? by

Pif = F G FIf] (f €L’ j=100),
where
X;(§) € C=(R")
o=}
Xoo(§) = 1 = X1(8),

0<r <re.

1,0), 0<% <1 (j=1,00),

1),

)
00)7

(J

3 3

| <
| >

We fix 0 < 71 < 7o < =L so that (5.4) in Lemma 5.5 below holds for |£] < 7.

v+v
Theorem 3.1. Let n > 3 and let m be an integer satisfying m > [%} + 1. Assume that

g(w,t) satisfies (1.2) and g € Cpe,(R; LY N L2) N L2 (R; H" 1), Set

per
[Q]m = ||9||C([0,T};L}OL§) + HQHL?(O,T;H;'H)'

Then there exist constants § > 0 and C > 0 such that if [g],, < O, then the system
(1.5) has a time periodic solution w = uy + us satisfying {ui,ux} € Z..(R) with

per
H{ulvuOO}H%-m(QT) < C[g]m
Furthermore, the uniqueness of time periodic solutions of (1.5) holds in the class {u =

(6, w) {Pru, Pt} € 275, (R), [{Puu, Pt g oy < €6},
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Our next issue is to study the stability of the time periodic solution obtained in
Theorem 3.1.

Let " (pper, Uper) be the time periodic solution given in Theorem 3.1. We denote the
perturbation by u = " (¢, w), where ¢ = p — pper, W =V — Vpe,. Substituting p = ¢ + pper
and v = w + vy, into (1.1), we see that the perturbation u = (¢, w) is governed by

Ohd + Vper - Vo + ddivuper + pperdiviw + w - Vppe, = FO,
0w + Vper - VW + w - Ve, — o= Aw — BHEG dive (3.1)

= (1 DVper + (p+ 1) Vdivoge,) + V(22 g) = F,

Pper

o P
P P (pAw + (p + p') Vdivw)

¢ ¢ ¢
A er

pper<pper + ¢) (pperu vp + pper

L2 V(P (pper, $)¢) + " V(P(pyer + 8)) + ——V(Pray(pyers )6

pger pers pger(pper +¢) per ppe'r (3)\Pper 9

(1 + 1) Vdivupe,)

1
PO (ppr 6) — /0 P (pyr + 06)d0),
1
PO (pr, 6) — /0 (1= 6)P" (pyer + 66)d8.

We consider the initial value problem for (3.1) under the initial condition

U|t:o = Up = T(Cbo, wo). (3-2>

Our result on the stability of the time periodic solution is stated as follows.

Theorem 3.2. Let n > 3 and let m be an integer satisfying m > [g} + 1. Assume that
g(z,t) satisfies (1.2) and g € Cper(R; Ly NLY) N L2, (R; H™). Let " (pper; Uper) be the time

periodic solution obtained in Theorem 3.1 and let ug = (¢, wo) € H™ N LY. Then there
exist constants e, > 0 and €5 > 0 such that if

[glmi1 < €1, uollgmarr < e,

there exists a unique global solution u = T(¢,w) € C([0,00); H™) of (3.1)-(3.2) and u
satisfies

k
2

IVFu(®) 2 < C(L+ 1) 717 (t€[0,400), k=0,1).

Theorem 3.2 follows from the same argument as that in [10]; and we omit the details. In
contrast to the problem in [10], several linear terms with coefficients including v,., appear
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in the equations for the perturbation. In the transport equation for the perturbation,
there appear the terms vpe, - Vo + ¢divu,,, and these terms can be handled by using the
energy method and the boundedness properties of the projection onto the low frequency
part as in [4, 10], together with the Hardy inequality; the linear terms including vy, in
the equation of motion for the perturbation can be handled by using the Hardy inequality.
(See also [1]).

4 Reformulation of the problem

In this section we reformulate the time periodic problem for (1.5).

To solve the time periodic problem for (1.5), we decompose u into a low frequency part
uyp and a high frequency part u.; and we rewrite the problem into a system of equations
for u; and .

Set
u = Plu, us = Pyu.
Applying the operators P, and P, to (1.5), we obtain,

ﬁtul + Au1 = F1<U1 —+ uoo,g), (41)
Optloo + Ao + Poo (BlUu1 + Uso)tis) = Fioo (U1 + Uoo, ). (4.2)

Here

Fi(u; + tueo,g) = Pi[—Blug + teo](u1 + o) + G(u1 + oo, 9)],
Foo(uy + s, 9) = Poo|=Blug + teo]ur + Gug + s, g)].

Suppose that (4.1) and (4.2) are satisfied by some functions u; and us. Then, since
P, + Py, = I, by adding (4.1) to (4.2), we obtain

Op(ug + Uoo) + AUt + o) = —Poo(Blur + tso)tios) + (P + Poo) F(u1 + teo, 9)
= —Blui + uso|(u1 + o) + G(ur + s, g).

Set u = 11 + U, then we have
Owu + Au + Blulu = G(u, g).

Consequently, if we show the existence of a pair of functions {u,u~} satisfying (4.1)-
(4.2), then we can obtain a solution u of (1.5). Therefore, we will consider (4.1)-(4.2) to
solve the time periodic problem for (1.5).

The following two lemmas are concerned with symmetry of (1.5) and (4.1)-(4.2). We
recall that I' is defined by

(Tu)(z) = "(¢(~2), ~w(-2)) (u(z) = "(¢(x),w(z)), =€R").

10



Lemma 4.1. Set g(z,t) = "(0,g(x,t)) and assume that (I'g)(x,t) = g(z,t) (x €R", t €
R).

(i) If u= T(¢,w) is a solution of (1.5), then Tu is also a solution of (1.5).

(i1) If {u1, uo } is a solution of (4.1)-(4.2), then {Tuy, Tus} is also a solution of (4.1)-
(4.2).

Lemma 4.2. Assume that (I'g)(z,t) = g(z,t) (x € R", t € R).
(i) If Tu)(x,t) = u(z,t) (xr € R*, t € R), then
[I'(Owu + Au+ Bluju — G(u, g))|(z,t) = [0 + Au + Blulu — G(u, g)](x, t)
forz e R"t € R.
(ii) If {Tur(x,t), Tuco(z, 1)} = {ur(x, 1), us(x,t)} (x € R*, t € R), then
[T(Opuy + Auy — Fi(uy + oo, 9))](x, 1) = [Opur + Auy — Fi(ug + oo, 9)](, 1)
and
[T (Optioe + Atie + Poo(Blu1 + tieo|tios) — Fuo (1 + tise, 9))] (2, 1)
= [atuoo + Augo + POO(B[ul + Uoo]uoo) - Foo(“l + UomQ)](xvt)

forz e R"t € R.

Lemma 4.1 (i) and Lemma 4.2 (i) can be verified by direct computations. As for
Lemma 4.1 (i) and Lemma 4.2 (ii), by using the facts f(—¢) = f(—-)(€) and y;(=¢) =
X;(€) (4 = 1,00), we see that I'P; = P,I' (j = 1,00). Based on these relations, Lemma
4.1 (ii) and Lemma 4.2 (ii) can be proved by a straightforward computation.

By Lemma 4.1 and Lemma 4.2, one can consider (4.1)-(4.2) in space of functions sat-
isfying {Tuy, Tuse} = {u1, oo}, i€, uj = T(¢;(x,t), w;(x,t) = T(¢j(—x,t), —w;(—x,t))
(1 =1,00).

We look for a time periodic solution {u;, us } for the system (4.1)-(4.2). To solve the
time periodic problem for (4.1)-(4.2), we introduce solution operators for the following
linear problems:

{ Oy + Auy = Fy, (43)
U’t:o = Uo1, ‘
and

U|t:0 = Upoo, '

where @ = (¢, W), o1, Uoeo, F1 and F, are given functions.

11



To formulate the time periodic problem, we denote by S;(t) the solution operator for
(4.3) with F; = 0, and by .#(t) the solution operator for (4.3) with uy = 0. We also
denote by Seo (%) the solution operator for (4.4) with F,, = 0 and by .« 4(t) the solution
operator for (4.4) with wp, = 0. (The precise definition of these operators will be given
later.)

If {uy, us} satisfies (4.1)-(4.2), then u;(t) and uy(t) are written as

ui(t) = Si(t)u(0) + 71(8)[Fi(u, g)], (4.5)
Uso(t) = Sooulioo(0) + L oou(t)[Fro(u, g)] (4.6)
with v = u; + Us.

Suppose that {u;, u } is a T-time periodic solution of (4.5)-(4.6). Then, since uy (7) =
u1(0) and 1o (T") = ux(0), we see that

(L = S1(T)w(0) = (D) [Fi(u, 9)],
(I - SOO,u(T))UOO(O) = yoo,U(T) [Foo(u, 9)],
U= U] + Upso-

Therefore if (I — Si(T)) and (I — Soou(T)) are invertible in a suitable sense, then one
obtains

Uoo (t) = Soou(t)Uooe + L o0u(t)[Foo(u, 9)] (4.7)

{ ui(t) = S1(t)uor + L1(t)[Fi(u, 9)],
with

U= U + Uso,
uor = (I = S\(T))""A1(T)[Fi(u, g)], (4.8)
Upoo = ([ - Soo,u(T»_lyoo,u(T)[FOO(uag)]'

Therefore, to obtain a T-time periodic solution of (4.1)-(4.2), we look for a pair of functions
{uy, us } satisfying (4.7)-(4.8). We will investigate the solution operators Sy (t), 1 (t), Seo.u(t)
and . . (t) in sections 5 and 6.

Next, we introduce some lemmas which will be used in the proof of Theorem 3.1. We
first derive some inequalities for the low frequency part.

Lemma 4.3. (i) Let k be a nonnegative integer. Then Py is a bounded linear operator
from L? to H*. In fact, it holds that

IVEPLfllze < Cillflle (f € L),

As a result, for any 2 < p < 0o, Py is bounded from L? to LP.

(ii) Let k be a nonnegative integer. Then there hold the estimates

IV*fillz + L fille < Crpllfille (f € LEy),
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where 2 < p < 00,

A

Ifillzs < Cellfillzz (f € L)),
VAl < Cellfillm, | (F € Hyy o),

(1),1

Hfl”L%"‘HleH(l < Ckal”L} (fGL%l)ﬂL%)-

1),1

Proof. The boundedness of P from L? to H* can be easily verified by using the Plancherel
theorem, since supp P, f C {&; €] < 7w }; and, then, the boundedness of P, from L? to L?
with 2 < p < oo follows from the Sobolev inequality.

As for (ii), the first inequality can be obtained as in the same reason for (i). The
second inequality is obtained by (i) and the following computation. For 0 < |o| < k and
fi € L%l),l? we see that

1202 fillre = (2m) "2 (|0e(€ f1) | 121 <roe)
< C{NEI Fillzqei<rn) + 1EN 06 fill 212 }

< C{lfill2qei<ro) + 19 frll 21 <roe) }

< Clifillzs-

The third inequality follows from the second inequality with f; replaced by V fi, since,
by the first inequality, we have ||V fi| 2 < C|lf1]| iy, - As for the last inequality, we have

Hleif = (27T)7n{||f1||%2(|§\§r00) + Haff1||%2(\§|§roo)}
2 2 2
< C{ljup (1) + [0ef1(D}
<reo
< ClIAlZ
and, likewise, we can obtain || f1|| < Cl/fillz1- This completes the proof. O

As for the high frequency part, we have the following inequalities.

Lemma 4.4. (i) Let k be a nonnegative integer. Then Ps is a bounded linear operator
on H*.

(ii) There hold the inequalities

1Pcfllze < ClIVSllze (f € HY),

Ifocllze < ClVEslliz (fo € Hix))-

13



Lemma 4.4 (i) immediately follows from the definition of P,, by using the Plancherel

theorem; and, similarly, inequalities in (ii) can be easily seen since suppE.Tf c {& €] >
r1} and supp foo C {&; (€] > 11} for foo € H} )- We omit the proof.

(00

We next introduce a cut-off function (x. Let ¢ € C*([0,00)) be a nonincreasing
function satisfying

Set

Then, (g € CP(R™), 0 < (g <1, and
_J 1 (2l <R),
Crlw) = { 0 (Jz| > 2R).
An elementary computation gives the following lemma.

Lemma 4.5. Let (g be defined in (4.9). For a nonnegative integer ¢ and a multi-index
a, there holds

2|02 (Cr(x))] < Co RN (x € R™).
If |a| > 1, then it holds that

supp(0yCr) C {R < |z| < 2R}.

Lemma 4.6. Let x1 be a function which belongs to the Schwartz space on R™. Then for
a nonnegative integer {, there holds

1 fllze < CUN= Xl Fllee + xalllllel flley  (F € LD).
Here C' is a positive constant depending only on (.

Proof. Let x; be a function which belongs to the Schwartz space on R™. Then

el fI < Jaff - X1 (z =) f(y)ldy

< [ o= slate = pllwldy+ € [ hate = o)l @y
Rn Rn
Therefore, the Young inequality gives

1 * fllze < CLlXalle I llze + Ixalle 2l flle} - (f € LD):

This completes the proof. 0
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Lemma 4.7. Let ¢ € N. Then there exists a positive constant C' depending only on £
such that

2
r _
1121V feollZz = S lll2l focllze = Cllle ™ fosllTe - (foo € Hiey):
Proof. By the multinomial theorem, we have

otV sl = [ Jo 4o+ a2l 1V Sl
R’ﬂ

5 () e
" al=¢

«
=% () et a9l
|a|=¢

|
(’?) = @, al =aq!- .
al

Therefore, it follows from the Plancherel theorem that

where

1 Q o o _
el Vil = =5 (1) 19 2o 1) 12 = Clllel" ful e
2| |=¢ “

1 N
- oy ('a') 6@ - 08m) frclZe — Ol fc 2.

2 o'
|a|=¢

Since supp foo C {|€] > 71}, we see that

72 -n Q a1 an\ £ —
Sen Y (1) 1g o)l -l il
|a|=¢

2
r _
> Slllel fcllzz = Clllel™ fosl 7

2V foollZ2 =

This completes the proof. 0

5 Properties of Si(t) and .74(¢)

In this section we investigate S1(t) and .#1(t) and establish an estimate for a solution wu;
of

8tu1 + Au1 = F1 (51)
satisfying u;(0) = uy (7).
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We consider the restriction of A on L%l). By Lemma 4.3 (ii), we see that [[Au;|rz <
Cllual|z2 for uy € LY.
Let

A 0 27T£ n
Ac = (wg v|£\2fn+ﬂ€£) (€€ RY.

Then, since Au; = f‘lflgal, we see that suppflgal C {& ] < roo} for ug € L%l).
Therefore, the restriction of A on L(Zl) is a bounded linear operator on L%l).

We denote by A; the restriction of A on L%l). Then A; is a bounded linear operator
on L%l) and it satisfies || Ajuq||zz < C|luy||z2 for uy € L%l) and

Ajuy = f_lfigful (uy € L%l)).

Furthermore, —A; generates a uniformly continuous semigroup S;(t) = e~ that is given
by )
Sl(t)ul = FﬁleitAE./—'.Ul (u1 € L%l))?

and it holds that S (t) satisfies Si(-)us € C*([0,00); L7,,) for each u; € L? and
0t51(t)ul = —Alsl(t)ul (: —ASl(t)ul), 51(0)11,1 =u; for wu; € L?l)’

||3fSl(t)u1||L2 S ||A1||k||u1||L2 for U € L%l)’ t 2 0, k= 0,1,

where ||A;|| denotes the operator norm of A;. The estimates can be obtained by the
energy method based on the relation

(Au, w) = v|[VullL2 + 2|V - ul|7..

We also define the operator .%;(t) by
t
SR = / Si(t — 7)Fy(r) dr
0

for Fy € C([0,T]; L},)). Tt follows that

AR =7 e () ],

Z1()[F] € CY([0,T]; LE,) for each Fy € C([0,T]; LE)) and
0.1 (t)[F1] + A1 ([ Fi] = Fi(t), Z1(0)[F1] =0,

10F1(OF]l 2 < CllFilloqoryee for te[0,T], k=01,
where C'= C(T') > 0.

We next show that A; has similar properties on H (11),1.
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Proposition 5.1. (i) A; is a bounded linear operator on H1 y1 and Si(t) = e M s a uni-

formly continuous semigroup on H( 1.1+ Furthermore, it holds that Sy (-)u; € C1([0,T"]; H(11),1):

0:S1()uy € C([0,T"]; L) for each uy € H y1 and allT" >0,
H@fSl(t)ulHH(ll)J < C’H’U,lHH(lm1 fOT u; € H(ll)’l, t e [O,T’], k= 0, 1,

and
0.5yt < Cllurlly, , Jor wi €y, t€[0,T,

where T" > 0 is any given positive number and C' is a positive constant depending on T".

(ii) A1() satisfies that 1(-)[F1] € CH([0,T]; HYy,) for each Fy € C([0,T]; H,,)
and

|07 Z1OFay,,, < CllF ooy, ) for Fi € C([0,T]; Hpyy ), t € 0,7, k=0, 1,

where C is a positive constant depending on T. If, in addition, Fy € C([0,T]; L?), then
01 ()[F1] € C([0,T]; LY) and

101 ()[F 3 < Cll Filleqoras for Fi € C(0.T): Hy, 1 12), € (0.7,

where C'is a positive constant depending on T.

(iii) It holds that
Si1(0) L1 (F)[F1] = A1 () [S1() 1]

for any t >0, ¢ € [0,T] and Fy € C([0,T); X), where X = L¢,), H} ;.

(iv) It holds that ISy (t) = S1(t)I" and I'.#1(t) = 1 (t)I'. Consequently, the assertions
(1)—(iii) above hold with function spaces L%l), 1’-[(11)71 and L? replaced by (L%l))sym, (H(11)71)sym
and (L3)sym, respectively.

The proof of Proposition 5.1 will be given later.

We next investigate invertibility of I — S;(7T).

Proposition 5.2. Let F, = T(F'(z), Fi(x)) € L}y N Ly and suppose that Fi(—x) =

—F () for x € R™. Then there uniquely exists u € H | that satisfies
(1= Si(T)u=F and luls, , < Al (5:2)
Furthermore, if 'Fy = Fy, then T'u = u.
The proof of Proposition 5.2 will be given later.

In view of Proposition 5.2, I — S1(T) has a bounded inverse (I — S1(T))*: (L%l) N
L) sym — (H(ll) Vsym and it holds that

I = SyT) " Fillm,, < ClElLy-
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Using Proposition 5.1 (ii) and Proposition 5.2, we can obtain the following estimate

for .Z1(T)(I — Sy (T))~*

Proposition 5.3. For Iy € C([0,TT; (L{yNL1)sym), it holds that 1(T)[(I—=S1(T)) "' F1] €
(H(l) )sym and

71D = Sy TN Filllay, , < CllFllogorey-

We are now in a position to give an estimate for a solution of (5.1) satisfying u;(0) =

Proposition 5.4. Set
ur(t) = S1(t)L1(T)[(I = Sy(T)) " Fu] + 1 (1) [F] (5.3)

for Fy = T(FY(x,t), Fy(z,t)) € C([0,T7; (L%l) N L1)sym). Then uy is a solution of (5.1) in
%1(0,7T) satisfying ui(0) = uy (T') and

lualla, oy < CllFleqomyzh-
Proof. We find from Proposition 5.1 (iii) and Proposition 5.2 that u;(0) = u1(T). As for
the estimate for uy, the first term on the right-hand side of (5.3) is estimated by using
Proposition 5.1 (i) and Proposition 5.3. The second term on the right-hand side of (5.3) is

estimated by using Proposition 5.1 (ii) and Lemma 4.3 (ii). Hence, we obtain the desired
estimate. This completes the proof. 0

In the rest of this section we will give proofs of Proposition 5.1 and Proposition 5.2.

Lemma 5.5. ([9]) (i) The set of all eigenvalues of —Ag consists of \;(§) (7 = 1, %), where

{ Al(f) = _V’fP
A(€) = =3 (v + D)EP + 51/ (v + 0)2[E]t — 492 ¢

If |¢] < =%, then

)

Rexi:—; e, ImAi—ma\/l— €2

(i) e*¢ has the spectral resolution

eftAg _ Z o123 (6)

j=1,%£
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where 11;(§) is eigenprojections for A\;(§) (7 = 1,£), and 11;(§) (j = 1, £) satisfy

0 0
1 A i€
H-i—(g) = >\+ — A\ (Z,yé- )\Jr?;—_g) )

1 A iyTE
-(6) = PV (mg Afg—f) '

Furthermore, if 0 < roo < %, then there exist a constant C' > 0 such that the estimates
LI <C(i=1,%) (5.4)
hold for |€] < reo.

Hereafter we fix 0 < r; < ry < % so that (5.4) in Lemma 5.5 holds for |£| < r.

Lemma 5.6. Let a be a multi-index. Then the following estimates hold true uniformly
for & with |§] < re and t € [0,T].

(i) 102M] < Col€>71ol 102 AL] < Colé'1o1 (Jo] > 0).

(i) [(02T01) | < Colé| ™1 By, [(98T1e) F| < Culé] ™| B[ (Joo| > 0), where F = T(FY, Fy).
(iii) yag(e*lt)\ < Corlé7 1 (Jaf > 1).
(iv) [9g(e*)| < Carlé 1ol (Jaf > 1).

(v) !(836‘”‘5)FI < Cor (€[ FO| + \5!"“‘@) (la| > 1), where F = T(FY, F).

(vi) 10T —eM) 7 < Corlé] 771 (Ja| > 0).

(vii) |0g(I = )71 < Corlé] 71! (Ja] > 0).

Lemma 5.6 can be verified by direct computations based on Lemma 5.5.

Let us prove Proposition 5.1.
Proof of Proposition 5.1. We see from Lemma 4.3 (ii) that
lAvurlliy, | < Vel < Clluslly, | (ur € Hy).

and so, A; is bounded on H},,. It then follows that Si(-)u1 € C*([0,T"]; H{,, ,) for each
up € H(ll),l and

10881 (Eunllmy, < Cllunlliy, | for w € HYyyy, te 0,7, k=0,1,
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where T > 0 is any given positive number and C' is a positive constant depending on 7".
Since [[Ajui|[2 < C||[Vur|lgr < CHU1HH(11) foruy € H(ll) , by Lemma 4.3 (ii), we see from

the relation 9,51 (t)u; = —A;S1(t)uy that 9,51(-)u; € C([0,T"]; L?) and

10051 () [|zz < [S1@)wallzy,, < Clluallmy

(1,1 1

The assertion (ii) follows from (i) and the relation 0,71 (t)[F1] = —A1.71(t)[F1] + Fi(t).
The assertion (iii) easily follows from the definitions of S;(¢) and .#;(t). As for (iv),
we observe that 'A; = A", from which we find that I'S1(¢) = S1(¢)I', and hence,
[71(t) = .1(t)I'. This completes the proof. O

Let us finally prove Proposition 5.2.
Proof of Proposition 5.2. We define a function u
u=F I- e_TAE)_lﬁl
for Fy = T(F° F}). Tt suffices to show that HuHHm1 < C[|Fi[|g:. By the Plancherel
theorem, we see that
lullzz, = 2m) 3T — e774) " B 2
< (2m) I = ™) T LB | e cra) + 1 = €") T LF |2 g1<r)

o [0 i | A Y [FPYP |
== [1 -+ 12 + 13.

Observe that Hlﬁl depends only on ]%1 but not on ﬁ’lo
By using Lemma 5.5, Lemma 5.6 and the fact F1(0) = 0, we see that

1 =2
I < OHHF

L2(|€|<re0)
1 -
< C —_— ”xF1HL1-
€111 22(1¢1<rc)
Since
H ! <+
— 00
€111 221¢1<r)
for n > 3, we find that
[1 < CH.TFluLl

Similarly, we can obtain Iy + I3 < C||F||r1, and hence, we see that

lullzz, < CUIF Iz + w12} (5.5)
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Next, by the Plancherel theorem, it follows that
ide) (i€(1 - e T4 1Ry )|
(1) {141 B e

= C{”([ — e ) Al 2geir) + Hiwf <(I - C_TAS)_1> Fl‘

n

laVale, = (2r)°3

L2([¢]<reo)

i€ = e TA) O 1<y |

The first term on right-hand side has already been estimated and it is bounded by the
right-hand side of (5.5). As for the second and third terms on the right-hand side, similarly
to above, one can find from Lemma 5.6 that

Hz'gag ((1 _ e—TAf)—l) Fl‘

We thus obtain

+ 161 — e O Pl 2 g2y < ClIFL L1

L2(‘§|§7‘0c)

laeVullzz, < ClIF Ly

Finally, we see from Proposition 5.1 (iv) that if 'Fy = Fj, then I'u = u. This completes
the proof. O

6 Properties of Sy ;(t) and 7 4(?)

In this section we investigate Sy 4(t) and . a(t).

Let us consider the following initial value problem
Ortloe + Ao + Poo (Bli]uao) = Fixo,
Ul =0 = Uooo,

where

e () - (5 %) (0): - 3

We begin with the solvability of (6.1). Let us first consider the following system:

Nhd+~y(w- Vo) = f°,
{ ¢|t:0 = ¢o. (6‘2)

Lemma 6.1. ([6, Theorem 4.1].) Let n > 3 and let m be an integer satisfying m > [§]+1.
Set k = m—1 or m. Assume that w € C([0,T']; H™)NL*(0,T"; H™), f° € L*(0,T"; H*)
and ¢y € H*. Here T" is a given positive number. Then (6.2) has a unique solution
¢ € C([0,T"]; H*) and ¢ satisfies

t t
1o < C{Ilcbolﬁfk +/O H@|Hmﬂ||925||?wfls+/O ||f°||m!|¢||mds}
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and

t
[6(8) 2 < CeC B OHlgmis {H%uzk - HfOH?qde}
0

for ¢ € [0,T"]. Moreover, the solution is unique in C'([0,7"]; H').

We next consider the following system:

atd)oo + ’yPoo(w ' V¢OO) = FO
6.3
{ ¢00|t:O = (b()oo- ( )
Note that (6.3) is rewritten as
Oiroo + (- Vo) = Fig + 7P (0 - Vooc). (6.4)

As for the solvability of (6.3), we have the following lemma.

Lemma 6.2. Letn > 3 and let m be an integer satisfying m > [5]4+1. Set k = m—1 orm.

Assume that w € C([0,T']; H™)NL*(0,T"; H™), F € LQ(O,T’;H(]“OO)) and ¢oeo € H(k )

HereT" is a given positive number. Then (6.3) has a unique solution ¢, € C([0,T"]; H(’“OO))
and ¢ satisfies

t
ol < Oflomlin+ [ (Folames + [l oelfyeds

t
4 [ 1L ol
0

and

t
Hﬁboo(t)H%{k < Cecfo(1—&-HwHHm+1+||w||Hm)ds {H(é()oo“?-]k +/0 HFoOoH%{de}

fort e [0,1"].

Proof. We define {¢s @) oo as follows. For p =0, ¢ is the solution of

Ouger +1( - V92) = (65
Cboo |t:0 - ¢000-

For p > 1, ¢£{? is the solution of

0% + (- Vo)) = FY +yPu(@ - Vo),
(») (6.6)
QSOO |t:0 = ¢000-
By Lemma 4.3 (i), we have
[Pr(@ - Voo ) [ rm < Cll0]| L [V ool 2 < Cll0[| e || P | 15 (6.7)
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since m > [5] 4+ 1> 2. In view of Lemma 6.1 and (6.7), we find by a standard argument

that
(Agt)rt!

(r+1) () _ 4P) 2 M)
16V (t) — o2 () I3 < Ao p+ 1)

(p>0),

where T
Ay = CeofOT’(1+||1ZJ||Hm+1+||U~}H§{m)dT{||¢0||%{k _|_/ ||F£o||qu dT},
0

~ T’ @ -
Al = O||w||2c([0,T’];Hm)eCIO (1+“ ||Hm+1)d .

Therefore, one can see that % converges in C([0,T"]; H*) to a function ¢, € C([0,T"]; H)
that satisfies

{ atqboo +7(w : V¢OO) = Fgo +7P1(QIJ : V¢OO)>

(boo’tzo - ¢Ooo- (68)

In view of (6.4), we see that ¢ is a solution of (6.3). The estimates for ¢, follows from
Lemma 6.1 and (6.7).

It remains to prove supp ¢uo(t) C {|€] > r1} for t € [0,T"]. Let Yoo € C=(R™) with
SUPP Xoo C {|€] < 71}. Let us consider the Fourier transform of (6.3):

875&00 + 7)200(“7 ' v¢oo) = Foooa ngolt:O = QASOoo-

Taking the inner product of this equation with X2 ¢eo, We have 2| Yotoo|?2 = 0. We
thus deduce that ||¥ee®eo(t)]|22 = [[XeoPooo|22 = 0 for ¢ € [0,77]. Tt then follows that
SUpp hoo(t) C {|€] = r1} for ¢ € [0, 7). This completes the proof. O

We next consider the following system:

{ W — VA Ws — DV diViwg, = Fy, (6.9)

Woo |t:0 = Wooo-

Lemma 6.3. (i) Let n > 3 and let m be an integer satisfying m > [5]+1. Setk =m—1 or
m. Assume that Fo € L*(0,T"; H*™Y) and wose € H*. Here T' is a given positive number.
Then (6.9) has a unique solution ws, € C([0,T"]; H*) N L*(0,T"; H**Y) N HY(0,T"; H*1)
and

t t
o () e + / ||woo||%1k+1+||afwoo||zk1dec{nwo®onzk+ / ||Foo||zmds}
0 0

fort €10,7"] with C' = C(T") > 0.
(ii) Assume, further, that Fy, € LQ(O,T’;H(’;;) and Wos, € H(’“OO). Then the solution
W Satisfies
wee € C([0,T'); Hiy) N L2(0, T HELY) N HY 0,7 HEL)).
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Lemma 6.3 (i) follows from standard theory of parabolic equation. The assertion (ii)
can be proved in a similar manner to the proof of Lemma 6.2. We omit the details.

By using Lemma 6.2 and Lemma 6.3, we show the solvability of (6.1).

Proposition 6.4. Letn > 3 and let m be an integer satisfying m > [5]+1. Set k = m—1
or m. Assume that

@ € C([0, T'); ™) 1 L2(0,T'; H™),

Upoo = T(¢0007w000) € H(koo)>

Foo = T(FY, ) € L*(0,T"; H oy x HIL)).

Here T' is a given positive number. Then there exists a unique solution s, = ' (oo, Woo)
of (6.1) satisfying

o0 € C(10, T His,), woo € C([0,T']; Hiyg)) VL0, T HiZ)) NV H' (0, T Hi)).

Proof. We write (6.1) as

Dsoo + Y Poo (10 - Voo ) + ydiviw,, = Fgo,~
OiWoo — VAWs — UV divis, + YVoo = Fiyo, (6.10)
¢00|t:0 - ¢0007 woo’t:O = Woeo-

We define ul) = T(gbg;),wé’é)) (p=20,1,--+) as follows. For p =0, w =0 and ¢ is
the solution of

¢<(>g)‘t:0 = ¢Ooo'
For p > 1, wc(fé) is the solution of
8,:10&7;) —vAw® — vdivwl®) = —7V¢><(£_1) + Fly, (6.12)
wc(g)ltzo = Wooo, .
and gb((fé) is the solution of
06%) + 4Pt - V) = —ydivw®) + F2,
(p)’t—o — 4 (6.13)

As in the proof of Lemma 6.2, by using Lemma 6.2 and Lemma 6.3, one can show that

u® = T( Sﬁ;),wé?) converges to a pair of function Uy = " (a0, W) in C([0,T7]; H(koo)) X
[C([O,T’];wa)) N LQ(O,T’;H(]“OJg)l)]. It is not difficult to see that e = ' (Poo; Woo) is 2
unique solution of (6.1). This completes the proof. O

24



We now define Sy 4(t) and . 4(t) formally introduced in section 4.

In the remaining of this section we fix an integer m satisfying m > [§] + 1 and a
function @ = " (¢, w) satisfying

¢ € Coor(R; H™), 0 € Coor(R; H™) N L2, (R; H™ ) (6.14)

per

In view of Proposition 6.4, we define Sy 4(t) (t > 0) and S a(t) (t € [0,7]) as
follows.

Let k =m — 1 or m. The operator Se (%) : Hé“oo) — H(koo) (t > 0) is defined by

Uoo(t) - Sooﬂ(t)uOoo for Upoo = T(¢Ooovw000) S H(koo)a
where un(t) is the solution of (6.1) with Fi, = 0; and the operator ., 4(¢) : L*(0,T; H("”OO) X
Hi ) — HE (t €[0,T) is defined by

(o0

Uso(t) = S ooa(t)[Fo] for Foo = T(FY, Fi) € L*(0,T; Hiyy x H{)),

where (%) is the solution of (6.1) with upe = 0.
The operators S z(t) and .« 4 (t) have the following properties in weighted Sobolev

spaces.

Proposition 6.5. Let n > 3 and let m be a nonnegative integer satisfying m > [5] + 1.

Let k =m —1 or m and let £ be a nonnegative integer. Assume that i = T(QNS, W) satisfies
(6.14). Then there exists a constant § > 0 such that if ||0||c(o,r1,mm)nr20,rmm+1) <9, the
following assertions hold true.

(1) It holds that Se.a(+)uos € C([0, oo);H("/’oo)’g) for each ugss = " (Poso, Woso) € H(koo),z
and there exists a constant a > 0 such that Soa(t) satisfies the estimate

Soo.a(Buosclle |, < O™ [luosclls_,

forallt >0 and upe € H(koo),e with a constant C = C(T) > 0.

(ii) It holds that .7 s a(-) Foo € C([0, T]; Hf.., ) for each Foo = T(FY, Fio) € L*(0,T; Hf, X
H(ko;)l’g) and 7« a(t) satisfies the estimate

t b
| a®) Pl < C { [ Ny e dT}

(00),£
fort €[0,T] and Fy, € L*(0,T; HE,y , x H{> ) with C = C(T) > 0.

(iii) It holds that ") )Z(Soo,ﬁ(T)) < 1.
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(iv) I — Seo.a(T) has a bounded inverse (I — Seoa(T))™" on Hk o and (I =S a(T))™?

satisfies

I = Seca(T) Ml , < Cllullys, for we Hy,

(v) If T'a = @, then I'Sw 4(t) = Seoa(t)l and I'F o 4(t) = L a(t)l. Consequently, if
't = a, then the assertions (1)—(iv) above hold with function spaces HE, , and HE, ,x Hfo_,zl

replaced by (HE, ;) sym and (HE , % Hfo_’el)sym, respectively.

Remark 6.6. In this paper we will apply Proposition 6.5 with ¢ = 1 to prove Theorem
3.1. For the purpose of future use, we formulate and prove it for a general nonnegative
integer /.

Proposition 6.5 will be proved by the weighted energy method. In fact, Proposition
6.5 follows from the weighted energy estimate in the following proposition.

Proposition 6.7. Let n > 3 and let m be a nonnegative integer satisfying m > [5] + 1.
Let k=m —1 orm and let { be a nonnegative integer. Assume that

Upoo = T(¢Oooa wOoo) € H(koo)ja
Foo = T(FY, Fy) € L*(0, T HEy , x HEL) )

for all T' > 0 and that @ = " (¢, ) satisfies (6.14). Assume also that us = " (Poo, Weo) 8
the solution of (6.1) satisfying

doo € C([0,T"]; H)), wee € C([0,T"); Hiy) N L7(0,T; HELY)

(c0)

o)

for all T" > 0.
Then there exist a positive constant 6 and an energy functional EF[us] such that if

10| o1 Ermy 2 0. 41y < O,

there holds the estimate

d . 2 2
%Sg [Uoo](t) + d(HﬁbOO(t)HHk + HwOO<t)‘|H§+1>

< ClF Ol s + (VD@ e + (VOO Fm) 600 (Bl }— (6.15)

on (0,T") for all T" > 0. Here d is a positive constant depending on {; C' is a positive
constant depending on T but not on T'; £ [us] is equivalent to |uss %, i.e,
4

O sl < &) < Cllucl 2
and EF[us)(t) is absolutely continuous in t € [0,T"] for all T" > 0.
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The proof of Proposition 6.7 will be given in section 7.
By using Proposition 6.7, we prove Proposition 6.5.
Proof of Proposition 6.5. Set

o = 7 [ UTEO I+ 1Oy .

A1) = (Vo) + 0@ [Fm) —w,
t
Z(t) = / z(T)dr.
0
Observe that Z(t) satisfies Z(t + 1) = Z(t) for any t € R, and so it holds that

sup |Z(0) < sup [Z(7)] < O+ ] 3ag0 ).
teR 7€[0,T
where C'= C(T') > 0.
By Proposition 6.7 with F,, = 0, we see that there exists a positive constant d; such
that

%5;[%0](@ A& unc)(t) < CwEFlu](t) + C2()E Jus](t) (t>0).  (6.16)

If w < &4 then we find from (6.16) that

dy

el + 2

dt
We thus obtain

Ef lusc) (1) < C2(t)E/ [ux](t)  (t > 0).

d ([ @, _
= <e e CZ(t)Sf[uoo](t)) <0 (t>0),

and hence,
5?[%0](0 < géc[uoo](o)e—%lteCZ(t) < eC(H_Hﬂ)HZLQ(O’T;HmH))gf[UOO](0)6_%1t (t > 0)

Consequently, we have

d
[Sscaltosellig, < Ce™ Hlluneclln_ (62 0).

00),L -

This proves (i). The assertion (ii) is proved similarly; and we omit the proof.
As for (iii), since @ = T (¢, ) € Cpe(R; H™), it follows from (i) that, for each j € N,

|(Ssea )l , = ISsaGTullay, < C ™ full s
where dy = % > (0. Hence, we have

1(Sooa(T))'[| < Ce™ 7.
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We thus obtain

lim [|(Swea (D)7 < lim CTe®T = 7 < 1.

j—o0 J—00

This shows (iii). The assertion (iv) is an immediate consequence of (iii).
As for (v), we see that if I't = 4, then I'Py (B[@]us) = Poo(Blu|'us), and so,

['(Osthoo + At + Poo(Blt]tis)) = 0iTte + ATUs + Poo (Bl Tuny)-

It then follows from the uniqueness of solutions of (6.1) that I'Sw 4(t) = Seoa(t)[’ and
'Y ,a(t) = S o0,a(t)l'. This completes the proof. O

We conclude this section with the estimate for a solution u., of (6.1) satisfying u..(0) =

Uso(T).

Proposition 6.8. Let n > 3 and let m be a nonnegative integer satisfying m > [5] + 1.
Assume that

Foo = "(FY, i) € L*(0,T; (Hf oy, X HiZ 1) sym)

with k =m — 1 or m. Assume also that @ = (¢, W) satisfies (6.14) and Tt = @. Then
there exists a positive constant § such that if

D] (0,105 yn L2 0, 1y < O,

the following assertion holds true.
The function

oo (t) = Sei(t)(I = Seo,i(T)) 7 0.i(T)[Foo) + -7 0, (1) [Fo) (6.17)
is a solution of (6.1) in " (0,T) satisfying use(0) = uso(T) and the estimate

HUOOHW (0.7) < CllFs HLQOTHZC Ja X Higy 1)

Proof. By Proposition 6.7 and Proposition 6.5, we see that
Hu00<t>H k + ”wooHLz OtHk+1)

gc{H(I—SOO,a< N7 oD Focllyg + 1P e et

T
# [ U0 + 1)l s}

2
{HF HL2 (O.T5HE ) xHEZ! ) * 5”¢°°|’C([07T];H{“)}
for t € [0, T)]. Therefore, if § is so small that C§ < 3, then we obtain

||u00||C ([0,T);H¥) + ||w00||L2 OTHkJrl < CHF ||L2 0,T;H* NS L ) (618)

(00),1777(00),1
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Next, since e = ' (oo, Woo) satisfies the system of equations

atgboo + 'YPOO(UN) : v¢oo) + 'levwoo = Fgoa~
OWoo — VAWs — UV iV, + YVeo = Fio,

we obtain

10rwsoll ot < Clllwacllpgrss + ool | + 1 Foellgizs -

c0),1

Hence, it follows from (6.18) that

Hatwoonm(o,T;Hk—l ) < C’”FOOHL?(O,T;H’V H(’f;)ll)' (6'19)

(00),1 (00),1%

Consequently, we see from (6.18) and (6.19) that

luscllgt o0y < Ol Folliaomay ) it

This completes the proof. 0

7 Weighted energy estimates for P, part

In this section we prove Proposition 6.7 by a weighted energy method.

We first consider the following equation.

{ Oplloo + Alloo + Bli|us = Fiy,

U’t:O = U0co,

e ()= (737) = () 0)

We introduce some notations. For nonnegative integers k and ¢, we define EF|u.,] by

Elfuse] = £llboc s + lwll) + 3 (0w, [2V0261).

|a|<k—1

(7.1)

where

Here k is a positive constant to be determined later.
Note that there exists a constant kg > 0 such that if K > kg, then Eé“ (U] 18 equivalent
t0 [too| 7, 1o,
4

O_1|UOO|§{2C < Eﬂuoo} < C|u00|§{év

for some constant C' > 0.
We also define Df [tuoo] for integers £ > 1 and ¢ > 0 by
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Proposition 7.1. Let m be a nonnegative integer satisfying m > [5] + 1 and let £ be a
nonnegative integer. Assume that

Upoo = T(¢Oo<37/w000> S Hka
Foo=T(FY Fy) € L*0,T; H* x H*)

fork =m—1 ork =m. Here T’ is a given positive number. Assume also that u., =
(oo, Weo) 18 the solution of (7.1) with w € C([0,T']; H™) N L*(0,T"; H™™) and that

Uso = (Do, Weo ) Satisfies
bos € C([0,T']; HY), wee € C([0,T"); H*) 0 L2(0, T"; H*).

Then there exist positive constants k > ko and d > 0 such that the estimate

S Crto] + D G

TN -
< C{elénunclZz+ (1 + ) 10l + VD m ) [Greoo I3
1
(SN
1
2 =112 2
(1 =) (14 Dl [Cruoc
1 ~ 112 2
+(1 + E) (14 [1fZm (x) |uOO|H£1(NR)XHmNR)} (7.2)
holds on (0,T"), where € is any positive number; C' is a positive constant independent of
T', € and R > 1; and Ng denotes the set N = {x € R™; R < |z| < 2R}.
Proof. By multiplying (g to (7.1), we obtain

D (Crboo) + 710 - V(CrOso) + 7div(CrWs) = CrFY, + K1(V(R),
(7.3)

O (CrWao) — VACRWo) — PV AIV(CRWa) + YV (Crboo) = CrFoo + Ka(VR),
where

Ki(V(r) = 7(we - V(R + - V(rde),
K2(VCr) = —v([Cr, Alwe) = U([Cr, Vdiv]wee) + 7V (r¢oo-

For a multi-index « satisfying |o| < k, we take the inner product of 9%(7.3); with
12202 (Crooo) to Obtain

1d _ X
§£\|’$|€3§(CR¢W)H%2 + 7(02div(Crweo), |70 (Croo))
~ ) ) (7.4)
= > 1Y)+ 2 Crtsd] + Quae(VCr),
7=1
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where

ISZ?,R = -7 {%(divﬂ), |x|2€|ag(CR¢oo)|2) + ([8:?’ w]v(CR¢oo)7 |x|2£8§(€R¢oo))} ’

1), = (05(CRFL), 202 (Crow)),

P Cruoe] = 20 - V(|2*), 102 (Crde) ),

Q100(VCR) = (02K (VCR), |2|*0% ((rtos))-

Here we used

(02 (v - V(Crooo)), 21702 (Crdsc))
= (@ - VO (Crds), |20 (Crooo)) + 1([02,10] - V(Crs), |20 (Crds))

= S, D102 e ) 1108 0] - V(Ciedc), 05 ()

— = (v, 102 (Crom) ) = 570+ V ([, 02 G
(050 DG [0 (G

= Lutn+ P (Y ().

Q,

This calculation can be justified by using the standard Friedrichs commutator argument.
We take the inner product of 9%(7.3), with |z|*0%((rw.,) and integrate by parts to
obtain

ld « lo' ~ : le'
57 2|02 (Cruwoo) 172 + vll|2]* VO (Crwoo) | 72 + 7[l]2] divas (Cruvso) |17

—7(95 (Crooo); |20 div(Cruwas)) (7.5)
= c(u?,)z,R + '@f}[CRUOO] + QQ,a,@(VCR)7

where

](3) — { ((CRFOO)7 ’x‘?g(CRwOO)) (O_f = O)?
whR — (097 (CrF%), |20 (Crwas)) (] > 1),

|
P Crtise] = (02 (Crtoo) + PORAIV(Crttos) + 702 (Crte), V([217)02 (Crto))
— (07 (CrFo), a(2[2)02 (Crtwss)),
Qo0.0(VCr) = (92 (K>(VCr)), [2205 (Crooo)).
By adding (7.4) to (7.5), we see that

1d

577 LIl 05 (Crooo)llZz + [ll2] 0 (Cruweo) 72 }
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+v|| |x|fvaa(§Rwoo)||i2 + ||| *divog (Cruweo )17

Z ER + ,@ " CRUoo] + c@ [CRUoo] + Q1.a0(V(R) + Q240(V(g). (7.6)

By using Lemma 2.2 and Lemma 2.3, we obtain

> Z Dal < €lCrucol7 + €1|V(Crowo) 25—1 + €2V (Crwso) |70

|a|<k j=1

+C||Vu~}||Hm||€R¢ooH?{l{€

1 1 1 ,
FO(T 4 =) G Pa i

2
120D 2hlrull < elCruseliy + el V(Cadoo) s + €2l V(Crwoe)

loe| <k j=1

1 1 1
+C€2<1 +-+—+ —) |CRWoo |3
€ €1 €9 -1

1 1
OO (Lt =+ =) [m el
+C€2|CRFOO|

k k—1,
HjxH,

2
1D D QiaslVCR) < elrucelZany + 1l V(Crou) 3

la|<k j=1
+€2‘V(CRwOO)|2Hf(N

o1 Ll 11
+ ( +Z+E+5){|w“|H’“+1<N>

2
4 00 ) 0els iy} -

Taking e; > 0 suitably small, we have

14 v, .
SolCruclly 21V (G By + 21 (o) iy

1
e|§Ruoo|Lz + €1|V(CR¢oo) : k=1 + C<1 +-+ >|CRF|H]“><H]C !
+C| VB || |G poc 376
1 N
FOP (14 (24 )t ) Gy

1 1
+C<HE+E)<H 8% m ) etoe (7.7)

L (Nr)xH,; T (Ng)*
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We next estimate |||2|* VO doo||2, for o with |a| < k—1. For a multi-index « satisfying
la] <k — 1, we take the inner product of 9%(7.3)y with |2|*V92(Croso) to obtain

(002 (Crtwe), |22V 02 (Croe)) + 1V (Croooo) 22
3
= S a (02K (VCR), |V (Croee)) (7.8)
=1
where
J0) = W02 A (Crwas), |22V (Crdeo),
JE) 5 = (9(02(VAiv(Crws)) |2V (Cros),
JE) 5 = (02(CrEw), |22V O2 (Croo)).-

As for the first term on the left-hand side, we have

(005 (Crwec), |2V g (Crooc)

= d(aa(CRwoo) 202V (Crie)) + (07 (Crwso), V(|21*) 050 (Crsc))

dt
+H(03div(Crweo), [ 0301 (Crdao))- (7.9)
By (7.3), we have
01 (Crooo) = =7 - V(Croo) — ¥div(Crwee) + CaFY, + K1(V(r).

Substituting this into (7.9), we obtain
(005 (Croo); |2V 07 (Crwc))

_ t(aa(ngoo) 2|00V (Cropoo)) —

y Torn = P ilCruse]

.
Il o
S

+(02 (Crwee), V(|2[*)02 K1 (VCr)) + (92div(Cruwss), 2|02 K1 (VCR)),
where
I8 R = 2(02div(Crwso), 2202 (@ - V(Crooe)),
IO = 2(02div(Cruws), 21702 (div(Cruwee ),
IO p = —(02div(Crwe), [2[*2(CrFY)),
and

PO Crune) = 02 (Crwo), V(|22 (0 - V(Crons)))
(02 (Crwao), V(|22 02 div(Crva)
— (02 (Crwae), V(|22 (CRFL)).-
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This, together with (7.8), gives

d
08 (Gt o0 () + 71V (G2

6
= Y 0 r+ 28 Crus] + Qs.06(VER),

1=4
where
Qs = (00Kx(VCr), 2V ((rooo))

—(95 (Crwso), V(|2[*) 03 K1 (V)
—(07div(Crwec), |2]* 05 K1 (VCR))-

By Lemma 2.2 and Lemma 2.3, we obtain
6 5 1
S S IRl £ TVt + C (54 2 ) IV (Cars)
|| <k—1 i=1 Y

. C
B 1V (Crboo) 551 + ;|CRFOOI§I§_1,

| Y. Palrus]l < el + IV (Crwoe)

|a|<k—1
ce, .
D27 G

1 2 012
+C€<1 + E) |<Rwoo|Hé€:11 + C£|CRF00|H?:117

v -
> Qe VR < IV (R pos ) + R 200

la|<k—1

+C|V (Crwso) 7

Hy~'(Ng)

+C<%+%>(1+||@D|2

2
Hm (N ) [ Uoo |H§71(NR)

for any € > 0 with C' > 0 independent of €.
Combining these estimates with (7.8) and (7.10), we see that

d
o D0 (0 (Crwe), [£P OV (Croe)) + 5V (Crboe)

la|<k—1

S gglCRwooE?

{1V (Cuwne) By + (14 2) 1B 9 (o) s + G Fel
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1 -
+C (14 2 ) { kel + O+ 10l ) use s v (7.11)

for any € > 0 with C' > 0 independent of €.

Consider now & x (7.7) 4+ (7.11) with a constant x > 0. Taking x > 0 so large that

|V (Crwos) |3, on the right-hand side is absorbed into the left-hand side and setting ¢; = 2
4

I

and € = ('e, we arrive at

B Gt (1) + AD Gt
< ety + (1 D)1+ IVl )
FO(14 2 Il
0L (14 2) 1+ ) o By
4014 2) 0+ Nl el sy
for anye > 0 with C' > 0 independent of €. This completes the proof. O

Remark 7.2. Similarly to the proof of Proposition 6.4, one can prove that if

w e C([0, T H™) N L*(0, T H™Y),
Upoo € Hk?
F € L*(0,T'; H* x H*1Y),
then there exists a unique solution s, = ' (oo, Woo) of (7.1) in C([0, T"]); H*)NL?(0,T"; H* x

H*1). Furthermore, by setting £ = 0 and (z = 1 in the proof of Proposition 7.1, one can
see that E¥[us](t) is absolutely continuous in ¢ € [0,7"] and there holds the estimate

d - -
S Bbluee] + dDue) < C{ sl + (113 + IV 10m) [V 3
1
(142 I Foclt e } (7.12)

on (0,7"), where € is any positive number; and C'is a positive constant independent of 7"
and e.

Remark 7.3. One can easily see that (7.2) holds with (g and Ny replaced by (g — (g
and Ng r for " > R > 1, where Ny g denotes the set N p = {z € R"; R < |z| < 2R'}.

Proposition 7.4. Let m be a nonnegative integer satisfying m > [3] 41 and let £ be an
integer satisfying £ > 1. Assume that

Upoo = T(gbl)ooawOoo) S Héfa
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Fo = "(F% F.) € L*0,T'; Hf x HF ')

fork =m—1 ork =m. HereT' is a given positive number. Assume also that u., =
T (hoos Woo) 18 the solution of (7.1) with w € C([0,T'); H™) N L?(0,T"; H™) and that
Uso = ' (Poo, Weo ) Satisfies

boe € C([0,T']; HY), we € C([0,T"); H*) N L0, T'; H*1).
Then it holds that
b € C([0,T]; HY), weo € C([0,T']; H) N L*(0, T H™).

Furthermore, there exist positive constants k > ko and d > 0 such that Ef[u](t) is
absolutely continuous in t € [0, T'] and there holds the estimate

d
EE? [Uoo] + de [Uoo]

AN -
< CelunclZz+ (14 ) 0l + 19l ) | 6mcl s
1 2
(14 ) Poclip

1 -
(14 =) (U 1) [oecle ) (7.13)

on (0,T"), where € is any positive number; C' is a positive constant independent of T" and
€.

Proof. It suffices to prove that
Crlso — Uso in C([0,T"]; HY) N L2(0,T'; HY x HI)

as R — oco. We prove this by induction on /.
We first observe that it holds that

CRUse — Uso in C([0,T"]; H*) N L*(0,T"; H* x H*) (7.14)

as R — oo, since u,, € C([0,T']; H*) N L*(0,T"; H* x H*'). We also note that since
supp (Cr — (') C Nrr = {x € R"; R < |z| < 2R’} for R’ > R, it holds that

| CRtoe — CR’UooHHgv < CHuOOHHf(NR’R/)

for R > R > 1.
Set

wrrr(t) = [(RU(T) —CR’Uoo(t)‘iz,{,w
b(t) = 14 @®)Fm + Vo) |z € L'0,T),
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t
acrr(t) = |CRuoss — Crrttoso|pp + / |CrFo — CR’FOO@;Xz{;—I dr
0

t
~ 2 2
[ RO ey, oo, o0 07

Let us prove Proposition 7.4 for ¢ = 1. By (7.2), we have

¢
o1 rr(t) + / D’f[(Ruoo — Crroo] dT
0
¢

< {apn(™)+ / b(r) 1 (7) d | (7.15)

0

for t € [0,T'], where C' is a constant depending on e. By the Gronwall inequality, we
obtain

o1rr(t) < Cay g (T/)echT b(r)dr (7.16)
for t € [0,7"]. Since a1 rr/(1") = 0 as R, R' — oo, we see that supyc,<q 01,rr(t) — 0

as R, R" — oo. This, together with (7.15), yields that fOT, D¥[Cruse — Crrtloo] dT — 0 as
R, R' — co. In view of (7.14), we thus conclude that {Crun } is Cauchy in C([0,T"]; HF)N
L*(0,T"; HF x HF') and

CRUoo — Use in C([0,T"); HF) N L*(0,T'; HY x HI™)

as R — oo. Letting R — oo in (7.2) with £ = 1, we have the desired estimate in
Proposition 7.4 with ¢ = 1. Proposition 7.4 thus holds for ¢ = 1.

We next suppose that Proposition 7.4 holds for £ = p. We will prove that it also holds
for £ =p+ 1. By (7.2) and Remark 7.3, we have

t
Pp+1,rr (1) + / DY 1 [Crtse — Crrtiag) dT
0
t

< C{CLIH_LR’R/(T,)—F/ b(T)ngLR,R/(T)dT} (7.17)

0

for t € [0,T'], where C is a constant depending on € and p. By the Gronwall inequality,
we obtain

Epri e (t) < Cappr g (T)eC o b dr (7.18)
for t € [0,7]. By the induction assumption, we see that a,+1 g r/(7") = 0 as R, R — oo,
and hence, by (7.18), supy<;<v @pt1,r,r (t) = 0 as R, R — oo. This, together with (7.17),
yields that fOT’ D£+1[CRUOO — (Rloo| dT — 0 as R, R — oo. It then follows that {(ruc}

is Cauchy in C([0,T"]; H},,) N L*(0,T"; HY | x H;]fill) and

CRUso — Us in C([0,T"]; Hﬁﬂ) N L*0,T"; l—];fJrl X Hﬁill)

as R — oo. It is not difficult to see that £ Ef[u.,] = G} on (0,7") for some G} € L*(0,T),
and, thus, EF[us](t) is absolutely continuous in ¢ € [0,7"]. Letting R — oo in (7.2) with
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¢ = p+ 1, we have the desired estimate in Proposition 7.4 with ¢ = p+ 1. Proposition 7.4
thus holds for £ = p 4+ 1. This completes the proof. O

We are now in a position to prove Proposition 6.7.

Proof of Proposition 6.7. Let U = "(®, W) € C([0,T"); HF) N L*(0,T"; Hf x H}™).
Then, by Lemma 4.7, we see that

[P Bla]U|[ gy < Clloflool[VO[lLz < COIU -

It then follows from Remark 7.12 and Proposition 7.4 that there exists a unique solution
Us € C([0,T); Hf x Hy) N L*(0,T"; Hf x Hy™") of

OiUss + AUs + Bli]lUse = Foo + PLB[A)U,  Usoli—o = ugoc, (7.19)

and U, satisfies
t
0Ol + [ 1TV By
! 2
2
< Cof ol + [ 1Pl
t t
+52/ 101 d7+/ b(T)HUooH%éeldT}. (7.20)
0 0 -

Here b(r) = 1+ 1| + HVwHHm

We set UL = 0 and define UY (7 = 1,2,--+) inductively by the solution of (7.19)
with U = UY™Y. Applying the Gronwall inequality to (7.20) with U,, = O and U =0,
we have

ITL @) < Ao
for t € [0,7"], where

T/
AO = Co{HUOoon:Iéc +/ ||Foo||§{;€XH;€—1 dT}eCOHb”LI(O,T/)'
0 2 4

Similarly, using (7.20) with Uy = UL — U8 ™ and U = U™ — U8 for j =2,3,- -,
one can inductively see that
A()(C()Ko(g)?t)jil

G-Df

IO (t) = UL V@)1 <

Ao [ (CoEod2ty =1 [|bll 10,y (CoKo6t)
] 1) < 2o 0410 (0,7) (LofLo
/ IV >”H’“ berp TS KO{ (j—1)! TR ]! }

Here Ko = 1+ ||b|’Ll(O,T’)ecpoHLI(OvT'). It then follows that UY converges to a function Uy,
in C([0,T"); HF) N L?(0,T"; Hf x H™) as j — oo. One can easily see that U,, satisfies
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(7.19) with U = U, i.e., Uy is a solution of (6.1), and Ux(t) € Hf,, for all ¢ € [0,7"].
By the uniqueness of solutions of (6.1) (see Proposition 6.4), we see that U, = -

Applying Remark 7.2 and Proposition 7.4 with F,, replaced by F, + P Blu|us, we
have

d
EE;“[UOO] + de[uoo]
1y, - -
S O e (G 1 e P T
1 2
+<1 - g>|Foo|foH§71

2 2
Hm) UOO|H’.€ 1}
k.

for j =0,1,--- ,¢. Using Lemma 4.4 (ii) and Lemma 4.7, we see that

. 1 .
+]2(1 + E) (1+ ||l

d ,
%Ej [UOO] + 2d1|u°°|HJ’FxHJ’?+1
1 -~ ~
< O eluacat((1+ Dl + [Vl ) 9l
1 . 1 i
+<1 + E> IFoo!?{fXH;_l +32(1 + E) (1 + |J@||%) ‘“00‘31;,1}

for 5 =0,1,--- ¢, with some constant d; > 0. Taking € > 0 suitably small, we obtain

d k 2
EEJ' [uoo] + d1|uoo|H;;><H;c+1

< (Il

+5% (1+ ||| ) |uoo|§{]’_€_1} (7.21)

b+ VD ) 1 8ocl B+ | Foole s

for j=0,1,--- /.
We now prove (6.15) by induction on ¢. When ¢ = 0, inequality (7.21) with j = 0 is
nothing but (6.15) with ¢ = 0. Assume that (6.15) holds for £ = j — 1. Then by adding

WJHP)X(?QU to (6.15) with ¢ = j — 1, we obtain the desired inequality (6.15) for

¢ = 7. This completes the proof. O

8 Proof of Theorem 3.1

In this section we prove Theorem 3.1.

We first establish the estimates for nonlinear and inhomogeneous terms Fi(u, g) and
Foo(u, 9):

Ao = (7))
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v(odiv + w - Vo)

=P <¢3tw +v((1 + ¢)w - Vw) + %(V(P(l)(p

P9 = (i)

0)9°)) — 5 (1 +¢)g> ’

- (d@w (L + )w - Vu) + £(V(PD(p.d)é) — L(1 + ¢>g) ’

where
_ _ (¢ (9 L
U=U] + Uy, U= <w . U= w;) (j =1,00).
We first state the estimates for F(u,g) and Fi(u, g).
Proposition 8.1. There hold the estimates
(i) 1Y (w)llzy < O] relldivell g + wll 22|Vl 12),
(i) 1E3(u 9)lly < CUllllz 0wl 2 + w2 Vel 2

+ el IVelis + il llgllzz + llgllzy),

(iii) 1Fe (W) ap < C|] g | dive|| gy + w]l e [V r || ),

(iv) 1Eso (o)l =1 < Cllwllazm [V ewll s + 8]l | V| gy
+ 10l am |0l g + L+ @) gl g1}

uniformly for u = T (¢, w) = U1+t with ux = (g, wy) (k =
and ||ul|gm < 1.

Proposition 8.1 directly follows from Lemmas 2.1 and 2.3.

We next estimate Fj(uM), g) — F;(u, g) (j = 1,0).

Proposition 8.2. There hold the estimates
(i) 1F? () — F ()|

1, 00) satisfying ||@|| L=~ <

< C{lI¢" = 6P| [ldivi ™V 12 + |62 2 [ div (w — w®)]l
™ = w2V 1z + w2 V(6 = 62|13},
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(i) [FY, g) — Fa(u®, g)l
< C{llwt = w2V iz + [[w® ] 2| V(@ — @)l 5
16" = 6Pz (™ o [Vl + [0ew ™| 2 + llgllz)
+ 6P z2llo(w™ — w®)] 2
+ IV Dz + IV 212 169 = 6P 12 + (|| 2|V (6@ — 6@) ]l 123,

(ii) 1E2 () = F2, (u®)]| s
< C{lldive™ [l l|6") = 6P [l srmr + ([ | [ div (w0 — w ) s

V(@ = )|},

900 g 0 — 0 s + [0

(iv)  [[Fo(u®W,g) - Fi ( u®, g))| -2
< C{lI9" = ¢ rm1 ([ ||z [ V| g1 + 050D g1 + (| gl prm-1)

+ [ = W@ g1 [V [ s 4 [0 | [V (w0 = 0@ -

+ 16| arm 10 (w0 = w )| -2

+ (VD [ gt + IV || gn-) |6 = 6P| pym-s

+ 19N [ am [V (61 = 6@)[| g2}
umformly foru ) = (gb(j) wl)) = u(j)—i—uég) with ug) =T ,(j),w,(g ) (k= 1,00) satisfying
oD < 5 and [uD||am <1 (5 = 1,2).

Proposmon 8.2 directly follows from Lemmas 2.1-2.3.

To prove Theorem 3.1, we next show the existence of a solution {uy, u} of (4.1)-(4.2)
on [0, T satisfying u;(0) = u;(T") (j = 1,00) by an iteration argument.

For p = 0, we define u'” = T(¢{”, w!”) and v = T(6'2, w) by

(1) = S1() LTI = SU(T)) ' Ga] + L1 (1[G, 8.1)
ul (1) = Sa00 () = Ss00(T)) .7 500(T)[Goc] + 7 500(1) G, '
where t € [0,T], G = T(0, %g(m,t)), G; = PG and G, = P,G. Note that ugo)(O) =

W N(T) (= 1,00).

For p > 1, we define u!” = T(¢”, w®) and u® = T (¢, w!"), inductively, by
u(t) = Si(O)L (D) — Si(T) " Fi(uP, g)] + .71 ()P (u® Y, )],
u(t) = Seuwn () — S (7))~ ww,u@-n(T)[Foow@ Y, g)] (8:2)

+ s utr- () [Foc (u™V, )],
u'\P

Y4 u®™Y. Note that ugp)(O) = ul?(T) for j = 1,00 and

where ¢ € [0,7] and u®~V ;

p=>1
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Proposition 8.3. There ezists a constant 6y > 0 such that if [g],, < do, then there holds
the estimates

(i) el u@H g 0.1y < Crlghm
for all p > 0, and

“{u (p+1) ulp)7 (();é—i—l)

u®
OO }‘|%"’L71(0T

(i)
-1 —1
< Cilghnll{el? = uf ™, u® Y g

forp > 1. Here C is a constant independent of g and p.

Proof. The estimate (i) follows from Propositions 5.4, 6.8, 8.1 and Lemma 4.3 (ii).
Let us consider the estlmate of the difference between u(pJrl and u®. For p > 0, we
set ¢§p) = ¢§p+1) — qﬁ(p) and u‘; = w(p+1) J(.p) for j = 1,00. Then by using (8.1) and

(8.2), we see that (EE and w; 2 (p > 1) satisfy

8t¢1 —|—7d1vw = Fi (D),
) ®) () o (8.3)
Oywy” — vAw 1 — oVdiva” + Vo = Fia(a®, g),

0% + 7 Poo(w® - VOL) + ydival) = Fuoy (@),
@tﬁ)gg) — uﬁwé’é) — DVdiVng;) + WVQE(()%) = FmQ(a(P*1)7g)’

where
Fi(a® V) = F) () — F{(u®™),
Fl?(ﬂ(p_l)ag) = Fl(u(p)7g) - Fl(u(p_1)7g)7
Fool(a(p_l)) — Ffo(u(p)) _ Fgo(u(p—l)) — Py (( ®» _ ) v¢(p))
Foa(u?V, g) = Foo(u?, g) — Foo(u?™V, g).

The desired inequality (ii) can be obtained by applying Propositions 5.4, 6.8, 8.2, 8.3 (i)
and Lemma 4.3 (ii). This completes the proof. O

We introduce a notation. We denote by B%k(a B (r) the closed unit ball of 2% (a,b)

centered at 0 with radius 7, i.e.,

_ L )
B gy () = { (s} € 24, 0): o, s}l g,y <7

Proposition 8.4. There ezists a constant §; > 0 such that if g, < 1, then the system
(4.1)-(4.2) has a unique solution {uy, us} on [0,T] in B%’”(O,T)(Cl [9]m) satisfying u;(0) =
uw;(T) (j = 1,00). The uniqueness of solutions of (4.1)-(4.2) on [0,T] satisfying u;(0) =
u;(T) (j =1,00) holds in ng*"(oyT)(C151)~
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Proof. Let 6; = min{dy, %} With do given in Propositions 8.3. By Propositions 8.3,

we see that if [g],, < d1, then u = (gb(p) ) (j = 1,00) converges to u; = ' (¢;, w;)
(j = 1,00) in the sense

{u u@} = {uu} i 2770, T),
ul?) = T(¢®) wlP)) = s = T (Poo, Weo) *-weakly in L(0, T Hio 1),

o0 o0 )

wé’;) — wWu weakly in L?(0,7T; H&Jsll) nHY0,T; Hgn )11)

It is not difficult to see that {u;,u} is a solution of (4.1)-(4.2) satisfying u;(0) = w;(T)
(j =1,00).

[t remains to prove ts, = ' (¢oo, Weo) € C([0,T]; HT), which implies {u1,us} €
B(%"”((),T)(Cl [9]m) with u;(0) = u;(T) (j = 1, 00).

As for wy,, since L*(0,T; H™™)NHY(0,T; H™ ') c C([0,T]; H™), we find that w, €
([0, T]; H™).

As for ¢o, note that ¢, € C([0,T]; H') and ¢ is the solution of

{ at¢oo+uj'v¢oo :gcoxn

Doclizo = Do (8:5)

where

On the other hand, by Lemma 6.1, we see that there exists a solution of (8.5) which be-
longs to C'([0,T]; H™) and that the uniqueness of solutions of (8.5) holds in C'([0,T]; H').
Therefore, we find that

¢ € C([0,T]; H™).
To prove that s = ' (¢oo, Weo) € C([0, T]; H™), we note that us, is written as

Uoo(t) = Soonu(t)(I — Soo,u(T))ilyoo,uav [Foo (1, 9)] + 7 o () [Foo(u, 9)]

with © = wu; + us. By Proposition 8.1 and Lemma 4.3 (ii), we see that F.(u,g) €

L*(0,T; Hio H(m )1 ). It then follows from Proposition 6.5 that if 6; is small Such that

C161 <0, then sy = " (Poo, Woo) € C([0,T]; H™). This completes the proof. O

To complete the construction of a time periodic solution of (1.5), we use the following
proposition on the unique existence of solutions to the initial value problem.

Proposition 8.5. Let s € R and let Uy = Uy, + Uposo with Uy, € H(ll)71 and Upso € HTT ) ;.
Then there exist constants 6 > 0 and Cy > 0 such that if

M (Uor, Uosor 9) = [Uotllmy, , + Wocollmz, |+ [9lm < 0,

there exists a solution {Uy,Usx} of the initial value problem for (4.1)-(4.2) on [s,s + T
in B g 3+T)(C2M(U017 Uoso, 9)) satisfying the initial condition Uj|i—s = Uy; (j = 0,00).

The uniqueness for this initial value problem holds in B g (Ca0s).

(s,8+T)
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Proof. Let i = " (¢,w) be a given function in C([s,s + T); H™) N L?(s, s + T; H™1).
We define Sy 4(t, $)upeo and % a(t, s)Fise by the solution operators for

Oplloe + Allog + Poo(Bli|tueo) = Froy  Usolt=s = Upoo-

with F, = 0 and ugs = 0, respectively. As in the proof of Proposition 6.5, one can see
that if w satisfies

|| c(is,547);5m)n L2 (5,55 Hm+ 1y <6, (8.6)

then it holds that S (%, s) and % a(t, s) satisfy the estimates

1S.a(t, $)Uosc |z | < Ce™ Vool - (8.7)
t >
—a(t—7 2
17 00t 8) [Foo]ll e | SC{/ et >||Foo||H(,€w)1xH&)lldr} (8.8)

for t € [s,5 + T, Foso € H\y 15 Foo € L?(s,5 + T HE 4 X H(’;){l) and k=m—1orm
with C'= C(6,T) > 0 uniformly for s € R and @ = ' (¢, @) satisfying (8.6).
To prove Proposition 8.5, it now suffices to show the unique existence of the solution

{Ula Uoo} S B(%V""(S’S_FT)(CQM(UOM UOooa g)) of

{ Ui(t) =51t —s)Un +-71(t — s)[Fi(U, 9)], (8.9)

UOO(t) = oo,U(t? S)UOOO + yoo,U<t7 S)[FOO<U> g)],

with U = U; + Uy, for a constant Cy > 0, provided that M (Up;, Ups, g) is sufficiently
small. We solve this problem by an iteration argument as in the proof of Proposition 8.4.

For p = 0, we define U}O) = 7@ W) (j =1,00) by

Jg g

UP(t) = S1(t — 8)Ups +-1(t — 5)[G4],
UL (1) = Sooo(t, $)Uose + L0 (t, 5)[Col,

where t € [s,5s+T], G = (0, %g(m,t)), G, = PG and G, = P,G.
For p > 1, we define U;p) = T(QD(p) W-(p)) (7 = 1, 00), inductively, by

g g
UP() = Sy(t — s)Up + F1(t — 8)[FL(UPD, )],
UL () = S v (£, 8)Ugoo + o v (5 8) [Foe (UP, g)],

where ¢ € [s, s+ T] and UP~) =y 4 &=,

As in the proof of Proposition 8.3, by using Proposition 5.1, (8.7), (8.8), Propositions
8.1, 8.2 and Lemma 4.3 (ii), we can inductively show that if M (Up1, Upeo, g) is sufficiently
small, then there hold the estimates

H{Ul(p)7 Uég)}Ht%vn(S’SJrT) < C2M(U017 UOoo;Q)
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for all p > 0, and

1
U™ = U U8 = UDH| g o
< oM (Uor, Uoe, 9)I{UY” = U0, UL = UE™DY| g

for all p > 1. Hence, in a similar manner to the proof of Proposition 8.4, we see that
there exists a solution {Uy, Uy} € B g o orr) (C2M (Uor, Uneo, 9)) of (4.1)-(4.2) satisfying
Ujlt=s = Uoj (j = 0, 00), provided that M (Up;, Upeo, g) < 95 for a small constant d > 0. In
view of the iteration argument, we can see that the uniqueness holds in B g (5.5 +T)(0252).
This completes the proof. 0

We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1. By Proposition 8.4, we see that if [g],, < &1, then (4.1)-(4.2) has
a unique solution {ugo),ugg)} € Bgm T)(Cl [g]m) satisfying u§0)(0) = ugo) (T) (j = 1,00).
In particular, it holds that

(0)
sup { uy ()|
B [y ()HH(I)J

+ @Ol , } < Cilglm: (8.10)

Therefore, if g satisfies (C} + 1)[g], < 02, then, by Proposition 8.5, we see that there
exists a unique solution {u{"”, ul)} € Bgm 2T)(CQ<01 + 1)[g]m) of (4.1)-(4.2) satisfying

uf g = u”(T) = u{(0) (j = 1,00).
We introduce INL§-1) (j =1,00) and @V by
i) =+ 1), A =a’ @) +al() for te0,T].

Then we find that

~—
I
<
—~
=
—~
~
~—
I
<
_
=
—~
@)
~—

~(1 1
a"(0) = (T

() + AaV (1) = 0Vt + T) + AVt +T) = RVt +T),9t+T7))
= Fi(aM (1), g(1)).

Similarly, we see that
L) (0) = u(0),

Oy (t) + Al () + Poo(B[a (1)]a'V (1)) = Foo (aV(1), 9(1)).

Therefore, if [g],,, < 03 := min{d,, Céf2v (C1+1)d9}, then, by the uniqueness of the solution,

we find that {a{"(¢), @)} = {u'2@), ()} for t € [0,T]. Consequently, we have
W), D)) = (V¢ = 1), (¢t = T)} for t € [T, 27

We define {u(t), use(t)} (t € [0,27]) by {ui(t), use(®)} = {ul(t), v ()} for ¢ €
kT, (k + 1)T], k = 0,1. It then follows that {uy(t + T),uc(t + T)} = {ui(t), uxo(t)}
for ¢t € [0, 7). Furthermore, we see from Proposition 8.5 and (8.10) that there exists a
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unique solution {vy, v} € Bgm £)<02(Cl +1)[glm) of (4.1)-(4.2) on [, 2] satisfying
27 2

/Uj’t:% = u§o)(%) (j = 1,00). By the uniqueness, it follows that {vy, v} = {u1,us} on

[Z,2L], which implies that {u;, us} is a solution of (4.1)-(4.2) on [0,27] in 2™(0,2T).
Repeating this argument on intervals [kT, (k + 1)T) for k = £1,42---, we obtain a
solution {uy, us} of (4.1)-(4.2) in 27%.(R) satisfying [[{u, tec}| g7 1) < Cilg]m that
gives a time periodic solution u of (1.5) by setting u = uy + Ueo.

In view of the iteration argument in Propositions 8.3 and 8.4, one can see that the
uniqueness of time periodic solutions for (1.5) holds in {u = T(¢,w);{Pu, Pxu} €

20 (R), [{Pu, Poou}||<%m(0’T) < 163} if [g]m < 63. This completes the proof. O
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