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Existence and stability of time periodic solution to
the compressible Navier-Stokes equation for
time periodic external force with symmetry

Yoshiyuki KAGEI ∗ Kazuyuki TSUDA †

Abstract

Time periodic problem for the compressible Navier-Stokes equation on the whole
space is studied. The existence of a time periodic solution is proved for sufficiently
small time periodic external force with some symmetry when the space dimension
is greater than or equal to 3. The proof is based on the spectral properties of the
time-T map associated with the linearized problem around the motionless state with
constant density in some weighted Sobolev space. The stability of the time periodic
solution is also proved and the decay estimate of the perturbation is established.

1 Introduction

This paper studies time periodic problem of the following compressible Navier-Stokes
equation in Rn (n ≥ 3):{

∂tρ+∇ · (ρv) = 0,
ρ(∂tv + (v · ∇)v)− µ△v − (µ+ µ′)∇(∇ · v) +∇P (ρ) = ρg.

(1.1)

Here ρ = ρ(x, t) and v = (v1(x, t), · · · , vn(x, t)) denote the unknown density and the
unknown velocity field, respectively, at time t ≥ 0 and position x ∈ Rn; P = P (ρ) is the
pressure that is assumed to be a smooth function of ρ satisfying

P ′(ρ∗) > 0

for a given positive constant ρ∗; µ and µ′ are the viscosity coefficients that are assumed
to be constants satisfying

µ > 0,
2

n
µ+ µ′ ≥ 0;

and g = g(x, t) is a given external force periodic in t. We assume that g = g(x, t) satisfies
the conditions

g(x, t+ T ) = g(x, t) (x ∈ Rn, t ∈ R),
g(−x, t) = −g(x, t) (x ∈ Rn, t ∈ R) (1.2)
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for some constant T > 0.
The purpose of this paper is to investigate the existence and stability of a time periodic

solution of system (1.1) around the constant state (ρ∗, 0).
Concerning the time periodic problem for the compressible Navier-Stokes equations,

Valli ([11]) proved the existence and (exponential) stability of time periodic solutions on
a bounded domain of R3 for sufficiently small time periodic external forces. On the other
hand, for large time periodic external forces, the existence of time periodic solutions
on a bounded domain of R3 was proved by Feireisl, Matušu-Necasová, Petzeltová and
Straškrava ([2]) and Feireisl, Mucha, Novotný and Pokorný ([3]) in the framework of
weak solutions. As for the time periodic problem on unbounded domains, Ma, Ukai, and
Yang ([8]) studied the existence and stability of time periodic solutions on the whole space
Rn. It was shown in [8] that if n ≥ 5, there exists a time periodic solution (ρper, vper)
for a sufficiently small g ∈ C0(R;HN−1 ∩ L1) with g(x, t + T ) = g(x, t), where N ∈ Z
satisfying N ≥ n+ 2. Furthermore, the time periodic solution is stable under sufficiently
small perturbations and there holds the estimate

∥(ρ(t), v(t))− (ρper(t), vper(t))∥HN−1 ≤ C(1 + t)−
n
4 ∥(ρ0, v0)− (ρper(t0), vper(t0))∥HN−1∩L1 ,

where t0 is a certain initial time and (ρ, v)|t=t0 = (ρ0, v0). Here H
k denotes the L2-Sobolev

space on Rn of order k.
In this paper, we will show that for n ≥ 3, if the external force g satisfies the oddness

condition (1.2) and is small enough in some weighted Sobolev space, then (1.1) has a time
periodic solution (ρper, vper) and uper(t) = (ρper(t)− ρ∗, vper(t)) satisfies

sup
t∈[0,T ]

(∥uper(t)∥L2 + ∥x∇uper(t)∥L2)

≤ ∥g∥C([0,T ];L1∩L2) + ∥xg∥C([0,T ];L1∩L2) + ∥g∥L2(0,T ;Hm−1) + ∥xg∥L2(0,T ;Hm−1). (1.3)

In addition, we will prove that the time periodic solution is stable under sufficiently small
initial perturbation, and that the perturbation satisfies

∥(ρ(t), v(t))− (ρper(t), vper(t))∥L2 = O(t−
n
4 ) as t → ∞. (1.4)

The precise statements are given in Theorem 3.1 and Theorem 3.2 below.

The proof of the existence of a time periodic solution is given by an iteration argument
by using the time-T -map associated with the linearized problem around (ρ∗, 0). Substi-
tuting ϕ = ρ−ρ∗

ρ∗
and w = v

γ
with γ =

√
P ′(ρ∗) into (1.1), we see that (1.1) is rewritten

as
∂tu+ Au = −B[u]u+G(u, g), (1.5)

where

A =

(
0 γdiv
γ∇ −ν△− ν̃∇div

)
, ν =

µ

ρ∗
, ν̃ =

µ+ µ′

ρ∗
, (1.6)

B[ũ]u = γ

(
w̃ · ∇ϕ

0

)
for u = ⊤(ϕ,w), ũ = ⊤(ϕ̃, w̃) (1.7)
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and

G(u, g) =

(
f 0(u)

f̃(u, g)

)
, (1.8)

f 0(u) = −γϕdivw, (1.9)

f̃(u, g) = −γ(1 + ϕ)(w · ∇w)− ϕ∂tw −∇(P (1)(ϕ)ϕ2) +
1 + ϕ

γ
g, (1.10)

P (1)(ϕ) =
ρ∗
γ

∫ 1

0

(1− θ)P ′′(ρ∗(1 + θϕ))dθ.

To solve the time periodic problem for (1.5), we decompose u into a low frequency
part u1 and a high frequency part u∞. Then u1 and u∞ satisfy

∂tu1 + Au1 = F1(u, g), (1.11)

∂tu∞ + Au∞ + P∞(B[ũ]u∞) = F∞(u, g), (1.12)

where
F1(u, g) = P1[−B[ũ]u+G(u, g)],

F∞(u, g) = P∞[−B[ũ]u1 +G(u, g)]

and
ũ = u = u1 + u∞, uj = Pju (j = 1,∞).

Here P1 and P∞ are bounded linear operators from L2 into a low frequency part and a
high frequency part, respectively, satisfying P1 + P∞ = I. (See sections 3 and 4 for the
definitions and properties of P1 and P∞.)

We rewrite (1.11)-(1.12) as

u1(t) = S1(t)u01 + S 1(t)F1(u, g), (1.13)

u∞(t) = S∞,ũ(t)u0∞ + S ∞,ũ(t)F∞(u, g), (1.14)

where
u01 = (I − S1(T ))

−1S 1(T )F1(u, g),

u0∞ = (I − S∞,ũ(T ))
−1S∞,ũ(T )F∞(u, g)

with
ũ = u = u1 + u∞.

Here S1(t) is the solution operator for the linear initial value problem for (1.11) with
the inhomogeneous term F1(u, g) ≡ 0 under the initial condition u1|t=0 = u01; S 1(t) is
the one for (1.11) with a given inhomogeneous term F1(u, g) under the initial condition
u1|t=0 = 0; and S∞,ũ(t) and S∞,ũ(t) are similarly defined by the solution operators for
the linear initial value problem for (1.12). We will investigate properties of S1(t), S 1(t),
S∞,ũ(t) and S∞,ũ(t) in weighted Sobolev spaces. The necessary estimates for S1(t) and
S 1(t) will be obtained by the explicit formulas for these operators through the Fourier
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transform, while those for S∞,ũ(t) and S∞,ũ(t) will be established by a weighted energy
method.

The stability of the time periodic solution will be also shown by a decomposition
method associated with the spectral properties of the linearized operator which, in this
case, is a decomposition into low and high frequency parts (cf., [4, 10]). Based on the
estimate (1.3) for uper(t) =

⊤(ρper(t) − ρ∗, vper(t)), we can apply the Hardy inequality to
show the stability of the time periodic solution ⊤(ρper(t), vper(t)) under sufficiently small
initial perturbations and the decay estimate (1.4) in a similar manner to [10]. In contrast
to the problem in [10], the terms vper · ∇ϕ + ϕdivvper appear in the transport equation
for the perturbation. These terms can be handled by using the energy method and the
boundedness properties of the projection onto the low frequency part as in [4], together
with the Hardy inequality. (See also [1]).

This paper is organized as follows. In section 2, we introduce notations and auxiliary
lemmas used in this paper. In section 3, we state main results of this paper. In section
4, we reformulate the problem. Section 5 is devoted to studying S1(t) and S 1(t) and we
derive the estimates for low frequency part. In section 6, we state some spectral properties
of S∞,ũ(t) and S ∞,ũ(t) and derive the estimates for high frequency part. In section 7,
we establish the weighted energy estimate for high frequency part which gives spectral
information on S∞,ũ(t) and S ∞,ũ(t). In section 8, we estimate nonlinear terms and then
give a proof of the existence of a time periodic solution. 　　

2 Preliminaries

In this section we first introduce some notations which will be used throughout this paper.
We then introduce some auxiliary lemmas which will be useful in the proof of the main
results.

For a given Banach space X, the norm on X is denoted by ∥ · ∥X .
Let 1 ≦ p ≦ ∞. Lp stands for the usual Lp space over Rn. The inner product of L2 is

denoted by (·, ·). For a nonnegative integer k, Hk stands for the usual L2-Sobolev space
of order k. (As usual, H0 = L2.)

The set of all vector fields w = ⊤(w1, · · · , wn) on Rn with wj ∈ Lp (j = 1, · · · , n),
i.e., (Lp)n, is simply denoted by Lp; and the norm ∥ · ∥(Lp)n on it is denoted by ∥ · ∥Lp

if no confusion will occur. Similarly, for a function space X, the set of all vector fields
w = ⊤(w1, · · · , wn) on Rn with wj ∈ X (j = 1, · · · , n), i.e., Xn, is simply denoted by X;
and the norm ∥ · ∥Xn on it is denoted by ∥ · ∥X if no confusion will occur. (For example,
(Hk)n is simply denoted by Hk and the norm ∥ · ∥(Hk)n is denoted by ∥ · ∥Hk .)

For u = ⊤(ϕ,w) with ϕ ∈ Hk and w = ⊤(w1, · · · , wn) ∈ Hm, we define the norm
∥u∥Hk×Hm of u on Hk ×Hm by

∥u∥Hk×Hm =
(
∥ϕ∥2Hk + ∥w∥2Hm

) 1
2 .

When m = k, we simply write Hk × (Hk)n as Hk, and, also, ∥u∥Hk×(Hk)n as ∥u∥Hk if no
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confusion will occur :

Hk := Hk × (Hk)n, ∥u∥Hk := ∥u∥Hk×(Hk)n (u = ⊤(ϕ,w)).

Similarly, when u = ⊤(ϕ,w) ∈ X × Y with w = ⊤(w1, · · · , wn) for function spaces X and
Y , we denote its norm ∥u∥X×Y by

∥u∥X×Y =
(
∥ϕ∥2X + ∥w∥2Y

) 1
2 (u = ⊤(ϕ,w)).

When Y = Xn, we simply write X ×Xn as X, and also its norm ∥u∥X×Xn as ∥u∥X :

X := X ×Xn, ∥u∥X := ∥u∥X×Xn (u = ⊤(ϕ,w)).

Let α = (α1, · · · , αn) be a multi-index. We use the following notation

∂α
x = ∂α1

x1
· · · ∂αn

xn
, |α| =

n∑
j=1

αj.

For any integer l ≥ 0, ∇lf denotes x-derivatives of order l of a function f .
For 1 ≤ p < ∞, Lp((1 + |x|p)dx) stands for the weighted Lp space over Rn defined by

Lp((1 + |x|p)dx) =
{
f ;

∫
Rn

|f(x)|p(1 + |x|p)dx < +∞
}
.

In particular, we denote L1((1 + |x|)dx) by L1
1.

We denote by f̂ or F [f ] the Fourier transform of f :

f̂(ξ) = F [f ](ξ) =

∫
Rn

f(x)e−ix·ξdx (ξ ∈ Rn).

The inverse Fourier transform of f is denoted by F−1[f ]:

F−1[f ](x) = (2π)−n

∫
Rn

f(ξ)eiξ·xdξ (x ∈ Rn).

For a nonnegative integer k and positive constants r1 and r∞ with r1 < r∞, Hk
(∞)

denotes the set of all f ∈ Hk satisfying supp f̂ ⊂ {|ξ| ≥ r1}, and Hk
(1) denotes the set of

all f ∈ Hk satisfying supp f̂ ⊂ {|ξ| ≤ r∞}.
For a nonnegative integers k and ℓ, the spaces Hk

ℓ and Hk
(∞),ℓ are defined by

Hk
ℓ = {f ∈ Hk; ∥f∥Hk

ℓ
< +∞},

where

∥f∥Hk
ℓ

=

(
ℓ∑

j=0

|f |2Hk
j

) 1
2

,
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|f |Hk
ℓ

=

∑
|α|≤k

∥ |x|ℓ∂α
x f ∥2L2

 1
2

,

and

Hk
(∞),ℓ = {f ∈ Hk

(∞); ∥f∥Hk
ℓ
< +∞}.

The space L2
(1),1 is defined by

L2
(1),1 = {f ∈ L2

1; f ∈ L2
(1)};

and the space H1
(1),1 is defined by

H1
(1),1 = {f ∈ H1

(1); ∥f∥H1
(1),1

< +∞},

where

∥f∥H1
(1),1

=
(
∥f∥2L2 + ∥x∇f∥2L2

) 1
2 .

We note that Hk
(∞),ℓ and H1

(1),1 are closed subspaces of Hk
ℓ and H1

1 , respectively.
We will consider the time periodic problem in function spaces with some symmetry.

We define Γ by

(Γu)(x) = ⊤(ϕ(−x),−w(−x)) (u(x) = ⊤(ϕ(x), w(x)), x ∈ Rn).

We indicate function spaces satisfying the symmetric condition Γu = u by the subscript
·sym. More precisely, We denote by Xsym the set of all u = ⊤(ϕ,w) ∈ X satisfying the
symmetric conditions Γu = u, i.e., ϕ(−x) = ϕ(x) and w(−x) = −w(x) (x ∈ Rn):

Xsym = {u = ⊤(ϕ,w) ∈ X; Γu = u}.

Let −∞ ≤ a < b ≤ ∞. We denote by Ck([a, b];X) the set of all Ck functions on
[a, b] with values in X. The Bochner space on (a, b) is denoted by Lp(a, b;X) and the
L2-Bochner-Sobolev space of order k is denoted by Hk(a, b;X).

Let k be a nonnegative integer satisfying k ≥ 1. The space X k(a, b) is defined by

X k(a, b) = Y 1(a, b)× Y k
∞(a, b)

equipped with the norm

∥{u1, u∞}∥X k
(a,b)

=

(
∥u1∥2Y 1(a,b)

+ ∥u∞∥2
Y k

∞(a,b)

) 1
2

,

where

Y 1(a, b) =
{
u1 =

⊤(ϕ1, w1) ∈ C1([a, b]; (H1
(1),1)sym); ∂tw1 ∈ C([a, b];L2

1)},
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Y k
∞(a, b) =

{
u∞ = ⊤(ϕ∞, w∞) ∈ C([a, b]; (Hk

(∞),1)sym);w∞ ∈ L2(a, b;Hk+1
(∞),1)∩H

1(a, b;Hk−1
(∞),1)},

∥u1∥Y 1(a,b)
=

(
∥u1∥2C1([a,b];H1

(1),1
) + ∥∂tw1∥2C([a,b];L2

1)

) 1
2
,

∥u∞∥Y k

∞(a,b)
=

(
∥u∞∥2C([a,b];Hk

(∞),1
) + ∥w∞∥2

L2(a,b;Hk+1
(∞),1

)∩H1(a,b;Hk−1
(∞),1

)

) 1
2

.

We also introduce function spaces of T -periodic functions in t. Cper(R;X) denotes
the set of all T -periodic continuous functions with values in X equipped with the norm
∥ · ∥C([0,T ];X); and L2

per(R;X) denotes the set of all T -periodic locally square integrable
functions with values in X equipped with the norm ∥ · ∥L2(0,T ;X). Similarly, H1

per(R;X)

and X k
per(R), and so on, are defined.

Let X be a Banach space and let P be a bounded linear operator on X. We denote
by rX(P ) the spectral radius of P .

For operators A and B, [A,B] denotes the commutator of A and B :

[A,B]f = A(Bf)−B(Af).

We next state some lemmas which will be used in the proof of the main results.

Lemma 2.1. Let n ≥ 3 and let m ≥
[
n
2

]
+ 1. Then there holds the inequality

∥f∥L∞ ≤ C∥∇f∥Hm−1

for f ∈ Hm.

Lemma 2.1 is proved as follows. Let n ≥ 3 and set 2∗ := 2n
n−2

. Since m ≥
[
n
2

]
+ 1, we

see that m− 1 ≥ n
2∗
. It then follows from the Sobolev inequalities that

∥f∥L∞ ≤ C∥f∥Wm,2∗ ≤ C∥∇f∥Hm−1 ,

which shows Lemma 2.1.

Lemma 2.2. Assume n ≥ 3 and let m be an integer satisfying m ≥
[
n
2

]
+ 1. Let mj and

µj (j = 1, · · · , ℓ) satisfy 0 ≤ |µj| ≤ mj ≤ m+ |µj|, µ = µ1+ · · ·+µℓ, m = m1+ · · ·+mℓ ≥
(ℓ− 1)m+ |µ|. Then there holds

∥ ∂µ1
x f1 · · · ∂µℓ

x fℓ ∥L2≤ C
∏

1≤j≤ℓ

∥ fj ∥Hmj .

See, e.g., [7], for the proof of Lemma 2.2.
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Lemma 2.3. Let n ≥ 3 and let m be an integer satisfying m ≥
[
n
2

]
+ 1. Suppose that F

is a smooth function on I, where I is a compact interval of R. Then for a multi-index α
with 1 ≤ |α| ≤ m, there hold the estimates

∥[∂α
x , F (f1)]f2∥L2 ≤ C∥F∥C|α|(I)

{
1 + ∥∇f1∥|α|−1

m−1

}
∥∇f1∥Hm−1∥f2∥H|α|

for f1 ∈ Hm with f1(x) ∈ I for all x ∈ Rn and f2 ∈ H |α|; and

∥[∂α
x , F (f1)]f2∥L2 ≤ C∥F∥C|α|(I)

{
1 + ∥∇f1∥|α|−1

m−1

}
∥∇f1∥Hm∥f2∥H|α|−1 .

for f1 ∈ Hm+1 with f1(x) ∈ I for all x ∈ Rn and f2 ∈ H |α|−1.

See, e.g., [5], for the proof of Lemma 2.3.

3 Main results

In this section we state our results on the existence and stability of a time periodic solution
for system (1.1).

We begin with the existence of a time periodic solution. To state the existence result,
we introduce operators which decompose a function into its low and high frequency parts.
We define operators P1 and P∞ on L2 by

Pjf = F−1χ̂jF [f ] (f ∈ L2, j = 1,∞),

where

χ̂j(ξ) ∈ C∞(Rn) (j = 1,∞), 0 ≤ χ̂j ≤ 1 (j = 1,∞),

χ̂1(ξ) =

{
1 (|ξ| ≤ r1),
0 (|ξ| ≥ r∞),

χ̂∞(ξ) = 1− χ̂1(ξ),

0 < r1 < r∞.

We fix 0 < r1 < r∞ < 2γ
ν+ν̃

so that (5.4) in Lemma 5.5 below holds for |ξ| ≤ r∞.

Theorem 3.1. Let n ≥ 3 and let m be an integer satisfying m ≥
[
n
2

]
+ 1. Assume that

g(x, t) satisfies (1.2) and g ∈ Cper(R;L1
1 ∩ L2

1) ∩ L2
per(R;Hm−1

1 ). Set

[g]m = ∥g∥C([0,T ];L1
1∩L2

1)
+ ∥g∥L2(0,T ;Hm−1

1 ).

Then there exist constants δ > 0 and C > 0 such that if [g]m ≤ δ, then the system
(1.5) has a time periodic solution u = u1 + u∞ satisfying {u1, u∞} ∈ Xm

per(R) with
∥{u1, u∞}∥Xm

(0,T )
≤ C[g]m.

Furthermore, the uniqueness of time periodic solutions of (1.5) holds in the class {u =
⊤(ϕ,w); {P1u, P∞u} ∈ Xm

per(R), ∥{P1u, P∞u}∥Xm
(0,T )

≤ Cδ}.
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Our next issue is to study the stability of the time periodic solution obtained in
Theorem 3.1.

Let ⊤(ρper, vper) be the time periodic solution given in Theorem 3.1. We denote the
perturbation by u = ⊤(ϕ,w), where ϕ = ρ− ρper, w = v − vper. Substituting ρ = ϕ+ ρper
and v = w + vper into (1.1), we see that the perturbation u = ⊤(ϕ,w) is governed by

∂tϕ+ vper · ∇ϕ+ ϕdivvper + ρperdivw + w · ∇ρper = F 0,

∂tw + vper · ∇w + w · ∇vper − µ
ρper

△w − µ+µ′

ρper
∇divw

+ ϕ
ρ2per

(µ△vper + (µ+ µ′)∇divvper) +∇(P
′(ρper)
ρper

ϕ) = F̃ ,

(3.1)

where

F 0 = −div(ϕw),

F̃ = −w · ∇w − ϕ

ρper(ρper + ϕ)
(µ△w + (µ+ µ′)∇divw)

+
ϕ

ρper(ρper + ϕ)
(
ϕ

ρper
µ△vper +

ϕ

ρper
(µ+ µ′)∇divvper)

+
ϕ

ρ2per
∇(P (2)(ρper, ϕ)ϕ) +

ϕ2

ρ2per(ρper + ϕ)
∇(P (ρper + ϕ)) +

1

ρper
∇(P(3)(ρper, ϕ)ϕ

2),

P (2)(ρper, ϕ) =

∫ 1

0

P ′(ρper + θϕ)dθ,

P (3)(ρper, ϕ) =

∫ 1

0

(1− θ)P ′′(ρper + θϕ)dθ.

We consider the initial value problem for (3.1) under the initial condition

u|t=0 = u0 =
⊤(ϕ0, w0). (3.2)

Our result on the stability of the time periodic solution is stated as follows.

Theorem 3.2. Let n ≥ 3 and let m be an integer satisfying m ≥
[
n
2

]
+ 1. Assume that

g(x, t) satisfies (1.2) and g ∈ Cper(R;L1
1 ∩L2

1)∩L2
per(R;Hm

1 ). Let ⊤(ρper, vper) be the time
periodic solution obtained in Theorem 3.1 and let u0 =

⊤(ϕ0, w0) ∈ Hm ∩ L1. Then there
exist constants ϵ1 > 0 and ϵ2 > 0 such that if

[g]m+1 < ϵ1, ∥u0∥Hm∩L1 < ϵ2,

there exists a unique global solution u = ⊤(ϕ,w) ∈ C([0,∞);Hm) of (3.1)-(3.2) and u
satisfies

∥∇ku(t)∥L2 ≤ C(1 + t)−
n
4
− k

2 (t ∈ [0,+∞), k = 0, 1).

Theorem 3.2 follows from the same argument as that in [10]; and we omit the details. In
contrast to the problem in [10], several linear terms with coefficients including vper appear
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in the equations for the perturbation. In the transport equation for the perturbation,
there appear the terms vper · ∇ϕ+ ϕdivvper and these terms can be handled by using the
energy method and the boundedness properties of the projection onto the low frequency
part as in [4, 10], together with the Hardy inequality; the linear terms including vper in
the equation of motion for the perturbation can be handled by using the Hardy inequality.
(See also [1]).

4 Reformulation of the problem

In this section we reformulate the time periodic problem for (1.5).
To solve the time periodic problem for (1.5), we decompose u into a low frequency part

u1 and a high frequency part u∞; and we rewrite the problem into a system of equations
for u1 and u∞.

Set

u1 = P1u, u∞ = P∞u.

Applying the operators P1 and P∞ to (1.5), we obtain,

∂tu1 + Au1 = F1(u1 + u∞, g), (4.1)

∂tu∞ + Au∞ + P∞(B[u1 + u∞]u∞) = F∞(u1 + u∞, g). (4.2)

Here

F1(u1 + u∞, g) = P1[−B[u1 + u∞](u1 + u∞) +G(u1 + u∞, g)],

F∞(u1 + u∞, g) = P∞[−B[u1 + u∞]u1 +G(u1 + u∞, g)].

Suppose that (4.1) and (4.2) are satisfied by some functions u1 and u∞. Then, since
P1 + P∞ = I, by adding (4.1) to (4.2), we obtain

∂t(u1 + u∞) + A(u1 + u∞) = −P∞(B[u1 + u∞]u∞) + (P1 + P∞)F (u1 + u∞, g)

= −B[u1 + u∞](u1 + u∞) +G(u1 + u∞, g).

Set u = u1 + u∞, then we have

∂tu+ Au+B[u]u = G(u, g).

Consequently, if we show the existence of a pair of functions {u1, u∞} satisfying (4.1)-
(4.2), then we can obtain a solution u of (1.5). Therefore, we will consider (4.1)-(4.2) to
solve the time periodic problem for (1.5).

The following two lemmas are concerned with symmetry of (1.5) and (4.1)-(4.2). We
recall that Γ is defined by

(Γu)(x) = ⊤(ϕ(−x),−w(−x)) (u(x) = ⊤(ϕ(x), w(x)), x ∈ Rn).
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Lemma 4.1. Set g(x, t) = ⊤(0, g(x, t)) and assume that (Γg)(x, t) = g(x, t) (x ∈ Rn, t ∈
R).

(i) If u = ⊤(ϕ,w) is a solution of (1.5), then Γu is also a solution of (1.5).

(ii) If {u1, u∞} is a solution of (4.1)-(4.2), then {Γu1,Γu∞} is also a solution of (4.1)-
(4.2).

Lemma 4.2. Assume that (Γg)(x, t) = g(x, t) (x ∈ Rn, t ∈ R).
(i) If (Γu)(x, t) = u(x, t) (x ∈ Rn, t ∈ R), then

[Γ(∂tu+ Au+B[u]u−G(u, g))](x, t) = [∂tu+ Au+B[u]u−G(u, g)](x, t)

for x ∈ Rn, t ∈ R.
(ii) If {Γu1(x, t),Γu∞(x, t)} = {u1(x, t), u∞(x, t)} (x ∈ Rn, t ∈ R), then

[Γ(∂tu1 + Au1 − F1(u1 + u∞, g))](x, t) = [∂tu1 + Au1 − F1(u1 + u∞, g)](x, t)

and

[Γ(∂tu∞ + Au∞ + P∞(B[u1 + u∞]u∞)− F∞(u1 + u∞, g))](x, t)

= [∂tu∞ + Au∞ + P∞(B[u1 + u∞]u∞)− F∞(u1 + u∞, g)](x, t)

for x ∈ Rn, t ∈ R.

Lemma 4.1 (i) and Lemma 4.2 (i) can be verified by direct computations. As for

Lemma 4.1 (ii) and Lemma 4.2 (ii), by using the facts f̂(−ξ) = f̂(−·)(ξ) and χj(−ξ) =
χj(ξ) (j = 1,∞), we see that ΓPj = PjΓ (j = 1,∞). Based on these relations, Lemma
4.1 (ii) and Lemma 4.2 (ii) can be proved by a straightforward computation.

By Lemma 4.1 and Lemma 4.2, one can consider (4.1)-(4.2) in space of functions sat-
isfying {Γu1,Γu∞} = {u1, u∞}, i.e., uj =

⊤(ϕj(x, t), wj(x, t)) =
⊤(ϕj(−x, t),−wj(−x, t))

(j = 1,∞).

We look for a time periodic solution {u1, u∞} for the system (4.1)-(4.2). To solve the
time periodic problem for (4.1)-(4.2), we introduce solution operators for the following
linear problems: {

∂tu1 + Au1 = F1,
u|t=0 = u01,

(4.3)

and {
∂tu∞ + Au∞ + P∞(B[ũ]u∞) = F∞,
u|t=0 = u0∞,

(4.4)

where ũ = ⊤(ϕ̃, w̃), u01, u0∞, F1 and F∞ are given functions.
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To formulate the time periodic problem, we denote by S1(t) the solution operator for
(4.3) with F1 = 0, and by S 1(t) the solution operator for (4.3) with u01 = 0. We also
denote by S∞,ũ(t) the solution operator for (4.4) with F∞ = 0 and by S ∞,ũ(t) the solution
operator for (4.4) with u0∞ = 0. (The precise definition of these operators will be given
later.)

If {u1, u∞} satisfies (4.1)-(4.2), then u1(t) and u∞(t) are written as

u1(t) = S1(t)u1(0) + S 1(t)[F1(u, g)], (4.5)

u∞(t) = S∞,uu∞(0) + S ∞,u(t)[F∞(u, g)] (4.6)

with u = u1 + u∞.
Suppose that {u1, u∞} is a T -time periodic solution of (4.5)-(4.6). Then, since u1(T ) =

u1(0) and u∞(T ) = u∞(0), we see that
(I − S1(T ))u1(0) = S 1(T )[F1(u, g)],
(I − S∞,u(T ))u∞(0) = S∞,u(T )[F∞(u, g)],
u = u1 + u∞.

Therefore if (I − S1(T )) and (I − S∞,u(T )) are invertible in a suitable sense, then one
obtains {

u1(t) = S1(t)u01 + S 1(t)[F1(u, g)],
u∞(t) = S∞,u(t)u0∞ + S∞,u(t)[F∞(u, g)]

(4.7)

with 
u = u1 + u∞,
u01 = (I − S1(T ))

−1S 1(T )[F1(u, g)],
u0∞ = (I − S∞,u(T ))

−1S ∞,u(T )[F∞(u, g)].
(4.8)

Therefore, to obtain a T -time periodic solution of (4.1)-(4.2), we look for a pair of functions
{u1, u∞} satisfying (4.7)-(4.8). We will investigate the solution operators S1(t),S 1(t), S∞,u(t)
and S ∞,u(t) in sections 5 and 6.

Next, we introduce some lemmas which will be used in the proof of Theorem 3.1. We
first derive some inequalities for the low frequency part.

Lemma 4.3. (i) Let k be a nonnegative integer. Then P1 is a bounded linear operator
from L2 to Hk. In fact, it holds that

∥∇kP1f∥L2 ≤ Ck∥f∥L2 (f ∈ L2).

As a result, for any 2 ≤ p ≤ ∞, P1 is bounded from L2 to Lp.

(ii) Let k be a nonnegative integer. Then there hold the estimates

∥∇kf1∥L2 + ∥f1∥Lp ≤ Ck,p∥f1∥L2 (f ∈ L2
(1)),
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where 2 ≤ p ≤ ∞,

∥f1∥Hk
1

≤ Ck∥f1∥L2
1

(f ∈ L2
(1),1),

∥∇f1∥Hk
1

≤ Ck∥f1∥H1
(1),1

(f ∈ H1
(1),1),

∥f1∥L2
1
+ ∥f1∥H1

(1),1
≤ Ck∥f1∥L1

1
(f ∈ L2

(1) ∩ L1
1).

Proof. The boundedness of P1 from L2 toHk can be easily verified by using the Plancherel
theorem, since supp P̂1f ⊂ {ξ; |ξ| ≤ r∞}; and, then, the boundedness of P1 from L2 to Lp

with 2 ≤ p ≤ ∞ follows from the Sobolev inequality.
As for (ii), the first inequality can be obtained as in the same reason for (i). The

second inequality is obtained by (i) and the following computation. For 0 ≤ |α| ≤ k and
f1 ∈ L2

(1),1, we see that

∥x∂α
x f1∥L2 = (2π)−

n
2 ∥∂ξ(ξαf̂1)∥L2(|ξ|≤r∞)

≤ C
{
∥|ξ|(|α|−1)+ f̂1∥L2(|ξ|≤r∞) + ∥|ξ||α|∂ξf̂1∥L2(|ξ|≤r∞)

}
≤ C

{
∥f̂1∥L2(|ξ|≤r∞) + ∥∂ξf̂1∥L2(|ξ|≤r∞)

}
≤ C∥f1∥L2

1
.

The third inequality follows from the second inequality with f1 replaced by ∇f1, since,
by the first inequality, we have ∥∇f1∥L2

1
≤ C∥f1∥H1

(1),1
. As for the last inequality, we have

∥f1∥2L2
1

= (2π)−n
{
∥f̂1∥2L2(|ξ|≤r∞) + ∥∂ξf̂1∥2L2(|ξ|≤r∞)

}
≤ C

{
sup

|ξ|≤r∞

(|f̂1(ξ)|+ |∂ξf̂1(ξ)|)
}2

≤ C∥f1∥2L1
1
,

and, likewise, we can obtain ∥f1∥H1
(1),1

≤ C∥f1∥L1
1
. This completes the proof. □

As for the high frequency part, we have the following inequalities.

Lemma 4.4. (i) Let k be a nonnegative integer. Then P∞ is a bounded linear operator
on Hk.

(ii) There hold the inequalities

∥P∞f∥L2 ≤ C∥∇f∥L2 (f ∈ H1),

∥f∞∥L2 ≤ C∥∇f∞∥L2 (f∞ ∈ H1
(∞)).
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Lemma 4.4 (i) immediately follows from the definition of P∞ by using the Plancherel

theorem; and, similarly, inequalities in (ii) can be easily seen since supp P̂∞f ⊂ {ξ; |ξ| ≥
r1} and supp f̂∞ ⊂ {ξ; |ξ| ≥ r1} for f∞ ∈ H1

(∞). We omit the proof.

We next introduce a cut-off function ζR. Let ζ̃ ∈ C∞([0,∞)) be a nonincreasing
function satisfying

0 ≤ ζ̃ ≤ 1, ζ̃(r) =

{
1 (|r| ≤ 1),
0 (|r| > 2).

Set

ζR(x) = ζ̃

(
|x|
R

)
. (4.9)

Then, ζR ∈ C∞
0 (Rn), 0 ≤ ζR ≤ 1, and

ζR(x) =

{
1 (|x| ≤ R),
0 (|x| > 2R).

An elementary computation gives the following lemma.

Lemma 4.5. Let ζR be defined in (4.9). For a nonnegative integer ℓ and a multi-index
α, there holds

||x|ℓ∂α
x (ζR(x))| ≤ Cα,ℓR

ℓ−|α| (x ∈ Rn).

If |α| ≥ 1, then it holds that

supp(∂α
x ζR) ⊂ {R ≤ |x| ≤ 2R}.

Lemma 4.6. Let χ1 be a function which belongs to the Schwartz space on Rn. Then for
a nonnegative integer ℓ, there holds

∥|x|ℓχ1 ∗ f∥L2 ≤ C{∥|x|ℓχ1∥L1∥f∥L2 + ∥χ1∥L1∥|x|ℓf∥L2} (f ∈ L2
ℓ).

Here C is a positive constant depending only on ℓ.

Proof. Let χ1 be a function which belongs to the Schwartz space on Rn. Then

||x|ℓχ1 ∗ f | ≤ |x|ℓ
∫
Rn

|χ1(x− y)f(y)|dy

≤ C

∫
Rn

|x− y|ℓ|χ1(x− y)||f(y)|dy + C

∫
Rn

|χ1(x− y)||y|ℓ|f(y)|dy.

Therefore, the Young inequality gives

∥|x|ℓχ1 ∗ f∥L2 ≤ C{∥|x|ℓχ1∥L1∥f∥L2 + ∥χ1∥L1∥|x|ℓf∥L2} (f ∈ L2
ℓ).

This completes the proof. □
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Lemma 4.7. Let ℓ ∈ N. Then there exists a positive constant C depending only on ℓ
such that

∥|x|ℓ∇f∞∥2L2 ≥
r21
2
∥|x|ℓf∞∥2L2 − C∥|x|ℓ−1f∞∥2L2 (f∞ ∈ H1

(∞),ℓ).

Proof. By the multinomial theorem, we have

∥|x|ℓ∇f∞∥2L2 =

∫
Rn

|x2
1 + · · ·+ x2

n|ℓ|∇f∞|2dx

=

∫
Rn

∑
|α|=ℓ

(
|α|
α

)
x2α1
1 · · · x2αn

n |∇f∞|2dx

=
∑
|α|=ℓ

(
|α|
α

)
∥|xα1

1 · · · xαn
n |∇f∞∥2L2 ,

where (
|α|
α

)
=

|α|!
α!

, α! = α1! · · ·αn!.

Therefore, it follows from the Plancherel theorem that

∥|x|ℓ∇f∞∥2L2 ≥ 1

2

∑
|α|=ℓ

(
|α|
α

)
∥∇((xα1

1 · · · xαn
n )f∞)∥2L2 − C∥|x|ℓ−1f∞∥2L2

=
1

2
(2π)−n

∑
|α|=ℓ

(
|α|
α

)
∥ξ(∂α1

ξ · · · ∂αn
ξ )f̂∞∥2L2 − C∥|x|ℓ−1f∞∥2L2 .

Since supp f̂∞ ⊂ {|ξ| ≥ r1}, we see that

∥|x|ℓ∇f∞∥2L2 ≥
r21
2
(2π)−n

∑
|α|=ℓ

(
|α|
α

)
∥(∂α1

ξ · · · ∂αn
ξ )f̂∞∥2L2 − C∥|x|ℓ−1f∞∥2L2

≥ r21
2
∥|x|ℓf∞∥2L2 − C∥|x|ℓ−1f∞∥2L2 .

This completes the proof. □

5 Properties of S1(t) and S 1(t)

In this section we investigate S1(t) and S 1(t) and establish an estimate for a solution u1

of

∂tu1 + Au1 = F1 (5.1)

satisfying u1(0) = u1(T ).
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We consider the restriction of A on L2
(1). By Lemma 4.3 (ii), we see that ∥Au1∥L2 ≤

C∥u1∥L2 for u1 ∈ L2
(1).

Let

Âξ =

(
0 iγ⊤ξ
iγξ ν|ξ|2In + ν̃ξ⊤ξ

)
(ξ ∈ Rn).

Then, since Au1 = F−1Âξû1, we see that supp Âξû1 ⊂ {ξ; |ξ| ≤ r∞} for u1 ∈ L2
(1).

Therefore, the restriction of A on L2
(1) is a bounded linear operator on L2

(1).

We denote by A1 the restriction of A on L2
(1). Then A1 is a bounded linear operator

on L2
(1) and it satisfies ∥A1u1∥L2 ≤ C∥u1∥L2 for u1 ∈ L2

(1) and

A1u1 = F−1ÂξF u1 (u1 ∈ L2
(1)).

Furthermore, −A1 generates a uniformly continuous semigroup S1(t) = e−tA1 that is given
by

S1(t)u1 = F−1e−tÂξFu1 (u1 ∈ L2
(1));

and it holds that S1(t) satisfies S1(·)u1 ∈ C1([0,∞);L2
(1)) for each u1 ∈ L2 and

∂tS1(t)u1 = −A1S1(t)u1 (= −AS1(t)u1), S1(0)u1 = u1 for u1 ∈ L2
(1),

∥∂k
t S1(t)u1∥L2 ≤ ∥A1∥k∥u1∥L2 for u1 ∈ L2

(1), t ≥ 0, k = 0, 1,

where ∥A1∥ denotes the operator norm of A1. The estimates can be obtained by the
energy method based on the relation

(Au, u) = ν∥∇u∥2L2 + ν̃∥∇ · u∥2L2 .

We also define the operator S 1(t) by

S 1(t)[F1] =

∫ t

0

S1(t− τ)F1(τ) dτ

for F1 ∈ C([0, T ];L2
(1)). It follows that

S 1(t)[F1] = F−1
[∫ t

0

e−(t−τ)Âξ F̂1(τ) dτ
]
,

S 1(·)[F1] ∈ C1([0, T ];L2
(1)) for each F1 ∈ C([0, T ];L2

(1)) and

∂tS 1(t)[F1] + A1S 1(t)[F1] = F1(t), S 1(0)[F1] = 0,

∥∂k
t S 1(t)[F1]∥L2 ≤ C∥F1∥C([0,T ];L2) for t ∈ [0, T ], k = 0, 1,

where C = C(T ) > 0.

We next show that A1 has similar properties on H1
(1),1.
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Proposition 5.1. (i) A1 is a bounded linear operator on H1
(1),1 and S1(t) = e−tA1 is a uni-

formly continuous semigroup on H1
(1),1. Furthermore, it holds that S1(·)u1 ∈ C1([0, T ′];H1

(1),1),

∂tS1(·)u1 ∈ C([0, T ′];L2
1) for each u1 ∈ H1

(1),1 and all T ′ > 0,

∥∂k
t S1(t)u1∥H1

(1),1
≤ C∥u1∥H1

(1),1
for u1 ∈ H1

(1),1, t ∈ [0, T ′], k = 0, 1,

and
∥∂tS1(t)u1∥L2

1
≤ C∥u1∥H1

(1),1
for u1 ∈ H1

(1),1, t ∈ [0, T ′],

where T ′ > 0 is any given positive number and C is a positive constant depending on T ′.

(ii) S 1(·) satisfies that S 1(·)[F1] ∈ C1([0, T ];H1
(1),1) for each F1 ∈ C([0, T ];H1

(1),1)
and

∥∂k
t S 1(t)[F1]∥H1

(1),1
≤ C∥F1∥C([0,T ];H1

(1),1
) for F1 ∈ C([0, T ];H1

(1),1), t ∈ [0, T ], k = 0, 1,

where C is a positive constant depending on T . If, in addition, F1 ∈ C([0, T ];L2
1), then

∂tS 1(·)[F1] ∈ C([0, T ];L2
1) and

∥∂tS 1(t)[F1]∥L2
1
≤ C∥F1∥C([0,T ];L2

1)
for F1 ∈ C([0, T ];H1

(1),1 ∩ L2
1), t ∈ [0, T ],

where C is a positive constant depending on T .

(iii) It holds that
S1(t)S 1(t

′)[F1] = S 1(t
′)[S1(t)F1]

for any t ≥ 0, t′ ∈ [0, T ] and F1 ∈ C([0, T ];X), where X = L2
(1), H

1
(1),1.

(iv) It holds that ΓS1(t) = S1(t)Γ and ΓS 1(t) = S 1(t)Γ. Consequently, the assertions
(i)–(iii) above hold with function spaces L2

(1), H
1
(1),1 and L2

1 replaced by (L
2
(1))sym, (H

1
(1),1)sym

and (L2
1)sym, respectively.

The proof of Proposition 5.1 will be given later.

We next investigate invertibility of I − S1(T ).

Proposition 5.2. Let F1 = ⊤(F 0
1 (x), F̃1(x)) ∈ L2

(1) ∩ L1
1 and suppose that F̃1(−x) =

−F̃1(x) for x ∈ Rn. Then there uniquely exists u ∈ H1
(1),1 that satisfies

(I − S1(T ))u = F1 and ∥u∥H1
(1),1

≤ C∥F1∥L1
1
. (5.2)

Furthermore, if ΓF1 = F1, then Γu = u.

The proof of Proposition 5.2 will be given later.

In view of Proposition 5.2, I − S1(T ) has a bounded inverse (I − S1(T ))
−1: (L2

(1) ∩
L1
1)sym → (H1

(1),1)sym and it holds that

∥(I − S1(T ))
−1F1∥H1

(1),1
≤ C∥F1∥L1

1
.
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Using Proposition 5.1 (ii) and Proposition 5.2, we can obtain the following estimate
for S 1(T )(I − S1(T ))

−1.

Proposition 5.3. For F1 ∈ C([0, T ]; (L2
(1)∩L1

1)sym), it holds that S 1(T )[(I−S1(T ))
−1F1] ∈

(H1
(1),1)sym and

∥S 1(T )[(I − S1(T ))
−1F1]∥H1

(1),1
≤ C∥F1∥C([0,T ];L1

1)
.

We are now in a position to give an estimate for a solution of (5.1) satisfying u1(0) =
u1(T ).

Proposition 5.4. Set

u1(t) = S1(t)S 1(T )[(I − S1(T ))
−1F1] + S 1(t)[F1] (5.3)

for F1 =
⊤(F 0

1 (x, t), F̃1(x, t)) ∈ C([0, T ]; (L2
(1) ∩ L1

1)sym). Then u1 is a solution of (5.1) in

Y 1(0, T ) satisfying u1(0) = u1(T ) and

∥u1∥Y 1(0,T )
≤ C∥F1∥C([0,T ];L1

1)
.

Proof. We find from Proposition 5.1 (iii) and Proposition 5.2 that u1(0) = u1(T ). As for
the estimate for u1, the first term on the right-hand side of (5.3) is estimated by using
Proposition 5.1 (i) and Proposition 5.3. The second term on the right-hand side of (5.3) is
estimated by using Proposition 5.1 (ii) and Lemma 4.3 (ii). Hence, we obtain the desired
estimate. This completes the proof. □

In the rest of this section we will give proofs of Proposition 5.1 and Proposition 5.2.

Lemma 5.5. ([9]) (i) The set of all eigenvalues of −Âξ consists of λj(ξ) (j = 1,±), where{
λ1(ξ) = −ν|ξ|2,
λ±(ξ) = −1

2
(ν + ν̃)|ξ|2 ± 1

2

√
(ν + ν̃)2|ξ|4 − 4γ2|ξ|2.

If |ξ| < 2γ
ν+ν̃

, then

Reλ± = −1

2
(ν + ν̃)|ξ|2, Imλ± = ±γ|ξ|

√
1− (ν + ν̃)2

4γ2
|ξ|2.

(ii) e−tÂξ has the spectral resolution

e−tÂξ =
∑
j=1,±

etλj(ξ)Πj(ξ),
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where Πj(ξ) is eigenprojections for λj(ξ) (j = 1,±), and Πj(ξ) (j = 1,±) satisfy

Π1(ξ) =

(
0 0

0 In − ξ⊤ξ
|ξ|2

)
,

Π+(ξ) =
1

λ+ − λ−

(
−λ− iγ⊤ξ

iγξ λ+
ξ⊤ξ
|ξ|2

)
,

Π−(ξ) = − 1

λ+ − λ−

(
−λ+ iγ⊤ξ

iγξ λ−
ξ⊤ξ
|ξ|2

)
.

Furthermore, if 0 < r∞ < 2γ
ν+ν̃

, then there exist a constant C > 0 such that the estimates

∥Πj(ξ)∥ ≤ C (j = 1,±) (5.4)

hold for |ξ| ≤ r∞.

Hereafter we fix 0 < r1 < r∞ < 2γ
ν+ν̃

so that (5.4) in Lemma 5.5 holds for |ξ| ≤ r∞.

Lemma 5.6. Let α be a multi-index. Then the following estimates hold true uniformly
for ξ with |ξ| ≤ r∞ and t ∈ [0, T ].

(i) |∂α
ξ λ1| ≤ Cα|ξ|2−|α|, |∂α

ξ λ±| ≤ Cα|ξ|1−|α| (|α| ≥ 0).

(ii) |(∂α
ξ Π1)F̂ | ≤ Cα|ξ|−|α|| ˆ̃F1|, |(∂α

ξ Π±)F̂ | ≤ Cα|ξ|−|α||F̂1| (|α| ≥ 0), where F = ⊤(F 0
1 , F̃1).

(iii) |∂α
ξ (e

λ1t)| ≤ Cα,T |ξ|2−|α| (|α| ≥ 1).

(iv) |∂α
ξ (e

λ±t)| ≤ Cα,T |ξ|1−|α| (|α| ≥ 1).

(v) |(∂α
ξ e

−tÂξ)F̂ | ≤ Cα,T (|ξ|1−|α||F̂ 0
1 |+ |ξ|−|α|| ˆ̃F1|) (|α| ≥ 1), where F = ⊤(F 0

1 , F̃1).

(vi) |∂α
ξ (I − eλ1t)−1| ≤ Cα,T |ξ|−2−|α| (|α| ≥ 0).

(vii) |∂α
ξ (I − eλ±t)−1| ≤ Cα,T |ξ|−1−|α| (|α| ≥ 0).

Lemma 5.6 can be verified by direct computations based on Lemma 5.5.

Let us prove Proposition 5.1.

Proof of Proposition 5.1. We see from Lemma 4.3 (ii) that

∥A1u1∥H1
(1),1

≤ C∥∇u1∥H1
1
≤ C∥u1∥H1

(1),1
(u1 ∈ H1

(1),1),

and so, A1 is bounded on H1
(1),1. It then follows that S1(·)u1 ∈ C1([0, T ′];H1

(1),1) for each

u1 ∈ H1
(1),1 and

∥∂k
t S1(t)u1∥H1

(1),1
≤ C∥u1∥H1

(1),1
for u1 ∈ H1

(1),1, t ∈ [0, T ′], k = 0, 1,
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where T ′ > 0 is any given positive number and C is a positive constant depending on T ′.
Since ∥A1u1∥L2

1
≤ C∥∇u1∥H1

1
≤ C∥u1∥H1

(1),1
for u1 ∈ H1

(1),1 by Lemma 4.3 (ii), we see from

the relation ∂tS1(t)u1 = −A1S1(t)u1 that ∂tS1(·)u1 ∈ C([0, T ′];L2
1) and

∥∂tS1(t)u1∥L2
1
≤ ∥S1(t)u1∥H1

(1),1
≤ C∥u1∥H1

(1),1
.

The assertion (ii) follows from (i) and the relation ∂tS 1(t)[F1] = −A1S 1(t)[F1] + F1(t).
The assertion (iii) easily follows from the definitions of S1(t) and S 1(t). As for (iv),
we observe that ΓA1 = A1Γ, from which we find that ΓS1(t) = S1(t)Γ, and hence,
ΓS 1(t) = S 1(t)Γ. This completes the proof. □

Let us finally prove Proposition 5.2.

Proof of Proposition 5.2. We define a function u

u = F−1(I − e−TÂξ)−1F̂1

for F1 = ⊤(F 0
1 , F̃1). It suffices to show that ∥u∥H1

(1),1
≤ C∥F1∥L1

1
. By the Plancherel

theorem, we see that

∥u∥L2
(1)

= (2π)−
n
2 ∥(I − e−TÂξ)−1F̂1∥L2(|ξ|≤r∞)

≤ (2π)−
n
2 {∥(I − eTλ1)−1Π1F̂1∥L2(|ξ|≤r∞) + ∥(I − eTλ+)−1Π+F̂1∥L2(|ξ|≤r∞)

+ ∥(I − eTλ−)−1Π−F̂1∥L2(|ξ|≤r∞)}
=: I1 + I2 + I3.

Observe that Π1F̂1 depends only on ˆ̃F1 but not on F̂ 0
1 .

By using Lemma 5.5, Lemma 5.6 and the fact ˆ̃F1(0) = 0, we see that

I1 ≤ C

∥∥∥∥ 1

|ξ|2
ˆ̃F1

∥∥∥∥
L2(|ξ|≤r∞)

≤ C

∥∥∥∥ 1

|ξ|

∥∥∥∥
L2(|ξ|≤r∞)

∥xF̃1∥L1 .

Since ∥∥∥∥ 1

|ξ|

∥∥∥∥
L2(|ξ|≤r∞)

< +∞

for n ≥ 3, we find that

I1 ≤ C∥xF̃1∥L1 .

Similarly, we can obtain I2 + I3 ≤ C∥F1∥L1 , and hence, we see that

∥u∥L2
(1)

≤ C{∥F1∥L1 + ∥xF̃1∥L1}. (5.5)
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Next, by the Plancherel theorem, it follows that

∥x∇u∥L2
(1)

= (2π)−
n
2

∥∥∥(i∂ξ)(iξ(I − e−TÂξ)−1F̂1

)∥∥∥
L2(|ξ|≤r∞)

≤ C
{
∥(I − e−TÂξ)−1F̂1∥L2(|ξ|≤r∞) +

∥∥∥iξ∂ξ ((I − e−TÂξ)−1
)
F̂1

∥∥∥
L2(|ξ|≤r∞)

+∥iξ(I − e−TÂξ)−1∂ξF̂1∥L2(|ξ|≤r∞)

}
.

The first term on right-hand side has already been estimated and it is bounded by the
right-hand side of (5.5). As for the second and third terms on the right-hand side, similarly
to above, one can find from Lemma 5.6 that∥∥∥iξ∂ξ ((I − e−TÂξ)−1

)
F̂1

∥∥∥
L2(|ξ|≤r∞)

+ ∥iξ(I − e−TÂξ)−1∂ξF̂1∥L2(|ξ|≤r∞) ≤ C∥F1∥L1
1
.

We thus obtain

∥x∇u∥L2
(1)

≤ C∥F1∥L1
1
.

Finally, we see from Proposition 5.1 (iv) that if ΓF1 = F1, then Γu = u. This completes
the proof. □

6 Properties of S∞,ũ(t) and S ∞,ũ(t)

In this section we investigate S∞,ũ(t) and S ∞,ũ(t).

Let us consider the following initial value problem{
∂tu∞ + Au∞ + P∞(B[ũ]u∞) = F∞,
u|t=0 = u0∞,

(6.1)

where

F∞ =

(
F 0
∞

F̃∞

)
, P∞(B[ũ]u) =

(
γP∞(w̃ · ∇ϕ)

0

)
, u =

(
ϕ
w

)
, ũ =

(
ϕ̃
w̃

)
.

We begin with the solvability of (6.1). Let us first consider the following system:{
∂tϕ+ γ(w̃ · ∇ϕ) = f 0,
ϕ|t=0 = ϕ0.

(6.2)

Lemma 6.1. ([6, Theorem 4.1].) Let n ≥ 3 and letm be an integer satisfying m ≥ [n
2
]+1.

Set k = m−1 or m. Assume that w̃ ∈ C([0, T ′];Hm)∩L2(0, T ′;Hm+1), f 0 ∈ L2(0, T ′;Hk)
and ϕ0 ∈ Hk. Here T ′ is a given positive number. Then (6.2) has a unique solution
ϕ ∈ C([0, T ′];Hk) and ϕ satisfies

∥ϕ(t)∥2Hk ≤ C

{
∥ϕ0∥2Hk +

∫ t

0

∥w̃∥Hm+1∥ϕ∥2Hkds+

∫ t

0

∥f 0∥Hk∥ϕ∥Hkds

}
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and

∥ϕ(t)∥2Hk ≤ CeC
∫ t
0 (1+∥w̃∥Hm+1 )ds

{
∥ϕ0∥2Hk +

∫ t

0

∥f 0∥2Hkds

}
for t ∈ [0, T ′]. Moreover, the solution is unique in C([0, T ′];H1).

We next consider the following system:{
∂tϕ∞ + γP∞(w̃ · ∇ϕ∞) = F 0

∞,
ϕ∞|t=0 = ϕ0∞.

(6.3)

Note that (6.3) is rewritten as

∂tϕ∞ + γ(w̃ · ∇ϕ∞) = F 0
∞ + γP1(w̃ · ∇ϕ∞). (6.4)

As for the solvability of (6.3), we have the following lemma.

Lemma 6.2. Let n ≥ 3 and let m be an integer satisfying m ≥ [n
2
]+1. Set k = m−1 or m.

Assume that w̃ ∈ C([0, T ′];Hm)∩L2(0, T ′;Hm+1), F 0
∞ ∈ L2(0, T ′;Hk

(∞)) and ϕ0∞ ∈ Hk
(∞).

Here T ′ is a given positive number. Then (6.3) has a unique solution ϕ∞ ∈ C([0, T ′];Hk
(∞))

and ϕ∞ satisfies

∥ϕ∞(t)∥2Hk ≤ C
{
∥ϕ0∞∥2Hk +

∫ t

0

(∥w̃∥Hm+1 + ∥w̃∥2Hm)∥ϕ∞∥2Hkds

+

∫ t

0

∥F 0
∞∥Hk∥ϕ∥Hkds

}
and

∥ϕ∞(t)∥2Hk ≤ CeC
∫ t
0 (1+∥w̃∥Hm+1+∥w̃∥2Hm )ds

{
∥ϕ0∞∥2Hk +

∫ t

0

∥F 0
∞∥2Hkds

}
for t ∈ [0, T ′].

Proof. We define {ϕ(p)
∞ }∞p=0 as follows. For p = 0, ϕ

(0)
∞ is the solution of{

∂tϕ
(0)
∞ + γ(w̃ · ∇ϕ

(0)
∞ ) = F 0

∞,

ϕ
(0)
∞ |t=0 = ϕ0∞.

(6.5)

For p ≥ 1, ϕ
(p)
∞ is the solution of{

∂tϕ
(p)
∞ + γ(w̃ · ∇ϕ

(p)
∞ ) = F 0

∞ + γP1(w̃ · ∇ϕ
(p−1)
∞ ),

ϕ
(p)
∞ |t=0 = ϕ0∞.

(6.6)

By Lemma 4.3 (i), we have

∥P1(w̃ · ∇ϕ∞)∥Hm ≤ C∥w̃∥L∞∥∇ϕ∞∥L2 ≤ C∥w̃∥Hm∥ϕ∞∥Hk (6.7)
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since m ≥ [n
2
] + 1 ≥ 2. In view of Lemma 6.1 and (6.7), we find by a standard argument

that

∥ϕ(p+1)
∞ (t)− ϕ(p)

∞ (t)∥2Hk ≤ A0
(A1t)

p+1

(p+ 1)!
(p ≥ 0),

where

A0 = CeC
∫ T ′
0 (1+∥w̃∥Hm+1+∥w̃∥2Hm ) dτ

{
∥ϕ0∥2Hk +

∫ T ′

0

∥F 0
∞∥2Hk dτ

}
,

A1 = C∥w̃∥2C([0,T ′];Hm)e
C

∫ T ′
0 (1+∥w̃∥Hm+1) dτ .

Therefore, one can see that ϕ
(p)
∞ converges in C([0, T ′];Hk) to a function ϕ∞ ∈ C([0, T ′];Hk)

that satisfies {
∂tϕ∞ + γ(w̃ · ∇ϕ∞) = F 0

∞ + γP1(w̃ · ∇ϕ∞),
ϕ∞|t=0 = ϕ0∞.

(6.8)

In view of (6.4), we see that ϕ∞ is a solution of (6.3). The estimates for ϕ∞ follows from
Lemma 6.1 and (6.7).

It remains to prove supp ϕ̂∞(t) ⊂ {|ξ| ≥ r1} for t ∈ [0, T ′]. Let χ̃∞ ∈ C∞
c (Rn) with

supp χ̃∞ ⊂ {|ξ| < r1}. Let us consider the Fourier transform of (6.3):

∂tϕ̂∞ + γχ̂∞ ̂(w̃ · ∇ϕ∞) = F̂ 0
∞, ϕ̂∞|t=0 = ϕ̂0∞.

Taking the inner product of this equation with χ̃2
∞ϕ̂∞, we have d

dt
∥χ̃∞ϕ̂∞∥2L2 = 0. We

thus deduce that ∥χ̃∞ϕ̂∞(t)∥2L2 = ∥χ̃∞ϕ̂0∞∥2L2 = 0 for t ∈ [0, T ′]. It then follows that

supp ϕ̂∞(t) ⊂ {|ξ| ≥ r1} for t ∈ [0, T ′]. This completes the proof. □

We next consider the following system:{
∂tw∞ − ν△w∞ − ν̃∇divw∞ = F̃∞,
w∞|t=0 = w0∞.

(6.9)

Lemma 6.3. (i) Let n ≥ 3 and let m be an integer satisfying m ≥ [n
2
]+1. Set k = m−1 or

m. Assume that F̃∞ ∈ L2(0, T ′;Hk−1) and w0∞ ∈ Hk. Here T ′ is a given positive number.
Then (6.9) has a unique solution w∞ ∈ C([0, T ′];Hk) ∩ L2(0, T ′;Hk+1) ∩H1(0, T ′;Hk−1)
and

∥w∞(t)∥2Hk +

∫ t

0

∥w∞∥2Hk+1 + ∥∂τw∞∥2Hk−1 dτ ≤ C

{
∥w0∞∥2Hk +

∫ t

0

∥F̃∞∥2Hk−1ds

}
for t ∈ [0, T ′] with C = C(T ′) > 0.

(ii) Assume, further, that F̃∞ ∈ L2(0, T ′;Hk−1
(∞) ) and w0∞ ∈ Hk

(∞). Then the solution
w∞ satisfies

w∞ ∈ C([0, T ′];Hk
(∞)) ∩ L2(0, T ′;Hk+1

(∞) ) ∩H1(0, T ′;Hk−1
(∞) ).
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Lemma 6.3 (i) follows from standard theory of parabolic equation. The assertion (ii)
can be proved in a similar manner to the proof of Lemma 6.2. We omit the details.

By using Lemma 6.2 and Lemma 6.3, we show the solvability of (6.1).

Proposition 6.4. Let n ≥ 3 and let m be an integer satisfying m ≥ [n
2
]+1. Set k = m−1

or m. Assume that

w̃ ∈ C([0, T ′];Hm) ∩ L2(0, T ′;Hm+1),

u0∞ = ⊤(ϕ0∞, w0∞) ∈ Hk
(∞),

F∞ = ⊤(F 0
∞, F̃∞) ∈ L2(0, T ′;Hk

(∞) ×Hk−1
(∞) ).

Here T ′ is a given positive number. Then there exists a unique solution u∞ = ⊤(ϕ∞, w∞)
of (6.1) satisfying

ϕ∞ ∈ C([0, T ′];Hk
(∞)), w∞ ∈ C([0, T ′];Hk

(∞)) ∩ L2(0, T ′;Hk+1
(∞) ) ∩H1(0, T ′;Hk−1

(∞) ).

Proof. We write (6.1) as
∂tϕ∞ + γP∞(w̃ · ∇ϕ∞) + γdivw∞ = F 0

∞,

∂tw∞ − ν△w∞ − ν̃∇divw∞ + γ∇ϕ∞ = F̃∞,
ϕ∞|t=0 = ϕ0∞, w∞|t=0 = w0∞.

(6.10)

We define u
(p)
∞ = ⊤(ϕ

(p)
∞ , w

(p)
∞ ) (p = 0, 1, · · · ) as follows. For p = 0, w

(0)
∞ = 0 and ϕ

(0)
∞ is

the solution of {
∂tϕ

(0)
∞ + γP∞(w̃ · ∇ϕ

(0)
∞ ) = F 0

∞,

ϕ
(0)
∞ |t=0 = ϕ0∞.

(6.11)

For p ≥ 1, w
(p)
∞ is the solution of{

∂tw
(p)
∞ − ν△w

(p)
∞ − ν̃∇divw

(p)
∞ = −γ∇ϕ

(p−1)
∞ + F̃∞,

w
(p)
∞ |t=0 = w0∞,

(6.12)

and ϕ
(p)
∞ is the solution of{

∂tϕ
(p)
∞ + γP∞(w̃ · ∇ϕ

(p)
∞ ) = −γdivw

(p)
∞ + F 0

∞,

ϕ
(p)
∞ |t=0 = ϕ0∞.

(6.13)

As in the proof of Lemma 6.2, by using Lemma 6.2 and Lemma 6.3, one can show that
u
(p)
∞ = ⊤(ϕ

(p)
∞ , w

(p)
∞ ) converges to a pair of function u∞ = ⊤(ϕ∞, w∞) in C([0, T ′];Hk

(∞))×[
C([0, T ′];Hk

(∞)) ∩ L2(0, T ′;Hk+1
(∞) )

]
. It is not difficult to see that u∞ = ⊤(ϕ∞, w∞) is a

unique solution of (6.1). This completes the proof. □
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We now define S∞,ũ(t) and S∞,ũ(t) formally introduced in section 4.

In the remaining of this section we fix an integer m satisfying m ≥ [n
2
] + 1 and a

function ũ = ⊤(ϕ̃, w̃) satisfying

ϕ̃ ∈ Cper(R;Hm), w̃ ∈ Cper(R;Hm) ∩ L2
per(R;Hm+1) (6.14)

In view of Proposition 6.4, we define S∞,ũ(t) (t ≥ 0) and S∞,ũ(t) (t ∈ [0, T ]) as
follows.

Let k = m− 1 or m. The operator S∞,ũ(t) : H
k
(∞) −→ Hk

(∞) (t ≥ 0) is defined by

u∞(t) = S∞,ũ(t)u0∞ for u0∞ = ⊤(ϕ0∞, w0∞) ∈ Hk
(∞),

where u∞(t) is the solution of (6.1) with F∞ = 0; and the operator S ∞,ũ(t) : L
2(0, T ;Hk

(∞)×
Hk−1

(∞) ) −→ Hk
(∞) (t ∈ [0, T ]) is defined by

u∞(t) = S ∞,ũ(t)[F∞] for F∞ = ⊤(F 0
∞, F̃∞) ∈ L2(0, T ;Hk

(∞) ×Hk−1
(∞) ),

where u∞(t) is the solution of (6.1) with u0∞ = 0.

The operators S∞,ũ(t) and S ∞,ũ(t) have the following properties in weighted Sobolev
spaces.

Proposition 6.5. Let n ≥ 3 and let m be a nonnegative integer satisfying m ≥ [n
2
] + 1.

Let k = m− 1 or m and let ℓ be a nonnegative integer. Assume that ũ = ⊤(ϕ̃, w̃) satisfies
(6.14). Then there exists a constant δ > 0 such that if ∥w̃∥C([0,T ];Hm)∩L2(0,T ;Hm+1) ≤ δ, the
following assertions hold true.

(i) It holds that S∞,ũ(·)u0∞ ∈ C([0,∞);Hk
(∞),ℓ) for each u0∞ = ⊤(ϕ0∞, w0∞) ∈ Hk

(∞),ℓ

and there exists a constant a > 0 such that S∞,ũ(t) satisfies the estimate

∥S∞,ũ(t)u0∞∥Hk
(∞),ℓ

≤ Ce−at∥u0∞∥Hk
(∞),ℓ

for all t ≥ 0 and u0∞ ∈ Hk
(∞),ℓ with a constant C = C(T ) > 0.

(ii) It holds that S ∞,ũ(·)F∞ ∈ C([0, T ];Hk
(∞),ℓ) for each F∞ = ⊤(F 0

∞, F̃∞) ∈ L2(0, T ;Hk
(∞),ℓ×

Hk−1
(∞),ℓ) and S∞,ũ(t) satisfies the estimate

∥S ∞,ũ(t)[F∞]∥Hk
(∞),ℓ

≤ C

{∫ t

0

e−a(t−τ)∥F∞∥2
Hk

(∞),ℓ
×Hk−1

(∞),ℓ

dτ

} 1
2

for t ∈ [0, T ] and F∞ ∈ L2(0, T ;Hk
(∞),ℓ ×Hk−1

(∞),ℓ) with C = C(T ) > 0.

(iii) It holds that rHk
(∞),ℓ

(S∞,ũ(T )) < 1.
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(iv) I−S∞,ũ(T ) has a bounded inverse (I−S∞,ũ(T ))
−1 on Hk

(∞),ℓ and (I−S∞,ũ(T ))
−1

satisfies

∥(I − S∞,ũ(T ))
−1u∥Hk

(∞),ℓ
≤ C∥u∥Hk

(∞),ℓ
for u ∈ Hk

(∞),ℓ.

(v) If Γũ = ũ, then ΓS∞,ũ(t) = S∞,ũ(t)Γ and ΓS ∞,ũ(t) = S∞,ũ(t)Γ. Consequently, if
Γũ = ũ, then the assertions (i)–(iv) above hold with function spaces Hk

∞,ℓ and Hk
∞,ℓ×Hk−1

∞,ℓ

replaced by (Hk
∞,ℓ)sym and (Hk

∞,ℓ ×Hk−1
∞,ℓ )sym, respectively.

Remark 6.6. In this paper we will apply Proposition 6.5 with ℓ = 1 to prove Theorem
3.1. For the purpose of future use, we formulate and prove it for a general nonnegative
integer ℓ.

Proposition 6.5 will be proved by the weighted energy method. In fact, Proposition
6.5 follows from the weighted energy estimate in the following proposition.

Proposition 6.7. Let n ≥ 3 and let m be a nonnegative integer satisfying m ≥ [n
2
] + 1.

Let k = m− 1 or m and let ℓ be a nonnegative integer. Assume that

u0∞ = ⊤(ϕ0∞, w0∞) ∈ Hk
(∞),ℓ,

F∞ = ⊤(F 0
∞, F̃∞) ∈ L2(0, T ′;Hk

(∞),ℓ ×Hk−1
(∞),ℓ)

for all T ′ > 0 and that ũ = ⊤(ϕ̃, w̃) satisfies (6.14). Assume also that u∞ = ⊤(ϕ∞, w∞) is
the solution of (6.1) satisfying

ϕ∞ ∈ C([0, T ′];Hk
(∞)), w∞ ∈ C([0, T ′];Hk

(∞)) ∩ L2(0, T ′;Hk+1
(∞) )

for all T ′ > 0.
Then there exist a positive constant δ and an energy functional Ek

ℓ [u∞] such that if

∥w̃∥C([0,T ];Hm)∩L2(0,T ;Hm+1) ≤ δ,

there holds the estimate

d

dt
Ek
ℓ [u∞](t) + d(∥ϕ∞(t)∥2Hk

ℓ
+ ∥w∞(t)∥2

Hk+1
ℓ

)

≤ C{∥F∞(t)∥2
Hk

ℓ ×Hk−1
ℓ

+ (∥∇w̃(t)∥Hm + ∥∇w̃(t)∥2Hm)∥ϕ∞(t)∥2Hk
ℓ
} (6.15)

on (0, T ′) for all T ′ > 0. Here d is a positive constant depending on ℓ; C is a positive
constant depending on T but not on T ′; Ek

ℓ [u∞] is equivalent to ∥u∞∥2
Hk

ℓ
, i.e,

C−1∥u∞∥2Hk
ℓ
≤ Ek

ℓ [u∞] ≤ C∥u∞∥2Hk
ℓ
;

and Ek
ℓ [u∞](t) is absolutely continuous in t ∈ [0, T ′] for all T ′ > 0.
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The proof of Proposition 6.7 will be given in section 7.

By using Proposition 6.7, we prove Proposition 6.5.

Proof of Proposition 6.5. Set

ω =
1

T

∫ T

0

(∥∇w̃(t)∥Hm + ∥w̃(t)∥2Hm) dt,

z(t) = (∥∇w̃(t)∥Hm + ∥w̃(t)∥2Hm)− ω,

Z(t) =

∫ t

0

z(τ)dτ.

Observe that Z(t) satisfies Z(t+ T ) = Z(t) for any t ∈ R, and so it holds that

sup
t∈R

|Z(t)| ≤ sup
τ∈[0,T ]

|Z(τ)| ≤ C(1 + ∥w̃∥2L2(0,T ;Hm+1)),

where C = C(T ) > 0.
By Proposition 6.7 with F∞ = 0, we see that there exists a positive constant d1 such

that

d

dt
Ek
ℓ [u∞](t) + d1Ek

ℓ [u∞](t) ≤ CωEk
ℓ [u∞](t) + Cz(t)Ek

ℓ [u∞](t) (t ≥ 0). (6.16)

If ω ≤ d1
2C

, then we find from (6.16) that

d

dt
Ek
ℓ [u∞](t) +

d1
2
Ek
ℓ [u∞](t) ≤ Cz(t)Ek

ℓ [u∞](t) (t ≥ 0).

We thus obtain

d

dt

(
e

d1
2
te−CZ(t)Ek

ℓ [u∞](t)
)
≤ 0 (t ≥ 0),

and hence,

Ek
ℓ [u∞](t) ≤ Ek

ℓ [u∞](0)e−
d1
2
teCZ(t) ≤ e

C(1+∥w̃∥2
L2(0,T ;Hm+1)

)Ek
ℓ [u∞](0)e−

d1
2
t (t ≥ 0).

Consequently, we have

∥S∞,ũ(t)u0∞∥Hk
(∞),ℓ

≤ Ce−
d1
4
t∥u0∞∥Hk

(∞),ℓ
(t ≥ 0).

This proves (i). The assertion (ii) is proved similarly; and we omit the proof.
As for (iii), since ũ = ⊤(ϕ̃, w̃) ∈ Cper(R;Hm), it follows from (i) that, for each j ∈ N,

∥(S∞,ũ(T ))
ju∥Hk

(∞),ℓ
= ∥S∞,ũ(jT )u∥Hk

(∞),ℓ
≤ Ce−d2jT∥u∥Hk

(∞),ℓ
,

where d2 =
d1
4
> 0. Hence, we have

∥(S∞,ũ(T ))
j∥ ≤ Ce−d2jT .
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We thus obtain

lim
j→∞

∥(S∞,ũ(T ))
j∥

1
j ≤ lim

j→∞
C

1
j e−d2T = e−d2T < 1.

This shows (iii). The assertion (iv) is an immediate consequence of (iii).
As for (v), we see that if Γũ = ũ, then ΓP∞(B[ũ]u∞) = P∞(B[ũ]Γu∞), and so,

Γ(∂tu∞ + Au∞ + P∞(B[ũ]u∞)) = ∂tΓu∞ + AΓu∞ + P∞(B[ũ]Γu∞).

It then follows from the uniqueness of solutions of (6.1) that ΓS∞,ũ(t) = S∞,ũ(t)Γ and
ΓS ∞,ũ(t) = S ∞,ũ(t)Γ. This completes the proof. □

We conclude this section with the estimate for a solution u∞ of (6.1) satisfying u∞(0) =
u∞(T ).

Proposition 6.8. Let n ≥ 3 and let m be a nonnegative integer satisfying m ≥ [n
2
] + 1.

Assume that
F∞ = ⊤(F 0

∞, F̃∞) ∈ L2(0, T ; (Hk
(∞),1 ×Hk−1

(∞),1)sym)

with k = m − 1 or m. Assume also that ũ = ⊤(ϕ̃, w̃) satisfies (6.14) and Γũ = ũ. Then
there exists a positive constant δ such that if

∥w̃∥C([0,T ];Hm)∩L2(0,T ;Hm+1) ≤ δ,

the following assertion holds true.
The function

u∞(t) := S∞,ũ(t)(I − S∞,ũ(T ))
−1S ∞,ũ(T )[F∞] + S∞,ũ(t)[F∞] (6.17)

is a solution of (6.1) in Y k
∞(0, T ) satisfying u∞(0) = u∞(T ) and the estimate

∥u∞∥Y k

∞(0,T )
≤ C∥F∞∥L2(0,T ;Hk

(∞),1
×Hk−1

(∞),1
).

Proof. By Proposition 6.7 and Proposition 6.5, we see that

∥u∞(t)∥2Hk
1
+ ∥w∞∥2

L2(0,t;Hk+1
1 )

≤ C
{
∥(I − S∞,ũ(T ))

−1S ∞,ũ(T )[F∞]∥2Hk
1
+ ∥F∞∥2

L2(0,T ;Hk
(∞),1

×Hk−1
(∞),1

)

+

∫ T

0

(∥∇w̃∥Hm + ∥w̃∥2Hm)∥ϕ∞∥2Hk
1
ds
}

≤ C

{
∥F∞∥2

L2(0,T ;Hk
(∞),1

×Hk−1
(∞),1

)
+ δ∥ϕ∞∥2C([0,T ];Hk

1 )

}
for t ∈ [0, T ]. Therefore, if δ is so small that Cδ ≤ 1

2
, then we obtain

∥u∞∥2C([0,T ];Hk
1 )
+ ∥w∞∥2

L2(0,T ;Hk+1
1 )

≤ C∥F∞∥2
L2(0,T ;Hk

(∞),1
×Hk−1

(∞),1
)
. (6.18)
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Next, since u∞ = ⊤(ϕ∞, w∞) satisfies the system of equations{
∂tϕ∞ + γP∞(w̃ · ∇ϕ∞) + γdivw∞ = F 0

∞,

∂tw∞ − ν△w∞ − ν̃∇divw∞ + γ∇ϕ∞ = F̃∞,

we obtain

∥∂tw∞∥Hk−1
(∞),1

≤ C{∥w∞∥Hk+1
(∞),1

+ ∥ϕ∞∥Hk
(∞),1

+ ∥F̃∞∥Hk−1
(∞),1

}.

Hence, it follows from (6.18) that

∥∂tw∞∥L2(0,T ;Hk−1
(∞),1

) ≤ C∥F∞∥L2(0,T ;Hk
(∞),1

×Hk−1
(∞),1

). (6.19)

Consequently, we see from (6.18) and (6.19) that

∥u∞∥Y k

∞(0,T )
≤ C∥F∞∥L2(0,T ;Hk

(∞),1
×Hk−1

(∞),1
).

This completes the proof. □

7 Weighted energy estimates for P∞ part

In this section we prove Proposition 6.7 by a weighted energy method.

We first consider the following equation.{
∂tu∞ + Au∞ +B[ũ]u∞ = F∞,
u|t=0 = u0∞,

(7.1)

where

F∞ =

(
F 0
∞

F̃∞

)
, B[ũ]u =

(
γw̃ · ∇ϕ

0

)
, u =

(
ϕ
w

)
, ũ =

(
ϕ̃
w̃

)
.

We introduce some notations. For nonnegative integers k and ℓ, we define Ek
ℓ [u∞] by

Ek
ℓ [u∞] = κ(|ϕ∞|2Hk

ℓ
+ |w∞|2Hk

ℓ
) +

∑
|α|≤k−1

(∂α
xw∞, |x|2ℓ∇∂α

xϕ∞).

Here κ is a positive constant to be determined later.
Note that there exists a constant κ0 > 0 such that if κ ≥ κ0, then Ek

ℓ [u∞] is equivalent
to |u∞|2

Hk
ℓ
, i.e.,

C−1|u∞|2Hk
ℓ
≤ Ek

ℓ [u∞] ≤ C|u∞|2Hk
ℓ

for some constant C > 0.
We also define Dk

ℓ [u∞] for integers k ≥ 1 and ℓ ≥ 0 by

Dk
ℓ [u∞] = |∇ϕ∞|2

Hk−1
ℓ

+ |∇w∞|2Hk
ℓ
.
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Proposition 7.1. Let m be a nonnegative integer satisfying m ≥ [n
2
] + 1 and let ℓ be a

nonnegative integer. Assume that

u0∞ = ⊤(ϕ0∞, w0∞) ∈ Hk,

F∞ = ⊤(F 0
∞, F̃∞) ∈ L2(0, T ′;Hk ×Hk−1)

for k = m − 1 or k = m. Here T ′ is a given positive number. Assume also that u∞ =
⊤(ϕ∞, w∞) is the solution of (7.1) with w̃ ∈ C([0, T ′];Hm) ∩ L2(0, T ′;Hm+1) and that
u∞ = ⊤(ϕ∞, w∞) satisfies

ϕ∞ ∈ C([0, T ′];Hk), w∞ ∈ C([0, T ′];Hk) ∩ L2(0, T ′;Hk+1).

Then there exist positive constants κ ≥ κ0 and d > 0 such that the estimate

d

dt
Ek

ℓ [ζRu∞] + dDk
ℓ [ζRu∞]

≤ C
{
ϵ|ζRu∞|2L2

ℓ
+
((

1 +
ℓ2

ϵ

)
∥w̃∥2Hm + ∥∇w̃∥Hm

)
∥ζRϕ∞∥2Hk

ℓ

+
(
1 +

1

ϵ

)
|ζRF∞|2

Hk
ℓ ×Hk−1

ℓ

+ℓ2
(
1 +

1

ϵ

) (
1 + ∥w̃∥2Hm

)
|ζRu∞|2Hk

ℓ−1

+
(
1 +

1

ϵ

) (
1 + ∥w̃∥2Hm(NR)

)
|u∞|2

Hk
ℓ−1(NR)×Hk+1

ℓ−1 (NR)

}
(7.2)

holds on (0, T ′), where ϵ is any positive number; C is a positive constant independent of
T ′, ϵ and R ≥ 1; and NR denotes the set NR = {x ∈ Rn;R ≤ |x| ≤ 2R}.

Proof. By multiplying ζR to (7.1), we obtain
∂t(ζRϕ∞) + γw̃ · ∇(ζRϕ∞) + γdiv(ζRw∞) = ζRF

0
∞ +K1(∇ζR),

∂t(ζRw∞)− ν△(ζRw∞)− ν̃∇div(ζRw∞) + γ∇(ζRϕ∞) = ζRF̃∞ +K2(∇ζR),
(7.3)

where

K1(∇ζR) = γ(w∞ · ∇ζR + w̃ · ∇ζRϕ∞),

K2(∇ζR) = −ν([ζR,△]w∞)− ν̃([ζR,∇div]w∞) + γ∇ζRϕ∞.

For a multi-index α satisfying |α| ≤ k, we take the inner product of ∂α
x (7.3)1 with

|x|2ℓ∂α
x (ζRϕ∞) to obtain

1

2

d

dt
∥|x|ℓ∂α

x (ζRϕ∞)∥2L2 + γ(∂α
xdiv(ζRw∞), |x|2ℓ∂α

x (ζRϕ∞))

=
2∑

j=1

I
(j)
α,ℓ,R + P (1)

α,ℓ[ζRu∞] +Q1,α,ℓ(∇ζR),
(7.4)
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where

I
(1)
α,ℓ,R = −γ

{
1

2
(divw̃, |x|2ℓ|∂α

x (ζRϕ∞)|2) + ([∂α
x , w̃]∇(ζRϕ∞), |x|2ℓ∂α

x (ζRϕ∞))

}
,

I
(2)
α,ℓ,R = (∂α

x (ζRF
0
∞), |x|2ℓ∂α

x (ζRϕ∞)),

P (1)
α,ℓ[ζRu∞] =

γ

2
(w̃ · ∇(|x|2ℓ), |∂α

x (ζRϕ∞)|2),

Q1,α,ℓ(∇ζR) = (∂α
xK1(∇ζR), |x|2ℓ∂α

x (ζRϕ∞)).

Here we used

(∂α
x (γw̃ · ∇(ζRϕ∞)), |x|2ℓ∂α

x (ζRϕ∞))

= γ(w̃ · ∇∂α
x (ζRϕ∞), |x|2ℓ∂α

x (ζRϕ∞)) + γ([∂α
x , w̃] · ∇(ζRϕ∞), |x|2ℓ∂α

x (ζRϕ∞))

=
1

2
γ(|x|2ℓw̃,∇|∂α

x (ζRϕ∞)|2) + γ([∂α
x , w̃] · ∇(ζRϕ∞), |x|2ℓ∂α

x (ζRϕ∞))

= −1

2
γ(|x|2ℓdivw̃, |∂α

x (ζRϕ∞)|2)− 1

2
γ(w̃ · ∇(|x|2ℓ), |∂α

x (ζRϕ∞)|2)

+γ([∂α
x , w̃] · ∇(ζRϕ∞), |x|2ℓ∂α

x (ζRϕ∞))

= I
(1)
α,ℓ,R + P (1)

α,R(∇(|x|2ℓ)).

This calculation can be justified by using the standard Friedrichs commutator argument.
We take the inner product of ∂α

x (7.3)2 with |x|2ℓ∂α
x (ζRw∞) and integrate by parts to

obtain

1

2

d

dt
∥|x|ℓ∂α

x (ζRw∞)∥2L2 + ν∥|x|ℓ∇∂α
x (ζRw∞)∥2L2 + ν̃∥|x|ℓdiv∂α

x (ζRw∞)∥2L2

−γ(∂α
x (ζRϕ∞), |x|2ℓ∂α

xdiv(ζRw∞))

= I
(3)
α,ℓ,R + P (2)

α,ℓ[ζRu∞] +Q2,α,ℓ(∇ζR),

(7.5)

where

I
(3)
α,ℓ,R =

{
((ζRF̃∞), |x|2ℓ(ζRw∞)) (α = 0),

−(∂α−1
x (ζRF̃∞), |x|2ℓ∂α+1

x (ζRw∞)) (|α| ≥ 1),

P (2)
α,ℓ[ζRu∞] = (ν∂α

x∇(ζRw∞) + ν̃∂α
xdiv(ζRw∞) + γ∂α

x (ζRϕ∞),∇(|x|2ℓ)∂α
x (ζRw∞))

−(∂α−1
x (ζRF̃∞), ∂x(|x|2ℓ)∂α

x (ζRw∞)),

Q2,α,ℓ(∇ζR) = (∂α
x (K2(∇ζR)), |x|2ℓ∂α

x (ζRϕ∞)).

By adding (7.4) to (7.5), we see that

1

2

d

dt

{
∥|x|ℓ∂α

x (ζRϕ∞)∥2L2 + ∥|x|ℓ∂α
x (ζRw∞)∥2L2

}
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+ν∥|x|ℓ∇∂α
x (ζRw∞)∥2L2 + ν̃∥|x|ℓdiv∂α

x (ζRw∞)∥2L2

=
3∑

j=1

I
(j)
α,ℓ,R + P (1)

α,ℓ[ζRu∞] + P (2)
α,ℓ[ζRu∞] +Q1,α,ℓ(∇ζR) +Q2,α,ℓ(∇ζR). (7.6)

By using Lemma 2.2 and Lemma 2.3, we obtain

|
∑
|α|≤k

3∑
j=1

I
(j)
α,ℓ,R| ≤ ϵ|ζRu∞|2L2

ℓ
+ ϵ1|∇(ζRϕ∞)|2

Hk−1
ℓ

+ ϵ2|∇(ζRw∞)|2Hk
ℓ

+C∥∇w̃∥Hm∥ζRϕ∞∥2Hk
ℓ

+C
(1
ϵ
+

1

ϵ1
+

1

ϵ2

)
|ζRF∞|2

Hk
ℓ ×Hk−1

ℓ

,

|
∑
|α|≤k

2∑
j=1

P (j)
α,ℓ[ζRu∞]| ≤ ϵ|ζRu∞|2L2

ℓ
+ ϵ1|∇(ζRϕ∞)|2

Hk−1
ℓ

+ ϵ2|∇(ζRw∞)|2Hk
ℓ

+Cℓ2
(
1 +

1

ϵ
+

1

ϵ1
+

1

ϵ2

)
|ζRw∞|2Hk

ℓ−1

+Cℓ2
(
1 +

1

ϵ
+

1

ϵ1

)
∥w̃∥2Hm|ζRϕ∞|2Hk

ℓ−1

+Cℓ2|ζRF∞|2
Hk

ℓ ×Hk−1
ℓ

,

|
∑
|α|≤k

2∑
j=1

Qj,α,ℓ(∇ζR)| ≤ ϵ|ζRu∞|2L2
ℓ (NR) + ϵ1|∇(ζRϕ∞)|2

Hk−1
ℓ (NR)

+ϵ2|∇(ζRw∞)|2Hk
ℓ (NR)

+C
(
1 +

1

ϵ
+

1

ϵ1
+

1

ϵ2

){
|w∞|2

Hk+1
ℓ−1 (NR)

+(1 + ∥w̃∥2Hm(NR))|ϕ∞|2Hk
ℓ−1(NR)

}2

.

Taking ϵ2 > 0 suitably small, we have

1

2

d

dt
|ζRu∞|2Hk

ℓ
+

ν

2
|∇(ζRw∞)|2Hk

ℓ
+

ν̃

2
|div(ζRw∞)|2Hk

ℓ

≤ ϵ|ζRu∞|2L2
ℓ
+ ϵ1|∇(ζRϕ∞)|2

Hk−1
ℓ

+ C
(
1 +

1

ϵ
+

1

ϵ1

)
|ζRF |2

Hk
ℓ ×Hk−1

ℓ

+C∥∇w̃∥Hm∥ζRϕ∞∥2Hk
ℓ

+Cℓ2
(
1 +

(1
ϵ
+

1

ϵ1

)
(1 + ∥w̃∥2Hm)

)
|ζRu∞|2Hk

ℓ−1

+C
(
1 +

1

ϵ
+

1

ϵ1

)
(1 + ∥w̃∥2Hm)|u∞|2

Hk
ℓ−1(NR)×Hk+1

ℓ−1 (NR)
. (7.7)
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We next estimate ∥|x|2ℓ∇∂α
xϕ∞∥2L2 for α with |α| ≤ k−1. For a multi-index α satisfying

|α| ≤ k − 1, we take the inner product of ∂α
x (7.3)2 with |x|2ℓ∇∂α

x (ζRϕ∞) to obtain

(∂t∂
α
x (ζRw∞), |x|2ℓ∇∂α

x (ζRϕ∞)) + γ|∇∂α
x (ζRϕ∞)|2L2

ℓ

=
3∑

i=1

J
(i)
α,ℓ,R +

(
∂α
xK2(∇ζR), |x|2ℓ∇∂α

x (ζRϕ∞)
)
, (7.8)

where

J
(1)
α,ℓ,R = (ν(∂α

x△(ζRw∞), |x|2ℓ∇∂α
x (ζRϕ∞)),

J
(2)
α,ℓ,R = (ν̃(∂α

x (∇div(ζRw∞)), |x|2ℓ∇∂α
x (ζRϕ∞)),

J
(3)
α,ℓ,R = (∂α

x (ζRF̃∞), |x|2ℓ∇∂α
x (ζRϕ∞)).

As for the first term on the left-hand side, we have

(∂t∂
α
x (ζRw∞), |x|2ℓ∇∂α

x (ζRϕ∞)

=
d

dt
(∂α

x (ζRw∞), |x|2ℓ∂α
x∇(ζRϕ∞)) + (∂α

x (ζRw∞),∇(|x|2ℓ)∂α
x∂t(ζRϕ∞))

+(∂α
xdiv(ζRw∞), |x|2ℓ∂α

x∂t(ζRϕ∞)). (7.9)

By (7.3), we have

∂t(ζRϕ∞) = −γw̃ · ∇(ζRϕ∞)− γdiv(ζRw∞) + ζRF
0
∞ +K1(∇ζR).

Substituting this into (7.9), we obtain

(∂t∂
α
x (ζRϕ∞), |x|2ℓ∇∂α

x (ζRw∞))

=
d

dt
(∂α

x (ζRw∞), |x|2ℓ∂α
x∇(ζRϕ∞))−

6∑
i=4

J
(i)
α,ℓ,R − P (3)

α,ℓ[ζRu∞]

+(∂α
x (ζRw∞),∇(|x|2ℓ)∂α

xK1(∇ζR)) + (∂α
xdiv(ζRw∞), |x|2ℓ∂α

xK1(∇ζR)),

where

J
(4)
α,ℓ,R = γ(∂α

xdiv(ζRw∞), |x|2ℓ∂α
x (w̃ · ∇(ζRϕ∞))),

J
(5)
α,ℓ,R = γ(∂α

xdiv(ζRw∞), |x|2ℓ∂α
x (div(ζRw∞))),

J
(6)
α,ℓ,R = −(∂α

xdiv(ζRw∞), |x|2ℓ∂α
x (ζRF

0
∞)),

and

P (3)
α,ℓ[ζRu∞] = γ(∂α

x (ζRw∞),∇(|x|2ℓ)∂α
x (w̃ · ∇(ζRϕ∞)))

+γ(∂α
x (ζRw∞),∇(|x|2ℓ)∂α

xdiv(ζRw∞))

−(∂α
x (ζRw∞),∇(|x|2ℓ)∂α

x (ζRF
0
∞)).
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This, together with (7.8), gives

d

dt
(∂α

x (ζRw∞), |x|2ℓ∂α
x∇(ζRϕ∞)) + γ|∇∂α

x (ζRϕ∞)|2L2
ℓ

=
6∑

i=4

J
(i)
α,ℓ,R + P (3)

α,ℓ[ζRu∞] +Q3,α,ℓ(∇ζR), (7.10)

where

Q3,α,ℓ = (∂α
xK2(∇ζR), |x|2ℓ∇∂α

x (ζRϕ∞))

−(∂α
x (ζRw∞),∇(|x|2ℓ)∂α

xK1(∇ζR))

−(∂α
xdiv(ζRw∞), |x|2ℓ∂α

xK1(∇ζR)).

By Lemma 2.2 and Lemma 2.3, we obtain

|
∑

|α|≤k−1

6∑
i=1

J
(i)
α,ℓ,R| ≤ γ

4
|∇∂α

x (ζRϕ∞)|2L2
ℓ
+ C

(
γ +

1

γ

)
|∇(ζRw∞)|2Hk

ℓ

+γ∥w̃∥2Hm∥∇(ζRϕ∞)∥2
Hk−1

ℓ

+
C

γ
|ζRF∞|2

Hk−1
ℓ

,

|
∑

|α|≤k−1

P (3)
α,ℓ[ζRu∞]| ≤ ϵ̃ℓ|ζRw∞|2L2

ℓ
+ ϵ̃ℓ|∇(ζRw∞)|2

Hk−1
ℓ

+
Cℓ

ϵ̃
∥w̃∥2Hm∥∇(ζRϕ∞)∥2

Hk−1
ℓ−1

+Cℓ
(
1 +

1

ϵ̃

)
|ζRw∞|2

Hk−1
ℓ−1

+ Cℓ|ζRF 0
∞|2

Hk−1
ℓ−1

,

|
∑

|α|≤k−1

Q3,α,ℓ(∇ζR)| ≤ γ

4
|∇(ζRϕ∞)|2

Hk−1
ℓ (NR)

+ ϵ̃ℓ|ζRw∞|2L2
ℓ (NR)

+C|∇(ζRw∞)|2
Hk−1

ℓ (NR)

+C
(1
γ
+

1

ϵ̃

)
(1 + ∥w̃∥2Hm(NR))|u∞|2Hk

ℓ−1(NR)

for any ϵ̃ > 0 with C > 0 independent of ϵ̃.
Combining these estimates with (7.8) and (7.10), we see that

d

dt

∑
|α|≤k−1

(∂α
x (ζRw∞), |x|2ℓ∂α

x∇(ζRϕ∞)) +
γ

2
|∇(ζRϕ∞)|2

Hk−1
ℓ

≤ ϵ̃ℓ|ζRw∞|2L2
ℓ

+C
{
|∇(ζRw∞)|2Hk

ℓ
+
(
1 +

1

ϵ̃

)
∥w̃∥2Hm∥∇(ζRϕ∞)∥2

Hk−1
ℓ

+ |ζRF∞|2
Hk−1

ℓ

}
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+C
(
1 +

1

ϵ̃

){
ℓ|ζRw∞|2

Hk−1
ℓ−1

+ (1 + ∥w̃∥2Hm(NR))|u∞|2Hk
ℓ−1(NR)

}
(7.11)

for any ϵ̃ > 0 with C > 0 independent of ϵ̃.
Consider now κ × (7.7) + (7.11) with a constant κ > 0. Taking κ > 0 so large that

|∇(ζRw∞)|2
Hk

ℓ
on the right-hand side is absorbed into the left-hand side and setting ϵ1 =

γ
4κ

and ϵ̃ = ℓ−1ϵ, we arrive at

d

dt
Ek

ℓ [ζRu∞](t) + dDk
ℓ [ζRu∞]

≤ ϵ|ζRu∞|2L2
ℓ
+ C

((
1 +

ℓ2

ϵ

)
∥w̃∥2Hm + ∥∇w̃∥Hm

)
∥ζRϕ∞∥2Hk

ℓ

+C
(
1 +

1

ϵ

)
|ζRF∞|2

Hk
ℓ ×Hk−1

ℓ

+Cℓ2
(
1 +

1

ϵ

)
(1 + ∥w̃∥2Hm)|ζRu∞|2Hk

ℓ−1

+C
(
1 +

1

ϵ

)
(1 + ∥w̃∥2Hm(NR))|u∞|2

Hk
ℓ−1(NR)×Hk+1

ℓ−1 (NR)

for anyϵ > 0 with C > 0 independent of ϵ. This completes the proof. □

Remark 7.2. Similarly to the proof of Proposition 6.4, one can prove that if

w̃ ∈ C([0, T ′];Hm) ∩ L2(0, T ′;Hm+1),

u0∞ ∈ Hk,

F∞ ∈ L2(0, T ′;Hk ×Hk−1),

then there exists a unique solution u∞ = ⊤(ϕ∞, w∞) of (7.1) in C([0, T ′];Hk)∩L2(0, T ′;Hk×
Hk+1). Furthermore, by setting ℓ = 0 and ζR ≡ 1 in the proof of Proposition 7.1, one can
see that Ek

0 [u∞](t) is absolutely continuous in t ∈ [0, T ′] and there holds the estimate

d

dt
Ek

0 [u∞] + dDk
0 [u∞] ≤ C

{
ϵ∥u∞∥22 + (∥w̃∥2Hm + ∥∇w̃∥Hm)∥∇ϕ∞∥2Hk−1

+
(
1 +

1

ϵ

)
∥F∞∥2Hk×Hk−1

}
(7.12)

on (0, T ′), where ϵ is any positive number; and C is a positive constant independent of T ′

and ϵ.

Remark 7.3. One can easily see that (7.2) holds with ζR and NR replaced by ζR − ζR′

and NR,R′ for R′ > R ≥ 1, where NR,R′ denotes the set NR,R′ = {x ∈ Rn;R ≤ |x| ≤ 2R′}.

Proposition 7.4. Let m be a nonnegative integer satisfying m ≥ [n
2
] + 1 and let ℓ be an

integer satisfying ℓ ≥ 1. Assume that

u0∞ = ⊤(ϕ0∞, w0∞) ∈ Hk
ℓ ,
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F∞ = ⊤(F 0
∞, F̃∞) ∈ L2(0, T ′;Hk

ℓ ×Hk−1
ℓ )

for k = m − 1 or k = m. Here T ′ is a given positive number. Assume also that u∞ =
⊤(ϕ∞, w∞) is the solution of (7.1) with w̃ ∈ C([0, T ′];Hm) ∩ L2(0, T ′;Hm+1) and that
u∞ = ⊤(ϕ∞, w∞) satisfies

ϕ∞ ∈ C([0, T ′];Hk), w∞ ∈ C([0, T ′];Hk) ∩ L2(0, T ′;Hk+1).

Then it holds that

ϕ∞ ∈ C([0, T ′];Hk
ℓ ), w∞ ∈ C([0, T ′];Hk

ℓ ) ∩ L2(0, T ′;Hk+1
ℓ ).

Furthermore, there exist positive constants κ ≥ κ0 and d > 0 such that Ek
ℓ [u∞](t) is

absolutely continuous in t ∈ [0, T ′] and there holds the estimate

d

dt
Ek

ℓ [u∞] + dDk
ℓ [u∞]

≤ C
{
ϵ|u∞|2L2

ℓ
+
((

1 +
ℓ2

ϵ

)
∥w̃∥2Hm + ∥∇w̃∥Hm

)
∥ϕ∞∥2Hk

ℓ

+
(
1 +

1

ϵ

)
|F∞|2

Hk
ℓ ×Hk−1

ℓ

+ℓ2
(
1 +

1

ϵ

) (
1 + ∥w̃∥2Hm

)
|u∞|2Hk

ℓ−1

}
(7.13)

on (0, T ′), where ϵ is any positive number; C is a positive constant independent of T ′ and
ϵ.

Proof. It suffices to prove that

ζRu∞ → u∞ in C([0, T ′];Hk
ℓ ) ∩ L2(0, T ′;Hk

ℓ ×Hk+1
ℓ )

as R → ∞. We prove this by induction on ℓ.
We first observe that it holds that

ζRu∞ → u∞ in C([0, T ′];Hk) ∩ L2(0, T ′;Hk ×Hk+1) (7.14)

as R → ∞, since u∞ ∈ C([0, T ′];Hk) ∩ L2(0, T ′;Hk × Hk+1). We also note that since
supp (ζR − ζR′) ⊂ NR,R′ = {x ∈ Rn;R ≤ |x| ≤ 2R′} for R′ > R, it holds that

∥ζRu∞ − ζR′u∞∥Hk
ℓ
≤ C∥u∞∥Hk

ℓ (NR,R′ )

for R′ > R ≥ 1.
Set

φℓ,R,R′(t) = |ζRu∞(t)− ζR′u∞(t)|2Hk
ℓ
,

b(t) = 1 + ∥w̃(t)∥2Hm + ∥∇w̃(t)∥Hm ∈ L1(0, T ′),
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aℓ,R,R′(t) = |ζRu0∞ − ζR′u0∞|2Hk
ℓ
+

∫ t

0

|ζRF∞ − ζR′F∞|2
Hk

ℓ ×Hk−1
ℓ

dτ

+

∫ t

0

(1 + ∥w̃(t)∥2Hm)∥u∞∥2
Hk

ℓ−1(NR,R′ )×Hk+1
ℓ−1 (NR,R′ )

dτ.

Let us prove Proposition 7.4 for ℓ = 1. By (7.2), we have

φ1,R,R′(t) +

∫ t

0

Dk
1 [ζRu∞ − ζR′u∞] dτ

≤ C
{
a1,R,R′(T ′) +

∫ t

0

b(τ)φ1,R,R′(τ) dτ
}

(7.15)

for t ∈ [0, T ′], where C is a constant depending on ϵ. By the Gronwall inequality, we
obtain

φ1,R,R′(t) ≤ Ca1,R,R′(T ′)eC
∫ T ′
0 b(τ) dτ (7.16)

for t ∈ [0, T ′]. Since a1,R,R′(T ′) → 0 as R,R′ → ∞, we see that sup0≤t≤T ′ φ1,R,R′(t) → 0

as R,R′ → ∞. This, together with (7.15), yields that
∫ T ′

0
Dk

1 [ζRu∞ − ζR′u∞] dτ → 0 as
R,R′ → ∞. In view of (7.14), we thus conclude that {ζRu∞} is Cauchy in C([0, T ′];Hk

1 )∩
L2(0, T ′;Hk

1 ×Hk+1
1 ) and

ζRu∞ → u∞ in C([0, T ′];Hk
1 ) ∩ L2(0, T ′;Hk

1 ×Hk+1
1 )

as R → ∞. Letting R → ∞ in (7.2) with ℓ = 1, we have the desired estimate in
Proposition 7.4 with ℓ = 1. Proposition 7.4 thus holds for ℓ = 1.

We next suppose that Proposition 7.4 holds for ℓ = p. We will prove that it also holds
for ℓ = p+ 1. By (7.2) and Remark 7.3, we have

φp+1,R,R′(t) +

∫ t

0

Dk
p+1[ζRu∞ − ζR′u∞] dτ

≤ C
{
ap+1,R,R′(T ′) +

∫ t

0

b(τ)φp+1,R,R′(τ) dτ
}

(7.17)

for t ∈ [0, T ′], where C is a constant depending on ϵ and p. By the Gronwall inequality,
we obtain

φp+1,R,R′(t) ≤ Cap+1,R,R′(T ′)eC
∫ T ′
0 b(τ) dτ (7.18)

for t ∈ [0, T ′]. By the induction assumption, we see that ap+1,R,R′(T ′) → 0 as R,R′ → ∞,
and hence, by (7.18), sup0≤t≤T ′ φp+1,R,R′(t) → 0 as R,R′ → ∞. This, together with (7.17),

yields that
∫ T ′

0
Dk

p+1[ζRu∞ − ζR′u∞] dτ → 0 as R,R′ → ∞. It then follows that {ζRu∞}
is Cauchy in C([0, T ′];Hk

p+1) ∩ L2(0, T ′;Hk
p+1 ×Hk+1

p+1 ) and

ζRu∞ → u∞ in C([0, T ′];Hk
p+1) ∩ L2(0, T ′;Hk

p+1 ×Hk+1
p+1 )

as R → ∞. It is not difficult to see that d
dt
Ek

ℓ [u∞] = Gk
ℓ on (0, T ′) for some Gk

ℓ ∈ L1(0, T ′),
and, thus, Ek

ℓ [u∞](t) is absolutely continuous in t ∈ [0, T ′]. Letting R → ∞ in (7.2) with
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ℓ = p+1, we have the desired estimate in Proposition 7.4 with ℓ = p+1. Proposition 7.4
thus holds for ℓ = p+ 1. This completes the proof. □

We are now in a position to prove Proposition 6.7.

Proof of Proposition 6.7. Let U = ⊤(Φ,W ) ∈ C([0, T ′];Hk
ℓ ) ∩ L2(0, T ′;Hk

ℓ × Hk+1
ℓ ).

Then, by Lemma 4.7, we see that

∥P1B[ũ]U∥Hk
ℓ
≤ C∥w̃∥∞∥∇Φ∥L2

ℓ
≤ Cδ∥U∥Hk

ℓ
.

It then follows from Remark 7.12 and Proposition 7.4 that there exists a unique solution
U∞ ∈ C([0, T ′];Hk

ℓ ×Hk
ℓ ) ∩ L2(0, T ′;Hk

ℓ ×Hk+1
ℓ ) of

∂tU∞ + AU∞ +B[ũ]U∞ = F∞ + P1B[ũ]U, U∞|t=0 = u0∞, (7.19)

and U∞ satisfies

∥U∞(t)∥Hk
ℓ
+

∫ t

0

∥∇U∞∥2Hk−1ℓ×Hk
ℓ
dτ

≤ C0

{
∥u0∞∥2Hk

ℓ
+

∫ t

0

∥F∞∥2
Hk

ℓ ×Hk−1
ℓ

dτ

+δ2
∫ t

0

∥U∥2Hk
ℓ
dτ +

∫ t

0

b(τ)∥U∞∥2Hk
ℓ−1

dτ
}
. (7.20)

Here b(τ) = 1 + ∥w̃∥2Hm + ∥∇w̃∥Hm .

We set U
(0)
∞ = 0 and define U

(j)
∞ (j = 1, 2, · · · ) inductively by the solution of (7.19)

with U = U
(j−1)
∞ . Applying the Gronwall inequality to (7.20) with U∞ = U

(1)
∞ and U = 0,

we have
∥U (1)

∞ (t)∥ ≤ A0

for t ∈ [0, T ′], where

A0 = C0

{
∥u0∞∥2Hk

ℓ
+

∫ T ′

0

∥F∞∥2
Hk

ℓ ×Hk−1
ℓ

dτ
}
eC0∥b∥L1(0,T ′) .

Similarly, using (7.20) with U∞ = U
(j)
∞ − U

(j−1)
∞ and U = U

(j−1)
∞ − U

(j−2)
∞ for j = 2, 3, · · · ,

one can inductively see that

∥U (j)
∞ (t)− U (j−1)

∞ (t)∥2Hk
ℓ
≤ A0(C0K0δ

2t)j−1

(j − 1)!
,

∫ t

0

∥∇(U (j)
∞ − U (j−1)

∞ )∥2
Hk−1

ℓ ×Hk
ℓ

dτ ≤ A0

K0

{(C0K0δ
2t)j−1

(j − 1)!
+

∥b∥L1(0,T ′)

δ2
(C0K0δ

2t)j

j!

}
.

Here K0 = 1+∥b∥L1(0,T ′)e
C0∥b∥L1(0,T ′) . It then follows that U

(j)
∞ converges to a function U∞

in C([0, T ′];Hk
ℓ ) ∩ L2(0, T ′;Hk

ℓ ×Hk+1
ℓ ) as j → ∞. One can easily see that U∞ satisfies
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(7.19) with U = U∞, i.e., U∞ is a solution of (6.1), and U∞(t) ∈ Hk
(∞) for all t ∈ [0, T ′].

By the uniqueness of solutions of (6.1) (see Proposition 6.4), we see that U∞ = u∞.
Applying Remark 7.2 and Proposition 7.4 with F∞ replaced by F∞ + P1B[ũ]u∞, we

have

d

dt
Ek

j [u∞] + dDk
j [u∞]

≤ C
{
ϵ|u∞|2L2

j
+
((

1 +
1

ϵ

)
∥w̃∥2Hm + ∥∇w̃∥Hm

)
∥ϕ∞∥2Hk

j

+
(
1 +

1

ϵ

)
|F∞|2

Hk
j ×Hk−1

j

+j2
(
1 +

1

ϵ

) (
1 + ∥w̃∥2Hm

)
|u∞|2Hk

j−1

}
for j = 0, 1, · · · , ℓ. Using Lemma 4.4 (ii) and Lemma 4.7, we see that

d

dt
Ek

j [u∞] + 2d1|u∞|2
Hk

j ×Hk+1
j

≤ C
{
ϵ|u∞|2L2

j
+
((

1 +
1

ϵ

)
∥w̃∥2Hm + ∥∇w̃∥Hm

)
∥ϕ∞∥2Hk

j

+
(
1 +

1

ϵ

)
|F∞|2

Hk
j ×Hk−1

j
+ j2

(
1 +

1

ϵ

) (
1 + ∥w̃∥2Hm

)
|u∞|2Hk

j−1

}
for j = 0, 1, · · · , ℓ, with some constant d1 > 0. Taking ϵ > 0 suitably small, we obtain

d

dt
Ek

j [u∞] + d1|u∞|2
Hk

j ×Hk+1
j

≤ C
{(

∥w̃∥2Hm + ∥∇w̃∥Hm

)
∥ϕ∞∥2Hk

j
+ |F∞|2

Hk
j ×Hk−1

j

+j2
(
1 + ∥w̃∥2Hm

)
|u∞|2Hk

j−1

}
(7.21)

for j = 0, 1, · · · , ℓ.
We now prove (6.15) by induction on ℓ. When ℓ = 0, inequality (7.21) with j = 0 is

nothing but (6.15) with ℓ = 0. Assume that (6.15) holds for ℓ = j − 1. Then by adding
d

2Cj2(1+δ2)
×(7.21) to (6.15) with ℓ = j − 1, we obtain the desired inequality (6.15) for

ℓ = j. This completes the proof. □

8 Proof of Theorem 3.1

In this section we prove Theorem 3.1.

We first establish the estimates for nonlinear and inhomogeneous terms F1(u, g) and
F∞(u, g):

F1(u, g) =

(
F 0
1 (u)

F̃1(u, g)

)
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= −P1

(
γ(ϕdiv + w · ∇ϕ)

ϕ∂tw + γ((1 + ϕ)w · ∇w) + ρ∗
γ
(∇(P (1)(ρ∗ϕ)ϕ

2))− 1
γ
(1 + ϕ)g

)
,

F∞(u, g) =

(
F 0
∞(u)

F̃∞(u, g)

)
= −P∞

(
γ(ϕdiv + w · ∇ϕ1)

ϕ∂tw + γ((1 + ϕ)w · ∇w) + ρ∗
γ
(∇(P (1)(ρ∗ϕ)ϕ

2))− 1
γ
(1 + ϕ)g

)
,

where

u = u1 + u∞, u =

(
ϕ
w

)
, uj =

(
ϕj

wj

)
, (j = 1,∞).

We first state the estimates for F1(u, g) and F∞(u, g).

Proposition 8.1. There hold the estimates

(i) ∥F 0
1 (u)∥L1

1
≤ C(∥ϕ∥L2∥divw∥L2

1
+ ∥w∥L2∥∇ϕ∥L2

1
),

(ii) ∥F̃1(u, g)∥L1
1
≤ C(∥ϕ∥L2∥∂tw∥L2

1
+ ∥w∥L2∥∇w∥L2

1

+ ∥ϕ∥L2∥∇ϕ∥L2
1
+ ∥ϕ∥L2∥g∥L2

1
+ ∥g∥L1

1
),

(iii) ∥F 0
∞(u)∥Hm

1
≤ C(∥ϕ∥Hm∥divw∥Hm

1
+ ∥w∥Hm∥∇ϕ1∥Hm

1
),

(iv) ∥F̃∞(u, g))∥Hm−1
1

≤ C{∥w∥Hm∥∇w∥Hm−1
1

+ ∥ϕ∥Hm∥∇ϕ∥Hm−1
1

+ ∥ϕ∥Hm∥∂tw∥Hm−1
1

+ (1 + ∥ϕ∥Hm)∥g∥Hm−1
1

}

uniformly for u = ⊤(ϕ,w) = u1+u∞ with uk =
⊤(ϕk, wk) (k = 1,∞) satisfying ∥ϕ∥L∞ ≤ 1

2

and ∥u∥Hm ≤ 1.

Proposition 8.1 directly follows from Lemmas 2.1 and 2.3.

We next estimate Fj(u
(1), g)− Fj(u

(2), g) (j = 1,∞).

Proposition 8.2. There hold the estimates

(i) ∥F 0
1 (u

(1))− F 0
1 (u

(2))∥L1
1

≤ C{∥ϕ(1) − ϕ(2)∥L2∥divw(1)∥L2
1
+ ∥ϕ(2)∥L2∥div(w(1) − w(2))∥L2

1

+ ∥w(1) − w(2)∥L2∥∇ϕ(1)∥L2
1
+ ∥w(2)∥L2∥∇(ϕ(1) − ϕ(2))∥L2

1
},
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(ii) ∥F̃1(u
(1), g)− F̃1(u

(2), g)∥L1
1

≤ C{∥w(1) − w(2)∥L2∥∇w(1)∥L2
1
+ ∥w(2)∥L2∥∇(w(1) − w(2))∥L2

1

+ ∥ϕ(1) − ϕ(2)∥L2(∥w(1)∥L∞∥∇w(1)∥L2
1
+ ∥∂tw(1)∥L2

1
+ ∥g∥L2

1
)

+ ∥ϕ(2)∥L2∥∂t(w(1) − w(2))∥L2
1

+ (∥∇ϕ(1)∥L2
1
+ ∥∇ϕ(2)∥L2

1
)∥ϕ(1) − ϕ(2)∥L2 + ∥ϕ(1)∥L2∥∇(ϕ(1) − ϕ(2))∥L2

1
},

(iii) ∥F 0
∞(u(1))− F 0

∞(u(2)))∥Hm−1
1

≤ C{∥divw(1)∥Hm
1
∥ϕ(1) − ϕ(2)∥Hm−1 + ∥ϕ(2)∥Hm∥div(w(1) − w(2))∥Hm−1

1

+ ∥∇ϕ
(1)
1 ∥Hm

1
∥w(1) − w(2)∥Hm−1 + ∥w(2)∥Hm∥∇(ϕ

(1)
1 − ϕ

(2)
1 )∥Hm−1

1
},

(iv) ∥F̃∞(u(1), g)− F̃∞(u(2), g))∥Hm−2
1

≤ C{∥ϕ(1) − ϕ(2)∥Hm−1(∥w(1)∥Hm∥∇w(1)∥Hm−1
1

+ ∥∂tw(1)∥Hm−1
1

+ ∥g∥Hm−1
1

)

+ ∥w(1) − w(2)∥Hm−1∥∇w(1)∥Hm−1
1

+ ∥w(2)∥Hm∥∇(w(1) − w(2))∥Hm−2
1

+ ∥ϕ(2)∥Hm∥∂t(w(1) − w(2))∥Hm−2
1

+ (∥∇ϕ(1)∥Hm−1
1

+ ∥∇ϕ(2)∥Hm−1
1

)∥ϕ(1) − ϕ(2)∥Hm−1

+ ∥ϕ(1)∥Hm∥∇(ϕ(1) − ϕ(2))∥Hm−2
1

}

uniformly for u(j) = ⊤(ϕ(j), w(j)) = u
(j)
1 +u

(j)
∞ with u

(j)
k = ⊤(ϕ

(j)
k , w

(j)
k ) (k = 1,∞) satisfying

∥ϕ(j)∥L∞ ≤ 1
2
and ∥u(j)∥Hm ≤ 1 (j = 1, 2).

Proposition 8.2 directly follows from Lemmas 2.1–2.3.

To prove Theorem 3.1, we next show the existence of a solution {u1, u∞} of (4.1)-(4.2)
on [0, T ] satisfying uj(0) = uj(T ) (j = 1,∞) by an iteration argument.

For p = 0, we define u
(0)
1 = ⊤(ϕ

(0)
1 , w

(0)
1 ) and u

(0)
∞ = ⊤(ϕ

(0)
∞ , w

(0)
∞ ) by{

u
(0)
1 (t) = S1(t)S 1(T )[(I − S1(T ))

−1G1] + S 1(t)[G1],

u
(0)
∞ (t) = S∞,0(t)(I − S∞,0(T ))

−1S∞,0(T )[G∞] + S ∞,0(t)[G∞],
(8.1)

where t ∈ [0, T ], G = ⊤(0, 1
γ
g(x, t)), G1 = P1G and G∞ = P∞G. Note that u

(0)
j (0) =

u
(0)
j (T ) (j = 1,∞).

For p ≥ 1, we define u
(p)
1 = ⊤(ϕ

(p)
1 , w

(p)
1 ) and u

(p)
∞ = ⊤(ϕ

(p)
1 , w

(p)
1 ), inductively, by

u
(p)
1 (t) = S1(t)S 1(T )[(I − S1(T ))

−1F1(u
(p−1), g)] + S 1(t)[F1(u

(p−1), g)],

u
(p)
∞ (t) = S∞,u(p−1)(t)(I − S∞,u(p−1)(T ))−1S∞,u(p−1)(T )[F∞(u(p−1), g)]

+S ∞,u(p−1)(t)[F∞(u(p−1), g)],

(8.2)

where t ∈ [0, T ] and u(p−1) = u
(p−1)
1 + u

(p−1)
∞ . Note that u

(p)
j (0) = u

(p)
j (T ) for j = 1,∞ and

p ≥ 1.
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Proposition 8.3. There exists a constant δ0 > 0 such that if [g]m ≤ δ0, then there holds
the estimates

(i) ∥{u(p)
1 , u(p)

∞ }∥Xm
(0,T )

≤ C1[g]m

for all p ≥ 0, and

(ii)
∥{u(p+1)

1 − u
(p)
1 , u(p+1)

∞ − u(p)
∞ }∥Xm−1

(0,T )

≤ C1[g]m∥{u(p)
1 − u

(p−1)
1 , u

(p)
∞ − u

(p−1)
∞ }∥Xm−1

(0,T )

for p ≥ 1. Here C1 is a constant independent of g and p.

Proof. The estimate (i) follows from Propositions 5.4, 6.8, 8.1 and Lemma 4.3 (ii).
Let us consider the estimate of the difference between u(p+1) and u(p). For p ≥ 0, we

set ϕ̄
(p)
j = ϕ

(p+1)
j − ϕ

(p)
j and w̄

(p)
j = w

(p+1)
j − w

(p)
j for j = 1,∞. Then by using (8.1) and

(8.2), we see that ϕ̄
(p)
j and w̄

(p)
j (p ≥ 1) satisfy{

∂tϕ̄
(p)
1 + γdivw̄

(p)
1 = F11(ū

(p−1)),

∂tw̄
(p)
1 − ν△w̄

(p)
1 − ν̃∇divw̄

(p)
1 + γ∇ϕ̄

(p)
1 = F12(ū

(p−1), g),
(8.3){

∂tϕ̄
(p)
∞ + γP∞(w(p) · ∇ϕ̄

(p)
∞ ) + γdivw̄

(p)
∞ = F∞1(ū

(p−1)),

∂tw̄
(p)
∞ − ν△w̄

(p)
∞ − ν̃∇divw̄

(p)
∞ + γ∇ϕ̄

(p)
∞ = F∞2(ū

(p−1), g),
(8.4)

where

F11(ū
(p−1)) = F 0

1 (u
(p))− F 0

1 (u
(p−1)),

F12(ū
(p−1), g) = F̃1(u

(p), g)− F̃1(u
(p−1), g),

F∞1(ū
(p−1)) = F 0

∞(u(p))− F 0
∞(u(p−1))− γP∞((w(p) − w(p−1)) · ∇ϕ(p)

∞ ),

F∞2(ū
(p−1), g) = F̃∞(u(p), g)− F̃∞(u(p−1), g).

The desired inequality (ii) can be obtained by applying Propositions 5.4, 6.8, 8.2, 8.3 (i)
and Lemma 4.3 (ii). This completes the proof. □

We introduce a notation. We denote by BX k
(a,b)

(r) the closed unit ball of X k(a, b)

centered at 0 with radius r, i.e.,

BX k
(a,b)

(r) =
{
{u1, u∞} ∈ X k(a, b); ∥{u1, u∞}∥X k

(a,b)
≤ r
}
.

Proposition 8.4. There exists a constant δ1 > 0 such that if [g]m ≤ δ1, then the system
(4.1)-(4.2) has a unique solution {u1, u∞} on [0, T ] in BXm

(0,T )
(C1[g]m) satisfying uj(0) =

uj(T ) (j = 1,∞). The uniqueness of solutions of (4.1)-(4.2) on [0, T ] satisfying uj(0) =
uj(T ) (j = 1,∞) holds in BXm

(0,T )
(C1δ1).
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Proof. Let δ1 = min{δ0, 1
2C1

} with δ0 given in Propositions 8.3. By Propositions 8.3,

we see that if [g]m ≤ δ1, then u
(p)
j = ⊤(ϕ

(p)
j , w

(p)
j ) (j = 1,∞) converges to uj =

⊤(ϕj, wj)
(j = 1,∞) in the sense

{u(p)
1 , u(p)

∞ } → {u1, u∞} in Xm−1(0, T ),

u(p)
∞ = ⊤(ϕ(p)

∞ , w(p)
∞ ) → u∞ = ⊤(ϕ∞, w∞) ∗-weakly in L∞(0, T ;Hm

(∞),1),

w(p)
∞ → w∞ weakly in L2(0, T ;Hm+1

(∞),1) ∩H1(0, T ;Hm−1
(∞),1).

It is not difficult to see that {u1, u∞} is a solution of (4.1)-(4.2) satisfying uj(0) = uj(T )
(j = 1,∞).

It remains to prove u∞ = ⊤(ϕ∞, w∞) ∈ C([0, T ];Hm
1 ), which implies {u1, u∞} ∈

BXm
(0,T )

(C1[g]m) with uj(0) = uj(T ) (j = 1,∞).

As for w∞, since L2(0, T ;Hm+1)∩H1(0, T ;Hm−1) ⊂ C([0, T ];Hm), we find that w∞ ∈
C([0, T ];Hm).

As for ϕ∞, note that ϕ∞ ∈ C([0, T ];H1) and ϕ∞ is the solution of{
∂tϕ∞ + w · ∇ϕ∞ = g0∞,
ϕ∞|t=0 = ϕ0∞,

(8.5)

where

g0∞ ∈ L2(0, T ;Hm), ϕ0∞ ∈ Hm.

On the other hand, by Lemma 6.1, we see that there exists a solution of (8.5) which be-
longs to C([0, T ];Hm) and that the uniqueness of solutions of (8.5) holds in C([0, T ];H1).
Therefore, we find that

ϕ∞ ∈ C([0, T ];Hm).

To prove that u∞ = ⊤(ϕ∞, w∞) ∈ C([0, T ];Hm
1 ), we note that u∞ is written as

u∞(t) = S∞,u(t)(I − S∞,u(T ))
−1S∞,u(T )[F∞(u, g)] + S∞,u(t)[F∞(u, g)]

with u = u1 + u∞. By Proposition 8.1 and Lemma 4.3 (ii), we see that F∞(u, g) ∈
L2(0, T ;Hm

(∞),1×Hm−1
(∞),1). It then follows from Proposition 6.5 that if δ1 is small such that

C1δ1 ≤ δ, then u∞ = ⊤(ϕ∞, w∞) ∈ C([0, T ];Hm
1 ). This completes the proof. □

To complete the construction of a time periodic solution of (1.5), we use the following
proposition on the unique existence of solutions to the initial value problem.

Proposition 8.5. Let s ∈ R and let U0 = U01+U0∞ with U01 ∈ H1
(1),1 and U0∞ ∈ Hm

(∞),1.
Then there exist constants δ2 > 0 and C2 > 0 such that if

M(U01, U0∞, g) := ∥U01∥H1
(1),1

+ ∥U0∞∥Hm
(∞),1

+ [g]m ≤ δ2,

there exists a solution {U1, U∞} of the initial value problem for (4.1)-(4.2) on [s, s + T ]
in BXm

(s,s+T )
(C2M(U01, U0∞, g)) satisfying the initial condition Uj|t=s = U0j (j = 0,∞).

The uniqueness for this initial value problem holds in BXm
(s,s+T )

(C2δ2).
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Proof. Let ũ = ⊤(ϕ̃, w̃) be a given function in C([s, s + T ];Hm) ∩ L2(s, s + T ;Hm+1).
We define S∞,ũ(t, s)u0∞ and S ∞,ũ(t, s)F∞ by the solution operators for

∂tu∞ + Au∞ + P∞(B[ũ]u∞) = F∞, u∞|t=s = u0∞.

with F∞ = 0 and u0∞ = 0, respectively. As in the proof of Proposition 6.5, one can see
that if w̃ satisfies

∥w̃∥C([s,s+T ];Hm)∩L2(s,s+T ;Hm+1) ≤ δ, (8.6)

then it holds that S∞,ũ(t, s) and S∞,ũ(t, s) satisfy the estimates

∥S∞,ũ(t, s)U0∞∥Hk
(∞),1

≤ Ce−a(t−s)∥U0∞∥Hk
(∞),1

, (8.7)

∥S ∞,ũ(t, s)[F∞]∥Hk
(∞),1

≤ C

{∫ t

s

e−a(t−τ)∥F∞∥2
Hk

(∞),1
×Hk−1

(∞),1

dτ

} 1
2

(8.8)

for t ∈ [s, s + T ], F0∞ ∈ Hk
(∞),1, F∞ ∈ L2(s, s + T ;Hk

(∞),1 ×Hk−1
(∞),1) and k = m − 1 or m

with C = C(δ, T ) > 0 uniformly for s ∈ R and ũ = ⊤(ϕ̃, w̃) satisfying (8.6).
To prove Proposition 8.5, it now suffices to show the unique existence of the solution

{U1, U∞} ∈ BXm
(s,s+T )

(C2M(U01, U0∞, g)) of{
U1(t) = S1(t− s)U01 + S 1(t− s)[F1(U, g)],
U∞(t) = S∞,U(t, s)u0∞ + S ∞,U(t, s)[F∞(U, g)],

(8.9)

with U = U1 + U∞ for a constant C2 > 0, provided that M(U01, U0∞, g) is sufficiently
small. We solve this problem by an iteration argument as in the proof of Proposition 8.4.

For p = 0, we define U
(0)
j = ⊤(Φ

(0)
j ,W

(0)
j ) (j = 1,∞) by{

U
(0)
1 (t) = S1(t− s)U01 + S 1(t− s)[G1],

U
(0)
∞ (t) = S∞,0(t, s)U0∞ + S∞,0(t, s)[G∞],

where t ∈ [s, s+ T ], G = ⊤(0, 1
γ
g(x, t)), G1 = P1G and G∞ = P∞G.

For p ≥ 1, we define U
(p)
j = ⊤(Φ

(p)
j ,W

(p)
j ) (j = 1,∞), inductively, by{

U
(p)
1 (t) = S1(t− s)U01 + S 1(t− s)[F1(U

(p−1), g)],

U
(p)
∞ (t) = S∞,U(p−1)(t, s)U0∞ + S∞,U(p−1)(t, s)[F∞(U (p−1), g)],

where t ∈ [s, s+ T ] and U (p−1) = U
(p−1)
1 + U

(p−1)
∞ .

As in the proof of Proposition 8.3, by using Proposition 5.1, (8.7), (8.8), Propositions
8.1, 8.2 and Lemma 4.3 (ii), we can inductively show that if M(U01, U0∞, g) is sufficiently
small, then there hold the estimates

∥{U (p)
1 , U (p)

∞ }∥Xm
(s,s+T )

≤ C2M(U01, U0∞, g)
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for all p ≥ 0, and

∥{U (p+1)
1 − U

(p)
1 , U (p+1)

∞ − U (p)
∞ }∥Xm−1

(s,s+T )

≤ C2M(U01, U0∞, g)∥{U (p)
1 − U

(p−1)
1 , U (p)

∞ − U (p−1)
∞ }∥Xm−1

(s,s+T )

for all p ≥ 1. Hence, in a similar manner to the proof of Proposition 8.4, we see that
there exists a solution {U1, U∞} ∈ BXm

(s,s+T )
(C2M(U01, U0∞, g)) of (4.1)-(4.2) satisfying

Uj|t=s = U0j (j = 0,∞), provided thatM(U01, U0∞, g) ≤ δ2 for a small constant δ2 > 0. In
view of the iteration argument, we can see that the uniqueness holds in BXm

(s,s+T )
(C2δ2).

This completes the proof. □

We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1. By Proposition 8.4, we see that if [g]m ≤ δ1, then (4.1)-(4.2) has

a unique solution {u(0)
1 , u

(0)
∞ } ∈ BXm

(0,T )
(C1[g]m) satisfying u

(0)
j (0) = u

(0)
j (T ) (j = 1,∞).

In particular, it holds that

sup
t∈[0,T ]

{
∥u(0)

1 (t)∥H1
(1),1

+ ∥u(0)
∞ (t)∥Hm

(∞),1

}
≤ C1[g]m. (8.10)

Therefore, if g satisfies (C1 + 1)[g]m ≤ δ2, then, by Proposition 8.5, we see that there

exists a unique solution {u(1)
1 , u

(1)
∞ } ∈ BXm

(T,2T )
(C2(C1 + 1)[g]m) of (4.1)-(4.2) satisfying

u
(1)
j |t=T = u

(0)
j (T ) = u

(0)
j (0) (j = 1,∞).

We introduce ũ
(1)
j (j = 1,∞) and ũ(1) by

ũ
(1)
j (t) = u

(1)
j (t+ T ), ũ(1)(t) = ũ

(1)
1 (t) + ũ(1)

∞ (t) for t ∈ [0, T ].

Then we find that
ũ
(1)
1 (0) = u

(1)
1 (T ) = u

(0)
1 (T ) = u

(0)
1 (0),

∂tũ
(1)
1 (t) + Aũ

(1)
1 (t) = ∂tu

(1)
1 (t+ T ) + Au

(1)
1 (t+ T ) = F1(u

(1)(t+ T ), g(t+ T ))

= F1(ũ
(1)(t), g(t)).

Similarly, we see that
ũ(1)
∞ (0) = u(0)

∞ (0),

∂tũ
(1)
∞ (t) + Aũ(1)

∞ (t) + P∞(B[ũ(1)(t)]ũ(1)(t)) = F∞(ũ(1)(t), g(t)).

Therefore, if [g]m ≤ δ3 := min{δ1, C2δ2
C1

, (C1+1)δ2}, then, by the uniqueness of the solution,

we find that {ũ(1)
1 (t), ũ

(1)
∞ (t)} = {u(0)

1 (t), u
(0)
∞ (t)} for t ∈ [0, T ]. Consequently, we have

{u(1)
1 (t), u

(1)
∞ (t)} = {u(0)

1 (t− T ), u
(0)
∞ (t− T )} for t ∈ [T, 2T ].

We define {u1(t), u∞(t)} (t ∈ [0, 2T ]) by {u1(t), u∞(t)} = {u(k)
1 (t), u

(k)
∞ (t)} for t ∈

[kT, (k + 1)T ], k = 0, 1. It then follows that {u1(t + T ), u∞(t + T )} = {u1(t), u∞(t)}
for t ∈ [0, T ]. Furthermore, we see from Proposition 8.5 and (8.10) that there exists a
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unique solution {v1, v∞} ∈ BXm
(T
2
, 3T

2
)
(C2(C1 +1)[g]m) of (4.1)-(4.2) on [T

2
, 3T

2
] satisfying

vj|t=T
2
= u

(0)
j (T

2
) (j = 1,∞). By the uniqueness, it follows that {v1, v∞} = {u1, u∞} on

[T
2
, 3T

2
], which implies that {u1, u∞} is a solution of (4.1)-(4.2) on [0, 2T ] in Xm(0, 2T ).

Repeating this argument on intervals [kT, (k + 1)T ] for k = ±1,±2 · · · , we obtain a
solution {u1, u∞} of (4.1)-(4.2) in Xm

per(R) satisfying ∥{u1, u∞}∥Xm
(0,T )

≤ C1[g]m that

gives a time periodic solution u of (1.5) by setting u = u1 + u∞.
In view of the iteration argument in Propositions 8.3 and 8.4, one can see that the

uniqueness of time periodic solutions for (1.5) holds in {u = ⊤(ϕ,w); {P1u, P∞u} ∈
Xm

per(R), ∥{P1u, P∞u}∥Xm
(0,T )

≤ C1δ3} if [g]m ≤ δ3. This completes the proof. □
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the full Navier-Stokes-Fourier system, Arch. Rational Mech. Anal., 204 (2012), pp.
745–786.

[4] Y. Kagei, Asymptotic behavior of solutions to the compressible Navier-Stokes equa-
tion around a parallel flow, Arch. Rational Mech. Anal., 205 (2012), pp. 585–650.

[5] Y. Kagei and S. Kawashima, Stability of planar stationary solutions to the compress-
ible Navier-Stokes equation on the half space, Commun. Math. Phys., 266 (2006),
pp.401–430.

[6] Y. Kagei and S. Kawashima, Local solvability of initial boundary value problem for
a quasilinear hyperbolic-parabolic system, J. Hyperbolic Differential Equations, 3
(2006), pp.195–232.

[7] Y. Kagei and T. Kobayashi, Asymptotic Behavior of Solutions of the Compressible
Navier-Stokes Equation on the Half Space, Arch. Rational Mech. Anal., 177 (2005),
pp. 231–330.

[8] H. Ma, S. Ukai, and T. Yang, Time periodic solutions of compressible Navier-Stokes
equations, J. Differential Equations, 248 (2010), pp. 2275–2293.

46



[9] A. Matsumura and T. Nishida, The initial value problem for the equations of motion
of compressible viscous and heat-conductive fluids, Proc. Japan Acad. Ser. A 55
(1979), pp. 337–342.

[10] M. Okita, On the convergence rates for the compressible Navier- Stokes equations
with potential force, preprint, MI Preprint Series 2012-13, Kyushu University, 2012.

[11] A. Valli, Periodic and stationary solutions for compressible Navier-Stokes equations
via a stability method, Ann. Scuola Norm. Sup. Pisa Cl. Sci. 10 (1983), pp. 607–647.

47



List of MI Preprint Series, Kyushu University

The Global COE Program
Math-for-Industry Education & Research Hub

MI

MI2008-1 Takahiro ITO, Shuichi INOKUCHI & Yoshihiro MIZOGUCHI
Abstract collision systems simulated by cellular automata

MI2008-2 Eiji ONODERA
The intial value problem for a third-order dispersive flow into compact almost Her-
mitian manifolds

MI2008-3 Hiroaki KIDO
On isosceles sets in the 4-dimensional Euclidean space

MI2008-4 Hirofumi NOTSU
Numerical computations of cavity flow problems by a pressure stabilized characteristic-
curve finite element scheme

MI2008-5 Yoshiyasu OZEKI
Torsion points of abelian varieties with values in nfinite extensions over a p-adic field

MI2008-6 Yoshiyuki TOMIYAMA
Lifting Galois representations over arbitrary number fields

MI2008-7 Takehiro HIROTSU & Setsuo TANIGUCHI
The random walk model revisited

MI2008-8 Silvia GANDY, Masaaki KANNO, Hirokazu ANAI & Kazuhiro YOKOYAMA
Optimizing a particular real root of a polynomial by a special cylindrical algebraic
decomposition

MI2008-9 Kazufumi KIMOTO, Sho MATSUMOTO & Masato WAKAYAMA
Alpha-determinant cyclic modules and Jacobi polynomials

MI2008-10 Sangyeol LEE & Hiroki MASUDA
Jarque-Bera Normality Test for the Driving Lévy Process of a Discretely Observed
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