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   1. Introduction 

   Every Stein manifold admits a complete Kahler metric, but the converse is 

not true [3]. On the other hand, every Stein manifold is exhausted by complete 
Kahler domains (Proposition 1), and the author [4] proved that the converse is 
true for domains over a Stein manifold (cf. [7] ). The purpose of this paper is to 
extend the above result to the case of domains over Pl. This result is also a 

generalization of Behnke-Stein's theorem [1]. 
   In the proof, we use a theorem due to Kajiwara [5] which connects the theory 

of domains over Pn with that of domains over C''.

   2. Preliminaries 

   DEFINITION 1. A complex manifold X is said to be exhausted by complete 

Kahler domains if there exists a sequence {Xk ; k = 1, 2, 3, • • • } of open subman-
ifolds of X such that X = UXk, Xk CC Xk+i for every k, and each Xk has a 

complete Kahler metric.

   PROPOSITION 1. (i) Every Stein manifold is exhausted by complete Kahler 
domains. 

   (ii) Let X and Y be complex manifolds exhausted by complete Kahler domains. 
Then X x Y is exhausted by complete Kahler domains. 

   (iii) Let X be a complex manifold exhausted by complete Kahler domains, and 
Y be a complex closed submanifold of X . Then Y is exhausted by complete Kahler 
domains.



   PROOF (i) Let S be a Stein manifold. There exists a strictly plurisubhar-
monic function  Sc on S such that S, = {x E S ; cp(x) < c} is relatively compact in 
S for any real number c. We may assume that inf{cp(x) ; x E S} = 0. If we put

71)(x) = 1 (xESe), (
c — cp(x))

V is strictly plurisubharmonic on SS and the set {x E  (x) < k} is compact 
for any real number k. Hence S, is a Stein manifold. By Grauert [3], S, has a 
complete Kahler metric. Therefore, S is exhausted by complete Kahler domains 

{Si; i = 1,2,3,•••}. 
   (ii) Let X and Y be exhausted by complete Kahler domains {Xi; i = 1, 2, 3, • • •} 

and {Y ; i =1, 2, 3, • • • } respectively. Let ds2 be a complete Kahler metric on Xi 
and let doi be that on Y. We denote by iri (resp. r2) the projection X, x 
(resp. Xi x Y2).  If we put

dm? _ (7ri)*(dsi) + (-ri)*(do ),

dmi is a complete Kahler metric on Xi x Y . Therefore, X x Y is exhausted by 
complete Kahler domains {Xi x Y ; i = 1, 2, 3, • • •}. 

   (iii) Let X be exhausted by complete Kahler domains {Xi ; i = 1,2, 3, • • •}. 
Let ds,2 be a complete Kahler metric on Xi. We put

Y =YnXi,

and denote by ai the inclusion map Y —* Xi. If we put

dui! = (air (ds2),

do is a complete Kahler metric on Y2. Therefore, Y is exhausted by complete 

Kahler domains {Y ; i = 1, 2, 3, • • •}. 

   Let D and M be complex manifolds.

   DEFINITION 2. We say that (D, (I)) is an open set over M if 4 is a holomor-

phic mapping of D into M such that c is locally biholomorphic. Moreover, if D 

is connected, (D, t) is called a domain over M. 

   For domains over a Stein manifold, the author proved the following theorem 

[4] .

   THEOREM 1. Let (D, 4) be a domain over a Stein manifold S. If D is ex-
hausted by complete Kahler domains, then D is a Stein manifold.



3. Domains over  Pn

   Let (D, 43) be a domain over Pn. We denote by it the canonical projection 
X = Cn+1 \ {O} Pn, and define the set Y by

Y={(x,p)EX xD;ir(x)_4'(p)}.

Putting 4'(x, p) = x, 7r'(x, p) = p, (Y, (V) becomes an open set over X with 
respect to the topology induced from the product topology of X x D, and both 4' 

and ir' are holomorphic. For every a = (a1, a2, • • • , an+1) E Cn+1, lal = 1, we put

      Ha={xEX;>a~x3=1}, 
         Ya = (4')-1(Ha), 

La = {[u1 : u2 : • • • : un+i] E Pn ; cu .; = 01, 
wa = D \ 4-1(La).

Then (Ya, 4' l Ya) is an open set over Ha, and (wa, 4' l wa) is a domain over Pn \ La. 
Since 7r'lYa : Ya -* Wa is biholomorphic, (Ya, VlYa) is a domain over Ha. The 
following proposition is given in Kajiwara [5] (cf. Kiselman [6]). 

   PROPOSITION 2. Let (D, 4)) and Ya be as above. Assume that 4. is not a 
biholomorphic mapping onto Pn. Then D is a Stein manifold if and only if Ya is 
a Stein manifold for every a E Cn+1, lal = 1. 

   Using Proposition 1, Proposition 2, and Theorem 1, we have the following 

theorem. 

   THEOREM 2. Let (D, 4') be a domain over Pn such that 4) is not a biholo-
morphic mapping onto Pn. If D is exhausted by complete Kahler domains, then 
D is a Stein manifold.

PROOF We can write

Ya={(x,p)EHaxD;7r(x)=4'(p)}.

Since Ha is biholomorphic to Cn, Ha is a Stein manifold. Since Ya is a complex 

closed submanifold of Ha x D, Ya is also exhausted by complete Kahler domains by 

Proposition 1. Ya is a domain over a Stein manifold Ha, so it is a Stein manifold 

by Theorem 1. By Proposition 2, D is a Stein manifold. 

   REMARK 1. Recently the author has obtained the result that a domain ex-

hausted by complete Kahler domains over any complex manifold is p4-convex in 

the sense of F. Docquier-H. Grauert [2] .
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