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1. Introduction

On the Stein group GL(n, C) there exists a natural strongly plurisubharmonic
exhaustion function

1

(p(A) = trace(AA ) + m

This function § is invariant on the unitary subgroup
U(n):={A€GL(n,C)|A™' = A"}

which is a maximal compact real Lie subgroup of GL(n,C), i.e., for A € GL(n,C)
and X,Y € U(n),
B(X AY) = §(A).

Let G be a connected complex Lie group of complex dimension n and G the
maximal toroidal subgroup of G, i.e.,

G® = {z| f(z) = f(e) for every holomorphic function f on G }.

Let € be the real Lie algebra of a maximal compact real Lie subgroup K of G. Put
q := dimc N +/—1¢. Then we construct a natural plurisubharmonic and strongly
(¢ + 1)-pseudoconvex exhaustion function on G in the following theorem.

THOREM 1. There exists a C™ plurisubharmonic function ¢ on G satisfying
(1), (2) and (3).
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(1) ¢ is K-invariant, that is,

p(z) = p(yzz)

forany z € G,y,z € K.

(2) The Levi form of ¢ is semi positive and has n — q positive eigenvalues
on G, in other words, ¢ is plurisubharmonic and strongly (q + 1)-
pseudoconvex on G.

(3) ¢ is an ezhaustion function on G, t.e., for any c € R.
{zeG|ly(z)<c} €q.

As an immediate consequence of the above theorem we obtain the following
corollary which was proved by other methods in [11] and partially in [5].

COROLLARY 1. G is weakly 1-complete in the sense of Nakano [10] and
strongly (q + 1)-complete in the sense of Andreotti and Grauert [1].

Using the result of [2,4] we can give another proof of the statement of the
following corollary which was proved in [7].

COROLLARY 2. Ift Ny/—1¢ = {0}, then G is a Stein group.

2. In case of abelian Lie groups

Throughout this section we assume G is a connected complex abelian Lie
group of complex dimension n and G° is the maximal toroidal subgroup

G®:={z| f(z) = f(e) for every holomorphic function f on G}

of complex dimension m. Let K° be a maximal compact subgroup of G°. From
the result of [8] there exists a lattice I' of C™ such that G° = C™/T. We

may assume I' = Z{e;, €z,...,€m,V1,V2,...,7,}, Where e; is the i-th unit vec-
tor of C™ and ey, ez, ...,€m,v1,0,...,0, are R-linearly independent, and KO =~
R{es, ez, -1 €m,v1,02,...,0,}/T. Let v; = (vi1,%2,...,%m) and v; = Rou; +

V—=1Sv; (Rv;, Sv; € R™). Since ey, ez,...,€m,v1,v2,...,v, are R-linearly in-
dependent, Svy,..., v, are R-linearly independent. Without loss of generality
we may assume the ¢ x ¢ real matrix [v;; ; 1 <14,j < ¢ ] is invertible. We put

Vgt1 := V—legq1, Vg2 := V—legpa, ..., Up 1= v—=1len.
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Then ey, e, ..., €m,v1,v2,...,Vq,Vgt1,...,VUn are R-linearly independent vectors
of C™. For any z = (21, 22, ..., 2m) there exists a unique vector (t1,t2,...,tom) €
R?™ such that

m q m
2= tiei+ Y tmpiVIS0 + D tmiivi
=1 i=1

1=q+1

We define the exhaustion function

$:C™"I5z2+T+— ) t3 ., €eR

m+1
1=¢q+1

on C™/I'. We denote by A = [a;;| the inverse matrix of
[ 8"01 ]

c\,
SYq

€g+1

€m

Let z; := Rz; and y; := Jz;. Then we have t,,; = X1 Uk ari, (i >q+1). The
Levi form of & is given by

Pal D)) _1[ 80| 1y,
02;07; 0y 0y; 2

T4

where B is the matrix

0 -+ 0 arg41 - aim
0 --- 0 azgt1 -+ G2m
o ... 0 Gmg+1 " Omm

Since B is a real (m,m)-matrix of rank m — ¢, 2B B* is positive semi definite and
m — q positive eigenvalues. By the definition of ® we can see that ®(z+2*+T) =
®(z + ') for any 2 € C™ and z* € K°. This means & is K%invariant. By the
result of [8] G = G° x C*? x C” for some non-negative integers p and r with
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m + p+ 7 = n. Then we may assume G = G° x C*? x C’. Since G is abelian, G
has the unique maximal compact subgroup K. We take the function

®(z+T,6,1) := (2 +7T) +Z< l€z|2+|§’ )+Zlmlz

for (24T,¢,7n) € G*x C*? x C", where £ = (£4,...,&,) and = (m,,...,7n,). Since
K=K'x{&] |&]| =1} x0C G°x C* x C", it is easily to show that ® is
K-invariant. Then we have the following

ProprosITION 1. & is a K-invariant plurisubharmonic ezhaustion function
on G°x C*? x C™ and its Levi form has n—q positive eigen values on G°x C*? x C".

3. Fibration of complex Lie groups

From now on we assume G be a connected complex Lie group of complex
dimension n, which is not necessarily abelian. Let g be the Lie algebra of G and
K¢ the complex Lie subgroup with the Lie subalgebra &- := t++/—1¢. Then K¢
is a closed Lie subgroup of G ([6]). Put a :=dim¢ G/K¢. Let ¢ : G — G/K¢
be the projection which induces the K¢-principal bundle over G/K¢. There exists
an open neighborhood U of the unit element e in G and the canonical coordinate
(wy,...,w,) such that

Up={zeU|w(z) =" =w,z)=0}

and

Uy={z€U|weyi(z) = =wy(z) =0}
satisfy U = Uy - Uy, UNKe = U, Uy NU; = {e,}, U-Kc = U; - Ke and
(Ui'-Uy) N Ke = {e}. Then there exists a countable subset { a, | a, € G, ag =
e, v=0,1,2,...} such that {9(a,U;)|v =0,1,2,...} is a locally finite covering
of G/K¢. For any ¢(z) € v¥(a,U;) there exists a unique element z, € U; and
h, € K¢ such that ¢(z) = 9(a,2z,) and z = a,z,h,. We put

\I’,, : ¢_1(1//(GUU1)) 5T — (h,,, 'KZJ(SL')) € KC X 'l/)(a,,Ul)
and
Avu(n(2)) = (avs) " N(auzy) © $(a,Uh) N P(a,U) — Ko

Then ({¥(a,U1)}, {Avu}) gives a defining 1-cocyle of the bundle G — G/K¢.
This means ¥, : ¢~(¢(e)) ¥ Kc — K¢ x ¥(e) is an isomorphism as a Lie
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group. From the result of [6] it follows that G/K¢ is isomorphic onto C* and
then the Kc-principal bundle ¢ : G — G/K¢ is holomorphically trivial (in
virtue of [3]). Then we have a 0-cochain {A, : ¥(a,U;) — K¢ } satisfying
Ay = AJTA, in 9(a,Ur) Nop(a,Uy). Putting Ao := Ag(1(e)) and A, := \;'A,,
we get the biholomorphic mapping

a : G2 P (Y(alh)) 3 = — (A (¥(2)hy, ¥(z)) € Kc x G/Ke,

where ¢ = a,2,h,,z, € Uj,h, € Kc. And a| K¢ : Kc — Kc x ¢(e) is an
isomorphism as a complex Lie group. From the above argument we may assume
there exists a biholomorphic mapping a from G onto K¢ x C® such that o | K¢
is an isomorphism from K¢ onto K¢ X {0} as a complex Lie group. Further there
exists a connected semi-simple and, then, Stein subgroup S° of K¢ such that, for
the connected center Z of K¢,

po 1 Z %X So3(z,y) — zy € K¢

is a finite covering homomorphism. By the result of [7,8] G® C Z and Z
G® x C* x C" for some non-negative integers p and r. Then we may assume
Z = G® x C*¥ x C". Then we obtain a Stein subgroup S := C* x C" x S5 x C®
of Z x Sy x C*. We get a finite covering homomorphism

p: G x 83 (z,T1, T2 z3, T4) — (po((20, 21, T2), 73), 24) € K¢ x C*

for (o, T1, 22, %3,%4) € G X C* x C” x Sy x C® From this homomorphism p we
can assume Kc X C? = G®x S/ kerp. Let 7, : G°x S — G%and 7 : G'x S — S
be the canonical projections. Since m(ker p) is a finite subgroup of S, S/, (ker p)
is a Stein group. We obtain a homomorphism

7 : G° x S/kerp > (a,b) ker p — bmy(ker p) € S/m(ker p)

for a € G%b € S. From this projection m, G = G° x S/kerp is regard as a
fiber bundle over the Stein group S/my(ker p) whose fiber is isomorphic onto G°
and whose structure group is the finite subgroup 7;(ker p) of G°. Let K° be the
maximal compact subgroup of G°. Since G? is abelian, we obtain 7, (ker p) C K°.

4. Proof of the theorem

We remark the following elementary lemma.
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LEMMA 1. Let S be a connected closed complex Lie subgroup of GL(n,C) and
L be a mazimal compact subgroup of S. Then there ezists a matriz A € GL(n,C)

such that AL At Cc U(n).

PROOF Since L is a compact subgroup of GL(n, C), there exists a maximal
compact subgroup L* of GL(n,C) such that L C L*. It is known that all maximal
compact subgroups are conjugate each other. This means L* = A U(n) A™! for
some A € GL(n,C). This proves the statement of the lemma.

Since ker p in 3 is finite subgroup of G° x S and C* (and also C") has no non-
trivial finite subgroup, we may assume ker p C G% x C*? x Sj and K¢ x C* = (G° x
C*?x Sy)/kerpx C"xC? LetII; : G*xC*?x Sy — G, II;: GOx C* x Sy —
C*? and IT3 : G® x C*? x Sy — S) be the canonical projections. Then II;(ker p) C
KO Ty(kerp) C {(&1,...,&) | |&| = 1} € C*? and, for a maximal compact
subgroup L of Sy, II3(ker p) C L. Since Sp is semi-simple, by the result of [7] we
may regard Sy is a closed subgroup of GL(n,C). By Lemma there exists a matrix
A € GL(n,C) such that A L A~ C U(n). Using the strictly plurisubharmonic
exhaustion function $ on GL(n,C) in the introduction of this paper, ¢1(X) :=
(P|So)(A X A1) is a strictly plurisubharmonic IIz(ker p)-invariant exhaustion
function on GL(n,C). We take the maximal compact subgroup

K*:=(K° x{(&,---,&) | & =1} x L)/kerp x (0,0),

where (0,0) € C™ x C°. Since a|K¢ is an isomorphism of K¢ onto K¢ x 0. Then
K := a”}(K*) is a maximal compact subgroup of G. By Proposition in 2 there
exists a K%invariant plurisubharmonic exhaustion function ¢ : G° — R. From
the invariance of ¢y and ¢, it follows that

@ = po(¥0) + ¢1(31) +Z< e I&IQ) + lezl2 + Z |wi|?

(yo € G°% 1 € Sp, & € C*?,2 € C7, and w € C?) is regarded as a plurisubharmonic
function on G and its Levi form has (n — q) positive eigenvalues, where £ is the Lie
algebra of the maximal compact subgroup K° of G° and ¢ = dim¢ (8 N /=T¢°).
Let u be the Lie algebra of U(n). Since uny/—lu= 0, it is easy to show that
q= dlmC(E N /—1¢), where € is the Lie algebra of K. For any max1ma1 compact
subgroup K of G there exists zo € G such that K = zy K z5'. We define the
function ¢(z) := cp(zo z zo) on G. Since ¢ is K-invariant, we obtain, for 3,7 €
K, 3(Jzz) = (25 F2025 2025 '220) = @(z). This means @ is K-invariant and
satisfies the statements (2) and (3) of the theorem.
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