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1. Introduction

   On the Stein group GL(n, C) there exists a natural strongly plurisubharmonic 
exhaustion function

Co(A) :=  trace(A  A*)+ 1  det(A A*)

This function Co is invariant on the unitary subgroup

U(n) := {A E GL(n, C) A-1 = A* }

which is a maximal compact real Lie subgroup of GL(n, C), i.e., for A E GL(n, C) 
and X, Y E U(n),

~p(X AY) = cp(A).

   Let G be a connected complex Lie group of complex dimension n and G° the 

maximal toroidal subgroup of G, i.e.,

G° = { x i f (x) = f (e) for every holomorphic function f on G }.

Let t be the real Lie algebra of a maximal compact real Lie subgroup K of G. Put 

q := dimc fl Then we construct a natural plurisubharmonic and strongly 

(q + 1)-pseudoconvex exhaustion function on G in the following theorem.

   THOREM 1. There exists a C° plurisubharmonic function yo on G satisfying 

(1), (2) and (3).



(1)  co is K-invariant, that is,

cp(x) = cp(yxz)

for any xEG,y,zEK.

(2) The Levi form of yo is semi positive and has n — q positive eigenvalues 
    on G, in other words, cp is plurisubharmonic and strongly (q + 1)- 

    pseudoconvex on G. 

(3) cp is an exhaustion function on G, i.e., for any c E R.

{ x E G I co(x) < c} C= G.

   As an immediate consequence of the above theorem we obtain the following 

corollary which was proved by other methods in [ 11] and partially in [5]. 

                                                      COROLLARY 1. G is weakly 1-complete in the sense of Nakano [10]  and 
strongly (q + 1)-complete in the sense of Andreotti and Grauert [ 1]. 

   Using the result of [2,4]  we can give another proof of the statement of the 
following corollary which was proved in [7]. 

                                COROLLARY 2. If t n t = {0}, then G is a Stein group.

2. In case of abelian Lie groups

   Throughout this section we assume G is a connected complex abelian Lie 

group of complex dimension n and G° is the maximal toroidal subgroup

G° := { x (x) = f (e) for every holomorphic function f on G }

of complex dimension m. Let K° be a maximal compact subgroup of G°. From 

the result of [8]  there exists a lattice r of Cm such that G° Cm/r. We 
may assume r = Z{ei, e2, ... , em, vi, v2, ... , vq}, where ei is the i-th unit vec-
tor of cm and e1, e2, ... , em, v1, v2, ... , vq are R-linearly independent, and K° 

R{ei, e2, ... , em, v1, v2i ... , vq}/r. Let vi = (vi1, vi2, ... , vim) and vi = Rvi + 

V —1 vi (Rvi, £v, E Rm). Since e1i e2,... , em, vi, v2, ... , vq are R-linearly in-
dependent, 41i, ... , vq are R-linearly independent. Without loss of generality 

we may assume the q x q real matrix [vi; ; 1 < i, j < q ] is invertible. We put

vq+1 Y —1eq+1, Vq+2V —1eq+2, ... , vm,



Then  el, e2, ... , em, vi, v2, ... , vg, vq+1, ... , v,,,, are R-linearly independent vectors 

of Cm. For any z = (zi, z2, ... , zm) there exists a unique vector (t1, t2, ... , t2m) E 
R2m such that

mqm 

z = tiei + tm+w 1a21i + tm+ivi. 
 i=1 i=1i=q+1

We define the exhaustion function

cp:Cm/r3z+r, E tm+iER 
i=q+1

on Cm/r. We denote by A = [ ai3 ] the inverse matrix of

vl 

aSV
q 

eq+1 

em

Let xi := Qzi and yi :_azi. Then we have tm+i = 1 yk aki, (i > q + 1). The 
Levi form of 4) is given by

1192 )(Z + r) = 11 a2~  = B Bt 
  aziaz?4Layjay3 2'

where B is the matrix

0 ... 0 alq+1 "' aim 

0 ... 0 a2q+1 ... a2m 

                                                                                         •                                                                                          

• 

0 ... 0 amq+1 ... amm

Since B is a real (m, m)-matrix of rank m — q, 2B Bt is positive semi definite and 
M — q positive eigenvalues. By the definition of 4) we can see that 4)(z + z* + r) = 
4(z + F) for any z E Cm and z* E K°. This means 4) is K°-invariant. By the 
result of [ 8 ] G "—' G° x C*p x Cr for some non-negative integers p and r with



m  +  p  -I-  r = n. Then we may assume G = G° x C*P x Cr. Since G is abelian, G 

has the unique maximal compact subgroup K. We take the function

(1)(z+r, 07):_4)(z+r)+1-------- 2+ Ieil2 +E Inj(2 
j=1

for (z+ I', ,17) E G° x C*P x Cr, where _ (6, ... , P) and 77 _ (771, ... , l7r). Since 
K = K° x { e = 1 } x 0 c G° x C*P x Cr, it is easily to show that is 
K-invariant. Then we have the following

   PROPOSITION 1. is a K-invariant plurisubharmonic exhaustion function 
on G° x C*P x Cr and its Levi form has n — q positive eigen values on G° x C*P x Cr.

3. Fibration of complex Lie groups

   From now on we assume G be a connected complex Lie group of complex 

dimension n, which is not necessarily abelian. Let g be the Lie algebra of G and 

Kc the complex Lie subgroup with the Lie subalgebra tc := t+ t. Then Kc 

is a closed Lie subgroup of G( [ 6 ] ). Put a := dimc G/Kc. Let i : G --> G/Kc 
be the projection which induces the Kc-principal bundle over G/Kc. There exists 
an open neighborhood U of the unit element e in G and the canonical coordinate 

(w1i ... , wn,) such that

U1:={xE U1w1(x)=•••=wa(x)=0}

and

U2:={xeU~Wa+1(x)=...=wv(x)=0}

satisfy U = U1•U2i UnKc = U2, U1nU2 = {e,}, U•Kc = U1•Kc and 
(U171 • U1) n Kc = { e }. Then there exists a countable subset { av av E G, a° = 
e, v = 0,1, 2, ... } such that { i(avU1) v = 0, 1, 2, ... } is a locally finite covering 
of G/Kc. For any 0(x) E i(avU1) there exists a unique element xv E U1 and 
by E Kc such that '/ (x) = i(avxv) and x = a„x„h,,. We put

: -1(0(avU1)) x I ' (hp, 0(x)) E Kc x P(avU1)

and

Avµ(ir(x)) := (avxv)-1(aµxµ) : 0(avU1) n Y'(a, U1) Kc.

Then ({0(avU1)}, {A„,,,}) gives a defining 1-cocyle of the bundle G --* GIKc. 
This means To : 0-1(0(e)) Kc —> Kc x b(e) is an isomorphism as a Lie



group. From the result of  [6] it follows that G/Kc is isomorphic onto Ca and 
then the Kc-principal bundle : G —* GIKc is holomorphically trivial (in 
virtue of [3]).  Then we have a 0-cochain { A„ : /(a„Ui) --* Kc } satisfying 
A„µ = A,~1 Ai, in 0(a„U1) f17P(aAU,). Putting A0 := Ao(0(e)) and A„ :_ A01A„, 
we get the biholomorphic mapping

a : G D -1(b(a„Ul)) 9 x (A„(b(x))h,,, b(x)) E KC X G/Kc,

where x = a„x„h„, x„ E U,, h„ E Kc. And a I Kc : KC —* Kc x 0(e) is an 
isomorphism as a complex Lie group. From the above argument we may assume 

there exists a biholomorphic mapping a from G onto Kc x Ca such that a I Kc 
is an isomorphism from Kc onto Kc x {0} as a complex Lie group. Further there 
exists a connected semi-simple and, then, Stein subgroup S° of KC such that, for 

the connected center Z of KC,

Po : ZxSo9(x)y) xyEKC

is a finite covering homomorphism. By the result of [7,8]  G° C Z and Z 
G° x C*P x Cr for some non-negative integers p and r. Then we may assume 

Z = G° x C*P x Cr. Then we obtain a Stein subgroup S := C*P x Cr x So x Ca 

of Z x So x Ca. We get a finite covering homomorphism

p : G° x S 9 (x0, xi, x2, x3, x4) F--+ (po((xo, xi, x2), x3), x4) E Kc x Ca

for (x0, x1, x2, x3, x4) E G° x C*P x Cr x So x Ca. From this homomorphism p we 
can assume Kc x Ca = G° x S/ ker p. Let 7rl : G° x S G° and 7r2 : G° x S —* S 
be the canonical projections. Since ir2(ker p) is a finite subgroup of S, S/ir2(ker p) 
is a Stein group. We obtain a homomorphism

7r : G° x S/ ker p 9 (a, b) ker p H b7r2(ker p) E S/ir2(ker p)

for a E G°, b E S. From this projection 7r, G G° x S/ ker p is regard as a 
fiber bundle over the Stein group S/ir2(ker p) whose fiber is isomorphic onto G° 
and whose structure group is the finite subgroup ir1(ker p) of G°. Let K° be the 
maximal compact subgroup of G°. Since G° is abelian, we obtain irl(ker p) C K°.

4. Proof of the theorem 

We remark the following elementary lemma.



   LEMMA 1.  Let  S be a connected closed complex Lie subgroup of GL(n, C) and 
L be a maximal compact subgroup of S. Then there exists a matrix A E GL(n, C) 
such that A L A-1 C U(n) .

   PROOF Since L is a compact subgroup of GL(n, C), there exists a maximal 
compact subgroup L* of GL(n, C) such that L C L*. It is known that all maximal 
compact subgroups are conjugate each other. This means L* = A U(n) A' for 
some A E GL(n, C). This proves the statement of the lemma. 

   Since ker p in 3 is finite subgroup of G° x S and Ca (and also Cr) has no non-
trivial finite subgroup, we may assume ker p C C° x C*P x So and Kc x Ca = (G° x 
C*P xSo)/ ker pxCrxCa. Let II, : G°xC*pxS G°, II2 : G°x C*P xSo —> 
C*P and 113 : G° x C*P x So --f So be the canonical projections. Then II1(ker p) C 
K°, II2(ker p) C {(1, ... , ep) I Iii = 1} C C*p and, for a maximal compact 
subgroup L of So, 113(ker p) C L. Since So is semi-simple, by the result of [ 7] we 
may regard So is a closed subgroup of GL(n, C). By Lemma there exists a matrix 
A E GL(n, C) such that A L A-1 C U(n). Using the strictly plurisubharmonic 
exhaustion function cp on GL(n, C) in the introduction of this paper, col(X) := 
(yoI So)(A X A-1) is a strictly plurisubharmonic II3(ker p)-invariant exhaustion 
function on GL(n, C). We take the maximal compact subgroup

K*:_(K°x{( 1i..., P) I I iI=1}xL)/kerpx(0,0),

where (0, 0) E CT x C. Since aI Kc is an isomorphism of Kc onto Kc x 0. Then 
K := a-1(K*) is a maximal compact subgroup of G. By Proposition in 2 there 
exists a K°-invariant plurisubharmonic exhaustion function cpo : G° —* R. From 

the invariance of cpo and (pi it follows that

   (po(y0) + (P1(y1) + E -----12+ISiI2+ E Izi12 +Elwkl2 
z=1 leilj=1 k=1l

(Yo E G°, y, E So, E C*P, z E CT, and w E Ca) is regarded as a plurisubharmonic 
function on G and its Levi form has (n — q) positive eigenvalues, where t° is the Lie 
algebra of the maximal compact subgroup K° of G° and q = dimc(t° no) 
Let u be the Lie algebra of U(n). Since un u= 0, it is easy to show that 

q = dimc(t n ), where t is the Lie algebra of K. For any maximal compact 
subgroup K of G there exists zo E G such that K = zo K zo-1. We define the 
function c73(x) := (zo 1 x zo) on G. Since cp is K-invariant, we obtain, for y, z E 
K, cp(yxz) = cp(zo lyzozo lxzoz0 lzzo) = cp(x). This means Co is K-invariant and 
satisfies the statements (2) and (3) of the theorem.
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