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1. Introduction

Let f > 1 be a natural number and (; a fixed primitive f-th root of unity.
Let x be any primitive Dirichlet character of conductor f.
A Gauss sum attached to the character x is defined by

gx)= Y x(z)¢f,

zmod f

where = runs over a complete system of representatives in the rational integer
ring Z modulo f. This Gauss sum depends naturally on the selections of x and
(. From the definition we see easily that the number g(x) is an integer in the
cyclotomic field Q({4s), (). Here Q means the rational number field and ¢
denotes the Euler function. In the case where f = 2" the sum is an integer in the
field Q(Gar ).

It is known that in the case where f = p there are other kinds of Gauss
sums with power residue characters in algebraic number fields under certain con-
ditions. For these Gauss sums the so-called Stickelberger theorem gives us the
prime ideal decompositions [1]. More strictly speaking, from the Gross-Koblitz
formula [2] together with the continuity of p-adic I'-function, higher congruences
can be obtained in principle.

Moreover we remark that there are Gauss sums of another kind, called expo-
nential Gauss sums, which we here do not deal with.

In this note we give first a slightly more precise congruence than the Stick-
elberger formula in the case where f = p is any odd prime from an elementary
view-point, because two kinds of above sums coincide in this case.

*Partly supported by a Grant-in-Aid for General Scientific Research 1n0.05640050 from Min-
istry of Education, Science and Culture, Japan.



2 Katsumi SHIRATANI, Shigenori UCHIYAMA, Xiaowun PEI

In the second section we give a theorem on the p-adic values of the sums g(x)
in higher cases where f = p™.

We point out that it is very important to determine the correct p-adic mag-
nitudes of Gauss sums with Dirichlet characters for some applications of p-adic
L-functions [4], [5].

2. Congruences

Let Q, be the rational p-adic number field and Z, the rational p-adic integer
ring. Then we consider a fixed imbedding all algebraic numbers, hence especially
(s, in the algebraic closure Qp of Q,. Therefore the values of x and g(x) are
integers in the field Q,. Then the number g(x) belongs to the integer ring 0Q,(¢,m)
of the p-adic cyclotomic field Qp((pn).

Now, we consider the case where f = p™ (n > 1). Then, expanding the Gauss

sum by a prime element (,» — 1 in the field Q,({;~) we have
pr-1

9ax) = Zx(w)ép

- (]))

- zz ()‘ (G — 1Y
> ‘i;—”-z X(&)(@);

where (z); denotes the Jordan factorial z(z — 1)---(z — j + 1).

First we treat the case n = 1, hence p # 2. Let w be the Teichmiiller character,
namely w(z) = lim,_,o z*" for ¢ € Z} = Z, — pZ,. Then any Dirichlet character
x with conductor p is a power of w. Namely x = w” for some r (1 <7 < p-—2).
From the congruences w(z) =z (mod P) for z € Z; we have

2x<w)<x>,- = Zw ZSa,mw

= ZS Zw(a:

1

Il
MN 3

S(j, m) Z_:lx”m (mod p)

3
'I_I‘

-S(j,p—1-r) (mod p).
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Herein S(j, m) means the Stirling number of the first kind defined by (X); =
1.=15(j, m)X™, and it is a rational integer. Therefore we have

p—1

«mE_iqgg—nwup—l—ﬂ<mwmg-n»

j=17"

In the following we denote the prime ideal in the field Q,(({») by p,. Then we
know (p) = p2"~ 1) from the elementary ramification theory in the cyclotomic
field Q,(Cpn). Therefore we see

l' (G —1YS(j,p—1—7) (mod pf).

As it holds that S(j,p—1—r)=0for1 <j <p—2—r, we obtain

(Cp — l)p_l_r
(p—1-r)

Consequently we have a refinement of the Stickelberger theorem in this particular
case.

g(w") = - (mod p7™").

THEOREM 1. It holds that

p—1 1
g(w) = - =S, p=1-7)(¢—1) (mod p})
j=p=1-1J
In particular
1
™ = — _ p—1l-7 p—r
967) = G~ P (mod )

Especially we have p?™ " || g(w").

By the way, take a prime element @ = »</=p in Q,(({,) such that w = (, —1
(mod p?) holds. Then we know the congruences [ 3]

w = pi: g-:l.l?—l(fp —1)* (mod pf™),

i=1 !

G

pmlq
) ﬁw’ (mod p%).
=0 °*
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From these congruences we have for 1 <j <p-—1

1 | ,
j—!(Cp -1y = tZ EG(t, j)w' (mod p}),
=]

where &(t, j) = Tp, a1!a2!~~~(l!t)!“1(2!)“2~-- means the Stirling number of the second
kind. In the summation P; runs through all such partitions P; : a; +az +--- =
j, a1+2a2+--':t.

Hence we see

p—1 p—1 1 ’
- Z S(.77 p—- 1- 7') t—'G(t,j)’wt (mod p’l))
J=1

t=5 7°

g(w")

r—1 1 t
-2 7 > 6(t,4)S(U, p—1-r)w’ (mod pf).
t=1 Y j=1

By the orthogonality relations of the Stirling numbers we obtain

I R

(p—1-r)

This is a truncated one of the Gross-Koblitz formula [2].

1-r

g(w") (mod pf).

COROLLARY. For the prime element w in the above we have the congruence

1 —1-7
oo™ (modp).

g(w")

To the cases where n = 2, 3 we can proceed with this method, but calculations
are somewhat complicated. Hence we state only the results. In the case of n=2 ,
p odd, set x(1 +p) = (;* with 1 < a, < p— 1. Then we have

9(x) = px(ay) (-

When p = 2 we have g(x) = 2¢s. In the case where n = 3, p is odd, we set
similarly x(1 + p?) = ¢ ™ with 1 < a, < p—1. Then it holds that

av —BL _p1 -1 1 ptl
g(X) = _pX(aX)Cp;CaX 2 2 Lz—(CP - 1)%’(12)' (mOd pp12 )
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3. The general case

In this section we treat higher cases in a unified manner. We discuss general
case with n > 2, namely any Gauss sum with Dirichlet character with prime power
conductor p"™, mainly for p odd.

First we take z = 2o+ py, 1 <z <p—-1,0 <y < p" ! — 1 as a system of
the representatives, which run in the summation of the Gauss sum.

> x(z)

= mod p*

p—1
= Y x(@) Y. x(1+pzity) Y,

z0=1 y mod pn—1

9(x)

because we have z = z4(1 + pz;'y) (mod p").

Now, we set h(zo, X) = Ly modpn-1 X(1 +pm51y)C;’,,_1. Let o_, be the element
of the Galois group G(Qp({pm-1)/Qp) such that o_; : (pn-1 — C,;l—v Because
x(1 + pzgty) is a p"~1-th root of unity in Q,((yn-1), we have

h(zo, x)7 = Y x(1+pzg'y) ¢,

ymod pn—!
hence we see
h(zo, X)R(zo, X)°* = D x(L+pzgty) Gn Y x(1+pzgiye) G5
y1 mod pn~? y2 mod pn—1

= 3 (R o
Yi,Y2 1+pm0 y2 ?

By changing the variables y; =t 4+ y, we have

Mzo, )h(20, X)) = Y Gur D, x(1+

t mod pn—1 y2 mod pn—1

pzy 't

1+ pxalyz)'

By the way, we see easily by virtue of the orthogonality relations of characters
together with the definition of conductor that

-1
pIyt v _ ,
Z X(l + _.—0_) = p p(t)+lx(1 + p, lt) z X(l +p p(t)+2c)

-1
Y2 mod pn—l 1 + pmo y2 ¢ mod pn—2—vP(t)

P Ix(1+pzptt) if 1(t)+22>n,
0 otherwise.
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In the above 1,(t) means the exponential p-adic valuation of ¢, namely
p”*® || t. Therefore we have

-1
h(zo, X)h(zo, x)° = D Gp " Ix(1+p" lagts)
8=0

_ pn if X(l _+_pn—1) —_ Cp—wo,
0 otherwise.

Because it holds that v,(h(zo, X)) = vp(h(o, x)°~*) we conclude the following
congruence. There exists a unit (x) € OQp(C,,u-l) such that

9(x) = x(@0)C2e(x)(G — D" (mod py7 "pu_y)-

By making use of the same notation for z, as before, namely z, = a, we obtain
the following main theorem.

THEOREM 2. For any Dirichlet character x with conductor p™ (p odd, n > 2)
the Gauss sum g(x) satisfies the congruence

90 = 00X (G — B (mod pr7 "p,_y)

for some unit €(x) in the field Qp(Cpn-1)*.

Especially we have v,(g(x)) = %

In the case p = 2 we can derive similar congruences, in which we have only to
use 2"~2 instead of p"~!. In general cases of conductor f we know that any Dirich-
let character x is decomposed into three components, namely the Teichmiiller
component, character of p-prime conductor, and character of the second kind.
According to this decomposition the Gauss sum can be factored in a similar way.
Using this fact together with our Theorems 1, 2 we can obtain an information of
the p-adic magnitudes of Gauss sums of general type.

*We can also express the result as an equality g(x) = s(x)x(ax)(;.} (¢p — I)Li-l" with some
unit £(x) in Qp(Cpn-1). It seems to be interesting to determine £(x) exactly.
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