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0. Introduction

Let D be a subset of a measurable space and # be a Hilbert space of
functions on D. According to the texts S. Hitotumatu [15] or K. Yosida [30], a
function K( z, w) is called a reproducing kernel of # if, for any w€ D the function
K(z,w) of a variable z belongs to the function space # and, for any fE€#, the
inner product of f(z) and K(z, w) in the Hilbert space # coincides with f(w).
There exists a kernel function if and only if the mapping, which attaches to f€ #
the value f(2) at z is bounded. According to N. Aronszaijn [1],]. Mercer [22] is
the first who characterized the kernel fuction K(z, w) as a function on DX D.

S.Bergman [2] and [3] represented kernel functions as the sum K(z,w)=

2.0i(2) @;(w) for a complete orthonormal sequence {¢;;j=1, 2, 3, ...} of the
j=1

said function space #. Bergman's kernel function is invariant under
biholomorphic mappings. C. Fefferman [7] gave assymptotic expansions of the
kernel fuctions of smooth strongly pseudoconvex domains near boundary points
and proved smoothness on the boundary of biholomorphic mappings between
smooth strongly pseudoconvex domains. Fefferman’s results play important
roles in the investigation of analytic automorphisms. The first and second
anthors [16] want to extend Kodama's results [20] to cases of dimension
infinite. This is the reason why the authors go to investigate kernel functions in
infinite dimensional domains.

Let f (2), 22, ..., 2,) be a holomorphic function in a neighborhood of the origin

* Research was supported by KOSEF
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in the n-dimensional complex space C”. The theorem of mean value gives the

equality

f0,0,..,0) = (2}1_),, j;zﬂ j(‘)z,, j:”

f(n e +r, e+ +7r,e)d6, db; ... d6,.

By taking the absolute value of the square, multiplying an exponential function

and applying Schwarz’ inequality, we obtain the inequality

PAE
2 1 2 i=1
Ok Jodse S r@F exp(—=5—) )
dA(z) ... dalzy).

A pass to infinite dimensional reproducing kernels has two heights. The

first one concerns the infinite dimensional integration and the second one
concerns the translation of infinite dimensionalization of the above inequality so
that the left hand side is | f(2)|? instead of | f(0)]2

Since a” tends, respectively, to 0 or © as #— % when | a|<lor|a|>1,

we should let the total measure of each component spaces to be 1.

1
Let 4= [ZGC;|Z |<—~] be the disc in the complex plane C. The
T

=

reproducing kernel for the n-dimensional polydisc 4" is represented by
1
Kz, w)=[l—————.
i=1(1—mzj w;)?

Let N be the set of positive integers and 2. C be the direct sum of countable
jEN

copies of C. A suspected reproducing kernel for the domain (X C)NAN is

JEN

formally calculated as

K(z,w)=11 —1—:——
jeN (1—1 z; w;)?
and exhibits weakness of the pseudoconvexity of the boundary of the domain in
its own way. But we can not introduce ¢-additive measure in the domain. In order
to let the measure of each whole component spaces be 1, we use the Gaussian
measure. Moreover, in order to obtain o-additive measure and to apply the

measure theory, we adopt the theory of abstract Wiener space which is
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explained, for example, in L. Gross [8], [9], [10] and [11]. For a Hilbert-
Schmidt injective self adjoint operator T of a separable Hilbert space # into #,
we regard (#, T, #) as an abstract Wiener space. Early, Cameron-Martin [5]
investigated translation { — {—z and proved that the translation contributes in
the majoration of integrations, which give norms, as multiplications of
exponential functions of the norm of the parallel vector z of the translation. The
measure associated to the translation is absolutely continuous with respect to the
original one. Skorohod [29] gave the derivative, i.e., the density function as an
exponential function.

We identify a separable Hilbert space # with the sequence space ¥2,

consider an abstract Wiener space (#, T, # ), associate with a domain D in #

a function space #Z(D,dur), use the results of Skorohod [29], for zED,
derive an estimate which assures the continuity of the mapping, which attaches
f(2) €C to any fEA4E(D,dur), and shows the existence of the reproducing
kernel of the function space 4¢( D, dur ). We regard this function K(z, w) as
the Bergman’'s kernel function of D.

The authors would like to express their hearty gratitute to Professor
P. Lelong who commanded the second author in Paris to study Gross' results and

transfered Infinite Dimensional Complex Analysis to Asia in this way.

1. Gauss-premeasures

Let # be a separable real Hibert space equipped with the inner product
<, > and the norm | ||. Let & be the family of finite dimensional subspaces of #.
A system {y; ; LEZ} of measures on £ is called the Gaussian premeasure on # if,
for any LEY¥ with real dimension # and for any Borel set B of L, which is
equipped with the norm Il || induced by the inner product in # and is regarded as
the Euclidean #m-space R” with the Lebesgue measure do, there holds

_ Iz ]\ doa(x)
ﬂL(B)—fB eXp<_T>_(—é\/;E—)"'

Let T be a Hilbert-Schmidt injective self-adjoint operator on #. For any
LEZ, let L* be the orthogonal complement of L in #. For any LE £ and any Borel

set B in L, we put L'=(T"1(L*))* and
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ur..(B) =ﬂL'(T"1(B) nL).
The system {g7.(B) ; LEZ} of measures on LE ¥ defines a Borel measure g7
on #. The measure g is not invariant under the translation w — w—z in #. For

any zETH and wEH, we set
1
or(z, w)=exp(—§(|| T 'z|p—2<T 'z, T! w>>.

Skorohod [29] proved that the translated measure gr,., defined by pr.(B) =
7 (B—2) for any Borel set B of H, is equivalent to the original measure yr with

the above function pr(z, w) as density, i.e,

%‘Ti(m=pr(z,w)

for any z€ETH and wE K.

In the present paper, we discuss exclusively those in a complex Hilbert
space #. In this case, the integration is done in the real underlying space and the

density function p7(z, w) is modified as follows:
1
or(z,w) =exp(—§(|| T z|f—2Re(<T 'z T! w>)).

We denote by L2(# , ¢t ) the Hilbert space of classes of functions on #
square integrable with respect to r and introduce results of J.F. Colombeau (6]

in the following lemma.

LEMMA 1. For any 2E€ TH, the function pr(z, w) belongs to L2(# , ur) and

satisfies

f” or(z,w)* dur(w) <exp(| T z|P).

2. Majoration of each values of holomorphic functions by the norm
For any p=>1, let £? be the Banach space of sequences {1, ;#=1,2,3,..} of
complex numbers with 2| A, |2 <oo.
B n=1 |
Let # be a separable complex Hilbert space and T:# — # be a nuclear

injective self adjoint operator on #. By the spectral decomposition theorem,
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there exists an orthonormal basis {e,; #=1,2,3, ..} of # and A={A,; n=1, 2,
3, ..} €' such that

Tz=22,<2z, e,>en

n=1
A nuclear operator is a Hilbert-Schmidt operator. For a Hilbert-Schmidt self
adjoint operator T on #, we have a similar decomposition too, making an
amendment: the above {4, ;#=1,2, 3, ..} €£2 Let D be a domain in #, we put
Dr=DNTH and || zllz=| T~' z| for zEDr.

Let # be a separable complex Hilbert space equipped with the inner product
<, > and the norm |||l and D be a domain, that is, connected open set in #. A
complex valued function fon D is said to be Gateaus-holomorphic if, for any 2z€D
and any wE ¥, f(z+tw) is a holomorphic function of one complex variable £ in
the open set {t€C;z+twED} of the complex plane C. A continuous and
Gateaux holomorphic complex valued function in D is said to be holomorphic in D.
For an oparator T in #, we use the notations Dr=DNT# and zr=T""z for
Z€Dr.

We put dp(2) =inf{| z—w || ; w& D} for any zE D and call it the boundary
distance of z with respect to the domain D. Let A be a subset of D. We put
dp(A) =inf{dy(2) ; zEA) and call it the distance of A from the boundary of D.
Ais said to be D-bounded if A is bounded in # with norm || and the distance
dp(A) is positive. A complex valued function on D is said to be D-bounded if it is
bounded on any D-bounded subset of D. Let a be a point of # and 0 be a positive
number. The open ball with center @ and radius & is denoted by B(a, §).

We consider the Hilbert space 2 For any positive integer #, let {e,} be the
sequence of numbers such that its m-th number is 0 for m## and the n-th
number is 1. Let A={1,;n=1, 2,3, ...} be an element of £! with 1,>0 for n=1,
2, 3, ... We define an injective self-adjoint nuclear mapping T : ¥* — 2 by
putting

T( Zzﬂ en) = ZZn Zn en.
n=1 n=1
Let D be a domain of £2 We consider the domain Dr=DN T¥? and denote

by L2( D, dur ) the Hilbert space of classes of square integrable functions with

respect to dur. Since ur(£2—T¥? =0, the measure yr naturally induces a
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measure on Dr and there holds

_/-Dfd!lr:j;"ﬂ Dr dur

for any pr-integrable function on D. In other words, the Hilbert space
L2( Dr, dur) coincides with the set of restrictions f| Dy of all f belonging to
L2(D,duz). Let #,(D) be the space of functions which are holomorphic on D

and are bounded on any D-bounded subset of D. For any positive integer p, we

put

1
Dy={zeD;lzl<p, a2 2]

and
I £llo,=sup{| f(2)| ; zE D}
for any f€#,(D). The family {||p,;p=1, 2, 3, ...} of seminorms defines the

structure of a Fréchet space on the vector space #, (D). We denote by
#,(Dr) the set of restrictions f| Dr of all f€#,(D), by #2(Dr,dur) the
intersection of #, (D7) and L*( Dy, dyr ), and by #E( Dy, dur ) the closure of
the linear subspace #3( Dz, dyr) in the Hilbert space L2( Dr, dur). We also

I lorar={ [, 1 72 2dizs 2

for fEAE( Dy, dur).

Under the above notations, we give the following estimations:

put

LeMMA 2. For any point 20€ Dy, there exists a positive constant C= C(zo) such
that

1
| flz)|<C exp(é-ll T 2 ||2)||f oz, aur

for any fEAL( Dy, dur).

PRrooF. It suffices to show the lemma for f€ #%( Dy, dur ). Then there exists
F € #, (D) whose restriction F | D7 on Dz coincides with f We put r=dp(2,) /2.
Let # be any positive integer, <ey, €y, ..., €,>> be the #-dimensional subspace of
# spanned by e, €, ... and e,. Let P, : # — <ey, €, ..., €,>> be the canonical
projection. Since P,(B(0, 7)) CB(0, ) and since Fis bounded on B(z,7),
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open ball with center 2z, and radius 7, {F(z+P,2)} is a uniform bounded
sequence of holomorphic functions on B(0, ). For any positive integer # and
two n-tuples of real numbers Ay, Ay, ..., An and 74, 7, ..., ¥, with 2,2 n2+ 2,2 24 ...

+ 4.2 7> <r?% by the theorem of mean value of #-complex variables, we have

— 1 n = a i1 if2 ion
F(Zo)“‘ (27[)” -].0 L —/:) F(Zo+/{1 7 e +/lz 7 e ++2n ¥, € )
dé, d6. ... db,

by multiplication and integration of both sides of which, we have the following
majoration concerning the integral over the positive quadrant of the real #-

dimensional ellipsoid

EQy, s, .., ) ={(n, 7, ..., 7,) ER"; ﬁ:l,-z 12<r? o, v .., 1> 0)

j=1
f FGz)rir ... v, exp(——l-in]r,-z)drl dr, ... dr,=
E(R1,22,,2n) 2,0
1 2 2n 2n . .
il ( L [T Pt an ety ra et .t 2y i )
EQiaz-am \ (277)" Yo 0 0
_1

212':1 rﬂ)dr, dr, ... d7,.

Introducing # complex variables z;=x;+iy; (j=1,2, ..., n), we see that both

dé, dé, ... dﬂn)rl Vs o Tn exp(

sides of the above equalities coincide with the integration over the quadrant of

the real Z2xn-dimensional ellipsoid
n
Cn(As, A2, ooy An) = (21, 22, ..., 2) EC*; 2272 | 2 P< 0%}
j=1
and we define the corresponding infinite dimensional one
ColD)={2Zzne,; A2 2 [2<7?).
n=1 j=1
We regard the left hand side as F(z,) times the positive constant
12 ).
L,(A1, A2, .., An, ) =f NTs o Ty exp(——Zr,-z)drl dr, ... dr,
EQ1,42,+,4n) 2,0

and we obtain the following inequality:

| F(Zo)l La(A1, A2 ooy An, #) <

- (27[)” j;n(h,lz,...,ln)F(zov’_!Ell & ej) drl dyl

dl'z dyz d.r,, dy,,

We introduce the infinite dimensional ellipsoid
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ConD={ 3 ze,€<er €5 o en>': 2 | 22 2<7?

j=n+l j=n+l1
and

o0

Crw-n= Z e, EYL?,; ZIX z [2<r?, ill,szﬁrz}
j=1 j=n+1

too. Then the right hand side of the above inequality coincides with the left hand

side of the following inequality:

1 ( n (__l o0 .
@2 L.;m.u,-um F(2°+]§l’z" 2 €,)| exp 2;§1| z; | dx, dyy dz; dy, ... Az,
dyﬂ>=

1 n le ,
((27r)n j;'lul,lz,---,j,,) F(Zo+]§1/2j 2; e;’)' exp( 2 Aj-nl |2 dry dyy dxe dys ...
dx, dy, X
f .UT |<e1 €z .., en>*>/ ﬂT |<el, €y, .., en>"
Co-n(21,42, Cew-n(21,42, i
_f s | F(zy+P, 2)| dur(z)/fc )dﬂr |<ey es ... s>+ <
1
L(oﬁr>nnm)|F(z°+P 2)| dm(z)/j;-" o dgT|<e1 s o ey

For a positive integer j, we also consider the real two-dimensional ellipse
E0,7)={(z;,y;) €ER?; | z; >+ % |?°<r?. Since { = z e;€<ey, €, ..,
j=n+1

>L 1</ VI 1TA €Cocs (A4, Aa, ..., An), We have the minoration
>t ( [ )
j‘c--n(zl,h,...,mdﬂT [<ew en ... en> j= I,,TH 21 JEa.V (4 ||x||.

:j=‘j+l(1‘e"p<“—| 2 |rnzz ||1>)>°

re | ;1121
<
Ujlllllil) r?

because there holds exp(* for any positive integer j

2
and hence {exp(—m) ;7=1, 2, 3, ...]E.‘E‘. Since [(7’1, Yoo ¥n) €

| 4 ﬁ' A ”1] CE (4, s, ..., 4x), we have
j

btz 2t [T~z

R*;0<
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For
—_ i — rz -2
co=M(1-rz )
we have
| F(zo)lécA(r)‘/;m | FlatPy 2| dur ().
For

M=sup{| F(z,+P,2)|;2EB(0, r)}, any positive number 7 and any zE€

B(0, 7), by Lebesgue's dominated convergence theorem, we have
|FI<CO [ | Pt dur ().
By Lemma 1 and Schwarz’ Lemma, we have

~/.B(0,r) | F(Zo+2)| dﬂT(Z) =-l;(zu.r) | F(Z)l dﬂT,Zo(z) =

Qi
S F@I G20 @ = [ 1F@|or(a, 2)dur () <

_/; | F(2)| 07 (2, 2)dur(2) < ,/IIF?Q)IZdﬂr(z) V/LPT(Z,ZO)ZdﬂT(Z)

_/f | f(2)* dper (2) exp(" T 2120 ||2)

We define a norm ||[lz on T(£? by putting
lzll-=| T~z
for z& T~ (¥?). The mapping T of the Hilbert space #? equipped with the norm
| | onto the Hilbert space T(¥?) equipped with the norm || |7 is isometric. Dr is a
domain in the Hilbert space (T(£?,|lllr). Let #(Dr) be the space of
holomorphic functions on the domain Dr. By Lemma 2, for any Cauchy sequence

{f,;0=1,2,3,..} of #2(Dr, dur ), there exists a function f(z) on Dy such that
the sequence {f,(2);p=1, 2, 3, ..} converges to f(z) uniformly on the
neighborhood {|| z— 2o |z <dp(20)/4)} of any point 2z, of Dr. Hence the limit
function f(2) is holomorphic on Dy. The closure A&(Dr,dur) of
#Hi(Dr,dur)in L32( Dy, dur) is contained in #,(Dr).

LeEMMA 3. The function space 42( Dr ,, dur ) has a reproducing kemel K(z, w)

and it is separables.
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Proor. By Lemma 2 the function space #£( Dy, dyr) has a reproducing

kernel K(z,w). Since Dr is separable, there exists a countable dence subset
{w,;v=1,2, 3, ..} of Dr. Let fbe a function of #Z( Dz, dyr ) orthogonal to the
countable subset {K(z,w,);v=1, 2, 3, .} of d%(Dr,dur). By the
reproducing property, we have
fw)=[ @Kz, 0)dur (@) =0
T
for v=>1. Since fis continuous and {w, ; ¥=1} is dense in Dr, fis identically zero
in Dr. This means that the closure of the linear span of the countable set

{K(z,w,);v=1} coincides with the Hilbert space dZ( Dy, dur).

We summerize the above results in the following theorem.

THEOREM 1. Let D be a domain in L%, A= (2;) be an element of £* with 2;>0 for

7=1,2,3, ...and T:%*— £ be the operator defined by T(Xz; €;) = 2 2; z; €; for
=1 =1

2.2, €; €L Let #,(Dr) be the space of restrictions on Dr=D N T(¥?) of functions
j=1

holomorphic on D and bounded on any D-bounded subset of D. Let 45( Dr , dur ) be
the closure in L2( Dy, dur) of #o(Dr) NL2( Dy, dur). Then the Hilbert space
Ai(Dr,dur) has a reproducing kernel K(z,w). It is separable and embedded

canonically in the Fréchet space #y(Dr) of holomorphic functions in Dr.

K(z,w)=%¢u(z)%(w)

for any (z,w) €Dy X Dr.

3. Reproducing kernel of Reinhardt domains

A domain D in £%is called a Reinhardt domain if for any z= (z;) €D and 6=
(6;) €ER™, e z=(e!® z;) ED. A domain D in ¥? is said to be pseudoconvex if, for
any finite dimensional linear subspace F of 2, DN F is pseudoconvex in the
space F of dimension finite. By a theorem P. Lelong [21] and S. Hitotumatu [14],
D is pseudoconvex if, for any two dimensional linear subspace F of £2, DN F is
pseodoconvex in the space F=C?

For m <n, let mym:C* — C" be the projection defined by 7nm
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(21, 22, .. 2n) = (21, 23, .o, 2m, 0,0, ..., 0) EC” for any (zy, 23, ..., 2,) EC".

LEMMA 4. Let m and n be integers with 1<m<n and D be a pseudoconvex

Reinhardt domain in C* containing the origin. Then Tnm(D)CD.

Proor. Since the domain of holomorphy D is complete and logarithmically

convex, the projection 7nm (D) is contained in D.

For non negative integer m, let Twn : £2— %7 be the projection defined by

oo m o0
Tom(22cer) =22, €, EL? for any 2z e, €L
k=1 k=1 k=1

LEMMA 5. Let m be a positive integer and D be a pseudoconvex Reinhardt domain

in L% containing the origin. Then Twm (D) CD.

n m
ProoF. For any integers m and # with m <, we put Ty, (2 2x €) = 22 2¢ €
k=1 k=1

EL for Lz, erE<ey, €y ..., €,>. By Lemma 4, Teom(D)=Uop Fpm (DN
k=1

<ey, € .., , €,>)CD.

LEMMA 6. Let D be a pseudoconvex Reinhardt domain D containing the origin in
%% Then the linear span M of all monomials Aq 2°= Aarar-as 28 257 ... 2 (120) is

dense in AE(Dr,dur).

ProoF. Let f be a function belonging to ##( Dy, dur) and
f(2) = Zamar-a 28 28 ... 20"
be its Taylor expansion in the l-dimensional complete Reinhardt domain DN
<ey, €z .., €> containing the origin.

For any positive integer p, we put

1
Dy={zeD;lzl<p. do(@ >3],
The monotonically non-decreasing sequence {Dy;p =1, 2, 3, .., } of

pseudoconvex domains containing the origin converges to D and we have
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j;)f(Z)Zi’“ 2% . 2 dur=

lim fD fD)ze 282 .. 2 dur=
»

p—oo

lim lim lim f Az, A222 o, Am 2, 0,0,...,0, ..)

p—roo M=o f—oo ¥ To,m(Dp)

k
Z| z?
A% 217 2% 2272 L A ™™ 2 - exp(—’=1 )dxl dy, dx. dy. ... dxi dy,=
2mi)* 2
lim lim li ka dr d d 1
,I_I.E ml_l:l'olo kl,IE, (r1,72,,7k,0,0,--,0) ETee,m(Dp) j=1ri ndry ... A% (27Z'l)k

2r 2n 2n
j:) L L (%aﬁlgz...g,(xl 7’1) a1+51(22 rz) azr+fz (/11 7’[) arthi

k
erz !
exp(-*ilz—+l(.§(ﬁ,—a,) +Bl+l 01+1+B[+2 91+2+...+‘Bm 0m)>d01 doz dﬁk
=lim lim lim Aaraz-ar (A1 1) 2% (A5 72) 297 ..

P00 Mmoo k—oo & (11,72,,7k,0,0,+,0) ETes,m (Dp),75 20

277\
L ) r,drdr, ... dr=
2 /in

(/21 rl) 201 exp<_

Aaraz-ai j; | za IZ dﬂT'

Hence we have the formula
j;f('z) 2% 2% .. 2 dur

Aayaz-a1™
j:) | z* |7Z dur

which completes the proof of the lemma.

THEOREM 2. Let D be a pseudoconvex Reinhardt domain containing the origin in
the Hilbert space %% Then the function K(z,w) on Dy X Dy defined by

2% w®
L S —
a L | 2% |2 dﬂr
for any (z,w) € Dr X Dy is the veproducing kernel of the function space

-Qﬂg(DT y dﬂT)

K(z,w)=
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