SN KREZZ2MTIER Y R b

Kyushu University Institutional Repository

Quasi-ideals in pseudo-distributive near-rings

RTER, &
MRS HEBE P HE

https://doi.org/10.15017/1449069

HARIBER © UMM KEBEEREEEMES. 17 (2), pp.77-86, 1990-12. NNKZEHEHHEHE
N—=2 3

HEFIBAMR

%, KYUSHU UNIVERSITY




Math. Rep.

17-2, 1990. "

Quasi-ideals in pseudo-distributive near-rings

Iwao YAKABE
(Received September 17, 1990)

1. Introduction

In their paper [ 1], Heatherly and Ligh introduced the notion of pseudo-
distributive near-rings and studied the basic properties of pseudo-distribu-
tive near-rings. We are interested in quasi-ideals of pseudo-distributive
near-rings. The purpose of this paper is to study some properties of pseudo-
distributive near-rings in terms of quasi-ideals.

In Sections 2 and 3, we consider some elementary facts about quasi-
ideals of pseudo-distributive near-rings. These facts will be used in the
following sections. In Section 4, we deal with @-simple pseudo-distributive
near-rings and show that a pseudo-distributive near-ring is @-simple if and
only if it is either a division ring or a zero ring of prime order. In Sections
5 and 6, we characterize the regular elements and the regular duo elements
of pseudo-distributive near-rings in terms of quasi-ideals, respectively.

For the basic terminology and notation we refer to [3].

2. Preliminaries

Let N be a near-ring, which always means right one throughout this
paper. i

If A, B and C are three non-empty subsets of N, then AB (ABC) denotes
the set of all finite sums of the form Xa,b, with a,€A4, b,B (Xa,b.c, with
a,EA, b.EB, ¢,€C). Note that ABC=(AB)CZA(BC) in general.

A right N-subgroup (left N-subgroup) of N is a subgroup H of (N, +)
such that HNCH (NHCSH). For every subgroup S of (N, +), SN is a right
N-subgroup of N. For a non-empty subset A of N, (4), ((4),) denotes the
right (left) N-subgroup of N generated by A.

A quasi-ideal of a zero-symmetric near-ring N is a subgroup @ of (N,
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+) such that NQNQNCQ (see [ 6, Proposition 3]). Right N-subgroups and
left N-subgroups are quasi-ideals. The intersection of a family of quasi-
ideals is again a quasi-ideal. For a non-empty subset A of N, (4), denotes
the quasi-ideal of N generated by A, and [A] denotes the subgroup of (W,
+) generated by A.

3. Quasi-ideals of pseudo—distributive near-rings

A pseudo-distributive near-ring is a near-ring N such that:
(P1) For each g, b, ¢, d=EN, ab+cd=cd+ab.
(P2) For each positive integer 2 and for each a, by, ..., by
€L .-y CLEN, \ R
a(lZ;lb,c,-) = {glabtci'

Let N be a pseudo-distributive near-ring. Then it follows from the
property (P2) that for any non-empty subsets A, B and C of N,
ABC=(AB)C=A(BC).
So, for every subgroup S of (N, +), NS is a left N-subgroup of N.
Moreover, it follows from the definition of a pseudo-distributive near-ring
that N? is a subring of N.

We note also that every pseudo-distributive near-ring N is zero-sym-
metric. In fact, for any element x of N, x0 is in N2 So x0= (x0)0=0.

LemMma 3.1. Let N be a pseudo-distributive near-ring.
(1) For any elements x, y and z of N, (—x)yz=x(—y)z2=x(—y2).
(2) For every element x of N and for every element w of N,
x(—w)=(—x)w.
- (8) For every element x of N, [x]Nx={xnx | nEN}.

Proor. (1) Since N is zero-symmetric, by (P2) we get
xyz+x(—y)z=x(yz+ (—y)2) =x0=0,
whence —xyz=x(—3)z. So (—x)yz=x(—y)z=x(—y2).
(2) Since w is an element of N% we can write in the form w=ZXyg;
with y, z,EN. Then, by (P1), —w=X(—y)z. So, by (1) we get
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x(—w) =x(Z (—y)2) = Zx(—y)z=L(—Dyz;= (—x) (Tyz) = (—x)w.

(3) Let M denote the set {xnx | n€N}. Then the inclusion M< [x]Nx is
evident. On the other hand, any element a of [x]Nx has the form a=Zxnx
+ 2 (—x)mx with n, mEN. Moreover, by (1), (—x)mx=x(—m)x. So, we
get

) a=x(Znx+Z(—m)x) =x(Tn;+ T (—m))xEM.
Hence [x]NxSM.

ProposiTioN 3.2. Let N be a pseudo-distributive near-ring and a an
element of N2
(i) Nla]=Na.
(ii) (@)=[al+Na and N(a),=Na.
(i) (@,=lal+[alN and (a)N=I[alN.

Proor. (i) Since aEN? by Lemma 3.1 (2) we get N[a]SNa. On the
other hand, the inclusion NaCSN[a] always holds. Hence N[a]=Na.

(ii) Since [a]SN? by (P1), [@]+Na is a subgroup of (N, +).
Moreover, by (P2) and (i), we get

N({a] +Na) =Nl[a] + NNa=NaC [a] +Na.
Hence [a]+Na is a left N-subgroup of N containing @. So we get
(a),S [a] +Na< (@),

Thus (a);=[{a]+Na. The above argument also shows N(a),=Na.

Similarly, we have (iii).

ProposiTioN 3.3. Let e be an idempotent element of a pseudo-distributive
near-ring N and R, L right and left N-subgroups of N, respectively. Then Re
and eL are quasi-ideals of N such that

. Re=RNNe and eL=eNNL.

Proor. It holds for arbitrary near-rings that Re is a quasi-ideal such
that Re=RNNe (see [7, Lemma 1]). So we show only the rest.
First we show that eN is a right N-subgroup of N. Any elements a, b
of eN have the form
a=Xen; and b=ZXem,
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where n, m;EN. Since e is idempotent, by Lemma 3.1 we get

b= (—e)m;=2X(—ee)m;=2(—e)em;=Te(—e)m,
So a—b=3Xeen;+Ze(—e)m;=e(Ten;+ X (—e)m;)EeN. Hence ¢N is a sub-
group of (N, +). Moreover, (eN)N=eNNCeN. Thus eN is a right N-
subgroup of N.

Now, since the intersection of two quasi-ideals is a quasi-ideal, it suf-
fices to prove the relation eL=eNNL. As eLZeNNL, we have to show only
eNNLCeL. Any element a of eNNL has the form a=[l=en with [EL, nEN,
whence a=en=ecen=eclEeL.

4. Q-simple pseudo-distributive near-rings

A near-ring N is called @-simple if it contains no quasi-ideals except
{0} and N.

In this section, we characterize @-simple pseudo-distributive near-rings
and generalize the result of Steinfeld [4].

We start with

ProrositioN 4.1. Let N be a pseudo-distributive near-ring such that N®#
{0}. Then N is Q-simple if and only if it is a division ring.

Proor. Assume that N is @-simple. Since N? is a quasi-ideal of N and
N?#{(}, we have N>=N. This implies that N is abelian and contains a non-
zero distributive element. On the other hand, let (a); be the principal left
N-subgroup of N generated by a non-zero element ¢ of N, then (a),=N.
This and Proposition 3.2 imply Na=N(a),=N?=N. From these and [2,
Theorem 2.3], it follows that N is a division ring.

Conversely, assume that N is a division ring. Let @# {0} be a quasi-
ideal of N and g a non-zero element of @ Then N=Ng=gN=NgqNgNENQ
NQNZQ, whence @=N.

In case that N is a @-simple near-ring such that N2={0}, N is the zero
multiplication near-ring and (N, +) has no proper subgroup. So N is
distributive and (N, +) is of prime order. Hence N is a zero ring of prime
order.
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Thus we have

TueoreM 4.2. A pseudo-distributive near-ring is Q-simple if and only if
it is either a division ring or a zero ring of prime order.

ExampLe 4.3. The following example shows that Theorem 4.2 can not
be extended to arbitrary near-rings: Let K={0(, 1, 2} be the near-ring due
to [ 8, Near-rings of low order (C-2)] defined by the tables

+10 1 2 <10 1 2
010 1 2 0{0 0 ©
1y1 2 0 110 0 1
212 0 1 210 0 2

Then K is @-simple. But K is neither a division ring nor a zero ring of
prime order.

5. Regular elements of pseudo-distributive near-rings

An element a of a near-ring N is said to be regular if a=ana for some
nEN, and N is called regular if every element of N is regular.

Note that, by Lemma 3.1 (3), an element a of a pseudo-distributive
near-ring N is regular if and only if a< [a]Na.

Lemma 5.1. Let a be a regular element of a pseudo-distributive near-ring
N.
(1) (@@)=Na and (a),=aN.
(2) There exist idempotent elements e, f in N such that (a),=(e),
and (@),=(),

Proor. It holds for arbitrary near-rings that (a),=Na, (@),=[a]N and
(2) (see [7, Lemma 2]). So we show only that [¢]N=aN.

The inclusion aNC [a]N is eviden. Any element x of [g]N has the form
x=Zan;+ 2 (—a)m; with n, m;EN. As a is regular, a=ana for some nEN,
Moreover, by Lemma 3.1, —ana=a(—na). Hence
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x= X (ana)n;+ X (—ana)m;=aZnan;+a X% ¢ —na)m;aN,
whence [@]NCah.

Lemma 5.1 (2) has a converse:

ProrosiTiON 5.2. An element a of a pseudo-distributive near-ring N is
regular if and only if the principal left (right) N-subgroup of N generated by a
has the form Ne with #=e=N (fN with ff=fEN).

Proor. In view of Lemma. 5.1, it is enough to prove the sufficiency.

Assume that the principal left N-subgroup (a); of N generated by a has
the from Ne with ?=¢EN, Then there exists an element n in N such that
a=ne, whence ae=ne*=ne=a.

On the other hand, (a);=Ne implies e€(a), Moreover, since aEN?, by
Proposition 3.2, (@),=[al+Na. Hence e=ka+ba for some integer £ and for
some bEN. Since a, ba=N? and N? is a subring of N, we get

e=e?=k%’+kba’+kaba + baba= (k% +kba+kab+bab)a.
From this and a=ae, it follows that
a(k’a+kba+kab+bab)a=ae=a,
that is, @ is a regular element.

The statement concerning the principal right N-subgroup fN can be

proved similarly.

Now we want to characterize the regular elements of a pseudo—distribu-
tive near-ring in terms of quasi-ideals and generalize the result of Steinfeld

[5].

THEOREM b5.3. The following assertions concerning an element a of a
pseudo-distributive near-ring N are equivalent :
(i) a is regular.
(i) (@.@)=@),N@a).
(i) (@)?=(), (@i=(a), and the product (a),(a), is a quasi-ideal of
N.
(iv) @,=@N(),
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Proor. (i) > (iii): By Lemma 5.1, we have (a),=(e), with a suitable
idempotent element e of N. Then e=é’€(e)} and (e)} is a left N-subgroup
of N. Hence

@=@),S @=@ic(a),
that is, (@),=(@)? Similarly, (@),=@)2

Since (a),=(e),=Ne, we have (a),(a),=(a),Ne=((a),N)e. Hence, by Pro-
position 3.3, the product (a),(@), is a quasi-ideal of N.

(iii) D (ii): The condition (ii) implies that a€(@)?CN% So, by Pro-
position 3.2, we get ‘

(@),= @< (@) N=[alN,
whence (a),=[alN. Similarly, (a),=Na. :
Since the product (a),(a),=([alN)(Na) is a quasi-ideal of N, we get
([a]NNa)NNN([a]JNNa)< [a]NNa.
Moreover, by Proposition 3.2 (i), we get Ng]N=W[a])N=NaN. These
results and the condition (ii) imply
@),N(@),=[alNNNa=([a]N)*N WNa)*S ([a]N)N([a]N) Y (Na)N(Na)
= ([a]JNNa)NNN([al]NNa) < [al]NNa=(a),(a),
Since the inclusion (a),(@),S (@),N (a), always holds, we have obtained
(@,N@),=@, (@),

(ii) D (iv) : By the definition of quasi-ideals, the inclusion (a),N(a),&
(@), always holds.

On the other hand, by the condition (ii) and Proposition 3.2, we have

a€@),N@=@),@) S @)N=[alN,
whence (a),=[a]N. Similarly, (a@),=Na. These imply
@),C @),N (@)= (@),(@),=([a]N) WVa) S (a) N(a),

(iv) > (i): From the condition (iv) and Proposition 3.2, it follows

that
a€(a) N, (@) N(a),=[alN(a),=[a]Na,

that is, @ is a regular element.
From Lemma 5.1 and Theorem 5.3, we obtain immediately

CoRrOLLARY 5.4. Let a be a regular element of a pseudo-distributive near-
ring N. Then ‘
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(@)= (a),N(a);=(aN) (Na).

Proor. Since (a),N (@), is a quasi-ideal of N containing a, by Lemma
5.1 and Theorem 5.3, we get
(@), @).N (@)=(a).(a),=@aN) Na) < (@) N(a),= (@),
whence (a),=(a),N (@),=(aN) (Na).

It is well known that a regular pseudo-distributive near-ring is a ring
(see [1, Theorem 1]). From this and Theorem 5.3, we have

CoroLLARY 5.5, Let N be a pseudo-distributive near-ring. Then the
Sollowing conditions are equivalent :
(1) N is a regular near-ring.
() N is a regular ring.
(M) Every element a of N has one of the properties (i), (ii), (i)
and (iv) of Theorem 5.3.

Example 4.3 also shows that Theorem 5.3 can not be extended to
arbitrary near-rings. In the near-ring K of Example 4.3, (1),=1),=(),=K.
So, for the element 1, the properties (ii), (ii) and (iv) of Theorem 5.3 hold.
But the element 1 is not regular, since 1x1=0 for all xEK.

6. Regular duo elements of pseudo-distributive near-rings

An element @ of a near-ring N is said to be a duo element of N, if (a),
=(a);

We want to characterize the regular duo elements of pseudo-distributive
near-ring in terms of quasi-ideals and generalize the results of Steinfeld
[5].

For an element a of a near-ring N, (g), denotes the two-sided N-
subgroup of N generated by a.

THEOREM 6.1. The following conditions on an element a of a pseudo-
distributive near-ring N are equivalent :
(1) a is a regular duo element of N.
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(2) @:=@0k
(3) @?%*=(); and (@)i=(a),
(4) @ a),=@).Nn @,

Proor. (1) > (2): Since a is a duo element, (@),=(a),=(a). This
and Corollary 5.4 imply
@,=@),N (@)= (a),= ().
Moreover, by Theorem 5.3, (@)?=(a), Hence
@=(),= @@=l
(2) 2 (3): The assumption (2) and the definitions imply
@IS (@S @S (@),= @i (@),S (@), S (@) =(a)l
whence (@)?=(a), Similary, one can show (@)!=(a),
(3) 2 (4): From the assumption (3), it follows
(@),N(@),=@@),N (0)12= (a)%= (@) (a),= (a)z(a)gg (@),(a)-
On the other hand,
(d)t(a)?g (@),
(“)’(“)’_{@)Ka),_c. @,
whence (a),(a),Z (a),N (@),

(4) = (1) : 1t is evident that (a),(a), is a two-sided N-subgroup of N.
From this and a€(@),N{a),=(a),(a), it follows that the principal left N-
subgroup (a), is contained in the two-sided N-subgroup (a);(a), whence

@< @) a),=(@)N@),S (@,
Similarly, (a),S(@a),(a),=(@),N(a),=(@). Thus (a),=(a), and a is a duo
element. This and the condition (4) imply
(@.N (@)= (@ (@.

So, by Theorem 5.3, a is a regular element.

A near-ring N is called a duo near-ring if every one-sided (right or left)
N-subgroup of N is a two-sided N-subgroup of N.
From Theorems 5.3, 6.1 and [8, Proposition 2], one gets immediately

CoroLLRAY 6.2. Let N be a pseudo-distributive near-ring. Then the
following conditions are equivalent :
(i) N is a regular duo near-ring.
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(ii) N is a regular duo ring.
(iii) Every element a of N has one of the properties (1), (2), (3)
and (4) of Theorem 6.1.

Example 4.3 also shows that Theorem 6.1 can not be extended to
arbitray near-rings. In the near-ring K of Example 4.3, (1),=(1),=(1),
=(1),=K. So, for the element 1, the properties (2), (8) and (4) of
Theorem 6.1 hold. But the element 1 is not regular.
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