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1. Introduction

Let Q be a bounded domain in R?® with smooth boundary 8. We consider

the initial-boundary value problem for the Navier-Stokes equations ;

%—AM‘F (uPu=f~Vp inQx(0, T),

(NS) { div 2=0 in Qx (0, T),
u=0 on 20X (0, T),
u(x, 0)=a(x) in ,

where the function u= (a*(x, t), #*(x, 1), u#*(x, t)) represents the unknown
velocity field of the fluid, p=p (x, t) is the unknown pressure, a= (a' (x), a*(x),
a*(x)) is a given initial velocity and f= (f!(x, t), f2(x, t), f3(x, t)) is a given

external force. Here we use the notation

T N 7
(u V)v—i=lu———axi, div ufz or,

for vector functions #, v. In this paper, let f=0 for simplicity. For this

problem (NS), E. Hopf [9] proved the existence of a global (in time) weak
solution (more generally, for an arbitrary domain Q in R”). Although various
researches have been made by many mathematicians, the uniqueness and regu-
larity of the weak solutions are still open problems for the space dimension
n=3. If n=2, it has been proved that there exists a unique global strong
solution. (See Ladyzhenskaia [12], Lions [13], Lions-Prodi [14], Serrin [16],
and Temam [19]). On the uniqueness of the weak solutions J. Serrin [16] gave
a uniqueness theorem under the assumption that a weak solution belongs to the
space L7((0, T) ; L*(Q)) for some p and g satisfying #n/p+2/q=1, p>n and
that Q is an arbitrary domain of R*(n=2, 3, 4). C. Foias [2] proved a similar
theorem for Q=R”" K. Masuda [15] generalized the Foias-Serrin uniqueness

theorem by removing the restriction on the dimension # imposed in the theorem
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of Serrin and moreover showed that if there is a weak solution % in L=((0, T) ;
L"(Q)) which is right continuous for ¢ as an L”valued function, then # is the
only weak solution.

We consider a bounded domain Q in R3. Let A be Stokes operator. In this
paper we shall show that (1) if there is a weak solution # in LY ((0, T) ;
D (A%&)) for some 0 <& =1/2, then u is the only weak solution and (2) if there
is a weak solution # in L=((0, T) ;: D (Ai’)) which is right continuous for ¢ as
aD (A%)—valued function, then « is the only weak solution. In the proof of (1)
we shall show directly the inequality ;

JA~GHEOP (ue1) 0| < CIFul 28 17 0 | uli€ for u, vED (A7)

(0=e<1/2)
which is well known for e =0. (See Sobolevskii [18], Fujita-T. Kato [3]).
We shall define the projection P in section 2. For £ =1/2, we showed [10] that
if a weak solution u belongs to the space L2((0, T) iD(A%)) then # is in
C=(Qx (0, T)). We shall prove (2) analogously to the uniqueness theorem due
to Masuda [15].

We note the following.

D. Henry has discussed in his lecture notes [8] concerning the imbedding ;

D(B*CL*(Q) for 1/p>1/2—2a/3,

where B=-—A in L*(Q).
On the other hand, the imbedding in the case 1/p=1/2—2a/3 seems to need
careful considerations. It has been established by introducing the complex
interpolation space. (See Adams [1], Fujiwara [5], Giga [6][7]). Thus it
follows that

LE(O, T) : DAY ) CLU©, T) ; L), (0=e<1/2)

for 1/p=1/2—2(1/4+¢€)/3 and g=1/¢ satisfying 3/p+2/q=1 (p=3).
However, since the questions on the uniqueness of the weak solutions and on the
regularity of the weak solution belonging to the space L=((0, T) ; D (A%)) or
L=((0, T) ; L*(Q)) are still open problems, it seems to be meaningful that we

represent in this paper the Serrin-Masuda uniqueness theorem by using the space

LY€((0, T) ; D(AT€)).
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2. Weak solution and inequality

Let C3o={@EC5(Q) ; div ¢ =0},
Hy=the closure of C%, in L2(Q),
Hi{ s=the closure of C%s in H'(Q),
and P be the orthogonal projection from L% onto Hs. By Stokes operator A
we denote the Friedrichs extension of the symmetric operator
—PA in Hy with domain D(A)=H*NH NHs. It is well known that
D(A?) =His.

Now we give a definition of weak solutions of (NS). It has been proved
that there exist weak solutions satisfying the following definition. (See Giga
(6], Hopf [9], Ladyzhenskaia [12], Lions [13], Masuda [15], Sibagaki-
Rikimaru [17], Temam [19] etc.).

DEFINITION 2.1.

Let the initial function a=a(x) be in H;. A measurable function # on
Qx (0, T) is called a weak solution of the problem (NS), if
(1) u€L=((0, T) : Hs) NL2((0, T) + Hio),

(2) uis weakly continuous from [0, T) to Hy,
T
(3) j; (=, @)+ T, Pp) + (u-l, @)}t

=(a, (0)) for all p=C=(Qx [0, T)), div =0

such that ¢ vanishes outside a compact set of Q% [0, T),
t
(3) [ 1=, @)+ T, P) + (-, ) }at
S

=(u(s), () —(u(t), (1)
for any @ =C*([s, t] i His), 0=s=¢t<T,

and moreover the energy inequality holds for « ;

t
(4) Nu(t)l+2[ I7ul*dt<lal? for any tE[0, T),
0

t
(4) lu(s) ||2+2f 17 ul2dt <lu(s)||? for almost all s=0 including
s

s=0 and for all £>s.
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Firstly, we shall show the following inequality.

LEMMA 2.1. Let B be the Friedrichs extension of the symmeltric operator
—A in L*(Q). If 02e<1/2, then

2.1) IB-G € (uel) vl < CPul-2¢ lal2€l7 vl Jor any u, vECi(Q).
PRrOOF. We begin by noticing that B~ *(0<« <1) is an integral opera-

tor. By considering the maximum principle for the equation ;
—Av+av=f(x), xEQ, v(x)=0 on 89 (1=0),

it holds the representation
(22) wv(x) =j(; Gx,y ., M) f(y)dy for any sufficiently smooth function f
and with Green function G(x, ¥ ; 1) such that

e—ﬁlx—y\

0=SGx,ysA)= 1 (1=20) (See Fuyjita-T. Kato[3]).

mlx—y|
On the other hand, from the definition of fractional powers of closed operators

it follows that

(2.3) B-aszfww(Bﬂ)-lfda 0<a<l)
T 0

= f(; AAE (L) f . (spectral representation)
Put
__sin za —a .
(24) Galx, y)=SEe j:ol Glx, v A)da,
then

(25) (B7%) (x) :fﬂ' Ga(x, ) f(¥) dy

for any sufficiently smooth function f.
Here,
e—ﬁ'lx—yl

2.6 Ga(x, =C% A1°¢
26) |Gelx, )] fo =

o0
:C;£ P2t | x—y |2 = Colx—y |23

To prove the inequality (2.1) we notice the following inequality

@.7) fn lx_yla_Zallez]3_2adx§C|y~z|4“‘3, (x, 5, 2EQ, 3—4a>0).
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In fact, put |y—z|=¢ and y'—2’| =1 and

dx./

the left-hand side of (2.7) <o f

If we choose y’ as an origin and take the first coordinate axis x{ such that z’

represents (1, 0, 0), the right-hand side of the above inequality is equal to

da— dt . _
) 3]};3 o = with 4=(1, 0, 0),

where, since (3—2a)+ (3—2a&) >3= space dimension and 3—2a<3,

it holds [

dt
=
%3 ltIS—Zalt_tO|3—2a —C'

Now, let u, vECHQ), a=1/4+¢ (0<e<1/2), then
IB~*(u-F)v|?=(B~*(ul)v, B~*(ul)v)

=([ Gtx, @ oeay, [ Gilx, 2w (2)dz)

[ ([ Gx »wmomad) ([ Gtx, 2 r) o) dz) ax

du)[WPv )| Ju() [|Fo(z)]
scf [ [ Pt L sz (by (2.6))

|x

= [ 7o 1@ 7o@| ([ 1r=gmiet ) ds

y)HVv(y)Hu()lIVv(zH
saf [ T dydz  (by 27).

On the other hand, the inequality
u(x)|?
8 [ e e dIPul?, ue Ch@)

is well known. (See Ladyzhenskaia [12]).
Hence |B~*(u+l7) vl|?

sof [ (I |y z\ ) " ”‘ny_yj,” ) Qe @ | Po ) 170 ) e

da—1

<Gz ol ([ jue)|17o6) |dy)i”2;l( [ iw@iro@la) *

S ClZul® W v P N ulte 7 w4,

Consequently we have
IB-5+€ (u-) 0l S CITul =€ Jul€170] (0<e <),
which implies (2.1).
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For any «, vE D(B%) = H}, there exist sequences u,, v,<C%(Q) such that
u, tends to «# and v, tends to v in H). Therefore, since B “GHE) (e 7) v, tends
to an element wEL? B+ (y[7) v is defined by w. Thus we have
2.1) 1B-% & (u-D) vl S CAZul -2€ | u)?€ 17 v (0Se<1/2)
for any u, vED (B?) =H} .
(For & =0 see Sobolevskii [18], Fujita-T. Kato[3]).
Moreover, we notice the following equalities ;
(2.9) (B *(tn*l) vn, B°@) = ((t4p*7) vy, @) for any o €D (B, n=1,2, 3, ---.
Letting #—c in (2.9) it follows that '
(2.10) (B “(u*l)v, B%p) = ((u*F) v, @) for any oD (B*) NH}
and u, vEH{, where a=1/4+¢ (0££<1/2).

Secondly we shall show that the inequality (2.1) holds for Stokes operator
A also.
LEMMA 2.2. If 0=5e<1/2, then
(211 JA™SOP (uF) v} < Cl Abul =€ |ul2€ | A% o]
for any u, vED (A7) =H},.
PrrROOF. By the inequality (See Fujita-Morimoto [4], Ladyzhenskaia [12]) ;
(212) 1AA'YI=ClA Ylu=Clyl for any v & Hs,

we have

(213) IBpll=ClAgl for any @ =D (A).

This gives

(2.14) Bl =Cdll A%l for any oD (A% (0=a=1)

by Heinz inequality. (See T. Kato [11]).

Hence B°A™° is a bounded operator from H, into L? with |B*A~%| = C..

Therefore A~“PB® admits of the bounded extension A~*PB? with

IA=*PB%| < C, as an operator from L? into Hy. It follows that
|A=GTEP (u-F) ] S | A~ O PBE O | B-5 8 (w7 o]
SCAB 5O (uep) vl which implies (2.11).

Lastly, we notice the equality
(2.15) (A P(u-l)v, A%) =((u*F) v, @) for any €D (A*) NHis
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and for any u, vED(A%) =H}s (a=1/4+¢, 02<1/2).
This is established in the same way as (2.10).

3. Uniqueness theorem

We discuss our uniqueness results.
THEOREM 1. Let u and v be weak solutions of the problem (NS) in QX
(0, T) taking the initial value a=E Hys. Suppose also that u belongs to the space

1
LE0, T) ; D(AT€)) for some e satisfying 0<e<1/2. Then u=v on [0, T).
PROOF. We define the mollifier ;

¢
v, (1) :jo- w,(r—a)v(o)do (p>0)

for an arbitrarily fixed t(0<¢<7T) and the weak solution v. Here w =w (¢) is
a C=function in R' with support in |#|<£1 suchthat w(f)=w(—1),
@ (t) 20 and Loooow (H)dt=1. We set w,(t)=p ' (%) Since it follows
v,€C'([0, t] ; Hbo) from vEL*((0, T) ; His), we can take the v, as a test

function in the weak equation (3") of the definition 2.1. Hence
t
D [ 1=, vo) + T, Po) + (wsTu, v,) bt
0

=—(u(®), v,(1) +(a, v,(0))

and similarly
¢
(3.2) f {— (v, up) + W, Puy) + (0T v, u,) }dt
0

=~ (v(t), u, (1)) + (a, u,(0)).

By means of Fubini’s theorem it holds
£Q%wwm:—£ﬂ%bww.

Thus, by addition of (3.1) and (3.2) it follows that

(3.3) jo-t{ Fu, Vo) +Wv, Cup) + (ulu, v,) + (v-Fv, u,) }dt

= — (D), () + (g, v,(0) = (v(2), 1, (1)) + (a, u, (0)).
Here, it holds that
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(34) | fo ", 7o) dt— fo ‘u, 7o) at|

1

t 1 t 1
< 17 ul2dt) ® IFv,—Pol2dt)? — 0 as p—0
U(; ) (.I(; 2 ) P
owing to the relation v=L2((0, T) ; His).

¢
From (u(?), vp(t)):(u(t),j(; w, (t—0) v (o) do)

jj;”mp(s) (u(t), v(t—s))ds,
it follows

35 |w(®), 5,(0)—F(n), v(0)]
p P
:lj(; w, (s) (u(t), v(z‘—s))ds—j(; w, () (u(t), v(t))ds

< Max | (u(2), v(t—s)—v ()] -%—ao as p—0,
0sssp

where we used the weak continuity of ».

As for the non-linear term we have the following estimates.

(3.6) u;t(u-Vu, v,) dt—fo.t(u-Vu, v)dt’
= Uo‘t(u-va—u-Vv, u)dt{
= ] fo a4 op (up) (v,—v), A¥*€u) dtl (by (2.15))

t
= [ 1A OP (ue) (0~ 0) 1| A+ €ul dt
0

t
éCf 17v,—F vl 170l =2€ )28 | AT+ €0l dt (by lemma 2.2)
0
t 1ot JET I 1
<C ([ 17, oitar)* ([C1wurar) = ([T1aveurar) ©
0 0
— 0 as p—0 (by Holder inequality).

On the other hand
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¢ ¢
6 | wro wa-[ 7o, wa|
[ wa-]
¢
=|[arorwer) o, 4t - w)
0
< 4 2-2& 2€ Lie
~ch 170 12-2€ |0 12€ | A% (u,— o) I dt
t T W
<c([‘1wvia 1A+ Eu,— A EulE gt
g ) e ([ raten, )

—0 asp—0,

¢
because that A*(«,) :A"f w,(r—0)u(c)do
0

t
= [ wp(r—0) A%u(0) do=(Au),
0
owing to the closedness of the operator A¢. By (3.4)~(3.7) we have
t
38) [ (2Wu, 7o)+ (0-Fv, w)+ (u-Fu, v) }at
0

=—(u(t), v(t)) +(a, a).
Now put w=v(t)—u(t), then it follows that

t
(3.9) ||w|12+2f0 17 wl2dt
t t
:||u|12+2f0 IIVuHZa’tJrIIvII“rZ_f(; 7 ol2dt—2]al?

t
+2.IO- {(velv, u) + (u*lu, v)}dt

because of the above equality (3.8). Since
(velv, u) +{uFu, v)=(w-Fw, u),

we have
t t

(3100 Tw ) E+2f 1Pwldt=2| (w-rw, wat
0 0

in consideration of the energy inequality (4) of the definition 2.1. As for the
right-hand side of (3.10)
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t t 1 X
61D | wrw, wat|=|[ (A OP@-PIw, A Cna| by 219)
0 0
t
< [ 14O P (wep) wll A¥+ul di
0
t 1
<C[ IPwl=€|wl|*| AT Euldt  (by lemma 2.2)
0

t et 1
=c ([ Iwwizat)' " (1wl AseuiEar) ©
0 0
Hence, it follows that for any >0
t t t 1 L
312 |[ -rw, war| <o IPwitat+C (@) [ lwiziat-eurear,
0 0 0

owing to the Young inequality.

Thus, we can choose ¢ >0 such that it holds
t 1 .L
(313) Twl*=C[ lwl?lATEulat
0

Consequently, by means of the Gronwall inequality (See Henry [8]) and the
relations w&L=((0, T) ; Hs), ucL"€ (0, T) ; D (AT+€)), we have w =0 a.e.
on [0, T). On the other hand w is weakly continuous. It gives w=0on [0, T).

This completes the proof of theorem 1.

THEOREM 2. Let u and v be weak solutions of the problem (NS) with the
initial data a=Hs. Suppose also that us L>((0, T) ID(A%)) and that u is
right continuous for all t€[0, T) in the norm of D(A%), then u=v on [0,T).
PROOF. We can prove this theorem analogously to the proof of the
Masuda uniqueness theorem [15] as follows. Let & be a monotone nonincreas-
ing C> functionin [0, o) suchthat0<&(s)<1,|€(s) [£1and £(s) =1if0=s=1,

E(s)=0if 4<s. Set & (x) :C(%L) g=1, 2, 3---. Firstly we can show the

inequality (3.10) similarly to the proof of theorem 1. In fact it is enough to

examine the convergency of the non-linear term ;
t t
f (velv, u,) dt——»f (v+lv, u)dt as p—0,
0 0

owing to the estimates ;



Weak solutions of the Navier-Stokes initial value problem 67

¢
(3.14) U. (v-Fv, up—u) dt
0
¢
< [ AP (v-7) o)l Avu,— A%ul dt
0

¢
<C[ 17 oIl Avu,— Atulat.
0

Here, because of ATucL=(0, T) ; Hs) CL*((0, T) i Hy) it follows
(Avu) ,— Avu in L2((0, T) ; H) as p—0,
and further there exists a sequence p,>0 tending to zero such that

| (A%w) ,, (2) — Avu(z) | =0 ae. 7€ (0, T) as n—>co.
t
On the other hand | (A%u) ,(2) 1°= [ w,(z—0) |A%u(0) |*do
0

<esssupllAtu (o) [2=C (by u€L=((0, T) ; D(A%)).

0T
Thus, the right-hand side of (3.14) tends to zero. Consequently we have the
inequality (3.10) ;

¢ t
lw 2 IPwitdtse[ w-rw, wat (w=v—w
0 0

Secondly, we estimate the right-hand side of (3.10) in the following way.
We set u1=(1—§q(|B%u(x, 1) l))B%u(x, 1,

w,= & (| Biulx, 1)) Biulx, 8),
then Biu=1,+u,. For 0=s<t<T

(3.15) Ut(w-Vw, ) dt| = lft(A‘%P(w-V)w, Ak dt
S S
= Ut(B-%w-Vw, Biwdt| (by (2.10), (2.15))
S

t t
§f |(B=Tw-Tw, u) Idt—i—f | (B~%w-Fw, uy) | dt.
S s
As for the first term of the right-hand side it holds

¢
3.16) [ (B w-Fw, w)|dt
S
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t t
gcfs IIlelzlluxildté(,‘j; 7w 2| BEul dt.

Here, we notice that for each fixed ¢, llu«, (#)| is right continuous.

In fact,
B17) N (8) = () I=1Bu(t) — Biu(s) |
+1&, (| Biu(t) ) Biu(t) — & (| Bvu(s) |) Bru(s) .

By using the inequality

1&(lehe—¢U&Dhel = Csup{g(s) + &/ () s} &—&|

for two vectors &, &,
the right-hand side of (3.17) <CIB%u(t)—Biu(s)|

SClATu(t) —Asu(s)|  (by (2.14)),

which implies the right continuity of [, (¢#) I, owing to the right continuity of

A%u(t). Further, we remark that for each fixed ¢, | #, (¢) | decreases monoto-
nously to zero as g—co. As for the second term of the right-hand side of (3.15)
it holds

t
f [(B‘%w-Vw, u,) | dt
S

¢ 1

<ess.sup | & (| Biu|) Biu B twelw| drdt

esssup| (| Bul) Biul [ [ 1B~Hw-7w]

t
§4qf_]; Uﬂ. G%(x,y)w'Vw(y)dy‘dxdt
S

¢ lw ) 17w (y) |
< ~
v4ch;j; fn - dxdydt

¢
<44C [ Nwlli7wlde.
N
Hence,

t ) t
(318) [ 1B w-Fw, u) |dt=4qC [ TwlIFwldr.
N N

t
Lastly we notice that iff |Fwli2dt >0 for any t< (s, T) 0<7'<T)
S
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then for any o >0 there exists a integer ¢, such that

t t
319 [ Wwlluldtss | I7wla for 42y
s s
and sSt=T".
t t
Really, we set £ (¢) :f |Il7w||2||ull|dt/f |7 wl?dt, t>s
s s
and sy =lau (), q=1,2, -

then f£,(#) is continuous on [s, T’] owing to the inequality ;

1) —luy (SIS sup oy (2) 1= Naey ()]

sSrst

and the right continuity of [l«, (¢) [ at t=s. As we remarked in the above, for
each fixed ¢, llu,(#)|l decreases monotonously to zero as g—oo. From the
definition, f£,(¢#) also has the same property. Hence, by means of the Dini
theorem, £,{f) converges to zero as g—co, uniformly on (s, 7] which implies
(3.19). Thus, in consideration of (3.15), (3.18) and (3.19) it holds that if

t
f IFwl2dt>0 for any t& (s, T') then for any ¢>0 there exists an integer g,
s

such that
t t t

6200 |[ rw, wat|sof Wwldt+Clo) [ lwlar  (st=T).
S S N

Now, under the above preparation we shall show theorem 2. We set
w=sup {¢| w(t)=0on [0, &)}, then it holds 6,=7". Infactif we had 6,<T"’,
it follows for any t€ (&, T")

t t
f IIVwIIZdLZCf lewl?dt>0. Hence, from the above preparation,
do %
we have

¢ ¢ ¢
lw®12+2] IPwltdts2]| (wPw, u)dt=2] (wFw, u)dt
[ irorasz] J

¢ ¢
<20 WWwl*dt+2C [ lwidt, where we take o such that 2-20>>0.
% %
Then,

t
32D lw®=2C[ lwltdt  (4St<T).
o
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Here, w (&) =0 owing to the weak continuity of w in Hs. From (3.21) and
w (&) =0, we must have w=0 on [d,, T’] ; a contradiction. It means 6,=7T"

and further w=0 on [0, 7). This completes the proof of theorem 2.

REMARK. Let u and v be weak solutions of the problem (NS) with the
mitial data a=D (A% (1/4=a<1). Suppose also that u= L*((0, T') ; D(A’i")).

Then u=v on [0, T). Infact, we have showed in our paper [10] that if a weak

solution # belongs to the space L*((0, T) ; D (A%')), then « is in C=(Qx
(0, 7)). On the other hand, for the initial data a=D (A%) (1/4<a <1) there
is a unique strong solution U€C ([0, T,) ; D(A%)), where T, is a positive
number depending on a. (See Fujita-T. Kato [3], Giga [7], etc.). Moreover u

=p=U on [0, 7,). By these discussion the above statement can be shown.
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