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1. Introduction

   Let  f2  be a bounded domain in R3 with smooth boundary af2. We consider 

the initial-boundary value problem for the Navier-Stokes equations ;

(NS)

au  _Au+ (u•V) u=f —Fp in f2 x (0, T), at 

div u= 0in f2 x (0, T) , 

u=0on alx (0, T), 

u (x, 0) = a (x) in E2,

where the function u= (u' (x, t) , u2 (x, t) , u3 (x, t)) represents the unknown 

velocity field of the fluid, p=p  (x, t) is the unknown pressure, a= (a' (x) , a2 (x) , 

a3 (x)) is a given initial velocity and f = (f' (x, t) , f2 (x, t) , f3 (x, t)) is a given 

external force. Here we use the notation

(u•V) v = l u          tav  
         z-1 axt

3 au' 
div u=1 

        i=i axi

for vector functions u, v. In this paper, let f =0 for simplicity. For this 

problem (NS) , E. Hopf [9] proved the existence of a global (in time) weak 

solution (more generally, for an arbitrary domain E2 in Rn). Although various 

researches have been made by many mathematicians, the uniqueness and regu-

larity of the weak solutions are still open problems for the space dimension 

n z 3. If n=2,  it has been proved that there exists a unique global strong 

solution. (See Ladyzhenskaia [12], Lions [13], Lions-Prodi [14], Serrin [16], 

and Temam [19]) . On the uniqueness of the weak solutions J. Serrin [16] gave 

a uniqueness theorem under the assumption that a weak solution belongs to the 

space LQ ((0, T) ; L9 (f2)) for some p and q satisfying n/p + 2/ q 1, p > n and 

that (2 is an arbitrary domain of R n (n = 2, 3, 4) . C. Foias [2] proved a similar 

theorem for (=Rn. K. Masuda [15] generalized the Foias-Serrin uniqueness 

theorem by removing the restriction on the dimension n imposed in the theorem



of Serrin and moreover showed that if there is a weak solution u in  Lc° ((0, T) ; 
La (SZ)) which is right continuous for t as an La-valued function, then u is the 
only weak solution. 

   We consider a bounded domain SZ in R3. Let A be Stokes operator. In this 

paper we shall show that (1) if there is a weak solution u in L'E ((0, T) ; 
D (A4+E)) for some 0 < E <_ 1/2, then u is the only weak solution and (2) if there 
is a weak solution u in L"( T) ; D (Al)) which is right continuous for t as 
a D (A4) -valued function, then u is the only weak solution. In the proof of (1) 
we shall show directly the inequality ;    

IIA-4+E'P(u•V)vII<_CIIVull1-2EIlVvIIIIuII2E for u, vED(AZ) 
(05E <1/2) 

which is well known for E=0. (See Sobolevskii [18], Fujita-T. Kato [3]). 
We shall define the projection P in section 2. For E = 1/2, we showed [10] that 

if a weak solution u belongs to the space L2( (0, T) ; D (AM) then u is in 
c- (n x (0, T)) . We shall prove (2) analogously to the uniqueness theorem due 

to Masuda [15]. 

   We note the following. 

D. Henry has discussed in his lecture notes [8] concerning the imbedding ; 

D (Ba) CLP(0) for 1/p> 1/2-2a/3, 

where B=—A in L2(f2). 

On the other hand, the imbedding in the case 1/p=1/2-2a/3 seems to need 

careful considerations. It has been established by introducing the complex 

interpolation space. (See Adams [1], Fujiwara [5], Giga [6] [7]). Thus it 

follows that 

LE((0, T) ; D(A4+E))CL9((0, T) ; LP(S2)), (0SE<1/2) 
  for 1/p=1/2-2(1/4+€)/3 and q=1/E satisfying 3/p+2/q=1 (pz3). 

However, since the questions on the uniqueness of the weak solutions and on the 

regularity of the weak solution belonging to the space L"( T) ; D (Al)) or 

L°° ((0, T) ; L3(0) ) are still open problems, it seems to be meaningful that we 

represent in this paper the Serrin-Masuda uniqueness theorem by using the space 

L'/E ((0, T) ; D (A4+E)).



2. Weak solution and inequality

   Let  Co,6={coECo(0) ; div 9=0}, 
116 =the closure of C a,6 in L2(12), 
Ho,6=the closure of Co,6 in H1((l), 

and P be the orthogonal projection from L2 onto H. By Stokes operator A 
we denote the Friedrichs extension of the symmetric operator 
—PA in H6 with domain D(A) = H2 (1 Ho (1 H6. It is well known that 

D (kb= 
   Now we give a definition of weak solutions of (NS) . It has been proved 

that there exist weak solutions satisfying the following definition. (See Giga 

[6], Hopf [9], Ladyzhenskaia [12], Lions [13], Masuda [15], Sibagaki-
Rikimaru [17], Temam [19] etc.).

DEFINITION 2.1. 

   Let the initial function a= a (x) be in H. A measurable function u on 

S2 x (0, T) is called a weak solution of the problem (NS), if 

(1) uEL°°((0, T) ; H6) (1L2((0, T) ; Ho,6), 

(2) u is weakly continuous from [0, T) to H6,

   jT{_( ( 3 ) u, cot) +(f7u, F9)+(u•f7u, 9)}dt

_ (a, co (0)) for all 9EC"(S)x co, T)), div co=0 

such that 9 vanishes outside a compact set of SZ x [0, T) ,

     t 

(3') f{_( )+(17u, 179)+(u•17u,~p)}dt 

      s

=(u(s) , 9(s)) — (u(t), 9(t)) 

    for any 9pEC1([s, t] ; H0,6), 0_s<_t<T, 

and moreover the energy inequality holds for u ;

t (4) IIu(t)112+2f IIVull2dt<_IIa112 for any tE[0, T), 

0

t 

(4') Ilu(t)112+2 f IIVu112dts II u(s) 112 for almost all sz0 including 

s

s=0 and for all t>s.



   Firstly, we shall show the following inequality. 

LEMMA 2.1. Let B be the Friedrichs extension of the symmetric operator 
 —0 in L2(12). If OSE<1/2, then 

(2.1) IIB-4+E>(u•V) vII5_ CellPull1-2E IIul!2E IIt7vII for any u, vECo(1Z). 

PROOF. We begin by noticing that B-a (0<a <1) is an integral opera-

tor. By considering the maximum principle for the equation ; 

—Ov+Av=f (x) , xE[2, v (x) =0 on an (A z0), 

it holds the representation 

(2.2) v (x) = f G(x, y ; A.) f (y) dy for any sufficiently smooth function f 
and with Green function G (x, y ; A) such that

0 S G (x, y ------- (See Fujita-T. Kato [3]) . 4
n I x—y I

On the other hand, from the definition of fractional powers of closed operators 

it follows that

              co 

(2.3) B-af = sinn fAa(B+A)1fdA (0<a<1) 0
= fcc A -adE (A)f . (spectral representation) 

0

Put

(2.4) Ga(x, y) = sina fA"G(x,y ; A) d~,
then

(2.5) (B-af) (x) =f Ga(x, y)f (y) dy
for any sufficiently smooth function f .

Here,

(2.6)IGa(x, y)IC-~iX-yi           Ca~a I ylclA
       .00 

_C«1t1-2aGt               e-t„7t. I x—y 12a-3_ Ca I xy 12a-3 1J
0

To prove the inequality (2.1) we notice the following inequality

     1 4a-3 (2.7) nIx_yJ3-2a-2a dxSCIY—zl, (x, y, zEfi, 3-4a>0).



In fact, put  y—z1  =  6 and x'=x/d y'=y/c, z'=z/O, then ly'—z'1=1 and

the left-hand side of (2.7) <=64"'  1R3x3113-2ai x' z' 1 3-2a •
If we choose y' as an origin and take the first coordinate axis xi such that z' 

represents (1, 0, 0), the right-hand side of the above inequality is equal to

4a-3~ dt  S
,1R3 I t 13-2a t— t013-2awith to= (1, 0, 0) ,

where, since (3-2a) + (3-2a) >3= space dimension and 3-2a <3,

it holds fdt          3 I t 13_2aI + 1 3-2a 5 C.

Now, let u, vECa(fl), a=1/4+E ((<E <1/2), then

II B-a(u•t7) v112= (B-a(u•17) v, B-a(u•L7) v)

= (fnGa(x,y)(u•V)v(y)dy,Ga(x, z)(u•V)v(z)dz) 

                                   n

=fn (f Ga(x, y) (u•17) v (y) dy) (f Ga(x, z) (u•V) v (z) dz) dx
_ r r Iu(y) I IVv(y) I lu(z) II7v(z)1  dxdydz (by (2.6)) < Ca f .J~ J~ ix—y13-2a 1 x_ z I3-2a

=Cal flu(y)IlVv(y)Ilu(z)I HVv(z)I (fdx                             nlx—y13 2«Ix_z13 2«~dydz
<—Caf f I u(y) l 117v (y) I lu(4)IIVv(z) I                     —z 13-4a (by (2.7)).

On the other hand, the inequality

2 (2.8) f Ix(y12 dx<_411L7u112, uECo(0)
is well known. (See Ladyzhenskaia [12]) .

Hence IIB-a(u• Fr) vII2

�Caff(---------------(lu(z)Hv(y) )--------3;la                          (lu(y)Ilu(z)IIw(y)Ilw(z)1)4~1-----dydz    nly—zl ly-zl

/~14a-14a-1  CaIIVUI13-4«IIVVII3-4a(fIu(y) IIVv(y) I dy) 2 (f l u(z) I I Vv(z) I dz) z----
5._CaIlVu1I3-4aIIVvII3-4aIIuII4a-11117vI14a-1

Consequently we have 

IlB-(4+E)(u•V)v11 G1lVulll-2EIIull2EllVvll (0<E<2), 
which implies (2.1) .



   For any u,  v  D  (B  z) = Ho, there exist sequences un, vn E CO' (0) such that 

un tends to u and vn tends to v in Ho . Therefore, since B-4+E)(un•t7) vn tends 

to an element w E L2, B-c 4+E' (u •V) v is defined by w. Thus we have 

(2.1') ilB-4+E'(u•V)vii Celrull1-2Elluii2EilVvli (0SE<1/2) 

                  for any u, vED (BZ) =Ho . 

(For E =0 see Sobolevskii [18] , Fujita-T. Kato [3]) 

   Moreover, we notice the following equalities ; 

(2.9) (B-" (un•1) vn, B"9) = ((un•17) vn, 9) for any 9ED (B"), n=1, 2, 3, •••. 

Letting n—.°° in (2.9) it follows that 

(2.10) (B-"(u•17) v, Bag') = ((u•I7) v, 9) for any 9ED (B") (1 Ho 

      and u, vEHo, where a=1/4+E (0<—€ <1/2).

   Secondly we shall show that the inequality (2.1) holds for Stokes operator 

A also. 

LEMMA 2.2. If 0<= E <1/ 2 ,  then 

(2.11) IIA-(4+E'P(u•L7)vii uII' 2EIIu112E11A2vII 

                     for any u, vED (Az) =Ho,Q. 
PRRooF. By the inequality (See Fujita-Morimoto [4], Ladyzhenskaia [12]) ; 

(2.12) IIDA-' Il C1 11A-'1GIIH2_ C2ii Ifr II for any 1,1,1-16, 

we have 

(2.13) IIBQIl C2IIA9II for any 9ED(A). 

This gives 

(2.14) 11B"pIisCaIIA"rpii for any gpED(A") (0sas1) 

by Heinz inequality. (See T. Kato [11]) . 

Hence B"A-" is a bounded operator from H6 into L2 with IIB"A-"Il s Ca. 

Therefore A-"PB" admits of the bounded extension A-"PB" with 

IIA-"PB"Ii s Ca as an operator from L2 into Ha. It follows that 

IIA-4+E>P (u•17) v1I s IIA-c4+E)PBc4+E)11 II B-c4+E>(u•V) v1I 

CFiiB-4+E'(u•1) vii, which implies (2.11). 

   Lastly, we notice the equality 

(2.15) (A-"P (u•17) v, A"9) _ ((u•17) v, q) for any 9ED (A") (1 Ho,a



and for any u,  vED  (AZ)  =Ho6 (a=1/4+ e, 0<e <1/2). 

This is established in the same way as (2.10) .

3. Uniqueness theorem

   We discuss our uniqueness results. 

THEOREM 1.Let u and v be weak solutions of the problem (NS) in Il x 

(0, T) taking the initial value aE H6. Suppose also that u belongs to the space 

Le ((0, T) ; D (A1+8)) for some e satisfying 0<E<1/2. Then u = v on [0, T) . 

PROOF. We define the mollifier ;

vp(r)=jtwop(r—Q)v(o.)d0'(p>0) 

0

for an arbitrarily fixed t (0 < t < T) and the weak solution v. Here w = w (t) is 

a C°° function in R' with support in t I <_ 1 such that co (t) _ w (— t) , 

w (t)z0 and f6.)(t)  dt=1. We set COp(t) =p-'w (-f-). Since it follows 
v0E C' ([0, t] ; 146) from v E L2 ((0, T) ; Ho,6) , we can take the vp as a test 

function in the weak equation (3') of the definition 2.1. Hence

(3.1) ft{_(u, vpt)+(Vu, Vvp)+(u•Vu, vp)}dt 

0

=— (u (t) , vp (t)) + (a, v(0)) 

and similarly

(3.2)jt{ — (v, upt) + (V v, V up) + (v •V v, up) } dt 

0

     =—(v(t) , up(t))+(a, up(0)). 

By means of Fubini's theorem it holds

jtt   (u, vpt) dt =—j(upt, v) dt.
Thus, by addition of (3.1) and (3.2) it follows that

 (3.3) ft{  (Fu, Vv) + (V v, V up) + (u •V u, vp) + (v •V v, up) } dt 

0

=—(u(t) , vp(t))+(a, vp(0))—(v(t), up(t))+(a, up(0)).

Here, it holds that



 t t (3.4) f  (Vu, 17vp) dt— f (Vu, 17v) dt 
 00

 (f tIIvu1I2dt~2(ftllvvp—Vv112dt) 2  0 as p—>0 
0 0

owing to the relation v e L2 ((0, T) ; Ma).

From (u(t), vp(t))=(u(t),f tcdp(t—cr)v(a)do-) 

0

fn J cop(s) (u(t), v(t—s))ds, 

0

it follows

(3.5) (u(t), vp(t))— 2 (u(t), v(t))

=f~wp(s) (u(t), v(t—s))ds—fv                        c~p(s) (u(t), v(t))ds

 Max I (u(t), v(t—s)—v(t))1 0 0 as p-->0, 
0sssp2

where we used the weak continuity of v. 

As for the non-linear term we have the following estimates.

tt (3.6) f (u•V u, vp) dt— f (u•Fu, v) dt 
00

= f (u•Pvp—u•Vv, u)dt 

0

It =(A-(4+).1(u•V) (vp—v), A4+Eu)dt (by (2.15)) 

0

 ftllA-c4+E'p(u•F) (vp—v)IIIIA4+ull dt 

  0

SC f t1hVvp—VvIIWWWuII1-2EIIuhI2EIhA4+EUlldt (by lemma 2.2) 

0

  1-2E E 

C (ft)4(ft)   2 (ftil) 
000

           0 as p—*0 (by Holder inequality) . 

On the other hand



 tt  (3.7)j(v•vv, up) dt—j(v•Vv, u) dt 
00

= ft(A-c4+E>p(v•V)v, Al±8(up—u))dt 

  0

 C.1tIlVv112-2EII vII2EIIA4+E(up— u)Il dt 

   0

jtwvll2dt)1-E (fti1) E 
0 0

0 as p — * 0,

because that A"(up)=A"jtcop(r-6)a(a)do- 

                   0

=jtcop( 1--6)A"u(6)d6=(A"u)p 

0

owing to the closedness of the operator A". By (3.4) (3.7) we have

 (3.8) ft{2(Vu,  1v) + (v•Vv, u) + (u•Vu, v) }dt 

0

=—(u(t) , v(t))+(a, a). 

Now put w= v (t) — u (t) , then it follows that

(3.9) IIw112+2i IIVw112dt 

0

=11u112+2j
ort        t0IIPull2dt+II v112+2 j IlVvIl2dt-211 a112 

0

+2f { (v•17v, u) + (u•Vu, v) }dt 

0

because of the above equality (3.8) . Since 

(v•17v, u) + (u•Vu, v) = (w•Pw, u), 

we have

(3.10) I1w(t)112+2jt111w112dt2 jt(w•Vw, u)dt 
   00

in consideration of the energy inequality (4) of the definition 2.1. As for the 

right-hand side of (3.10)



(3.11) f t (w •Vw,  u)  dt = ft (A-c4+E'P (w •t7) w, A4+Eu) dt (by (2.15) ) 
 00

ftIlA(1+)P (w V) wIlllAulldt 

                      0

SC f tIIVwll2-2E11w112EIlAl+Eulldt 

   0

(by lemma 2.2)

 CUotlIFW112dt)'-E (It11wII211A4+EulIEdt) E 00

Hence, it follows that for any o->0

(3.12) f t(w•1w, u)dt So ftII1w112dt+C(a) f tllwll2llA4+EuIlEdt, 
000

owing to the Young inequality. 

Thus, we can choose o'> 0 such that it holds

(3.13) 11w112SCftllwll2llA4+EulLdt. 

            0

Consequently, by means of the Gronwall inequality (See Henry [8]) and the 

relations w E L°° ((0, T) ; He) , u E L' /E ((0, T) ; D(241+9), we have w =0 a.e. 

on [0, T) . On the other hand w is weakly continuous. It gives w =0 on [0, T) . 

This completes the proof of theorem 1.

THEOREM 2. Let u and v be weak solutions of the problem (NS) with the 

initial data aEH6. Suppose also that uEL°°((0, T) ; D(A4)) and that u is 

right continuous for all tE [0, T) in the norm of D (A4), then u--=-v on [0,T). 

PROOF.We can prove this theorem analogously to the proof of the 

Masuda uniqueness theorem [15] as follows. Let be a monotone nonincreas-

ing Cc° function in [0, co) such that 0 S 4. (s) S 1, I (s) S1and 4'(s) =1 if 0 <_ s S 1, 

(s) =0 if 4 S s. Set 477(x) = (Ixql  ) q =1, 2, 3.••. Firstly we can show the 
inequality (3.10) similarly to the proof of theorem 1. In fact it is enough to 

examine the convergency of the non-linear term ;

ftt (v•t7v, up) dt --* f (v•17v, u) dt as p—>0, 
00

owing to the estimates ;



       t (3.14)  f (v•Fv, up— u)dt 

 0

f 

0

SC f t11Fv11211A4up—A4ulIdt 

0

Here, because of A4uEL°°(0, T) ; H6) CL2((0, T) ; H6) it follows 

(A4u) p --=- A4u in L2 ((0, T) ; Ha) as p—.0, 

and further there exists a sequence pn> 0 tending to zero such that    

II (A4u) p„(r) —A4u(r) II -p0 a.e. rE (0, T) as n— co.

On the other hand II (A4u)p(r)112~ f twp(r-6) IIA4u(6)112dcs

ess.supllA4u(a.) II2=C (by uEL°°((0, T) ; D (A4)). 
05 i T

Thus, the right-hand side of (3.14) tends to zero. Consequently we have the 

inequality (3.10)

tt Ilw(t)112+2f Ill7w1l2dt<_2f (w•Vw, u)dt. (w=v—u) 
00

Secondly, we estimate the right-hand side of (3.10) in the following way. 

We set u1=(1— t) I))B4u(x, t), 

u2—q(IB4u(x, t) I)B4u(x, t), 

then B4u=u1+u2. For 0<_s<t<T

tt 

(3.15) f (w •Vw, u) dt = f (AP (w •F) w, A4u) dt 
ss

   t = f (B-4w , •Vw, B4u) dt (by (2.10) , (2.15) )

t1t sfI(B-4w•Vw,ul)dt+fI (B-4w•Vw, u2) I dt. 
ss

As for the first term of the right-hand side it holds

      t 

(3.16) f I (B-4w, •Vw, u1) 1 dt



sCf tII~wII211u111dt<_C  f tll17wll211B4ulldt. 
s s

Here, we notice that for each fixed q, 11u, (t) II is right continuous. 

In fact, 

(3.17) Ilul(t)—ui(s)II (t)—B4u(s)II 

+11 4'q(I B4u(t) I)B4u(t) --q(I B4u(s) I)B4u(s) II. 

By using the inequality 

Iq(I~"I)6-4-q(I6'I)61<=Csup{(s)+I(s) Is}Ic-6'I 
Oss 

   for two vectors 6, '', 

the right-hand side of (3.17) 5_ C II B 4 u (t) — B 4 u (s) II 

CIIA4u(t) —A4u(s) II (by (2.14)), 

which implies the right continuity of II u1 (t) II, owing to the right continuity of 

Au (t) . Further, we remark that for each fixed t, II u1 (t) II decreases monoto-

nously to zero as q—c0. As for the second term of the right-hand side of (3.15) 

it holds

 t 

fI(Bw.vw  u2)1 dt
tr  ess.supl~q(IB4u1)B1u)fJ~ IB 4w•Vwldxdt fix [s, t]s

    t <_4q f f fG4(x, y) w•Vw(y) dy dxdt 

    s

4qC f tfflw(Y) I I vw (Y) (  dxdydt 
    s££Ix —YIl

4gC f tll wllll1wll dt. 

s

Hence,

 t 1t 

(3.18) f I (B-4w•Vw, u2) I dt<_4qC f II wllll[7wll dt. 
ss

Lastly we notice that if f IIVwII2dt>0 for any tE (s, T') 

s

(0<T'<T)



then for any  6>  0 there exists a integer qo such that

 tt 

(3.19) f IlI7wll211uilldt6 f IlVwll2dt for gzga 
ss

and s t s T'.

Really, we set fq(t) = f 1I17wII211uiIIdt/f t>s 
ss

  andfq(s)=IIul(s)II,q=1, 2, ••• 

then fq(t) is continuous on [s, T'] owing to the inequality ; 

1fq(t)—llu1(s)II) S sup IlluI(r)II — Il (s)III 
sSrst

and the right continuity of Ilui (t) II at t=s. As we remarked in the above, for 

each fixed t, II u, (t) II decreases monotonously to zero as q—oo. From the 

definition, fq(t) also has the same property. Hence, by means of the Dini 

theorem, fq(t) converges to zero as q-*oo, uniformly on [s, T'] which implies 

(3.19) . Thus, in consideration of (3.15) , (3.18) and (3.19) it holds that if 

fII V w 112dt> 0 for any tE (s, T') then for any 6>0 there exists an integer qo 
such that

 ttt (3.20) f (w 47w, u)dt S6f IlVwll2dt+C(6) f IIwII2dt 
sss

Now, under the above preparation we shall show theorem 2. We set 

So =sup {61  w (t) = 0 on [0, 6)1, then it holds 60= T'. In fact if we had 60< T', 

it follows for any tE (60, T')

ft 1117w II 2 dt C f t II w II 2 dt > O. Hence, from the above preparation, 
ao of

we have

Ilw(t)112+2 f tll17wll2dt_2 f t(w•t7w, u)dt=2 f (w•Vw, u)dt 
    0s~

 20-f tlll7wll2dt+2C f 11W 112dt, where we take 6 such that 2-26>0. 
 so~

Then,

(3.21) 11w(t) II2<_2C f 11 w II2dt (ac, 
so



Here, w  (60) =0 owing to the weak continuity of w in He. From (3.21) and 

w (do) =0, we must have w =7,0  on [ do, T'] ; a contradiction. It means so = T' 

and further w m0 on [0, T) . This completes the proof of theorem 2.

REMARK.Let u and v be weak solutions of the problem (NS) with the 

initial data aED(A") (1/4<_a<1). Suppose also that uEL2((0, T) ; D(A4)). 

Then u= v on [0, T) . In fact, we have showed in our paper [10] that if a weak 

solution u belongs to the space L2 ((0, T) ; D (A4)) , then u is in C- (n x 

(0, T)) . On the other hand, for the initial data aE D (A") (1/4... a <1) there 

is a unique strong solution UE C ([0, To) ; D (A")) , where To is a positive 

number depending on a. (See Fujita-T. Kato [3], Giga [7], etc.). Moreover u 

v m U on [0, To) . By these discussion the above statement can be shown.
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