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Introduction

   The Z(") spaces were first studied by C. B. Morrey [15] and afterwards by 

F. John and L. Nirenberg [12]. Motivated by these researches, S. Campanato, 

G. Stampacchia and others have given general definition of these spaces and the 

structures of them have been characterized by them, G. N. Meyers [14] and 

others (see [27] - [30] for bibliography) . The elliptic partial differential equa-

tions in these spaces were first studied by C. B. Morrey [15] (see also [16]) and 

afterwards mainly by S. Campanato [4] - [10]. 

                                  On the other hand, G. Stampacchia has introduced in [29] the Zcn.'' spaces 

of strong type the structures of which are far more general and complicated 

than those of the 2(") spaces mentioned above and greater part of them have 

been characterized by him, L. C. Piccinini, A. Ono, Y. Furusho and others (see 

[11] , [18] - [22] , [24] , [26] , [28] and [29]) . The elliptic partial differential 

equations in these spaces have been studied by A. Ono in [23] and [25] . 

   In this paper, we shall describe at first the theory of the L?(") spaces of 

strong type, namely, isomorphism theorems, Morrey-Sobolev type imbedding 

theorems and inclusion property and secondly interior and boundary estimates 

for elliptic partial differential equations in these spaces.

*) This research is partially supported by Grant for Visiting Professor under Consiglio Nazionale 

delle Ricerche of Italian Government and Grant-in-Aid for Research of Sciences under the Ministry of 
Education of Japanese Government.



Capter I The theory of the  2.(P'') spaces of strong type

1. Relevant definitions

   We denote a fixed bounded closed subdomain of Euclidean n-space En with 

sufficiently smooth boundary by D. And we denote a subcube of D with sides 

parallel to the axes by Q (from now on, "subcube" means such a subcube 

without loss of generality) . We consider subfamilies of integrable functions on 

D and denote the mean value of function v (x) = v (x1, • • •, xn) on subcube Q by

ve:ve=IQ~ if v(x)dx.

   DEFINITION 1.A function v E Lp (D) is said to belong to the space 

(7-p°A'(D) (the Z(") space of strong type r) if the following estimate holds for 

v:

K(Q>)=[v] (P.A)(Q,.)=sup(1 V(X)_VQ1dx)p<C0

and furthermore, there exists a constant L= L (v) such that

{ssup {Kr(Q)  }
where1�pp< co, —p<,1<_n,1<=r <~,np<1'and S is the family of all
systems of finite number subcubes of D no two of which have common interior 

point. 

   By taking as a norm of the space 2-p'''' (D )

Ilvll y;.p,A)(D) = [v]zn,x)(D) +ll vlI LP(D) =L+ll vlI LP(D)

the space rp'A' (D) is a Banach space. 

   As special cases of this definition, we state the following : 

   DEFINITION 2. The space £'Y°(D) is isomorphic to the space Z-1'°) (1j) 

with their corresponding norms, where 1<p  < co and n <_ r <00[121.  Theref ore, 

we call the space 2(7-1,°)(D) the John-Nirenberg space of strong type r.

1) Ifr—P> 1, then the space tT°'A' (D) consists of only constant functions. Therefore, we exclude 
the trivial case.



DEFINITION 3. In the case of 1_540<00,    —  p  <  a. <0, 0<a=  — p - <1 and
 n  <<— r < co, the seminorm [v] cn,x~ (D) is equivalent to the seminorm 1—a —

[v]()={sup {[v]C"(Q;) } r
by [2] and [14], and therefore we call the space 36.(D) the Holder space with 

exponent a of strong type r. Similarly, we can define the space gg+" (D ) 

(l : natural number) .

2. Isomorphism theorems

We state the following :

   DEFINITION 4. The Sobolev space H'.p(D) is the completion of the space 

C c (D) with respect to the norm

II v II HLP(D) — ~~I II Dav II Lp(D )

where 1 is a natural number and 1<p<00. 

                               Now, Stampacchia has proved in [29] the following :

THEOREM 1.1. The space gea »  (D) is isomorphic to the Sobolev space 
1-a

----(D) with their corresponding norms, where 0< a<1. 

                                           This theorem is generalized in [18], [19] and we have obtained the most 

general result in [21] concerning these spaces. To state this result, we make 

the following : 

DEFINITION 5. A function v E L' (D) is said to belong to the space 

Lip (a, p, D) (the Lipschitz space of order a in the space L" (D) , where 

0 < a <_ 1 and 1<p <00),  if the following estimate holds for v:

[v]Lip(a,p, D)=X.supDIhl-a{JI v(x+h)-v(x)lPdx}p<co 

D

We define a norm of this space by

[v]Lip(a, p, D)+II VIILP(D)



endowed with this norm the space Lip (a, p, D) is a Banach space. Further-

more, we remark that the space Lip (1, p,  D) is isomorphic to the Sobolev space 

H l,p (D) with their corresponding norms. 

   Now, our result obtained in [21] is the following : 

   THEOREM 1.2. The space Zrp' (D) is isomorphic to the space

Lip (r—----A 

         

, r, D) and we have

(1.1) C-'ll vIl z.p,A)(D) <_ IIvIILip(r  —  p , r, D) SCIIvIIz;.PA)(D)
where 1 < p <cc, — p < A n, 1 < r <cc, 0 <---r—p5_1 and C is a positive constant
independent of the function v.2) 

   On the other hand , as direct conclusions of John, Nirenberg [12] and 

Campanato, Meyers [2], [14] we know the following :

   THEOREM 1.3. 

   1. The space 2V0) (D) is isomorphic to the space 1.°) (D) = 2Y'4 (D ) 

with their corresponding norms, where 1<p<00  and n <_ r 5_0. 

   2. The space 2;-p'U (D) is isomorphic to the space g6-15)(-1j)=2(74)(13) 

with their corresponding norms, where 1<p<00,  —p < A < 0 and

n ------�
-- <co. 1+p

Now, we have proved in [26] similar result as this theorem. Namely,

   THEOREM 1.4 The space 21-")(1j) is isomorphic to the space 2;l4' (D ) 

and we have.

(1.2) C-111 v11 c2(74.x)(D) s llvllzrl p)(D) _ClI vIlzrp,A)(D)

where 1 < p < cc, 0 <A < n, 1<r<00,  and 0<_---np<_1.

2) Throughout this paper, we always denote by C the positive constants independent of functions u, 
v, w, f, g etc. appearing in the inequalities.



3. Morrey-Sobolev type imbedding theorems

   Stampacchia has proved in [29] the  following  : 

   THEOREM 1.5 Let v be a function such that the derivatives { vX} belong to 

the space Z(n,x) (D) _ 21")(D) (for the definition, see Definition 1) , where 

1<p<oo and 0<A<n. 

   Then, the following estimates hold for v. 

   1. p <A : v belongs to the space 2(`''`')(D) and we have 

(1.3) [v]z(,,#)(D) <CIIvXII z(p,A)(D)

where q, t are arbitrary constants satisfying 1< q < p, q=--/-1-andq=q—3)
2. p = A : v belongs to the space 2")(D) and we have

(1.4) [v]zc1.o(D) <_the right hand side of (1.3) 

  3. p > A : v belongs to the space C1-1-o(D)  and we have

(1.5) [v]C1-p(D) <_the right hand side of (1.3)

   Concerning the 2("' spaces of strong type, we have proved in [21], [22] 

and [24] (see also [20] and [26]) the following :

THEOREM 1.6. Let v be a function such that the derivatives {v,,} belong to

the space Z(r")(D), where 1<p<00,0«<n,1<r<coand y—p<1.
Then, the following estimates hold for v.

1. p<A and

(1) r <_---p ; v belongs to the space Z P''° (D) and we have

(1.6) [v]z,.x) (D)sC Il vXll2(r") (D )

where s is an arbitrary constant greater than p.

3) Throughout this paper, we always denote by 0,,whereI=1_1 1-=—1 in Chapter I and p X' q k 

  =—
qin Chapter II respectively.



(2)  n p < r sp ; v belongs to the space Z~ A) (D) and we have

(1.7) [v] z(/, A) (D) the right hand side of (1.6)

(3) ----p < r < o ; v belongs to the space 2';.'") (D) and we have

(1.8) [v] (D) <_the right hand side of (1.6)

where q, ,u are arbitrary constants satisfying 1 < q < p andq=p.

2. p= A and

(1)--2 < r s n ; v belongs to the space LV' (D) and we have
(1.9) [v]zs1,o)(D) s_the right hand side of (1.6)

where s is as in 1 (1).

(2) n < r < co ; v belongs to the space _L (1,0) (D) and we have

(1.10) [v] czr1,o)(D) <_the right hand side of (1.6)

3. p>A and

(1) r<_np ; v belongs to the space gels-To(D) (D) and we have

(1.11) [v]-D) sthe right hand side of (1.6)

where s is as in l (1).

(2) I p < r < co ; v belongs to the space de;--n (D) and we have

(1.12) [v]-( ,) <_the right hand side of (1.6)

4. Inclusion property

   A necessary and sufficient condition for the inclusion property between the 

spaces L;-P'A' (D) and LS4'`') (D) (the Morrey spaces of strong type, see [28] for 

the definition) has been proved by Piccinini. 

   On the other hand, a necessary and sufficient condition for inclusion prop-



erty between the spaces  2P"  (D) and Z s4'`') (D) is more complicated. 

   We have proved in [26] the following : 

   THEOREM 1.7. A necessary and sufficient condition that the following 

relation holds 

(1.13) Z(PA)(D)CZ(sq'')(D) 

and furthermore,

(1.14) IIVI(q,)(D) <_CIIVII rp'')(D)

is that the following inequalities hold :

(1.15)q,'1<_1-~ and1<_1+1(I_'      p> P q s r nq p

where 1<p, q<00,—p<A<n, —q<tc<n and On---—p<1.
   For the remainder of this theorem Furusho has proved in [11] the following 

result with the aid of Piccinini's technique : 

THEOREM 1.8. If np<r and furthermore (1.13), (1.14) hold, thenn---qss, 
where p, q, r, s are as in Theorem 1.7 and 0<A, ji < n. 

   Then, necessary and sufficient conditions that (1.13), (1.14) hold are as 

follow :

1. pq<s

(1.16) pzq,p�fi and1(1i1)<1(1_p u)+1(11 Al 
P q s n r qn n qp

     n  2
. s= q

(1.17) psqands(1n/~r(1q n/+n(q p)

Chapter II Applications to elliptic partial differential equations 

   Mainly Campanato has treated elliptic partial differential equations in the 

.E(QA) spaces [4]-[10] and deduced existence theorems and interior and bound-

ary estimates for the solutions.



   We have also deduced interior and boundary estimates for elliptic partial 

differential equations in the  Zc9.'' spaces of strong type in [23] and [25] 

respectively.

5. Interior estimates

   We denote by SR and CR a fixed semisphere with radius R in the Euclidean 

n-space En and its flat boundary respectively. Namely, 

SR={x=(x,, •••, xn-->--0} and CR=SRlxn=O 

Furthermore, we denote by D a fixed closed domain with boundary included in 

the interior of SR ; SR and sufficiently smooth.

1. Strong Schauder estimates

We consider the following elliptic partial differential equations in the space

21,'''')(D), where 1<p, q< CO, —q<<n and 0<a=---p—9<1

(E) Lu= aa(x)Dsu=f (x) xESR 
1,8152m

or of variational form :

(E)' Lu= Dr[a,9r(x)DRu]= I D7f7(x) xESR l<2m 

      

IRIS[Ir152m-1 1
/12m- 1

under the following fundamental assumptions : 

(A)gaI, (A)'gpI Uniform ellipticity made in [1]. 

(A)go,II The coefficients and function { aR, f} belong to the space ge' ,-2m+" (SR) , 

where>_2mand 0<a < 1. 

(A)'~pII The coefficients and functions {aQ7, f7} belong to the space ' (SR), 

where 0< a <1. 

   Then, we have proved the following : 

   THEOREM 2.1. Let u be an H2m4p-(or H4p-) solution of the equation (E) 

(or (E)') under the assumptions (A)30; (or (A47)). 

   Then, in fact u belongs to the space 36"(D) and we have



(2.1)  IIullgep+a(D)

<—C{IIf II,gep-2m+a(D)+II uIILP(D)1 for (E)

Or

5_C{ : Ilf7ll7,(D) + II UII LP(D) } for (E)' 
I7152m-1

2. Strong Z(9'') estimates

   We make the following assumptions in place of (A)gp and (A47, : 

(A)czpq,A) I , (A)'2.,q,A) I same as (A)361, I , (A)'ga I respectively. 

(A) cz pq,A) II The coefficients and function { afl, f} are smooth. Namely, we 

assume

aseC1-2m+a(SR), D1-2m fE-",g,A)(SR) 

where /.2m,  O <,1< n and 0<a=
                       n—q <1.

(A)'zpq,A)II The coefficients and functions {ap7, f7} are smooth. Namely, 

we assume 

ap7E Ca(SR) , fYS. pq'A) (SR) 

where A, a are as in (A)z pq,A) II . 

   Now, our results for the strong Z(q'A) estimates read as follow : 

   THEOREM 2.2 Let u be an H2"-(or H" -) solution of the equation (E) (or 

(E)') under the assumptions (A)2 ,q,A) (or (AY ,pq,A)) . 

   Then, in fact the derivatives {D'sulis1,1 belong to the space 2 p4'A) (D) and we 

have

(2.2) I II Dflull ypq,x)(D) 
IHIs1

C{ I IlDrfllzpq,A)(D)+IIuIILP(D)} for (E) 
I7Is1-2m

Or

C{ I Ilf7IIQA)(D)+IIuIILP(D)} for (E)' 
171s2m-1



   Here, we make the following important  : 

   Remark 1. Although the norm of the space  z  pq,A'  (D)  is [ v ] z pq,A> (D ) 

+ II v II Lq (D) , the space pq'' (D) is isomorphic to the space Lip (---p—9, p, n) 
with their corresponding norms by Theorem 1.2 which is a subspace of L" (D) . 

Therefore, we may always consider the equations in the Lb-framework.

6. Boundary estimates 

1. Strong Schauder estimates

   As was mentioned in 1, we denote by SR and CR a fixed semisphere with 

radius R in the Euclidean n-space En and its flat boundary respectively . 

   Now, we consider the following boundary value problems :

(E) — (B)

Lu= aa(x)D u=f (x)xESR 
IfIS22m 

Bku= 4 bk,R'(x')DR'u1 Xn=o=gk(x') x'ECR k=1, •••, 
IR'I~mk

or of variational form

(E)' — (B)'

Lu= D7[apr(x)DRu] = Drfr(x) xESR 
   IRj

2~1IrI2m-1       Irl~m-1 

Bku=DX'[bk,s',r'(x')DQ'u] Ixn=o= DX'gk,r'(x')     I$'Is1-1I7'ISmk-1+1 
       Ir'Smk-1+1 

x'ECR k=1, •••, m

where l<Min(2m, mk+l) and greater than the maximum order of xn differenti-

ation occuring in Bk. 

   Now, we make the following fundamental assumptions on the problems 

(E) — (B) and (E)' — (B)'. 

(A)30, I , II ; (A47, I , II Uniform ellipticity and complemeting condition 

on boundary operators made in [1]. 

(A)gGIII The coefficients and functions { aQ, f } ; { bk,a', gk} belong to the 

spaces gep-2m+a (SR) ; C4-mk+a (CR) respectively, where 4 =Max (2m, mk+1),



 0<a<1 and1 —na sp<co.

(A)'gpIII The coefficients and functions {a,97, j;}  ; 1 bk,x,r,, gk,a'} belong to 

the space 367,(SR) ; gp+"(CR) respectively, where a, p are as in (A)gpIII. 

   Now, we have needed the characterization of the trace operator on certain 

.Yc4'A) spaces of strong type to deduce the boundary estimates. Therefore, we 

have proved in [25] with the aid of Nikol'skii's theorem [17] (see also [13] 

Kufner et al.) the following :

THEOREM 2.3.

   1. Let v be a function belonging to the space '') (SR) . 

   Then, there exists a function w such that belongs to the space Zpq'') (CR) and 

v i X„-o= w. Furthermore, we have

(2.3) 11wllzpq,A)(CR) SCIIVII qm(SR)

where i<p,(1<o., —q<A<n and—<a=--A<1. 

                    p

   2. Conversely, let w be a function belonging to the space Z.V'x) (CR) . 

   Then, there exists a function v such that belongs to the space Z"fl (SR) and 

vi X„=o= w. Furthermore, we can extend the function w so that the following 

estimate holds :

(2.4) IlvIlz,"(SR) sCll wll zpq,A (CR)

where p, q, A and a are as in 1. 

   Applying this theorem for —q < A < 0, we have proved the following strong 

Schauder estimates : 

   THEOREM 2.4. Let u be a C"”- (or C1"-) solution of the problem (E)—(B) 

(or (E)'—(B)') vanishing near the curved boundary of SR under the assumptions 

(A)geA (or (A)47)) . 

   Then, in fact u belongs to the space der" (SR) and the following estimates 

hold for u :



(2.5)  II  ullgep+a(SR) 

m <C{ IIf II~p-2m+a(SR) + I IIgkll~p-m~+a(CR)+11u II LP(SR) } for (E)—(B)

or

                          m 

SC{
IYIS IIIfIIge(SR)+I7'51+lllgk,Y'IIp+a(CR)+IIuIILP(SR)}

for (E)'—(B)'

2. Applications of Morrey-Sobolev type imbedding theorems 

   (1) Strong Z( QA) estimates

   We make the following assumptions so as to obtain these estimates. 

(A)2 ,q,A) I , II : (AY czpq,A) I , II same as (A)ga I , II : (A)' p I , II respective-

ly. 

(A)zpq,A)III The coefficients and functions {as, f } ; { bk,~,, gk} are smooth. 

Namely, we assume

afECl-2m+a(SR), 1-2m fE(SR)

bk,fl'ECi-m-a(CR), Dx'mkgkE.Lpq,A)(CR)

where l-->—11=Max(2m, mk+1), 1<p, q<co, 0<A<n and 0<a=---p—9<1,

(A)'zpq,A)III The coefficients and functions {ap,7, f7} ; { bk,a',Y', gk,Y'} are 

smooth. Namely, we assume 

afYECa(SR), fYE.Lpq,')(SR) 

bk,R',Y'EC1+¢(CR), Dx'gk,Y'E ),"(CR)

where p, q, ). and a are as in (A)21,q,A)III. 

   With the aid of Theorem 2.3 and Theorem 1.6.1(2), 2(2), 3(2), we have 

proved the following strong 2cq' estimates :

   THEOREM 2.5. Let u be an Hh,,n-(or H4'-) solution of the problem (E)—(B) 

(or (E)' —(B)') vanishing near the curved boundary of SR under the assumptions



 (A)z9,A) (or (A)'zp4,x)) . 

   Then, in fact the derivatives { D Ru } I P1 l belong to the space Z pq' U (SR) and we 

have

(2.6) X II DQUII 2p9,A) (SR) 
IRII

in 

 C{IYI1-ZmllDYfIIzQa>(SR)+IIIY'I1mkIIDX'gkll2P'A)(CA+II1IILP(SR)}
for (E) — (B)

or

JJ~pm~D SClIIfYII~p4'A)(SR)+EIIDx'gk,Y'll~p9'A)(CR) 
    1712m--1k=11fl'I11Y'Imk-t+1

+II /IILP(SR) } for (E)'—(B)'

Here, we make the following :

   Remark 2. We have proved this theorem for the case ofp<a=---                               p—9 
<1 by Theorem 2.3. On the other hand, we have needed furthermore Theorem 

1.6. 1(2), 2(2), 3(2) to deduce the estimates for the case of 0 < a<-1.                                        

   Now, for the exceptional case, that is, the case of a=                                                     n—=Al, we have 

proved a proposition analogous to Theorem 2.5 under slightly stronger condi-

tions. Namely,

   PROPOSITION. Let u be an H"- (or H4p-) solution of the problem (E)—(B) 

(or (E)'—(B)') vanishing near the curved boundary of SR under the assumptions 

(A)z,4,A) (or (A)'zQ,o)) with a=---n — 'l =-1  P.                                       Furthermore, we assume P q p

gkEH1-mk,p(CR) for (E)—(B) 

or 

gk,Y'EH1'1)(CR) for (E)'—(B)'

   Then, in fact the derivatives {Dsu}1pi i belong to the space Zpq'A'(SR) and we 

have



(2.7)  M  2pgm(SR) 
1$151

m <C{
IYIS!-2mII DYf II2pq.A)(SR) +IIIgkIIH1-mk,p(/`R)+ II uII LP(SR)}for (E)—(B) 

                                     1

or

m 

sC{ E IIfYII(QA)(SR)+I I IIgk,Y'IIH1'n(CR)+IIuIILP(SR)} 
IYI52m-1k=117'I5mk-1+1

for (E)'—(B)'

   (2) Estimates for the lower order derivatives of the solutions of the 

boundary value problems

Applying Theorem 2.5, we can prove easily the 

following :

THEOREM Theorem 2.5. 

   Then, the following estimates hold for u. 

  1. q <r to the space Yq') (SR) and we 

have

(2.8) 

        

I$I51-

EM 2.6. Let u be a solution as in 

        We following estimates hold for u.

 C{
IYI2mIIDYfIl~Z.~iq,A)(SR)+11P'I mklIDx'gkIl p4,x)(CR)+IIuIILP(SR)}

for (E) — (B)

or

 JJ~r`{~p~m`~`~`cD SCl4II.1711P~~)(SR)+4GIIDx'gk,Y'IILpq'A)(CR) 
I7I52m-1k=11R'1511Y 15mk-1+1

+IIuIILP(SR)} for (E)'—(B)'

where r is an arbitrary constant greater than -5-q. 
   2. q= the derivatives { IYu } I~I51-1 belong to the space 2 ."0) (SR) and we 

have

(2.9) 1 IID'uII ? 1.o)(SR) <__the right hand side of (2.8) 
1R151-1



where r is as in 1.

3.  q> ; u belongs to the space d6r- 4 (SR) and we have

(2.10) II u Il - 9 (SR)  the right hand side of (2.8)

where r is as in 1. 

   Next, we have proved similar estimates as Theorem 2.6, even if we replace

the assumption "0---n----/l<1"  in (A)cz 4,A) by "n <—„. ". Namely, P qp q 

   THEOREM 2.7. Let u be an H1 "p-solution (11= Max (2m, mk+1)) of the 

problem (E)—(B) vanishing near the curved boundary of SR under the assumptions 

(A) z4,A) with q < p. Furthermore, we assume that 1 is greater than ll . 

   Then, the following estimates hold for u. 

   1. q<A and

(1)q< pn-1q; the derivatives {D Ru}                                      1$15/-1 belong to the space

2a`'. z' (SR) and we have

(2.11) IQIE111Dau112(4.Ai)(SR)`=C{IYIEZmllD'fll~vp9,)(SR)
m 

       IIDx'gk11Zp"(CR)+IIuIILp(SR)} 
k=1IP'Is1-mk

(2) n A 1 <p<-5--4   ; the derivatives { D Pu } lals L-1 belong to the space
  (pill, Al) (SR) and we have

(2.12) E II D$ull A11> (SR) =<the right hand side of (2.11) 
IRis1-1

whereq1iAl are arbitrary constants satisfying 1< q1 < q,.11 ='1and1=1—1 q
1 q q 1 q1 ~1 

   2. q= A and n < p < 00; the derivatives belong to the space 

zc1.o)(SR) and we have

(2.13) IIDYullzivo)(SR) <_the right hand side of (2.11) 
IQI1-1

3. q> A and i q < p <00 ; u belongs to the space gen- 9 (SR) and we have



(2.14)  II  u (SR) the right hand side of (2.11)

   Finally, we make the following : 

   Remark 3. Similar estimates as Theorems 2.6 and 2.7 hold for interior 

estimates.
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