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Introduction

The £ spaces were first studied by C. B. Morrey [15] and afterwards by
F. John and L. Nirenberg [12]. Motivated by these researches, S. Campanato,
G. Stampacchia and others have given general definition of these spaces and the
structures of them have been characterized by them, G. N. Meyers [14] and
others (see [27]-{30] for bibliography). The elliptic partial differential equa-
tions in these spaces were first studied by C. B. Morrey [15] (see also [16]) and
afterwards mainly by S. Campanato [4]-[10].

On the other hand, G. Stampacchia has introduced in [29] the Z** spaces
of strong type the structures of which are far more general and complicated
than those of the ¥ spaces mentioned above and greater part of them have
been characterized by him, L. C. Piccinini, A. Ono, Y. Furusho and others (see
[11], [18]-[22], [24], [26], [28] and [29]). The elliptic partial differential
equations in these spaces have been studied by A. Ono in [23] and [25].

In this paper, we shall describe at first the theory of the Z** spaces of
strong type, namely, isomorphism theorems, Morrey-Sobolev type imbedding
theorems and inclusion property and secondly interior and boundary estimates

for elliptic partial differential equations in these spaces.

%) This research is partially supported by Grant for Visiting Professor under Consiglio Nazionale
delle Ricerche of Italian Government and Grant-in-Aid for Research of Sciences under the Ministry of
Education of Japanese Government.



40 A. Ono

Capter I The theory of the Z£** spaces of strong type
1. Relevant definitions

We denote a fixed bounded closed subdomain of Euclidean n-space E™ with
sufficiently smooth boundary by D. And we denote a subcube of D with sides
parallel to the axes by @ (from now on, “subcube” means such a subcube
without loss of generality). We consider subfamilies of integrable functions on

D and denote the mean value of function v (x) =v(x,, -**, x,) on subcube & by

v - UQ:\QI"L v (x)dx.

DEFINITION 1. A function v&L?(D) is said to belong to the space
PPY(D) (the P space of strong type ) if the following estimate holds for

v
K(Qj)=[v]_cgww(Qj):ggg(lQl%"j; |v(x) = ve| d) 5<00

and furthermore, there exists a constant L=L(v) such that
1
sup {SK"(Q) }7=L
{Qes J

where 1<p<oo, —p<A1<n, 1Sy <oo, %—%él U and S is the family of all

systems of finite number subcubes of D no two of which have common interior
point.

By taking as a norm of the space V(D)
llgwn(p)=[vlgws (D) +iviLe(D)y=L+1vlLe(D)

the space Z¥* (D) is a Banach space.

As special cases of this definition, we state the following :

DEFINITION 2. The space Z%”(D) is isomorphic to the space Z{+*(D)
with their corresponding norms, where 1<p <o and n<r <co[12]. Therefore,

we call the space Z(D) the John-Nirenberg space of strong type 7.

1) If%—%> 1, then the space ¥ (D) consists of only constant functions. Therefore, we exclude

the trivial case.
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DEFINITION 3. In the case of 1=p<oo, —p<A <0, O<a=——2~<1 and

n
l—a

<7 <co, the seminorm [v] @ @.» () is equivalent to the seminorm

QIES

1

[v]ggs(D) = sup {gmc“(@j)}
by [2] and [14], and therefore we call the space #%(D) the Holder space with
exponent « of strong type ». Similarly, we can define the space H#ie(D)

(/ : natural number).
2. isomorphism theorems

We state the following :

DEFINITION 4. The Sobolev space H*?(D) is the completion of the space
CH{ D) with respect to the norm

lol ger () :mzsl“Dﬂv“LP(E)

where [ is a natural number and 1<p <co.

Now, Stampacchia has proved in [29] the following :

THEOREM 1.1. The space %l (D) is isomorbhic to the Sobolev space

H' 72 (D) with their corresponding novms, where 0<a<1.
This theorem is generalized in [18], [19] and we have obtained the most
general result in [21] concerning these spaces. To state this result, we make

the following :

DEFINITION 5. A function v&€L?(D) is said to belong to the space
Lip (a, p, D) (the Lipschitz space of order a in the space L?(D), where
0<a=<1 and 1<p<o0), if the following estimate holds for v:

x|

[o)Lip(a, p, D)= supf]h|’“{f|v(x+h)—v(x)|"dx} <o

x. x+hED

We define a norm of this space by

[v]Lip(a, p, D) HI0IL2(D)
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endowed with this norm the space Lip(a, p, D) is a Banach space. Further-
more, we remark that the space Lip (1, p, D) is isomorphic to the Sobolev space
H' (D) with their corresponding norms.

Now, our result obtained in [21] is the following :

THEOREM 1.2. The space L (D) is isomorphic to the space

Lip (—:l——%, v, D) and we have

(1.1 C“”v[|5g(rm>(5)éllleLip(%__%.y r, D)=Clvlgwen(p)

where 1<p<oo, —p<A<n, 1<r<0o, O<~7:——§§1 and C is a positive constant

independent of the function v.?
On the other hand , as direct conclusions of John, Nirenberg [12] and

Campanato, Meyers [2], [14] we know the following :

THEOREM 1.3.

1. The space £ (D) is isomorphic to the space LU0(D) =29 (D)
with their corresponding norms, where 1<p <o and n<r <00,

2. The space €¥V (D) is isomorphic to the space H+~9 (D) =L 4% (D)
with their corresponding norms, where 1<p<oo, —p<A<O and

=y <oo,

1
1+
b

Now, we have proved in [26] similar result as this theorem. Namely,

THEOREM 1.4 The space LY (D) is isomonphic to the space 2“9 (D)

and we have.

(12) CHtvlgEr(pyslvlgup(p)=Clvlges(p)

where 1< p <00, 0<A<n, 1<r<co, and Oé%—%él.

2) Throughout this paper, we always denote by C the positive constants independent of functions u,
v, w, f, g etc. appearing in the inequalities.
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3. Morrey-Sobolev type imbedding theorems
Stampacchia has proved in [29] the following :

THEOREM 1.5 Let v be a function such that the derivatives {v.} belong to
the space PP (D) =2LLPY (D) (for the definition, see Definition 1), where
1<p<o and 0<A< n.

Then, the following estimates hold for v.

1. p<A:wv belongs to the space L' (D) and we have

(1.3) [wlgww(p)=Cluodgen(p)

where q, 1 ave arbitrary constants satisfying 1<g<p, _q_:% and %:—}1——%.3’
2. p=2A: v belongs to the space L9 (D) and we have

(14) [v]gao(p)=the right hand side of (1.3)
3. p>A: v belongs to the space Cl‘%(ﬁ) and we have

(15) [v]c-$(p) =the right hand side of (1.3)

Concerning the % spaces of strong type, we have proved in [21], [22]
and [24] (see also [20] and [26]) the following :
THEOREM 1.6. Let v be a function such that the derivatives {vy} belong to

the space L (D), where 1<p <00, 0<A<n, 1<r <0 and %—i<1.

P
Then, the following estimates hold for v.
1. p<A and

(1) r<2p: v belongs to the space 27" (D) and we have

(1.6) [¢] v (py=Clodgen(p)

where s is an arbitrary constant greatev than —?—p.

2 % % in Chapter I and

P!»—A

) Throughout this paper, we always denote by p, §, where %:

o |-

3 1
u

1_1 1. .

T EvT in Chapter II respectively.
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(2) %p<r§%25 ;v belongs to the space L7 (D) and we have
(L7 [v]lgw.»(p)=the right hand side of (1.6)

(3) %5<r<oo s v belongs to the space L.7* (D) and we have

(1.8) [v]gr.»(p)=the right hand side of (1.6)

where q, u ave avbitrary constants satisfying 1<q<p and %:%

2. p=Aand
1) _27i<,,§n s v belongs to the space (D) and we have

(L9) [v]ggo(p)=the right hand side of (1.6)

where s is as n 1 (1).
(2) n<r<oo; v belongs to the space L (D) and we have

(1.10) [U]g;l,o)(ﬁ) =<the right hand side of (1.6)

3. p>A and

(1) r§7n~ ;v belongs to the space %s‘%(D_) and we have

(1.11) [v]ggé—%(ﬁ) < the right hand side of (1.6)

where s is as in 1 (1).

(2) %p<7/<00 s v belongs to the space .-5(D) and we have
(1.12) [vlgg-4 () =the right hand side of (1.6)

4. Inclusion property

A necessary and sufficient condition for the inclusion property between the
spaces L (D) and L% (D) (the Morrey spaces of strong type, see [28] for

the definition) has been proved by Piccinini.

On the other hand, a necessary and sufficient condition for inclusion prop-
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erty between the spaces Z¥* (D) and £ (D) is more complicated.

We have proved in [26] the following :

THEOREM 1.7. A wmecessary and sufficient condition that the following

relation holds

(113) ¥ (D)cEe* (D)

and furthermore,

(L14)  lolgen(py=Clvlgws(p)

s that the following inequalities hold :

Acep o1 1, 1p A
(1.15) pgq,péqand3§7+n<q p)

where 1<p, g<o0,—p<i<n, —q<u<n and Oé—f——%él.

For the remainder of this theorem Furusho has proved in [11] the following

result with the aid of Piccinini’s technique :
THEOREM 1.8. If {%p<7’ and furthermore (1.13), (1.14) hold, then —Z—qés,

where p, q, v, s are as in Theorem 1.7 and 0<A, p<mn.
Then, necessary and sufficient conditions that (1.13), (1.14) hold are as
Sollow -

1. %q<s
w0 vz 3t L0208 ) (5
2 s—-’—/l—q
o
11D Lshand +(1-4) =5 (1L 4+ (41

Chapter II Applications to elliptic partial differential equations

Mainly Campanato has treated elliptic partial differential equations in the
£ spaces [4]-[10] and deduced existence theorems and interior and bound-

ary estimates for the solutions.
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We have also deduced interior and boundary estimates for elliptic partial
differential equations in the %‘“¥ spaces of strong type in [23] and [25]

respectively.
5. Interior estimates

We denote by Sk and Cr a fixed semisphere with radius R in the Euclidean

n-space E” and its flat boundary respectively. Namely,
Se={x="(x, -, %) : |x| =R, x,20} and Ce=Sr|x,=0

Furthermore, we denote by D a fixed closed domain with boundary included in

the interior of Sp ; g}e and sufficiently smooth.
1. Strong Schauder estimates

We consider the following elliptic partial differential equations in the space

n__A

£4"0(D), where 1<p, <, —¢<1<n and 0<a=——"-<L.

B) Lu= 3 ap(x)D*u=f(x) xeg‘k

18l=2m

or of variational form :

€ Lu= 3 D'anx)Du]l= 3 D'f(x) foS‘R [<2m
1Bt I7lszm—1
lrls2m—1

under the following fundamental assumptions :

(Wggsl, (AYggsl Uniform ellipticity made in [11.

(AggsIl The coefficients and function {as, 7} belong to the space 5 2""%(Se),
where /(=22m and 0<a<1.

(AYggell The coefficients and functions {asy, f,} belong to the space F£5(Sk),

where 0<a <1.

Then, we have proved the following :

THEOREM 2.1. Let u be an H*™*~(or H*"*-) solution of the equation (E)

(o7 (€)) under the assumptions Wggs (or (A gga) .
Then, in fact u belongs to the space #5*°(D) and we have
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21) lulgggre(D)

<C{lflggj-2m+a(p) tlulpe(p)} for €)

or

§C{m5§n_lllﬁllgg5(5)+||u||Lp(§)} for (€Y

2. Strong £ estimates

We make the following assumptions in place of (Algge and (A gga -
BT, (A)’géq.zn [ same as (Agal, A g1 respectively.
(A)_cggq,wﬂ The coefficients and function {as f} are smooth. Namely, we

assume
= Ct—zm+a(SR) , Dt—sze ggq,&) (SR)

where [22m, 0<A <% and 0<a:i—~'}1—<1.

p

@ gpganIl The coefficients and functions {as, f;} are smooth. Namely,

we assume
an s C%(Sk), LELHY (Sk)

where 1, a are as in (A)g;q,mII.

Now, our results for the strong £" estimates read as follow :

THEOREM 2.2 Let u be an H*™*-(or H**-) solution of the equation E) (or
(E)) under the assumptions BA)g (a0 (o7 (A),.?ixgq’“)‘

Then, in fact the derivatives {D*u}ns: belong to the space £4* (D) and we
have

22) 3 ID*ullgpen (D)

18l=1

<C{ 3 IDflggv(p)+lulps(p)} for ®

l71si-2m

or

éC{mgn_lHﬁ”?é"'“(D—) +lulpe(py} for €



48 A. Ono

Here, we make the following important :
Remark 1. Although the norm of the space 5"V (D) is [v]géq,n( D)

+lvlLe( ), the space 247 (D) is isomorphic to the space Lip (—Z——%, b, E)

with their corresponding norms by Theorem 1.2 which is a subspace of L?(D).

Therefore, we may always consider the equations in the L?-framework.
6. Boundary estimates

1. Strong Schauder estimates

As was mentioned in 1, we denote by Sz and Cr a fixed semisphere with
radius R in the Euclidean #-space E” and its flat boundary respectively.

Now, we consider the following boundary value problems :

LuzlmE2 as(x)DPu=f(x) x5k

(B)—®B)
BkM: 2 bk,,gf(x’)D”/ulx,,=0:gk(x’) x’ECR k::l, e, m
|8’ |smk

or of variational form

Lu= 3 D'laxy(0)Dul= 3 D%x) xES
111 71SZm~1

EY —(BY ' , , ’ ’
(EY —(®B) Bau= 3 DIilbapy&)D u]limo= 3 Dige,(x)
I A 17| SmE—1+1

2€Ce k=1, -, m

where / <Min(2m, m,+1) and greater than the maximum order of x, differenti-
ation occuring in B,.

Now, we make the following fundamental assumptions on the problems
(E)—(B) and (E) —(B).

Agga 1, 115 AYgge I, I Uniform ellipticity and complemeting condition
on boundary operators made in [1].

(Aggslll  The coefficients and functions {as, f} ; {bxs, g} belong to the

spaces #5724 (Sg) 1 Fi ™ (Cr) respectively, where /=4 =Max (2m, m,+1),
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n
1—a

0<a<1 and =p <o,

(A'ggalll  The coefficients and functions {as, £} i {brs.r, gur} belong to
the space F65(Sx) : #»*“(Cr) respectively, where a, p are as in (Aggalll.

Now, we have needed the characterization of the trace operator on certain
%Y gpaces of strong type to deduce the boundary estimates. Therefore, we
have proved in [25] with the aid of Nikol'skii’s theorem [17] (see also [13]
Kufner et al.) the following :

THEOREM 2.3.

1. Let v be a function belonging to the space L5 (Sk).
Then, there exists a function w such that belongs to the space £ (Cz) and

Vlxnmo=w. Furthermore, we have

23) lwlgen () =Clulgyen(sy)

where 1<p, <00, —~q<A<n and ~<a=2—2<1,

by » q

2. Conversely, let w be a function belonging to the space €57 (Cr).
Then, there exists a function v such that belongs to the space LV (Sk) and
Vlxmo=w. Furthermore, we can extend the function w so that the following

estimate holds :

(2.4) lvllggen(s,) =Cllwlgas (cp)

where p, q, A and a are as in 1.
Applying this theorem for —¢<A<0, we have proved the following strong

Schauder estimates :

THEOREM 2.4. Let u be a C"**~(or C*%-) solution of the problem (E)—®B)
(or BY —(BY) vanishing near the curved boundary of Sk under the assumptions
Agge (o7 B gga) .

Then, in fact u belongs to the space F4*(Sg) and the following estimates
hold for u :
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25)  lulggi+a(sy)

SC{If lggg-2m+a(S,) +§1 lgelggg-mute () Hlullpp(sz)} for B)—®)

or

éC{.,.s%vl”fr”%z(sﬁﬁﬁ S lgnrlggyre(ce) el po(sy )

k=117 |Smp—1+1

for (EY —®B)
2. Applications of Morrey-Sobolev type imbedding theorems
(1) Strong Z'“" estimates

We make the following assumptions so as to obtain these estimates.

(A)gg};m) I,11: (A)'gtgqm I,II same as (A)%gl I :(A)’%gl , II respective-
ly.

@ ggenlll  The coefficients and functions {as, f} | {bss, £} are smooth.

Namely, we assume
e Cr2ma(Sy), Dtmfe L L0 (S)
by ECT ™ (Cr), D™ g E L (Cr)

where /2, =Max(2m, m,+1), 1<p, g<oo, <1 <n and 0<a=%~%<1,

1
+—.
“Tp
(A)'g},q‘l)lﬂ The coefficients and functions {as, f} i {brs.r, Ger} are

smooth. Namely, we assume
asEC%(Sp), LELSM(SR)
brs,rEC(Cr), Degrr<E L (Cr)

where p, ¢, A and a are as in (A)g})q,mlll.
With the aid of Theorem 2.3 and Theorem 1.6. 1(2), 2(2), 3(2), we have

proved the following strong £“? estimates :

THEOREM 2.5. Let u be an H"*-(or H"*-) solution of the problem (E)—(B)

(or (BY —B)) vanishing near the curved boundary of Se under the assumptions
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(A)géq,/n (o7 (A)'yj},‘?’“)-

Then, in fact the derivatives { D*u}ias: belong to the space L5 (Sk) and we
have

(2.6) |E,”Dﬂu”$£q'“(&)

<C{ S IDflgposy+S 3 IDiadggpmocy)+lulresy) )

|7is{-2m k=117 [Sl-mk
for (E)—(B)

or

SCL S Wlgpos) TS S S IDfgrlzpicy)

jrls2m—1 k=1F|S1|7|Sme—t+

+lulpe(s,)t for € —®

Here, we make the following :

Remark 2. We have proved this theorem for the case of i<a:i——/1—

)/ p aq
<1 by Theorem 2.3. On the other hand, we have needed furthermore Theorem

1.6. 1(2), 2(2), 3(2) to deduce the estimates for the case of 0<a<—1-.

2
Now, for the exceptional case, that is, the case of a:—;;l———g—:%, we have

proved a proposition analogous to Theorem 2.5 under slightly stronger condi-

tions. Namely,

PROPOSITION. Let u be an H"?-(or H"-) solution of the problem (E)—(B)
(or @ —®)) vanishing near the curved boundary of Sz under the assumptions

(A)-(ffzq’“ (or (A)’g;a.u) with azﬂ—izL. Furthermore, we assume

» g p

g.EH=™?(Cr) for (E)—®)
or
Ge,rEHY(Cr) for B —®

Then, in fact the devivatives {D*u} pz: belong to the space 5"V (Sk) and we
have
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2.7 2 1D%ull gyan(Sp)

18lst
= C{ng_z’nlll)’fﬂggm (Se) t éllgAle—mw(CR) Hlulpr(s,)t for ®—®)

or

SCU S gyt S S gl (e +HlulLosy)

k=1]7Emr—1

for (EY —®BY

(2) Estimates for the lower order derivatives of the solutions of the

boundary value problems

Applying Theorem 1.6. 1(1), 2(1), 3(1) to Theorem 2.5, we can prove easily the

following :

THEOREM 2.6. Let u be a solution as in Theorvem 2.5.

Then, the following estimates hold for u.

1. q<A: the derivatives {D*u}psi-1 belong to the space L7 7 (Sz) and we
have

(2-8) \mz—l”Dﬂu || -655‘7’ A) (SR)

=C{ 2 DT lgpnsy T2 2 IDZ&l g (Co) HlulLo(s))
for (E)—(B)
or

=C{ = _,“ﬁngéq'“(SR) + én: S 3 ;|D§’,gh,7,||$l(’q’”(ck)

|71s2m k=18 |s17'|Sme—1+1

+lulpe(s,)t for €Y —®
where v is an arbitrary constant greater than %q.

2. q=A: the derivatives {D*u} gz belong to the space LV (Sk) and we
have

s < . .
(2.9) |’*E}_IIID ull @0 (s,) =the right hand side of (2.8)
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where v is as in 1.

3. g>A; u belongs to the space HL9(Sk) and we have

(210)  lulggi-5(s,) =the right hand side of (2.8)

wherve v is as in 1.

Next, we have proved similar estimates as Theorem 2.6, even if we replace

the assumption “0§%—%<1” in (A)_?qu,m by %<_g_
THEOREM 2.7. Let u be an H™P-solution (L=Max(2m, m,+1)) of the

problem (E)—(B) vanishing near the curved boundary of Sg under the assumptions

Namely,

A cp (e with £q< p. Furthermore, we assume that [ is greater than [.
Z5 A

Then, the following estimates hold for u.
1. g<Aand

(1) %q<p§ n;l G ; the derivatives {D*u}\psi-1 belong to the space

LTV (Sp) and we have

(2.11) lMg_lIID‘?uH LU (S = C{ms%zmllD{fllgéq,n(SR)

+3 3 DZ&lgpen (Cp) HlulLr(se)t

k=1f|S1~mz

(2) n;l q<p <—ZL6 ; the derivatives { D*u}ips:-1 belong fo the space

LIV (Sp) and we have
(2.12) ‘ S ID*ulgam (s,) Sthe right hand side of (2.11)
Blsi—1

where q, A, are arbitrary constants satisfying 1<q, <q, A _A and % :L—L.
Q q 4 @ A
2. g=A and n<p<oo; the derivatives {D*u} pszi—1 belong to the space

LHO(Sp) and we have

2 < . .
(2.13) |m§-1”D ull g g10(S,) =the right hand side of (2.11)

3. qg> A and ﬂq<p<oo ; u belongs to the space 96},‘%(5}) and we have
A
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(2.14)

A. Ono

letllgg ;-5 (S,) =the right hand side of (2.11)

Finally, we make the following :

Remark 3. Similar estimates as Theorems 2.6 and 2.7 hold for interior

estimates.
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