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1. Introduction

In [8] R. E. Stong introduced the classification of maps of closed differenti-
able manifolds under the cobordism relation and determined the abelian group
of all classes of the maps with the group structure imposed by disjoint union ;
that is,

[, —Ls N+ (0, —Ls N = [0, B ).

And he gave the characteristic numbers of a map which are algebraic invariants

to determine the cobordism class. The classification of equivariant maps of

G-manifolds were treated in [9]. In this paper we treat a Z-map f : M"—
N7 of closed differentiable manifolds (M™, T) and (N? T'), where T and 7"
are the differentiable involutions. In Section 2 we investigate the relation
between the characteristic number of a Z,-map f : M™—— N7 and that of the
restriction f|F(M™, T) to the fixed point set F(M™ T), and we study the
mapping version of results obtained by Kosniowski and Stong [5]. In Section
3 we discuss the approximation by a Z,-equivariant map which is transversal to

the fixed point set.

2. The relation between the characteristic number of a Z,-map and that of

the restriction to the fixed point set

Let f: M™—— N” be a differentiable map of closed differentiable mani-
folds M ™ and N " of dimension » and = respectively. Let e : M™— R*be an
embedding. For the normal bundle y(f) of the embedding fXe: M™—
N"X R* we have the Thom isomorphism

Oupy i H*(M™ Z) — H*"""'"" (T (v(f) 1 Z)
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and the Gysin homomorphism

FoiH (M 2) =200, freesen (T (,(0)  Z)
c* I:'I*+n+kw:((Nn)+/\Sk; &)
O HYMNT )
where ¢* is the homomorphism induced from the collapsing map ¢ : (N*XD#*/
(N"xXS%1Y) — T (v (f)), D*: k-disk and S*!: (k—1)-sphere and ¢ is the

suspension isomorphism. The Gysin homomorphism f, is coincident with the

following composite
D D!
@1 H (M Z)2H, (M7 2) Lo b, (v )R 2)

where D is the Poincare duality isomorphism.

Let f: M™— N” be a differentiable map which is transversal to a
submanifold B of N"and let A=f"'(B). The differential df yields the bundle
map f . v(A) —> v(B) of the normal bundles v(A) and y(B) of A and B
respectively. Then the following commutative diagram is derived from the

naturality of the Thom isomorphism
H*(N"; 2) —L s g 2,)
(2.2) iz, ia,
* - A * * .
Bz A g4 )

where i4 and 7z are the inclusions.

Denote by [ M ™] the homology fundamental class of a closed manifold M ™.
The degree o(f) of amap f : M™—— N" of closed manifolds is defined by
fo(IM™)=0(f)[N].

LEMMA 2.3. Let w;(v(B)) be the j-th Stiefel- Whitney class. Then for any
bEH" (B Z), o(f) <w;(v(B))+b, [B]>=<w;(v(A) (f|4)(d), [A]>.

Proor. Using (2.1), we have

<f*is(w;(v(B))-b), [M™]>

= <Z.B.,(wj(V(B)) <b), o (/) [N"]>

=o0(f) <1, is, ((w;(v(B)) =) N[B]) >

=0(f) <w;(v(B))+b, [B]>.
It follows from (2.2) that
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<f*ig,(w;(v(B))+b), [M™]>
= <ia,(f|A)* (w; (v(B)) +b), [M™]>=<w,;(v(4)) (f|A)*(d), [A]>.
Q. E. D.

We now recall the characteristic classes discussed in [7] and the Boardman
map. Let X be a finite CW-complex. One has a natural transformation
wy © Vect(X) — H*(X)[[#, &, ---]] from the set of real vector bundles over
X to the ring of formal power series in variables ¢ over the graded ring H * (X),
which is claimed

(1) we(FE) =, we (&)

2) wi(6DE) =wy (&) we(&)

(3) for the canonical line bundle &, over the n-dimensional projective

space RP"
wy (&) =1+xt + x4+ +x7t,

where x is the generator of H'(RP"; Z,) ~Z, The unoriented cobordism
group H#*(X) is the stable homotopy group defined by the direct limit h_)r’)n

[S=*X* MO(n)]. The cobordism group yields the generalised cohomology
theory with the characteristic classes w : Vect(X) — <¥*(X) which has the
property of the naturality, the Cartan formula and the first Stiefel-Whitney
class w?¥(&,) of the canonical line bundle &, over RP" is the homotopy class of
the natural injection RP"C MO (1). The natural transformation -
BN (X)— H*(X)[[4, &, 1]

is the multiplicative natural transformation with

B (W (&) =x+x2h+ - +x™ y+-e
for the canonical line bundle & over BO (1) ~RP>. A differentiable map
f 1 Mm™—> N7 of closed manifolds gives a bordism class [M™—— N "] of the
bordism group <¥#.(N7" for the space N” [1]. Apply the Poincare duality
isomorphism D : #* (N") =¥, (N7 to [M™— N™], and we have

DML N =D, L )
=D"'f.D(1)
where 1E€#(M™). Then we have the Gysin homomorphism of c#*-theory
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£() =D [M™—L— N"]. Taking an embedding ¢: M"— R* and the
embedding f X e : M™— N"X R* it follows that
@4) BUD)=fa(v(fxe)  (ch [6])
where v (f X ¢) is the normal bundle of M™in N"XR* A formal power series
F(x)=14+xt, +x*t,+-+x"t,+
is available to describe w; (7). If (N7 T’) is a differentiable closed manifold
N7 with a differentiable involution 7’ whose fixed point set is union of con-
nected manifolds
F(N™ T)=F{UF;U---UF.
The norma] bundle y,, of N* embedded in an adequate euclidean space has the
characteristic class

-1
wi (Vya) = wy (t(N9)

where (N7 denotes the tangent bundle of N”. We use the splitting principle
of a vector bundle to describe the total Stiefel-Whitney class of t(N ") as
w(rt(ND)=Q0+7c) 1+ A+17)
and
wy(r(N7) =F () F(13) - F(z5).
For each normal bundle v(F}) of Fjin N" let
w(v(F)= Q1+ A+ B (1+BE)).
Let G(u, %, %, ***, Xx 3 31, Y2, "=, Y. » #) be the part of degree »n of

1
F(x1+?fi)"'F(xk+Z¢)F(y1)“'F(yz)

By making use of (2.4) and Proposition 4.1 of [3], we have

THEOREM 2.5 (cf. [4], [5])

1 \
SFFyFay V>

t
=3 <GA, B, e, B Y e 1w /w(w(F), [F3] >
J=1
where w(r(F7)) =1+ A+ 29) -1+ 5).

From now on we will treat an equivariant map
fiMm, T)— (N* T)
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with the fixed point set

FM™ T)=F,UF,U--UF;
and

F(N" T)=FiUF;U--UF.
Although all of equivariant maps are not approximated by an equivariant map
which is transversal to F(N” T’), we now claim that f is transversal to
F(N" T’). Then W,=f"'(F7) is the invariant submanifold of M™ with the
normal bundle v (W;) in M™ which is isomorphic to the induced bundle (f| W,)’
v(F7). By the splitting principle we describe the total Whitney classes as

w(v(F))=QQ+8Y) (1+B:9) - (1+ B&))

w(r(FY) =0+ A+9) - 1+75)

wy(W))=~0+at”) Q1+ a8 (1+a¥)

w(r(W))=0+P) QA+ ) -1+ 2.

Then we have the following

PropPOSITION 2.6.

1 \
O <FyFay—Fay V>

=S <G a?, o )1 1), ) FHED) T (b (W), (W] >

J=1
where f; denotes the restriction of f to W,
Proor. Applying (2.2) to the commutative diagram

W, ——2 F;
N N
Mm f Nn

it follows from Lemma 2.3 that
o (f) <G, B, -, BE s o, e 7 m) Jw (w(FY), [Fil>
=<GQA, f1BY, o 38 [, o £1EE T ) fw (w(W)), [W]>
=<G(A, af?, -, @R 30, e, 370 w) /w (W), [W]>

We use Theorem 2.5 to complete the proof.

Proposition 2.6 derives the following
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PRrOPOSITION 2.7. For arbitrary symmetric polynomial P (x,, %, =, %,) of
degree n
o(f) <P(r, t3, =, th), [N"]>

5 PPl a4, ), fo), e, f10)
=3 (1) (@@ + D) (@8 + 1)  LW]>

Applying Proposition 2.7 to P (x;, %, ***, X,) =x;***X,, We have

COROLLARY 28. If f: (M™ T)— (N", T’) is a Zy-map which is
transversal to F(N", T’) and f~'(F}) = (L)J F, where F(N", T")=UF,, F(M™,
T)=UF, then o '

o) x(ND=3{ 3 o(fdx (F)}

Jooi)=J
wheve f; . F;— Fjy, is the vestriction of f and x (N7") denotes the Euler
number module 2 and j(i)=j if f(F;)CF}

We now turn to investigate the relation of the characteristic numbers for
the pair (W, v(W,)) of the invariant submanifold W; and the normal bundle of
v(W,) of W, in M™ with F(W,, T) :,-<,-)~,~F"’ where j(i) =7 if f(F;,) CF}

PROPOSITION 2.9. Let v(W,) | F; be the restriction of the normal bundle
v(W)) to F,, and let

w( (W) |F)=(a{’+1)-(@8+1).

Then
<F(af”)F(a¥), [W;]>

_ F+a®FQ+ad
*j(§'=1< w (v (F, W) , [F]>

where v (F;, W)) is the normal bundle of F; in W,
Proor. Let h: (W, T)— (M™ T) be the natural inclusion. The
product M™x I, I=[—1, 1], is the Z-manifold with the involution
T M7xI—> M"XI, T (x, ) =(T (x), —t)
whose fixed point set is F (M ™ T) x{0} and the normal bundle of F;x{0} is
v(F;)®1. Let v(F;, W,) be the normal bundle of F; in W,. Let Int(D (v (F})
@1)) be the interior of the disk bundle v (F;)@®1. The inclusion &z : W;xI —
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= MrxI, h(x, t)=(h(x), t), induces
B WyxI— U Int(D(v(F;, W)@®1)) — M™XI—UInt(D (y(F,)D1).

=

This is an equivariant map of the free Z,-manifolds which bounds the maps
W Wyx{—1, 1} — M™x{—1, 1}

and

Uk, : i(lL;J:jS(u(Fi, W) ®1) — LiJS(V(F,-)QDD

i

where S( ) denotes the sphere bundle and %; is the map induced from the
inclusion 7 : W;xI — M™XI. The classifying map g, of the normal
bundle v (%) /Z, with respect to the inclusion % and the collapsing map c¢ yield
the composite

("X T =Y It (D )@V /2~ T () 2) L Buins)

MO (k)

which bounds the following maps

s 7y (wy) L),

and

MO (k)

U _
L{JP(I/(Fi)@l)"I—“" U T(U(hi))

Jj@)=j

T(g»(ﬁ,)) MO(k,)

where P( ) donotes the projective space bundle and v ( ;) denote the normal
bundle for the embedding %, : P(v(F, W;)®1) — P(v(F)®1). Then we

have a relation

[n T8 2o, 116 () ) =3[P ( (F) @1) — B2 o 410 ()]

inc#, (MO(k;)). Let y* be the universal vector bundle on the classifying space
BO (k;) for the k,-dimensional vector bundles. By using the characteristic
numbers given in [1] and [8] we have

<& T (Guwy) * @ (we (7)), [M™]>

= 3 <&T(guy) " 0w (™), [PW(F)DBD]>

J()=j
where @ denotes the Thom isomorphism for y*. From the naturality of the
Thom isomorphism and the fact that ¢%®.u, and &;* Ouw, are the Gysin
homomorphism it follows that
< (we(W(W)))), [M™]>

=3 <hy(wi(w(ky))), [PW(F)®D]>.

J()=j



32 M. Kamata and C. T. Yung

Let £ —— X be a smooth vector bundle over a manifold X, and let 7. be the
canonical line bundle over the projective space bundle P (£). Then the tangent
bundle 7 (P (€)) is stably isomorphic to (7:€) @D rir(X). Since W'y (F,) =
v(F;, W,)®HK y(W,) where v(F;, W,) is the normal bundle of F; in W, we have

we (v (B)) =we (mi oy (W) | F)Q (s, wen)) s
where 7; . P (v{(W,) | F;) — F;, is the bundle projection. Then

< hgwg(v(R)), [P((F)P1]>

=<w;(v(k)), [P (F, W)®D]>

= <1,YF( a¥+w (¢, we), [P (F, W)@1]1>

Let 7 : P(£§) — X be the projective space bundle of a smooth vector
bundle & Then the cohomology fundamental class of P (&) is given as

(PO =r"([X])c", c=w ().
It follows from Proposition 2.2 of [3] that
<lw (v (7)), [Py (F)D1]>
=<IZF(&$i’+1)/w(u(Fi, W), [Fi1>.

Since <hwg (v (W), IM™]>=<w;(v(W;)), [W;]>, we complete the proof.
It follows from Proposition 2.9 that

PROPOSITION 2.10. Let P(x, x,, -, xx,) be a symmeltric polynomial. Then

: ; P(@{"+1, -, ai)+1)
() J) i — ) ) i
<P(af’, o, ), [W]>= 3 <A

, [FI>.

Let g, (i, %, =, %)= 2 (x+1)"-(x,+1)™ where » is a non-nega-

ntetn=r

tive integer and 7; runs over non-negative integers, and let 7 (», n) =g,(0, --+, 0).

THEOREM 2.11. Suppose that f . (M" T) —— (N", T'), n=2% is a differ-
entiable Z,-map which is transversal to F(N™, T'), W,=f"(F%),f,: W,— F}
is the restriction of f, and

F(W, T)= U F,

withdim Fi<n. If w(fiy(Fiy)) =1, v(Fis) the normal bundle of Fys in N™
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with dim y (F'yy) = ki), then for the symmetric polynomial Sim(xy, **+, %n) =
Xt et

n A~ — ken(n—k;, k)
0(f)<s(n)(T(N )), [N ]>-§{<j(§=j W(V(F,-, VVJ))

PRrROOF. Proposition 2.7 and Proposition 2.10 imply that
0(f) <Sw(z(N®), [N"]>

k;
o (af)+1) 0

, [Fi>1

=2<@r+D LW,]>

=3< 3 k@ e [(Wil>
T nteet heedim W
S k@@P+pm(@d+nr
=§{j(§=j< T W;,v(u(Fi, W) , [Fi>1
Since w (fiy (Fjx)) =0,

p) (a{’+D"m(a+1)=xr(dim W, k),

At n,=dim W

and w(v(F;, W)))=w (v(F;, M™). Thus we complete the proof.

REMARK 2.12. We now consider a Z,-manifold (5% T'), n=2¢ which is the
n-sphere with the action 7' (x, -+, %) = (%, — %, ***, —%,) and a Z-manifold
(RP" T) the n-dimensional real projective space with action 7 ([x, **, %.)) =

[—x, =%, %, -, x,]. The fixed point set F (RP" T) is RP'U RP" % with the
normal bundle v(RP') =(n—1)& and v(RP™*?) =2&,, and

1 95—
“w ey FF =1

We see that 7(n—1, 1) =1, and that S (z(S™))[S”] is zero. Thus it follows
from Theorem 2.11 that there is no differentiable equivariant map which is

transversal to the fixed point set F(S* T).
3. The approximation by a Z,-map which is transversal to the fixed point set

The equivaiant transversality theorms are discussed by Wasserman [10]
and Hauschild [2] etc. In this Section we give a criterion of the existence of

an equivariant map which is transversal to the fixed point set.
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LEMMA 3.1. Let £:E(£) " s M and 7. E(n) T, N be smooth
vector bundles over smooth manifolds with dim €= and dim p=%. Let
fIE(E) — E() be a smooth map which is linearly mapping from each fibve
E (&) into E(9ry). If dim M <I—Fk+1, then for any map 8 . E{(€) — R*=
{x|x>0} there exists a smooth map g . E(&) — E () such that

(1) g is epimorphic on each fiber.

(2) for any e€E (&) d(f(e), gle)) <d8(e), where d is the metric.

Proor. Let f'n : E(f'7) — M be the induced bundle by f. The map
F iE@ — E(f'n), f (e)=(m(e), f(e)), is a linear map on each fiber with

the commutative diagram

E@ —L——Ew

7| /

E(f'n) /
where f is the bundle map defined by 7 (x, ¢) =¢. Let HOM(E, ') be a
vector bundle over M whose total space consists of bundle homomorphisms
from & to f'p. Let I'(&, f'7) be the space of cross-sections of HOM (€, f'7)
— M which is a Baire space. I'(£, f'n) corresponds to the set of bundle
homomorphisms. We prepare an open covering {U;|i=1, 2, ---} of M with the
local triviality 73" (U;) = U; X R and n,”*(U;) = U;X R*. Thus the restriction
7 | U: gives an element of I'(&| U, f'7| U;) =Map(U,, M (I, k)), where
Map(U;, M (I, k)) consists of continuous maps from U, to the space of matrices
of type (I, k). The space M (I, k; j) consisting of (/, k)-matrices with the
rank j is a submanifold of M ([, k) with the dimension j{({+£—7). If dim
U;<lk—j(l+k—7), by the ordinary transversality theorem a cross section in
(| U, f'7|U,) is approximated by a cross section with the rank # j on each
fiber. Denote by I'(&[{U;, f'n|U; ; j) the subspace of cross-sections with the
rank j. Put

L&, folUss pe=T (U, falU) =T (E|U, f'71U; 5 j).

This is dense and open in I'(£| U,, f'p| Uy) if dim U;<lk—j(I+k—j). We now
suppose that dim M </—k+1. Then ‘:QF(E! U, f'9|U; s 7)¢is dense in ' (€]
U, f'n|U) and T(&| U, f'p| Us s k) is dense. Let I' (&| U, f'7| U, ; k) be the

subspace consisting of cross-sections of HOM (&, f'») whose restriction to U, is



On characteristic numbers and Z,-equivariant transversality 35

of rank k. ' (&|U, f'y|U;; k) is dense and open in I' (€, f7') and ' (&, f'n ;
kY=NT(&|U, f'7|U;; k) is dense. Q. E.D.

THEOREM 3.2. (cf. [6]) Let f: (M, T) — (N, T") be a differentiable
Z,-map of compact Z,-manifolds with F(M, T)=F,UF,U---UF, F(N, T) =
FiUF;U--UF, and f,;=f|F;: F,—> F. If codim F;,—codim Fj.+1>
dim F; for all ¢ and j, then f is equivariantly homotopic to a Z,-map which is
transversal to F(N, T’). ’

Proor. The open disk bundle Int (D (v (F;))) of the normal bundle of F; is
identified with the e-tubular neighborhood N.(F;), €>0. The differential df :
(M) — r(N) induces the homomorphism of normal bundles v (F;) and v(F;
) and Proposition 3.1 implies that f | Ne(F;) : Ne(F:;) — Ne(F’%.) is equivar-
iantly homotopic to a differentiable Z,-map g; : Ne(F;) — N:.(F:) which is
transversal to F’%;. For sufficiently small €>0 the tubular neighborhoods N.
(F;) do not intersect each other. Thus we have a differentiable Z,-map & : N
(F(M, T)) — N, g|N.(F;) =g, which is transversal to F (N, T’) and Z |
FM, T)=f|F(M, T). By making use of Lemma 3.4 of [10], we have a ¢-
neighborhood N;(F (M, T))CN.(F(M, T)), 0<8<e, and an equivariant
homotopy F, such that

K=

FAM—N:(F(M, T))=f|M—N:(F(M, T))

FINs(F(M, T))=§%.

For x&M —F (M, T) there is an open neighborhood U (x) of x with
TUx)NU(x)=¢. Let

U={UUTU ) |[x€M—F (M, T)}U{N:s(F (M, T))}
be an open covering consisting of above neighborhoods and the §-neighborhood
of F(M, T). Then there is a finite open covering @ ={V,} of M which is
required that © is a refinement of © and each open set V,; of © contained an
open set W, with W,C V; and U W;=M, and we describe the index 7 of V; as
non-positive integer if ViCNs(i*‘ (M, T)). Let

O={V,, Vs, -, Vil U{V;|5<0, jEZ}.

We take V;=0,;UTO;, O; an open set with O;N TO,=¢. Suppose that
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g, M — N is a differntiable equivariant map which is transversal to
F(N, T’) at each point of A,= W,UW,U--UW,UF (M, T), and which is
homotopic to Z,., and F,= 2. By the ordinary transversality theorem we
have a differentiable map %,., : O,.; — N which is transversal to F (N, T’),
homotopic to &, Oy and 21| OpiNA= §,]0,.,NA,. Then we have an
equivariant map

k:Vu=04UTO, — N
With iy (0) = hpey (1), € Opy and fir (T (1)) =T hyy (T (x)), and
Brii| Ver NA,= &,| VosxNAr.  The homotopy Hyive: Vi — N is given so
that Hypo| Vers NA,= 2.l Vet NA,, Heyy= by and H, o= 2, Hence we
have the ﬁomotopy Hie? W, UA,— N with H), A= 2.]A,. The
Lemma 3.2 of [10] implies that H,,, can be extend to a differentiable equivar-
iant homotopy Fj.1,. such that F,,,=F,.,, is homotopic to g, and transversal
to F(N, T’) at each point of W,,,UA,. By induction on » we complete the

proof.
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