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1. Introduction

   In [8] R. E. Stong introduced the classification of maps of closed differenti-

able manifolds under the cobordism relation and determined the abelian group 

of all classes of the maps with the group structure imposed by disjoint union ; 

that is,

Dui------>NI] +[M2A% N2i =[Mi 11 M2  fllf >N1 LN2].

And he gave the characteristic numbers of a map which are algebraic invariants 

to determine the cobordism class. The classification of equivariant maps of 

G-manifolds were treated in [9]. In this paper we treat a Z2-map f : Mm 

Nn of closed differentiable manifolds (Mm, T) and (Nn, T'), where T and T' 

are the differentiable involutions. In Section 2 we investigate the relation 

between the characteristic number of a Z,2-map f : M m Nn and that of the 

restriction f F (Mm, T) to the fixed point set F (Mm, T) , and we study the 

mapping version of results obtained by Kosniowski and Stong [5]. In Section 

3 we discuss the approximation by a Z-equivariant map which is transversal to 

the fixed point set.

2. The relation between the characteristic number of a Z2-map and that of 

  the restriction to the fixed point set

   Let f : Mm---> Nn be a differentiable map of closed differentiable mani-

folds M m and Nn of dimension m and n respectively. Let e: M m Rk be an 

embedding. For the normal bundle v (f) of the embedding f x e : M m 

N n x R k we have the Thom isomorphism 

Cc.t>: H* (1117n Z) ) H*+„'-„'(T(v(f)) ; Z)



and the Gysin homomorphism

 f  : H* (Mm : Z2) -----------°v(f) , H*+n+k-m(T (v(f)) ; Z2) 
                     c*,u*+n+k-rrr((T~n)+Ask;7) 

           1~ /~2 

                    6 , H*+,rn:/Nn• Z)

where c* is the homomorphism induced from the collapsing map c : (N n x D k) 

(NnxSk-1) T (v(f)), Dk : k-disk and Sk-1 : (k-1)-sphere and a is the 

suspension isomorphism. The Gysin homomorphism f , is coincident with the 

following composite

  *f*D1*rtnm (2.1) H(MT'; Z2)=H„*(Mm; Z2)'11,—* (Nn; Z2)=H(Nn ; Z2)

where D is the Poincare duality isomorphism. 

   Let f : Mm ---* N" be a differentiable map which is transversal to a 

submanifold B of Nn and let A=f ' (B). The differential df yields the bundle 

map f : v (A) v (B) of the normal bundles v (A) and 11(B)  of A and B 

respectively. Then the following commutative diagram is derived from the 

naturality of the Thom isomorphism
                                             * 

         H*(Nn; Z2)                     f>H*(Mm;) 

(2.2) 49,iA, 

         H* (B ;)V A) *'H* (A ; Z2)

where is and iB are the inclusions. 

   Denote by [Mm] the homology fundamental class of a closed manifold Mm. 

The degree o (f) of a map f : Mm --f N n of closed manifolds is defined by 

f*([Mm])=0(1) [Na].

   LEMMA 2.3. Let w; (v (B)) be the j-th Stiefel- Whitney class. Then for any 

b~H*(B ; Z), o(f)<w;(v(B))•b, [B]>=<w;(v(A))(f VIA)* (b), [A]>. 

   PROOF. Using (2.1) , we have 

<f* (B)) •b), [Mm] > 

_ <2B,(w.i(v!            (B)) •b), o) [N1> 
=o(f)<1 , iB*((w;(v(B))•b) (1 [B])> 

=o(f) <w;(v(B))•b , [B]>. 

It follows from (2.2) that



 <f  *ig,(w.(v(B))  •b), [Mm]> 

=<iA,(f (w;(v(B))•b), [Mm]>=<w;(v(A)) VIA)* (b), [A]>. 

Q. E. D.

   We now recall the characteristic classes discussed in [7] and the Boardman 

map. Let X be a finite CW-complex. One has a natural transformation 

wt : Vect (X) H* (X) [ [t1, t2, • • •] ] from the set of real vector bundles over 

X to the ring of formal power series in variables ti over the graded ring H* (X) , 

which is claimed

(1) wt(f'E) =f * wt (V 

(2) wt(Ei0+E2)=wt( i)wt(E2) 

(3) for the canonical line bundle en over the n-dimensional projective 

   space RP n 

wt (En) = 1+xt, +x2t2+•••+xntn

where x is the generator of H1 (RP n ; Z) Z. The unoriented cobordism 

group cAPk(X) is the stable homotopy group defined by the direct limit lim 

[Sn kX +, MO (n)].The cobordism group yields the generalised cohomology 

theory with the characteristic classes wd` : Vect (X) > aN" (X) which has the 

property of the naturality, the Cartan formula and the first Stiefel-Whitney 

class w (En) of the canonical line bundle en over RP is the homotopy class of 

the natural injection RPnCMO(1). The natural transformation •

:cAP*(X) H*(X)[[ti, t2, ...1]

is the multiplicative natural transformation with 

(w°i`°(e)) =x+x2t1+...+xn+ltn+... 

for the canonical line bundle E over BO (1) = RP". A differentiable map 

f : Mm --> N n of closed manifolds gives a bordism class cm m N n] of the 

bordism group c)V'm(Nn) for the space Nn [1]. Apply the Poincare duality 

isomorphism D : a* (N n) ~~lp * (N n) to [Mm  > N n] , and we have

D-l[Mm------> Nn] =D-lf .[MmZd > Mm]

=D-lf *D (1)

where 1 Ec° (Mm) . Then we have the Gysin homomorphism of a*-theory



 f,(1) =D-'[Mm f > Na]. Taking an embedding e: Mm --> Rh and the

embedding f x e: Mm * Nn x R k, it follows that 

(2.4) /3(f, (1)) =f,wt (v (f x e)) (cf. [6] ) 

where v (f x e) is the normal bundle of Mm in N n x R k. A formal power series 

    F (x) =1+xt1 +x2t2+•••+xntn+••• 

is available to describe wt (rt) . If (Nn, T') is a differentiable closed manifold 

Nn with a differentiable involution T' whose fixed point set is union of con-

nected manifolds 

F(Nn, T') =Fi UF'2U ••• UFt. 

The normal bundle vNn of Nn embedded in an adequate euclidean space has the 

characteristic class

wt (vNn) = w
t (r       1   (N n) )

where r (N n) denotes the tangent bundle of Nn. We use the splitting principle 

of a vector bundle to describe the total Stiefel-Whitney class of r(Nn) as 

w(r(Nn)) _ (1+ri) (1+r'2) •••(1+rn) 

and 

wt(r(Nn)) =F(r0F(r'2)...F(rn). 

For each normal bundle v (F;) of F', in Nn let 

w (v(F;)) = (1+ 9im) (1+13;m)... (1+4j,)). 

Let G (u, x1, x2, • • , xk ; y1 , Y2, , yl ; n) be the part of degree n of

 1  
F(xl+u)...F(xk+u)F(y1)...F(yi)

By making use of (2.4) and Proposition 4.1 of [3] , we have

THEOREM 2.5 (cf. [4], [5])

     1 [Nn] > < 
F(rC)F(rz)."F(rn) '

= < G (1, .. ; r;~~~ r<<J' ; n) l w ((F)), [F;] >

where w(r(F;))=(1+riu))(1+rz('))•••(1+z1;')).

From now on we will treat an equivariant map 

f : (Mm, T) (Nn, T')



with the fixed point set 

 F(Mm, T)=F1UF2U•••UFs 

and 

F(Nn, T')=FIUF2U•••UF',.

Although all of equivariant maps are not approximated by an equivariant map 

which is transversal to F (Nn, T') , we now claim that f is transversal to 

F (Nn, T') . Then W; = f -1(F;) is the invariant submanifold of Aim  with the 

normal bundle v ( W;) in Mm which is isomorphic to the induced bundle (f I W.,)' 

v (F;) . By the splitting principle we describe the total Whitney classes as 

w (v(F;)) = (1+/3ici)) (1+ai))... (1+dk') 

w(r(F;)) = (1+ rim) (1+rP))...(1+r1<s') 

w(v(WM=(1+ar)(1+aP))•• (1+aV;') 

w(r(W;)) = (1+ di') (1+rP') (1+rw;). 

Then we have the following

PROPOSITION 2.6.

    1  
o(f) <[Nni >        0-1)FF(r2)...F(rn)'

=I<G(1 , ai'', ... ac' ;fi (rHHH) .. f*(r'e) ; n)/w(v(W)), [W1> 
J=1

where f denotes the restriction of f to W;. 

   PROOF. Applying (2.2) to the commutative diagram

W; f > F; 

nn 

Mm------------- > Nn

it follows from Lemma 2.3 that 

   o (f) <G(1,  3i(J) ••., ; ricj> ••., r"lc'' ; n) /w (v (F;)) , [FA > 

=<G(1 ,f;Q1••,f 9 ;f,r , ,f,r , n)/w(v (Win , [W>> 
=<G(1 , ai'', ... a(';f;ricj> ••., f*rlc'; n)/w(v(W;)), [Wi]> 

We use Theorem 2.5 to complete the proof.

Proposition 2.6 derives the following



   PROPOSITION 2.7. For arbitrary symmetric polynomial  P  (x1, x2, • • •, xn) of 

degree n

o(f) <P(ri, rz, rn), [Na]>

_M<  P(ai''+1, a?'+1, •••, ak;7+1, f*ri(j) ..., fir2i>) [W]> (
ar+1) (aP+1) ••• (4)+1)'

Applying Proposition 2.7 to P (x1, x2, • • •, xn) = x1 • •xn, we have

   COROLLARY 2.8. If f : (Mm, T) —p (Na, T') is a Z2-map which is 

transversal to F (Nn, T') and f' (F,) = U F1 where F (Nn, T') = U F;, F (Mm, 
i(i) JJ 

T)=UF, then

o(f)x(Nn)=i{ o(f)x(F;)} 
>c1>

where fi : F1 F;(I) is the restriction of f and x (Nn) denotes the Euler 

number module 2 and j(i) = j if f (F1) CF'.

   We now turn to investigate the relation of the characteristic numbers for 

the pair (W;, v (W;)) of the invariant submanifold IN and the normal bundle of 

v (W,) of W; in Mm with F (W;, T) = U F1, where j(i) =1 if f (F1) c F;.

   PROPOSITION 2.9. Let v ( YV;) F; be the restriction of the normal bundle 

v (W;) to F1, and let 

w(v(W;)lF1)_(ai`'+1)•••(a 1]+1). 

Then

<F(ai'))...F(ak;), [WA]>

_ <  F(1+ ali))•••F(1+ aks)[Fj>                             (
v (F1, W;))'

where v (F1i W,) is the normal bundle of F1 in W.J. 

   PROOF. Let h: (W3, T) —p (Mm, T) be the natural inclusion. The 

product M m x I , I =[ —1, 1] , is the Z-manifold with the involution 

T : Mmxl Mmxl, T (x, t)= (T (x), —t) 

whose fixed point set is F (Mm, T) x 10}  and the normal bundle of Fix {0}  is 

v (F1) 0+1. Let v (F1, W;) be the normal bundle of F1 in W;. Let Int (D (v (F1) 

O+1)) be the interior of the disk bundle v (F1) el. The inclusion h : W; x I —



 MnxI, h (x, t) = (h(x), t), induces 

h : W;xI— U Int(D(v(F1, l4/;)01))>Mmxl—UInt(D(v(FZ)01).

This is an equivariant map of the free Z-manifolds which bounds the maps 

h : W;x{-1, 1}—>Mmx{-1, 1} 

and 

Uhi : U S(v(FZ, W3)O1) US(v(F,)01) 
j(i)=1 

where S( ) denotes the sphere bundle and ht is the map induced from the 

inclusion h : W; x I —p M m x I. The classifying map g,(0,4 of the normal 

bundle v ( h) /Z2 with respect to the inclusion IT and the collapsing map c yield 

the composite

{MmxI—UInt(D(v(FF)01)}/  T (v(h)1Z2) 1 lg'(Thi4), MO (k.,)

which bounds the following maps

Mm''T(v (WinT(gvcwf))>MO (k)

and

                       T (g      Uc~(h;))  UP(
v(FZ)O1)------U T (v(h1))L> MO (k) 

                                                                    j(z)=j

where P ( ) donotes the projective space bundle and v( hi) denote the normal 

bundle for the embedding h, : P (v (F1, W;) O1) — P (v (F1) O1) . Then we 

have a relation

[Mm  T(g(wJ))°J.;MO(k1)]=I[P(v(F1)O1) T(gL(G))°~`>MO(k,)I

in ci (MO (k;)) . Let yk' be the universal vector bundle on the classifying space 

BO (k;) for the k;-dimensional vector bundles. By using the characteristic 

numbers given in [1] and [8] we have

<c;*T(gicw,>)* D(Wt(yk')), [A1'1>

= < ct*T (g1(h,)) *0(wt(yk')), [P(v(F1)01)]> 
 i(1)

where 0 denotes the Thom isomorphism for yk'. From the naturality of the 

Thom isomorphism and the fact that c * &„(ht) and c;* &„(.,) are the Gysin 

homomorphism it follows that

<h,(wt(v(W))), [Mm]>

= < h1,(wt(v(hi))), [P(v(Fz)01)]>. 
jc=)



   Let  e  —f X be a smooth vector bundle over a manifold X, and let 77e be the 

canonical line bundle over the projective space bundle P ($). Then the tangent 

bundle r (P (E)) is stably isomorphic to (7r£e) x07)e0+7rgr (X) . Since h'v (F1) = 

v (F1, W,) Oh'v ( W,) where v (F1, W;) is the normal bundle of F, in W;, we have 

wt(v(h1)) =wt(7r (v(W;) F,)O(7IU(F,, W) 1)), 

where n= : P (v (W;) F1) —p F1 is the bundle projection. Then 

   < h1,wt(v(ht)),[P(v(F1)O+1]> 

=<wt(v(h1)), [P(v(F1, W;)0+1)]> 

=<HF(a;-2>+w1(li v(F,, w)ni), [P(v(F1, W;)0+1)]> 

   Let 71" :. P($) —) X be the projective space bundle of a smooth vector 

bundle e. Then the cohomology fundamental class of P(6) is given as 

[P(V]*=7r*([X]*)•cl-1, C= (71e). 

It follows from Proposition 2.2 of [3] that 

<h=,wt(v(hz)), [P(v(F1)O+1]> 

=<IIF(a;-`'+1)/w(v(F1 , W;)), [F1]>. 

Since < h,wt (v (W;)) , [ M m] > _ < wt (v (W;)) , [W,]> , we complete the proof.

It follows from Proposition 2.9 that

PROPOSITION 2.10. Let P (x1, x2, - • •, xk,) be a symmetric polynomial. Then

<P(CYi'),, ak;)),[W;]>= < P(aii'+1, •••, av=1+1) [F1]>.

   Let gr(x1i x2, •••, xn) _ E (x1 +1) r'••• (xn+1)''?, where r is a non-nega-
                                                    r,+•••+r„=r 

tive integer and r; runs over non-negative integers, and let 7r (r, n) =gr (0,  0) .

THEOREM 2.11. Suppose that f : (Ma, T) (Nn, T') , n= 2s, is a differ-

entiable Z,--map which is transversal to F (Na, T') , 1/1/;=f -1(F;) , f : W; —) F, 

is the restriction of f, and 

F(W;, T)= U F1 
pi)-; 

with dim F< n. If w (f v (F;(1))) =1, v (F;(z>) the normal bundle of Fxi) in Nn



with dim  v  (F;(Z,)  =  k;(,  ), then for the symmetric polynomial Soo (xi, • • •, xn) =

xi+•••+xn

o (f) <Scn)(r(Nn)), [Nn]>=E{< k"..z(n—kJ' k,) [F]>1.                            
.ico> w (v (FZ, W;)) ,

PROOF. Proposition 2.7 and Proposition 2.10 imply that

o (f) <S(n)(r(Na)), [Na]>

=E< k'(
ac'+1)'[W.]>

=1<k;(CYi'))r'...(cz)) :;, [W;]> 
i n }-•••+r,,,=dim W;

Mal`'+1)rl•••(ak;+1)n„ 
=I{< , +...+rk=dim IT, ,[Fi]> }•  j .i(i)=j w (v(F1, W;) )

Since w(f;v(F,(l))) =0,
r'•••(ak`;+1)'`'=Jr(dim 

r,+•••+n,,=dim 141,

and w (1)(F1, W;)) = w (v (F,, Ma)).  Thus we complete the proof.

   REMARK 2.12. We now consider a Z2-manifold (Sn, T'), n=2s, which is the 

n-sphere with the action T' (xfl, • • •, x,) = (xo, — x1, • •, — xn) and a Z.2-manifold 

(RP n, T) the n-dimensional real projective space with action T ([xo, • •, xn]) = 

[—xo, —x1, x2, •••, xn]. The fixed point set F(RPn, T) is RP' U RP a-2with the 

normal bundle v(RP') _ (n-1)Ej and v(RPn-2) =2en_2 and

< 
w(v(RP1)) '[RP']>=1.

We see that Tr (n —1, 1) =1, and that Scn) (r (Sn)) [Sn] is zero. Thus it follows 

from Theorem 2.11 that there is no differentiable equivariant map which is 

transversal to the fixed point set F (Sn, T') .

3. The approximation by a Z2-map which is transversal to the fixed point set

   The equivaiant transversality theorms are discussed by Wasserman [10] 

and Hauschild [2] etc. In this Section we give a criterion of the existence of 

an equivariant map which is transversal to the fixed point set.



LEMMA 3.1. Let  E  : E (E) M and : E 717------ N be smooth

vector bundles over smooth manifolds with dim E= l and dim 7.1=k. Let 

f : E (E) E (rt) be a smooth map which is linearly mapping from each fibre 
E into E (rtf(x)) . If dim M <1—  k+l, then for any map 8 : E (E) ---k R+= 

{ x I x > 0 } there exists a smooth map g : E (e) —p E(77) such that 

   (1) g is epimorphic on each fiber. 

  (2) for any eE(E) d( f (e), g(e)) <8(e), where d is the metric. 

   PROOF. Let f!rt : E (f'rt) —> M be the induced bundle by f. The map 

f : E (e) —* E (fl )), 7 (0= (7r£(e), f (e)) , is a linear map on each fiber with 
the commutative diagram

E(e) ----------------- >Eco 

7 E(f'7))

where f is the bundle map defined by f (x, e) = e. Let HOM (E, f'rt) be a 

vector bundle over M whose total space consists of bundle homomorphisms 

from e to f'rt. Let r (E, f'rt) be the space of cross-sections of HOM (E, f'r~) 
--> M which is a Baire space. r($, f'rt) corresponds to the set of bundle 
homomorphisms. We prepare an open covering { Ut I i=1, 2, • } of M with the 

local triviality 7ril (U1) = Uz x R' and 7C;•'-1(U1) = U1 x Rk. Thus the restriction 

7 I vi gives an element of r (el U1, f' i I U1) = Map (U1, M (l, k)) , where 
Map( M (1, k)) consists of continuous maps from U1 to the space of matrices 

of type (1, k). The space M(l, k ; j) consisting of (1, k) -matrices with the 

rank j is a submanifold of M (l, k) with the dimension j (1+ k — j) . If dim 

UZ < lk — j (1+ k — j) , by the ordinary transversality theorem a cross section in 

F (E I U1, f ̀  r, I (i,) is approximated by a cross section with the rank * j on each 

fiber. Denote by F (El U1, 177114; j) the subspace of cross-sections with the 

rank j. Put 

r(El U1, f'721 u1, j) r(EI U1, j). 

This is dense and open in r (El U1, f'rt I U1) if dim U1 < lk — j (l + k — j) . We now 
k-1 

suppose that dim M <1—  k + 1. Then U r (el U1, f'rt I Uz ; j) c is dense in [(El 
j-1 

Uzf f'rt 1 U1) and r (E I UZ, f'rt I U1 ; k) is dense. Let r (E I U„ ft?? I Ut ; k) be the 

subspace consisting of cross-sections of HOM (E, f'rt) whose restriction to U, is



of rank k.  I  Ut,  f'71  I  Ut ; k) is dense and open in P(E, frj') and F(E, f'q ; 

k) = n r (el U1, f' 711 Ut ; k) is dense. Q. E. D.

   THEOREM 3.2. (cf. [6]) Let f : (M, T) (N, T') be a differentiable 

Z- mapof compact Z- manifoldswith F (M, T) = F1 U F2 U • • • U FS, F (N, T') _ 

F;UFU ••UFt and f =f I FZ : F1— Pico. If codim F,—codim F;(I)+1> 

dim Fz for all i and j, then f is equivariantly homotopic to a Z- mapwhich is 

transversal to F (N, T') . 

   PROOF. The open disk bundle Int (D (v (F1))) of the normal bundle of F, is 

identified with the s-tubular neighborhood NE(F2), s>0. The differential df : 

r (M) —p r (N) induces the homomorphism of normal bundles v (FZ) and v (F; 

c=>) and Proposition 3.1 implies that f I Ne (F2) : Ne (F,) — Ne (F;(I)) is equivar-

iantly homotopic to a differentiable Z-map g, : Ne (F1) Nf (F,(I)) which is 

transversal to F;(l). For sufficiently small e> 0 the tubular neighborhoods Ne 

(F1) do not intersect each other. Thus we have a differentiable Z-map g : NE 

(F (M, T)) ---+ N, g I N, (F,) =g1, which is transversal to F (N, T') and g I 

F (M, T) =f I F (M, T) . By making use of Lemma 3.4 of [10], we have a a-

neighborhood N8 (F (M, T)) C NE (F (M, T)) , 0 < 8 < e, and an equivariant 

homotopy Ft such that 

Fo=f 

FtI M—NN(F(M, T)) =f I M—N€(F(M, T)) 

FINS(F(M, T))= g. 

For xE M — F (M, T) there is an open neighborhood U (x) of x with 

TU (x) (1 U (x) _ Let 

2l={U(x) UTU(x) IxM—F(M, T)}U{N8(F(M, T))} 

be an open covering consisting of above neighborhoods and the 8-neighborhood 

of F (M, T) . Then there is a finite open covering 0 = {1711  of M which is 

required that 0 is a refinement of 0 and each open set V, of 0 contained an 

open set W, with W Z C V, and U W2 = M, and we describe the index i of V, as 

non-positive integer if VZ C N8 (F (M, T)) . Let 

0={Vi, V2, ..., Vk}U{V;I~<-0, 

We take V, = 01U TOZ, 0t an open set with 01 f1 TO, = q. Suppose that



 

r  : M N is a differntiable equivariant map which is transversal to 

F (N, T') at each point of Ar = W1 U W2 U • • • U W r U F (M, T) , and which is 

homotopic to gr_1 and go= g. By the ordinary transversality theorem we 

have a differentiable map hr+1 : Or+1 -* N which is transversal to F (N, T') , 

homotopic to g r I Or+1 and hr+1 I Or+1 n Ar= gr I Or+1 n Ar. Then we have an 

equivariant map 

h • Vr+i = 0r+i U TOr+i - N 

with hr+1(x) =hr+1(x), xEOr+1 and r+1(T (x)) = T'hr+1 (T (x)), and 

h r+1 Vr+1 n Ar— g r Vr+1 n Ar. The homotopy Hr+i,t : Vr+1 N is given so 

that H+1,t Vr+1 n Ar= gr I Vr+1 n Ar, Hr+1,1= h r+1 and Hr+i,o = g r. Hence we 

have the homotopy H;-+1,t : W r+1 U Ar N with H;-+1,t I Ar= g r l Ar. The 

Lemma 3.2 of [10] implies that H'+1,1 can be extend to a differentiable equivar-

iant homotopy Fr+1,t such that g r+1= Fr+1,1 is homotopic to g r and transversal 

to F (N, T') at each point of W, U Ar. By induction on r we complete the 

proof.
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